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Abstract—We consider the initial-boundary value problem for quasilinear parabolic equation
with mixed derivatives and an unbounded nonlinearity. We construct unconditionally mono-
tone and conservative finite-difference schemes of the second-order accuracy for arbitrary sign
alternating coefficients of the equation. For the finite-difference solution, we obtain a two-sided
estimate completely consistent with similar estimates for the solution of the differential problem,
and also obtain an important a priori estimate in the uniform C-norm. These estimates are
used to prove the convergence of finite-difference schemes in the grid Lo-norm. All theoretical
results are obtained under the assumption that some conditions imposed only on the input data
of the differential problem are satisfied.
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INTRODUCTION

The maximum principle is successfully used to prove the existence and uniqueness of the solutions
of initial-boundary value problems for parabolic and elliptic equations. In contrast to the method of
energy inequalities, it permits establishing a priori estimates of the solution in the strongest uniform
norm for problems of arbitrary dimension with a nonself-adjoint elliptic operator [1, p. 500].

A similar mathematical apparatus is also used in the theory of finite-difference schemes [2, p. 226;
3, p. 140; 4, p. 296]. In particular, it is used to study the stability and convergence of the finite-
difference solution in the uniform norm. Computational methods satisfying the grid maximum
principle are usually said to be monotone [2, p. 228; 4, p. 296]. Monotone finite-difference schemes
play an important role, because there do not arise nonphysical oscillations in the computer simu-
lation of applied problems described by partial differential equations [5].

The lower estimates of solutions of differential-difference problems or, in general, their two-
sided estimates are no less important. This is especially important when studying the theoretical
properties of computational methods approximating the problems with unbounded nonlinearity
when it is necessary to prove that the grid solution lies in a neighborhood of the values of the exact
solution [6-8]. As an example, one can consider the gamma equation [9] obtained by transforming
the nonlinear Black—Scholes equation for option pricing into the quasilinear parabolic equation
for the second derivative of the option price in financial mathematics.

In the case of linear problems, two-sided estimates of the desired solution are used to determine
its range in terms of input data of the problem (the coefficients of the equation, the right-hand side,
and the initial and boundary conditions). In the nonlinear case, such estimates allow one to prove
the nonnegativity of the exact solution, which is important in physical problems, and determine the
conditions on the output data under which the problem is parabolic or elliptic. Of course, it is
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desirable in this case that the estimates be as sharp as possible. To this end, starting from the
classical monograph [10, p. 22], there is a special technique related to the change of variables and
minimization or maximization of some functions with respect to a parameter.

Of course, such estimates are also required for computational algorithms approximating the
problem data. We also note that, to state the grid maximum principle, it is usually required that
the input data of the problem be of constant sign. But in [7, 8], to write a general finite-difference
scheme in canonical form, a two-sided estimate of the grid solution was proved in terms of input data
of the problem without the assumption that they are of constant sign. We also note the paper [11],
where the technique proposed in O.A. Ladyzhenskaya’s pioneering paper [12] was developed and
used to obtain two-sided estimates of the solution of grid schemes completely consistent with the
differential problem. Based on the application of such estimates, the convergence of a linearized
finite-difference scheme approximating the quasilinear heat equation with unboundedly increasing
nonlinearities and generalized solution satisfying the balance equation in the nonstationary case
was studied in [6].

When developing higher-order finite-difference schemes, it is important to preserve both the
monotonicity property and the conservativeness, because the systems of linear algebraic equations
obtained by applying such methods are well conditioned [13, p. 64]. The iteration methods con-
verge much better in the case of diagonally dominating matrices. The problems of developing
finite-difference schemes for equations with mixed derivatives were studied in [14-16]. Note that
equations with mixed derivatives arise in the construction of computational methods already for
the classical equations (Laplace, Poisson, and others) on arbitrary nonorthogonal grids. For el-
liptic and parabolic equations with mixed derivatives, monotone and conservative finite-difference
schemes were proposed in [17-19], but these schemes can be used only in the case of sign-constant
coefficients. If the coefficient of mixed derivatives changes sign, then the differential equations can
be written in nondivergence form with the first derivatives, and monotone schemes are constructed
for it by using the regularization principle [2-4]. But the conservativeness property is lost after such
a transformation. For elliptic equations with mixed derivatives, new monotone and conservative
finite-difference schemes were developed in [20] for both sign-constant and sign-alternating coeffi-
cients. The main idea of these schemes is based on the use of standard functionals with absolute
values of the coefficients of mixed derivatives. For a nonlinear problem with mixed derivatives in
nondivergence form, a finite-difference scheme and an iteration process implementing it were con-
structed and investigated in [21]. The convergence of this iteration process was rigorously studied,
and this process was used to prove the existence and uniqueness of the solution of a nonlinear finite-
difference scheme approximating the original differential problem. The estimates consistent with
the smoothness of the desired solution were obtained for the rate of convergence of finite-difference
schemes in the grid W3 ,(w)-norm.

