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Abstract—For abstract integro-differential equations with unbounded operator coefficients in
a Hilbert space, we study the well-posed solvability of initial problems and carry out spectral
analysis of the operator functions that are symbols of these equations. This allows us to rep-
resent the strong solutions of these equations as series in exponentials corresponding to points
of the spectrum of operator functions. The equations under study are the abstract form of
linear integro-partial differential equations arising in viscoelasticity and several other important
applications.
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INTRODUCTION

The present paper deals with integro-differential equations with unbounded operator coefficients
in Hilbert space. The considered equations are abstract hyperbolic equations perturbed by a term
containing Volterra integral operators. These equations can be realized as integro-partial differential
equations that arise in the viscoelasticity (see [1, 2]) and as Gurtin—Pipkin integro-differential equa-
tions (see [3-5]) that describe the process of heat propagation in media with memory at a finite
rate; moreover, these equations arise in problems of homogenization in multiphase media (the Darcy
law) (see [6, 7]).

Let H be a separable Hilbert space, and let A be a self-adjoint positive operator (A* = A) in H
with compact inverse. For the second-order integro-differential equation

Cﬁz,fi + A% — / K(t—s)A%u(s)ds = f(1),  t€R, =(0,00), (1)

defined on the positive half-line, consider the initial problem

u(+0) = ¢y, (2)
uM(+0) = 1. (3)

In what follows, we assume that the scalar function K (¢) can be represented as
K(t) =) ¢;R,(t); (4)
j=1

here ¢; > 0, j € N, and R;(t) are fractionally exponential functions (see [2, Ch. I]) of the form

R;(t) =t ; F((?fﬁnf;:), 0<a<l, (5)
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562 VLASOV, RAUTIAN

where I'(+) is the Euler gamma function and the sequence {;} satisfies the condition that §; — +oo
as j — +oo. Without loss of generality, we assume that 0 < 3; < f841,, j € N. Moreover, we assume

that .
U< (6)
= i

The Laplace transform of the function R;(¢) has the form R;(\) = 1/(A* + ;) (see [2, Ch. I]).
Here and below, A* (0 < o < 1) is understood as the principal branch of the multivalued function
f(A\) = A2, X € C, with the cut along the negative real semiaxis: \* = |\*|e!*28* —71 < arg A < 7.
Considering the Laplace transform of Eq. (1) under homogeneous initial conditions, we obtain the
operator function

L(X\) = X2 + A2 — K(\) A2, (7)

which is the symbol of this equation. Here K () is the Laplace transform of the kernel K (¢); it can
be represented as

A~ e C
K()\):Z)\aiﬁj, 0<a<l. (8)
j=1

In the present paper, we prove the well-posed solvability of the initial problem (2), (3) for
Eq. (1) in weighted Sobolev spaces on the positive semiaxis, study the problem of localization of
the spectrum of the operator function L(A) which is the symbol of this equation, and obtain the
representation of strong solutions of Eq. (1).

In our previous papers [8-13], problem (1)—(3) was studied in detail for the case in which the
kernel K (t) can be represented by a series in decaying exponentials with positive coefficients, which
is equivalent to the case of & = 1 in the representation (4). Our approach to the study was based
on the spectral analysis of the operator function (7), which also permits proving the well-posed
solvability and representing the solution of this problem in the form of a series in exponentials
corresponding to points of the spectrum of the operator function L()\). Note that the results
of [9-12] were summarized in Chapter 3 of the monograph [13].

We also note that the method we use to prove the well-posed solvability of initial problems
for abstract integro-differential equations significantly differs from the more traditional approach
applied by Pandolfi in [14], where the solvability is studied in the function space on a finite time
interval (0,7"). In the present paper, we study the solvability in the weighted Sobolev spaces
W;W(RJF,AO) of vector functions on the positive semiaxis R, where Aq is a positive self-adjoint
operator in a Hilbert space. The proof of our Theorem 1 on solvability is significantly based on the
use of the Hilbert structure of the spaces W3 (R, Ag) and L, (R, H) and on the Paley-Wiener
theorem, while in [14] the study is carried out in a Banach function space of smooth functions on
a finite time interval (0, 7).

