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Abstract—We consider second-order differential operators with a constant delay. The prop-
erties of their spectral characteristics are established, and the inverse problem of recovering the
operators from their spectra is studied. We develop constructive algorithms for inverse problems
and prove the uniqueness of the solution.
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INTRODUCTION

We study inverse spectral problems for Sturm—Liouville differential operators with a constant
delay. Such problems often arise in natural sciences and engineering (e.g., see the monographs [1, 2]).
Inverse spectral problems are problems of recovering operators from given spectral characteristics.
Inverse problems for classical differential operators have been studied fairly comprehensively; the
main results can be found in the monographs [3-6].

However, delay differential operators are substantially more difficult to study, because the main
methods of inverse problem theory (the transformation operator method and the spectral mapping
method [5]) do not work for delay operators. Note that some special results on inverse problems
for delay operators were obtained in [7-11].

Consider the following boundary value problems L;, 7 = 0,1:
—y"(x) + q(x)y(x — a) = My(x), 0<z<m, (1)
y'(0) — hy(0) =y (m) = 0.

Here M is the spectral parameter, a € (0,7), h is a complex number, ¢(z) is a complex-valued
function, ¢(x) € L(a, ), and g(x) = 0 a.e. on (0,a).
Let S(z,A) and C'(z, A\) be the solutions of Eq. (1) with the initial conditions

CO,N) =S8(0,\)=1,  S(0,\) =C"(0,)) = 0.

Set p(x,\) = C(x,\) + hS(z,)). For each z, the functions CV)(z, ), SU(z,\), and oW (z, \),
j = 0,1, are entire of order 1/2 in A. Set

A;(N) = go(j)(ﬂ', A), j=0,1.

The eigenvalues {\,,; },>0 of the boundary value problem L; coincide with the zeros of the entire
function A;(X). The function A;(\) is called the characteristic function of problem L.

The properties of spectral characteristics of L, are established in Section 1. Section 2 studies the
inverse problem of recovering the potential ¢(x) and the coefficient h from given spectra {\,;},>0,
j =0,1. Similar results for the case of the Robin boundary conditions

y'(0) — hy(0) = y'(m) + Hyy(m) = 0
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are obtained in Section 3. We consider the case of a € [r/2,7). The case of a < 7/2 requires
a separate study. Theorems 1 and 2 and Algorithms 1 and 2, which give constructive solution

procedures for the inverse problems and prove the uniqueness of the solutions, are the main results
of the paper.

1. PROPERTIES OF SPECTRAL CHARACTERISTICS
Let A = p%. The functions C'(z,\) and S(x, \) are the unique solutions of the integral equations

C(z,\) = cos px + /G(a:,t, NC(t—a,Ndt, Sz, \) = Smpp"” —|—/G(a:,t, NS(t - a,\)dt,

a(t) sin p(z — 1)

where G(x,t,\) = p

. For x > a, this gives
I
C(z,\) = cos pr + ) /q(t) sin p(x — t) cos p(t — a) dt,

. 2)
/q(t) sin p(xz — t) sin p(t — a) dt.

a

sin px 1

Sz, \) = )
pp

It follows from the representations (2) that for > a one has

x x

1
/q(t) dt + 2% /q(t) cos p(x — 2t + a) dt,

a a

sinpr  cosp(x —a)

S(z,\) = ) 2p?

. _ xr 1 xr
S'(x,\) = cos px + smp(za; 2 /q(t) dt — 2 /q(t) sin p(x — 2t + a) dt,

. _ x 1 x
C(z,\) = cos pr + smp(za; 2 /q(t) dt + % /q(t) sin p(x — 2t + a) dt,

a a
x xr
cos p(xr — a)

5 /q(t) dt + ; /q(t) cos p(x — 2t + a) dt,

a a

C'(z,\) = —psin pzr +

and consequently,

hsin pm N Asinp(mr —a) hAcosp(mr—a)  do(p)

Ag(\) =
o(X) = cos pm + ) e + 257 (3)
Asi —
A;(N\) = —psin pm + hcos pr + Acos p(m — a) + h s1ni)(7r @) + dl(p), (4)
1 x
where A = 5 [ q(t)dt and
do(p) = p/q(t) sinp(m — 2t +a)dt + h/q(t) cos p(m — 2t + a) dt,
" i (5)
h
di(p) = /q(t) cos p(m — 2t +a)dt — ) /q(t) sin p(m — 2t + a) dt.
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We use (3) and (4) in conjunction with a well-known method (e.g., see [5, Ch. 1]) to obtain the
asymptotic representations

VAo = (n41/2) + (h 4 Acos(n+ 1/2)a)/(7n) + o(1/n),

(6)

VA1 = n+ (h + Acosna)/(mn) + o(1/n)
as n — oo. Further, the spectra {\,;},>0, j = 0, 1, uniquely determine the respective characteristic
functions by the formulas

2 =1[ R ) | ™)

n=1

2. SOLUTION OF THE INVERSE PROBLEM

Let the spectra {\,;}n,>0, 7 = 0,1, be given. Our aim is to find the potential ¢(x) and the
coeflicient h. First, we construct the characteristic functions A;(\), 7 = 0,1, by formulas (7). Then
we can use Eq. (3) or Eq. (4) to find the coefficients h and A. Indeed, it follows from (3) that
Asinan = (—1)""'(A¢(n?) — (—1)")n + o(1) as n — oo, and consequently,

A= lim (=1)™ ' (sinan,) " (Ag(ni) — (=1)" )ng, (8)

N —00

where the ny, satisfy |sinang| > 6 > 0. We again use (3) and find that

h = lim ((2n +1/2)A0((2n +1/2)?) — Asin(2n + 1/2) (7 — a)). 9)

n—00

Note that we can also calculate the coefficients A and h using the representations (6). Now that A
and h are known, we can construct the functions d;(p), j = 0,1, with the use of Egs. (3) and (4).