In the present paper, we consider the initial-boundary value problem for a quasilinear parabolic
equation with mixed derivatives and unbounded nonlinearity. Based on the combination of two
known finite-difference schemes of the second order of approximation [18, 19], we construct and
investigate unconditionally monotone and conservative finite-difference schemes of the second-order
accuracy for arbitrary sign-alternating coefficients of the mixed derivatives. The results of [7, 8] are
used to obtain a two-sided estimate for the finite-difference solution, which is completely consistent
with a similar estimate for the solution of the differential problem, and an a priori estimate is proved
in the uniform C-norm. These estimates are used to prove the convergence of finite-difference
schemes in the grid L,-norm. All theoretical results are proved under the only assumption that
some conditions are satisfied by the input data of the differential problem.

1. AUXILIARY RESULTS

Assume that €, is a finite set of nodes (grid) in some bounded domain of the n-dimensional
Euclidean space, and x € §y, is a point of the grid §2;,. Consider the equation

Ayx) = Y By +Fx), z€, (1)

geM’(z)
which is called the canonical form of the finite-difference scheme [2, p. 226]. Here M'(z) = M(x)\z,
and M (x) is the grid stencil. Since any finite-difference scheme can be written as (1), monotonicity
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is understood as the following conditions saying that the coefficients of Eq. (1) are positive:

A(x) >0, B(z,&) >0 forall ¢e M'(z), (2)
D(x)=A(z)— Y Bx,§>0 forall {eM(x). (3)
EEM/ ()

To obtain a two-sided estimate of the solution of a finite-difference scheme, it is most convenient
to use the following lemma.

Lemma [7, 8]. Assume that conditions (2), (3) that the coefficients are positive are satisfied.
Then the mazimum and minimum values of the solution of the finite-difference scheme (1) belong
to the range of the input data,

min < y(z) < max

26, D(z) o TS AL (4)

Corollary [2, p. 231]. Assume that conditions of the lemma are satisfied. Then in the grid
analog of the C-norm, the solution of finite-difference problem (1) satisfies the estimate

lylle = max [y(z)| < [[F/Dl|c- (5)
z€Q

2. STATEMENT OF THE PROBLEM AND TWO-SIDED ESTIMATE
OF THE EXACT SOLUTION

Let G = {z = (21,23) : 0 < 2, < Iy, @ = 1,2} be a rectangle whose boundary is denoted
by T'. It is required to obtain a continuous function u(x,t) in Qr = G x [0,T] satisfying the
initial-boundary value problem for the quasilinear parabolic equation with mixed derivatives

ou

81’: Lu+f($7t)a WS Ga le (OvT]v U(l‘,O) :Uo(x)a u|F :/L(:Evt)v (6)

2

0 ou
Lu = a%;1 La5u7 Laﬁu = 8;L‘a <ka5(u) 6335> (7)
It is assumed that the following ellipticity conditions are satisfied:
2 2 2
¢ Zﬁi < Z kap(u)énés < 2 Z&i for any wu € D, (8)
a=1 a,Bf=1 a=1

where D, = {u(z,t) : my < u(x,t) < mo, (z,t) € Qp, my, my are constants}, ¢; > 0, ¢, > 0 are
constants, and £ = (£, &,) is an arbitrary vector. In particular, it follows from inequalities (8) that,

0<c <kgalu) <cy forany ué€[my,ms, a=1,2.

We assume in what follows that there exists a unique solution of problem (6)—(8) and all coef-
ficients in Eq. (6) and the desired function have continuous bounded derivatives of order that is
required as the presentation proceeds.

Let Q;, = {(z,t) € Qr : t <t;}. Then the following assertion holds.

Theorem 1 [10, p. 22]. The following two-sided estimates hold for the solution u(x,t) of
problem (6)—(8) at any point (z,t1) € Qr:

U({L’, tl) >my = sup min {07 Igln{u(xa t)a U (x)}e)\(tl_t)7 )‘_1 Igln(f(xa t)e)\(tl_t) )}7 (9)
A>0 t1 t1

A>0

u(z,ty) < my = inf max {0, Igax{,u(a:, t), up(x)yeMt =0 A1 Igax(f(x, t)e’\(tl_t))}. (10)
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Remark 1. In the finite-element method, the estimates of solutions in terms of the func-
tions depending on the minimization or maximization with respect to auxiliary functions of some
functionals containing the input data were widely developed by Repin (e.g., see [22]).