1. STATEMENT OF THE RESULTS

We transform the domain Dom (A”) of the operator A°, 3 > 0, into a Hilbert space Hz by
introducing the norm ||-||s = ||A?-||, equivalent to the graph norm of the operator A on Dom (A”).

1.1. Well-Posed Solvability

By W3 (R, A") we denote the Sobolev space of vector functions defined on the semiaxis R
and ranging in the space H equipped with the norm

°° 1/2
[ullwy, @yam) = (/e_z”t(\\u(”)(t)\\?q + HA”U(t)H?q)dt> , >0
0

For more details about the spaces W3' (R4, A%), see the monograph [15, Ch. 1]. For n = 0, we set
W3 (Ry, A%) = L, ,(Ry, H), where L, (R, H) denotes the space of measurable functions ranging
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WELL-POSED SOLVABILITY AND THE REPRESENTATION OF SOLUTIONS 563

in the space H equipped with the norm

—+o0

1/2
1l (R H) = ( [ e dt) |

0

Definition 1. A vector function u(-) is called a strong solution of problem (1)—(3) if it belongs
to the space W3 _ (R, A?) for some v > 0, satisfies Eq. (1) on the semiaxis R, almost everywhere
and the initial conditions (2), (3).

Definition 2. A vector function u(-) is called a generalized solution of problem (1)—(3) if it
belongs to the space Wy (Ry, A) for some v > 0 and satisfies the initial condition (2) and the
identity /

(4|ute) - / (e su(s)is ,Av<t>>LM(R+7H)— (0 (8),0' ()0

+ 29 (), v () 1o s i) = (f (), () Loy ) + (1,0(0)) (9)
for all v(t) € W; (R4, A) for which the relation lim,_, ;o v(t)e™*"" = 0 holds.

The following theorem gives a sufficient condition for the well-posed solvability of prob-
lem (1)-(3).

Theorem 1. Assume that a vector function Af(t) belongs to the space Ly . (Ry, H) for some
Yo > 0, the kernel K(t) can be represented as (4), (5) with a constant o (0 < aw < 1), condition (6)
is satisfied, and in addition, o € Hz and p; € Hy. Then there exists a v1 > 7y such that, for
all v >y, problem (1)~(3) has a unique strong solution u(-) in the space W3 (R4, A?) and the
estimate

lullws .42 < dUAS |, @ + 1470l + A% )

1s satisfied with a constant d that is independent of the vector function f and the vectors pg and ¢;.

Note that Theorem 1 sharpens the assertion of Theorem 1 in [16], because the condition
(1/2 < a < 1) was imposed in the statement of Theorem 1 in [16].

Theorem 2. Assume that the vector function f(t) belongs to the space Ly (R, H) for some

Yo > 0, the kernel K(t) can be represented as (4), (5) with a constant o (0 < o < 1), condition (6)

is satisfied, and in addition, vy € Hy and o1 € H. Then there exists a v > 7y such that, for

all v > v, problem (1)—(3) has a generalized solution in the space Wy (Ry, A) which satisfies the
mnequality

lullwz @y ia2) < A1f 2o, @y + 14700l + [ Ag ) (10)

with a constant d independent of the vector function f and the vectors o and o .

1.2. Spectral Analysis

Let a; denote the eigenvalues of the operator A (Ae; = aje;) numbered in ascending order
(with multiplicities taken into account), 0 < a; < ay < - < a, < ..., a, — +00 as n — +00.
The corresponding eigenvectors {e;}32, form an orthonormal basis of the space H.

Consider the restriction of the operator function L(\) to the one-dimensional space spanned by
the vector e,:

B 2 2(4 _ S Ck
ln()‘) - (L()‘)e"’e") =AM+ Un <1 ; A%+ /Bk>

The following two theorems describe some properties of the spectrum of the operator func-
tion L(A) for the case in which condition (6) is satisfied.
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564 VLASOV, RAUTIAN

Theorem 3. Assume that conditions (4)—(6) are satisfied. Then the spectrum of the operator
function L(\) lies in the open left half-plane.

Theorem 4. Assume that conditions (4)—(6) are satisfied and c; = 0 for all j starting from
some N € N. Then for each sufficiently large n € N there exist two nonreal complex conjugate

zeros \,* = X\ of the function l,,(\) with the asymptotics

A= —sin <7T2a>a71l‘°‘§2 +ia, <1 — cos <7r2a>a;a§2> +o(a™) as n— +oo, (11)

where Q =c; + -+ cy.