Set

T (r—a)

do(p) = /q(t) cos p(2t —m — a) / Q(z) cos pz dz, (10)
a 7(71' a)
™ (m—a)

01(p) = /q(t) sinp(2t — 7 — a) / Q(x) sin px dz, (11)
a 7(71' a)

r+7m+a . .
where Q(z) = ) We can use the representations (5) to construct the functions dy(p)

and d;(p) by the formulas

R L ORT10) O CRORA )R (12

where w(p) = —(p + h?/p). Now we can find the function Q(z) and hence the potential ¢(z) from
Egs. (10) and (11). Thus, we have proved the following theorem.

Theorem 1. The spectra {\,;}n>0, 7 = 0,1, uniquely determine the potential q(x) and the
coefficient h. The solution of the inverse problem can be found by the following algorithm.

Algorithm 1. Given the spectra {\,;}n>0, j = 0,1,
1. Construct the characteristic functions A;(X), j = 0,1 by formulas (7).
2. Calculate A and h using Eqs. (3) or (4), say, by formulas (8) and (9).

DIFFERENTIAL EQUATIONS Vol. 55 No.4 2019



RECOVERING DIFFERENTIAL OPERATORS WITH A RETARDED ARGUMENT 513

3. Find the functions d;(p), j = 0,1, with the use of Egs. (3) and (4).

4. Construct the functions do(p) and d1(p) according to the representations (12).
5. Find the function Q(z) using Eqgs. (10) and (11).

6. Calculate the potential q(z) = Q(2z — 7 — a).

3. ROBIN BOUNDARY CONDITIONS
Let {ftn; }n>0 be the eigenvalues of the following boundary value problems £, j = 1,2:

—y' (@) +q(@)y(r —a) = Ay(x), O0<z<m,
y'(0) = hy(0) = ¢/ (m) + Hyy(w) = 0,

Here a € (0,7), h and H; are complex numbers (H; # H,), q(z) is a complex-valued function,
q(z) € L(a, ), and ¢(z) = 0 a.e. on (0,a). In this section, we study the inverse spectral problem of
recovering potential ¢(z) and the coefficients h, H;, and H, from given spectra {fi,; }n>0, j = 1, 2.
The eigenvalues {f,;}n>0 of the boundary value problem L; coincide with the zeros of the entire
function

Pj ()‘) = SDI(TB >‘) + HjSO(TB >‘)
Since (x, A) = C(z, \) + hS(z, A), it follows that

P;j(A) = —psinpr + (h + H;) cos pm + Acos p(m — a) + o(exp(|Im p|r)), lp| — oo. (13)
Using the asymptotic relation (13), we obtain
Vi =n+ (h+ H; + Acosna)/(mn) 4 o(1/n), n — 0o. (14)

Further, the spectrum {,,;},>0 uniquely determines the function P;(\) by the formula

Pi(A) = mluo; — N [T T (15)

n=1
Since P;j(A) = A1(A) + H;Ap(N), j = 1,2, it follows that

P - PV

P1(AN)Hy — Pa(N)H,y
H —Hy, ’ ’

Aol H, — H,

A1(A) = (16)

Given the spectra {fi,,; }n>0, J = 1,2, our aim is to find the potential ¢(x) and the coefficients h,
H,, and H,. First, we use Eq. (15) to construct the functions P;()), j = 1,2. Then, using rela-
tion (14), we calculate the difference

H, — H, = 7Tnh_>Holo(\/Mn1 - \/Mn2 n. (17)

Now we can construct the function Ag(A) with the use of the first relation in (16). Then we find
the coefficients h and A from formulas (8) and (9), and consequently, we can calculate H; and H,
based on relation (14). After that, we construct the function A;(\) by formula (16). Once we
know the functions Ag(A) and A;(X), we can reproduce the argument in Section 2 and find the
potential ¢(z). Thus, we have proved the following theorem.

Theorem 2. The spectra {ji,;}n>0, j = 1,2, uniquely determine the potential q(x) and the
coefficients h, H,, and H,. The solution of the inverse problem can be found by the following
algorithm.

Algorithm 2. Given the spectra {jt,;}n>0, 7 = 1,2,
1. Construct the functions P;(X), j = 1,2, by formulas (15).
2. Find H, — H, by formula (17).
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Calculate the function Ag(\) using the first relation in (16).

Calculate the coefficients A and h with the use of Egs. (8) and (9).

Find the coefficients H, and Hy using formula (14).

Construct the function Ai(X\) by the second relation in (16).

Find the functions d;(p), j = 0,1, with the use of Eqs. (3) and (4).
Construct the functions 6y(p) and 61(p) according to the representations (12).
. Find the function Q(z) using Eqs. (10) and (11).

10. Calculate the potential q(x) = Q(2z — 7 — a).
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