We mention the following important fact.

Remark 1. For a = 1, the asymptotic formula (11) turns into the previously known asymptotic
formula (2.15) in [8] (also see [13]).

The complete proofs of Theorem 3 and 4 are given in [16], and the statements of close results
can be found in [17].
Note that the operator functions of the form (7) for the case in which the kernels of integral oper-

ators are series in decaying exponentials with positive coefficients were studied in [8, 9]. Theorems 3
and 4 are natural generalizations of the results obtained in [8, 9].

Here it is appropriate to reproduce Remark 3.1 in [16].

Remark 2 [16]. Under the condition Zj’;l ¢;/B; > 1, in the right half-plane there are infinitely
many nonreal eigenvalues of the operator function L(\).

The assertion of this remark follows from simple graphical considerations.

Consider the restrictions of the vector functions [,,(\) to the real axis. We write the equation
l,,(x) =0 in the form ¢, (x) = ¢(x), where

pal@) =", 1 @) =Y T+ 5

Note that the function ¢ (x) on the semiaxis [0,4+00) monotonically decreases, and hence, at the
point x = 0, it takes the greatest value equal to Z;’il ¢;/B; > 1. Therefore, the graph of the function

¥ (x) intersects the graphs of the parabolas ¢, (z) for positive z,. In this case, as n increases,
the zeros x,, tend to a point z* that is a solution of the equation i(z) = 1.

1.3. Representation of the Solutions

Now let us state the results on the representation of the strong solution of problem (1)—(3).

Theorem 5. Let the assumptions of Theorem 1 be satisfied, and let o € (0,1/2) and f(t) = 0.
Then the strong solution of problem (1)—(3) can be represented as

u(t) = v(t) +w(t),

where the vector function v(t) is given by

o0

o(t) = D (wf (8) + uy (£))en, (12)
n=1
AF Ant A~ ATt
ujl’(t) — 27T7/( n SOOTL + Qoln)e u’; (t) —_ 27TZ( n (10011 + SOln)e ’

2Af —a2KMO(A}) 2, —a2K(X;)

Pon = (9007611)7 Pin = (Solaen)y ne N7
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WELL-POSED SOLVABILITY AND THE REPRESENTATION OF SOLUTIONS 565

the vector function w(t) has the form

= E wy(t)e,, (13)
[ e (o + o) (R (=) = Ky (1) ; S
wy(t) = N N dr, Ki(—1)= , ,
®) / (T2 +a2(1 - K. (—7))(m?+a2(1 — K_(—71))) (=7) — Taetime 4 B

and the series (12), (13) converge with respect to the norm of the space H.

2. PROOF OF THE MAIN RESULTS
To prove Theorems 1 and 2, we need the following assertion.

Proposition 1. For any v > v > 0 and alln € N, there exist positive constants dy and dy such
that the inequalities

sup |a,/l,(\)] < d; < o0, sup [A/L,(N)] < dy < o0 (14)
Re A>~ Re A>~

hold in the half-plane {\ : Re X > ~}.

Proof. Let A = x + iy = |A[(cosp +isiny). Note that sgny = sgn sin(ayp) for 0 < o < 1.
The Laplace transform K(\) of the kernel K (t) (see (8)) admits the representation

[ |)\|°‘cos(ag0)+,6J)—z’|)\|°‘sin(ag0) ]
= L7 (N cos(ap) + 8;)" + (1A sin(agp))”

M

Consider the scalar functions

2
an

M,(\) = W) _ 1 (L(Nen, en) Z ‘o +5 neN,

and separate their real and imaginary parts

% — 92 5 21y 5
LU F1-ReR(M), M) = Y —ImK().

n n

ReM,, (\) =

1. We divide the right half-plane into two the domains
O ={A: |yl >Rer:=x >, y=ImA}, Q={A:Rex=z>y], y=ImA}

First, we estimate the expression |a, /l,,(\)] in the domain Q. We have

2
an

20y — [A|* sin(agp)
+ c
ay Z FIAPP 4 2| M| By cos(ap) + B

2x\yl |y|*[ sin( 7Ta/4)| 27|yl |y|*| sin(ra/4)|
+Z (IA[* + Br)? = a2 VRl + B2
- 2v\yl((\/2\y|) + 51)? + arly|*al sin® (o /4)
a az(V21y))> + 41)?
- V29l (V2]y)* + Bi)v/er y]*/2an| sin(ra/4)] o~ V2yer [yl @D sin(ma/4)]

v

- az((V2yl)> + B1)? T a((V2lyl)e + B)
V2yer [sin(ma/4)| [y|"02 _ V2ye [sin(ma/4)] A0 k(e,7)
(V2 At B /) e T ((V2)0 By T an
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566 VLASOV, RAUTIAN

where k(a,7y) is a positive constant depending on the parameters a (0 < o < 1) and v > 0.
Therefore, the estimate a,,/|l,,(\)| < 1/k(a, ) holds for all A € Q.

Now let us estimate the expression |a, /l,(A\)| in the domain ©,. We use condition (6) to obtain
-y |A|* cos(ap) + Bi.

+ &

a? kz_; " (1Al cos(ap) + Bi)? + (|A|o sin(ap))? Zﬂk

n

LV 22
o2 [ReM, (V)] =

Indeed, note that

oo

|A|* cos(a) + B -
Zc’“(lxla cos(ayp) + Bx)* + (|A|* sin(ayp)) 2 Z |A[* cos(ap) + Br — Z

k=1
Therefore, for all A € 2, we have the estimate
a =< e\ !
"< apt <1 — k) )
Loy = (172 g

Thus, we finally obtain the estimate

2y = (i {re . <1_iﬁ>}>: i

2. Let us estimate the expression |\/l,,(\)| for all A = x + iy, © > v. We have

LN a? > Ch
VIt

o adi(z—1y) |A|* cos(awp) + B — 1| A|* sin(ayp) >
TIETWE gy < Z (IA1* cos(a) + Bi)? + (|A]" sin(asp))?
a’x = |A|* cos(ap) + By >

>+ " 1-—

- x2+y2< 2 (A cos(ag) + Au)? + (AP sinfa))?
azy “sin(ap
2y & A" sin(ag)

>x > .
22 +y? 2 (A cos(ap) + B)? + (N sin(ag))? ~ 777

This implies the estimate |[A/l,,(\)| < 1/y =: dy for all A = x + iy, © > 7. The proof of the
proposition is complete.

In turn, inequalities (14), respectively, imply the estimates

sup ||[ALT'(V)|| £ d; < o, sup ALV < dy < o0 (15)

Re A>~ Re A>~

Proof of Theorem 1. First, we prove Theorem 1 for homogeneous (zero) initial data ¢y =
w1 = 0. In this case, the proof follows the scheme of the proof of the well-posed solvability of the
Cauchy problem for hyperbolic-type equations based on the use of the Laplace transform. In this
connection, for the reader’s convenience, we recall known facts which can be used later.

Definition 2. The Hardy space Ho(Re A > v, H) is the class of vector functions f (M) ranging
in the space H and holomorphic in the half-plane {\ € C: Re A > ~ > 0} for which the following
inequality holds:

A 2
sw [ fa+in)ldy<oo  (=atig)

x>y
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WELL-POSED SOLVABILITY AND THE REPRESENTATION OF SOLUTIONS 567

Let us state the Paley-~Wiener theorem for the Hardy spaces Ho( Re A > v, H).

Theorem (Paley—Wiener). 1. The space Hy(ReX > ~,H) coincides with the set of vector
functions (Laplace transforms) that admit the representation
[ (16)

0

1
Vor

where f(t) € Ly ,(Ry, H), A € C, and ReX >~y > 0.

2. For any vector function f()\) € Hy(Re )\ > v, H), the representation (16), where the vector
function f(t) belongs to the space Lo, (R, H), exists and is unique, and the inversion formula
holds :

ey

“+o0
1 . ,
ft) = /2 / foy+iy)e"™dy,  teRy,  y>0.
s

3. The vector functions f(A) € Hy(ReA > v, H) and f(t) € L,y (Ry, H) related by (16) satisfy
the relation

—+o0

“+o0
£ scrorsnan =su0 [ 1F@+ilfdy= [ > U@ e = 171, e,
x>
—00 0

This theorem is widely known for scalar functions. But it can readily be generalized to the case
of vector functions ranging in a separable Hilbert space.

Let us return to the proof of Theorem 1 for the zero initial data ¢y = 1 = 0. We apply the
Laplace transform to Eq. (1) and obtain the following representation for the Laplace transform

of the solution of problem (1)-(3): @(\) = L~Y(A\)f(A). Let us prove the unique solvability of
problem (1)—(3) in the space W3 (R, A?) for any v > 1 > 7.

First, let us show that the vector function A?u(t) belongs to the space L, (R, H). It is easily
seen that

A2a(N) = ALY F(A) = ALYV AF(N). (17)

By the Paley-Wiener theorem, Af(\) € Hy(Re A>~o, H), because Af(t) € Ly, (R4, H). Moreover,
we have .

[AS N L., e i) = [AS] 2 (ReASA0,1)- (18)

By the first estimate in (15) and formulas (17) and (18), we have

HA2U|’2L2,7(R+,H) = ”AQ'&H%IQ(RC)\>7,H) = ”AL—l()‘)Af()‘)|’§-I2(RCA>'Y,H) < d%|’Af|’%2,7(R+,H)'
Thus, the vector function A*u(t) belongs to the space Lo (R, H) and the following estimate holds:
A%l ., ey < dillAf |z, e (19)

Now let us show that the vector function A?a()) also belongs to the space Hy(ReX > v, H).
Note that I = A>L7*(\) + (1 — K()\))A2L~*()\) for Re A > . Therefore, for Re A > v we have

FO) = Na(\) + (1= K\)AZLH () F (V). (20)

By the assumptions about the function K (¢), the function 1 — K ()) is bounded and analytic in the
half-plane {) : Re A > v}. Indeed, the following inequality holds:

N s Ck > Ck
1K\ <1+ <1+ <2 (21)
; |Ae + Byl ;/31@

By (6), the regularity (analyticity) follows from the uniform convergence of the series.
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Let us estimate the norm of the vector function A\?4(\) in the Hardy space Hy(Re X > ~, H).
It follows from the representation (20), the first estimate in (15), and the estimate (21) that

IN A e asom < 1O iy eraran + 11 = KOVIALT )AL gy o
< const [|[Af(N)

||H2(Rc A>v,H)"®

Thus, the Paley—Wiener theorem implies the inequality
’ ’ 2L2,7(R+7H) =" %2,7(R+7H)'
[[du/dt”|| < di|Af] (22)

Finally, combining the estimates (19) and (22), we see that the vector function u(t) belongs to the
space W3 _(R,, H) and the following estimate holds:

lullwz, ®y,a2) < dol|AfllL, ., mem)-
Now consider problem (1)—(3) with inhomogeneous initial data ¢, and ¢;. Set
u(t) = cos(At)py + A~  sin(At)p; + w(t).

Then the vector function w(t) is a solution of the problem

Zﬁf b A%w(t) — / K(t — 5)A%w(s)ds = f,(1),
w(+0) = w (4+0) = 0,
where fi(t) = f(t) — h(t) and

h(t) = /K(t — 5)A®(cos(As)p + A" sin(As) ) ds. (23)

To prove the theorem, it suffices to prove the inequality

NAfllzs ey ) < NAfllLs @y ) + AR L, my 1y < 00
To this end, we first prove the following assertion.

Proposition 2. Let the assumptions of Theorem 1 be satisfied. Then for any v > vy, > 7o the
function h defined by formula (23) satisfies the estimate

1A | 1a 21y < ds([[ A%l + ([ An ) (24)

with a constant dz independent of the vectors ¢y and ;.

Proof. To estimate the norm of the vector function h(t) in the space L, (R, H), it suffices,
by the Paley—Wiener theorem, to estimate the norm of the vector function h(\) in the Hardy space
Hy(Re A > v, H). The vector function h(\) admits the representation

h(A) = K(\)ANAT + A%) 7 A% + AN + A2) 7 Agy].

Therefore, its norm satisfies the relation

IR 122, e s 1)

— sup / 1K (@ + iy)[(@ + iy) (@ + iy)"] + A%) Ao+ A((x +iy)°T + A2) " Apy]|[3 dy. (25)

x>y
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WELL-POSED SOLVABILITY AND THE REPRESENTATION OF SOLUTIONS 569

Let us estimate the resulting integral:

IK (2 +i)(a +z’y><<x +iy) T+ A%) A%+ A((z + iy T+ A% Aai]l;

. . -1 . -1

Z s ip 4 g | (T )@+ i)'+ A Aol + A+ i)'+ 4) A y)
h=1 v)

i leﬂy aylpon? i A lpin”

a:—i—zy + B8l ) \ = [z +iy)? + a2 |? |(x +iy)? + a2 |?
S - ‘T +y) n|900n‘2 < ai‘¢1n|2
. (26
<kz: x+zy + Byl > <; —y?2+a2)? +4a:2y2+;(a:2—y2+a,21)2—|—4x2y2 (26)
Note that

(@ =y +a})” +42%y" = (¥ + (y — a,))(@® + (y + a)”).
Moreover, for x > v we have the inequality

Ck Ck < Ck

[z +iy)" + Bl \/((332 +y2)* " cos(ag) + Bi) + (22 + y2)°sin®(ay) o

Then, using the estimate (26), we obtain the following estimate of the integral in (25):

o0

; *+y?)ag |ponl?
A2 < C< c’“) </ (@ nion
” ( )HHQ(R6>\>’Y,H) — ; lBk Supz . y _ an)z)( 2

von 22 + (y + a,)”)

+oo
+ / a;17,|901n|2 dy)
J (@24 (y = aa)) (@ + (y + an)’)

+oo
G Ck |900n|2 a4|901n|2
< 20< > sup </ dy + / " dy
kX—; ﬁk >, Z y - an)z) A a%(mz + (y - an)z)
2T 271'
<c” (Z ) (Z i onl? + Zan\soln|2> = (14l + Ael)

k=1 n=1

The proof of the proposition is complete.
The estimate (24) implies the estimate

AR Lo, ey < da((lA%00]l + [ A%01])

with a constant d, independent of the vectors ¢, and ¢;; we need this estimate to prove Theorem 1.

Now let us prove the uniqueness of the strong solution of problem (1)—(3). Assume that there
exist two distinct strong solutions u,(t) and wus(t) of problem (1)—(3). Then the vector function
v(t) = uy(t) — us(t) is a strong solution of problem (1)—(3) with zero right-hand side f(¢) = 0 and
zero initial vectors ¢y = 1 = 0, and its Laplace transform v(\) satisfies the equation L(A)o(A) = 0.
Therefore, we have 0(\) = 0 and, by the inversion formula for the Laplace transform, v(t) = 0.
The proof of Theorem 1 is complete.

Proof of Theorem 2. Assume that u(t) is the strong solution of problem (1)-(3) with zero
initial data @9 = ¢; = 0. Applying the Laplace transform to Eq. (1), we obtain the following
representation for the Laplace transform of the strong solution u(t) of problem (1)—(3); i.e., u(\) =

L (V.
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Consider the projection wu,(t) of the vector function u(t) onto the one-dimensional subspace
spanned by the vector e,; i.e., u,(t) = (u(t), €,) . Then we have @, (A) = (@(N), en) i = L) f (V).

First, let us prove the generalized solvability in the space W3 _ (R, A) of problem (1), (2) with
zero initial data ¢g = ¢ = 0 for any v > 71 > 0. To this end, we prove the following assertion.

Claim 1. If a function u,(t)e, is a strong solution of the problem

d*u

t
g2 + Au — /K(t — 8)A%u(s) ds = fu(t)en, teRy, (27)
0

u(+0) =0,  uP(4+0) =0, (28)

then the function u,(t)e, is a generalized solution of this problem.

Proof. Indeed, taking the inner product of both sides of Eq. (27) by the function v(t) €
W; (R, A) in the space Ly, (Ry, H), where v > 71 > o, we obtain

T(uii(t)en,v(t))mw dt + +/OO<A2 [un(t)en - j K(t— s)un(s)ends] ,v(t)>H€w dt

_ / (Fu(B)en, v(t)) e~ dt.

0
We integrate the first term by parts and obtain

—+oo

/ (up (B)en, v(t)) ge~ " dt = —(1,0(0)) s — (up, (8), 0 (1)) o ey iy + 27 (), 0(E)) Lo,y 1)-

Transforming the second term, we obtain

70<A2 [un(t)en — / K(t — s)u,(s)ey, ds] ,v(t))He—Q’Yt dt

- <A [un(t)en - / K(t — s)un(s)en ds] : Av(t)>

L21’Y(R+7H)

Thus, the function w,(t)e, satisfies the identity

LQV'Y(R+7H)

<A [un(t)en + / K(t— s)un(s)ends} ,Av(t)> (W (B ens V() 1)

+ 2'7<u/n(t)emU(t)>L2,7(R+,H) = <f"(t)e"’v(t)>L2ﬂ(R+7H)

and hence is a generalized solution of problem (27), (28). The proof of the claim is complete.

Corollary. If the vector function Sx(t) = ij:l u,(t)e, is a strong solution of the problem
t
d*u 9 9
. + A%u— [ K(t — s)A%u(s)ds = Fn(t), teRy, (29)
0

u(+0) =0,  uP(+0) =0, (30)
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where Fn(t) = 25:1 fu(t), then the wvector function Sy(t) is a generalized solution of prob-
lem (29), (30); i.e., the following identity holds:

<A[ / K (t — 5)Sn( )ds} ,Av<t>>LM(R+7H)— (S8 (), () 1 )

+ 29(S N (1), (1)) Loy 1) = (FN (), v()) Lo, vy 1) - (31)

Now we return to the proof of Theorem 2. Let us show that if its conditions are satisfied, then
the vector function u(t) = >~ u,(t)e, (where, for each n € N, the function u,(t)e, is a strong
solution of the corresponding problem (27), (28)) is a generalized solution of problem (1)—(3).

To this end, using the estimate (14), we show that the sequence Sy(t) = ij:lun(t)en is
a Cauchy sequence in the space W, _ (R, A). We have

N 2 N 2
1S5 (8) = Sx )3y = | D (e HA >
n=M+1 Wy (Ry,A) n=M+1 Loy (R4 H)
N 2 N 2 N 2
YD waten :‘A > (e, + 11 )0 Ad(Ne,
n=M+1 Lo~ Ry, H) n=M+1 H>(Re A>0,H) n=M+1 Hz(Re A\>0,H)
+o N N
:Sup/< Yo lantn(z+iy)P+ > |(a:+iy)ﬂn(a:+iy)|2> dy
1>77 n=M-+1 n=M+1
+oo N A L2 N N T
Apfnlx 41 T+ ) fnlT +1
:sup/<z lf((+.)y)‘ + Z ( l?)j;_(') y)‘>dy
w>v_oo n=M+1 n\T Yy n=M+1 n\T Yy
e a ? x4+ 1y 2 s
< s (|, e Ve iR ay<dosun [ Y 1o+ i ay
2 et * i ) 2
N 2 N 2
=ds|| Y falt)en (32)
n=M+1 Hz(Re A>0,H) n=M+1 Lo~ (R4, H)

By the assumptions of Theorem 2, the vector function f(t) belongs to the space L, (R4, H), and
therefore, the sequence of vector functions Sy (t) converges in the space W; (R4, A) to the vector
function u(t) if the sequence Fy(t) converges to the vector function F(t) in the space L, (R, H).
Passing to the limit as N — +oo0 in identity (31), we obtain identity (9) for ¢; = 0; i.e., the function
u(t) =577 u,(t)e, is a generalized solution of problem (1)—(3).

Now let us estimate the norm of the generalized solution w(t) = > - wu,(t)e, in the space
Wy (R,, A). By setting M = 0 and Sy(t) = 0 in the chain of inequalities (32), we obtain the
inequality

2

D falt)e

n=1

1Sn (0) s o,y ) < s < dal| (D)

L21’Y(R+)H)

from which, passing to the limit as N — 400, we obtain the estimate

lalry .y < sl FOIE,  srry (33)
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Now consider problem (1)—(3) with inhomogeneous initial data ¢, and ;. Set

u(t) = cos(At)py + A~ sin(At)p; + w(t). (34)

Claim 2. The vector function u(t) is a generalized solution of problem (1)-(3) whenever the
vector function w(t) is a generalized solution of the problem

YA /K (t - 5)A%w(s)ds = fi(0), (35)

w(+0) = w(40) = 0, (36)

where fi(t) = f(t) — = [ K(t — ) A2(cos(As)py + A~ sin(As)g,) ds.

The conditions of Theorem 2 and Proposition 2 imply the estimate

| fillzs, ey < N fllo, @, m) + 1Pl Ls, @y 0y < 00

Thus, the assumptions of Theorem 2 are satisfied for problem (35), (36). A straightforward sub-
stitution of the vector function u(t) given by (34) into identity (9) readily proves the assertion of
Claim 2. Moreover, the estimate (33) and Proposition 2 imply the estimate (10). The proof
of Theorem 2 is complete.

Proof of Theorem 5. Let us outline the proof of Theorem 5. The proof is based on the path
integration of the inversion of the Laplace transform of the strong solution of problem (1)—(3).

Expanding the vector function @(\) with respect to the orthonormal basis of eigenvectors {e,, }>
of the operator A corresponding to the eigenvalues a,,, we obtain

U (A) = (G, (), €n) = lil(A)(A%n + ©1n)s

n=1

where [,,(A\) = A\ + a2 (1 — K()\)), “on = (po,€n), and 1, = (¢1,€,). Considering the inversion of
the Laplace transform of the solution u(t), we obtain the following representation for the coordinate
functions wu, (t):

y+ioo
1
unlt) = (ult). ) = / 5O Oon + o)™ dr, n e N (37)
y—1i00

The integral (37) is calculated by the path integration as follows. By Theorem 2.3 in [16], the func-
tion 4, (\) has simple poles at the points A¥ and the cut along the negative real semiaxis (—oo, 0].
In the complex plane, consider the contour I' =Ty UT; UC}t U RY U R~ U Cj, ULy, where

I'h={A:ReA=v,—-R<Im\ <R}, I ={A:0<ReA <~,ImA\ = R},
Chr={\:Ax=Re”,1/2 < p <7}, R ={\:ImA=0,—R <Re) <0},
R ={A:ImA=0,—R <Rel <0}, Cr={\:A=Re"”, -7 < p< -31/2},
I,={A:0<ReA<v,Im\=—-R}.
Note that the contour I' is bypassed anticlockwise. If R tends to 4o, then the integral over the
path T'y tends to the integral (37). In turn, by the Jordan lemma, the integrals over the arcs
of the circles OF tend to zero as R — +o00. A straightforward verification readily shows that

the integrals over the contours I'; and I'; tend to zero as R — +4o00. Thus, passing to the limit
as R — +o00, we obtain the following representation of the function w,(t):

Un(t) =ty (8) + w, (1) + wi (1),

DIFFERENTIAL EQUATIONS Vol. 55 No.4 2019



WELL-POSED SOLVABILITY AND THE REPRESENTATION OF SOLUTIONS 973

where

AT oon . Afe
UJ’_('[:) = 271 res an(>\)227rl( nSOO +S01 )6

n

: L s (t) = 2mi ves @y (A)—2mi non T o)
A=A 2N — a2 KW(AT) A=An - — a2 KO(A-)
+o0 R A
w (t) _ / eftT(_TQDOn + SOln)ai(K_i_(—T) _ K-(_’T ) "

“ (2 + (- K () + (- K (-n) "

n

and

n

Kﬂ:(_T) = Z o

P Toaetima + 5k :

Note that the term w, (¢) corresponds to the cut from —oo to 0. Thus, the solution u(t) of prob-
lem (1)-(3) can be represented as the sum of the series

u(t) =D (uh (8) + 1wy (8) + wa(t))en. (38)

The convergence of the series (38) follows from the estimates that hold for sufficiently large n
and § > 0:

i (£) + uyy (8)] < ce™ " an]pon] + |1al), (39)
+oo . .
)] < / e (rlon] + ‘iﬁ”ﬂf{ffﬂ SR(-1) w0
where .
Koo = Ko (=7) = (- sinma)r® ; (T cos o + 5?)2 + r2asin’rar

The proof of the estimates (39) and (40) is significantly based on the use of the asymptotics (11)
of the eigenvalues. The proof of Theorem 5 is complete.
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