3. FINITE-DIFFERENCE SCHEME

On the interval [0, 7], we introduce the grid @, = {t, =n7:n=0,...,No, TNg =T} =w, JT
uniform in time with step 7, and in the rectangle G we introduce the grid @w; = wy, |Jv4, where 7,
is the set of boundary nodes uniform in each direction x,,,

wp ={x; = (azgil),mg”)) szl =G Ry, iq=0,..., Ny, hoNy=1,, a=1,2}.

For simplicity, we use the notation without indices for the independent variables z = x;,

To =xk,t=1,, t =1, and for the grid functions:

g =gz, z¥,t,) = g(z,1), T = Gi s T = iy iy
— o(-1a) (+1a) _

A n g—4g g g

g=9"" =gz, tus),  Gs. = R

On the uniform grid w = w;, X w,, we approximate the differential problem (6) by the purely
implicit finite-difference scheme

2 2
v = Aaall+ Y Mg+, (11)
a=1 apt
y(x,0) = uo(z), x € wy, Yl = plz, 1), T € Yh, (12)
where
Mo = (o ()5 ), = P60 @ = y;ﬁ— Gaa(¥)(y = 9))
Rt = 051k D)ien),+ (s@)in), + (B i), + (s @)ia), . a8,
a1 (3) k‘aa(y(“"‘;) Thaaly) ) kaa(y“a;) + Faa(y).
Fap = 0.5(kag + [kapl) 2 0, Koy = 0.5(kag — [kapl) <0, a# 5,
k;rﬁ + k;,é’ = kag, k;r,é’ - k;,é’ = |kaﬂ|a Y= fa Y = (?Jnﬂ —y")/T.

Approximation error. The approximation error of the scheme (11), (12) is calculated by the
formula

2 2
=—u+ Y Asali+ Y Aopit+ . (13)
a=1 a,B=1
a#p

With regard to the relations

THOm), Al (Wi, = Fauli)

ou h, O .0
( @)

Uy =

ot h, O L ,
ot 2 on <kaa(u) am) +O(h2 +7),

> + O(hZ2 + 1),

aaa(u)aia = kaa (ﬂ)

8xa - 2 8xa 8xa
we have 3 80
L . _ N 2
Aol = (oo (u)lsz, )y, oz, <kaa(u) aa:) +O(hZ + 7). (14)
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Now let us show that the operator A,st, o # B has the second order of approximation. Consider
the term (k_;(u)tz, )., . Substituting the expansions

ou  hgd*u  h3du _ _ dv  h, v

into it for v = k_4(u)iz,, we obtain

(s (W)iz, ), = Lopii+ h; aia Lyt — h; Ly, ;ﬂi +O(hi + hi + 7).
In a similar way, we obtain
(hep (i )o, = Loy =y 7 Loya+ Vg, ggi O+ 3 +7),
(kg (u)ity,)o, = Ligti+ h; aia L0+ h; LS, ;ﬂi +O(h} + R +7),
(ks (W)iia, )z, = Lyt — h; aia L yi— h; L}, g; +O(h + h3 + 7).
It follows that
Aapte = Ligt+ Logt+ O(hf + h3 +7) = Loga+ O(|h|* +7),  a#B. (15)

Then we have 1 = O(|h|?> + 7) from (13)—(15). Thus, we have proved the following theorem.

Theorem 2. The finite-difference scheme (11), (12) has the second order of approzimation with
respect to the spatial variables and the first order with respect to the time variable.

4. MONOTONICITY, TWO-SIDED ESTIMATES, AND A PRIORI ESTIMATES
To apply the maximum principle, we reduce the scheme (11) to the canonical form (1) and verify
the sufficient conditions (2), (3) on the coefficients.

In the case of sign alternating coefficients k,z(u), the grid has a 9-point stencil and consists of
the nodes shown in the figure. The stencil nodes are numbered as shown in the figure. Then for the
scheme (11) we have

Y B'(z,0) = ZB;%.

EeM/(z)

9 ) 6
ho
3 h1 1 2
h1
ho
8 4 7

9-point stencil.
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To write the coefficients A", B", F™, it is necessary to write the scheme (11) in index form.
After elementary transformations, we obtain

g P+ Eays)  [ke(ys)] + lka(yr)]
? 2h3 2hyhy ’

B — o, ku(yr) + ku(ys)  [ke(ys)] + [k (y7)]

3 2h? 2h1ho ’
g o R (W) + Raa(ui) ko ()] + [kaa (yi))]

4 2h3 2h1ho ’

Koo (Y1) + kaz(y) ka2 (ui)] + [ (y2)] K (y5) + k3 (vs)
5 T( 2h3 2% hs CE 2% hy =0,
+ ko (y7) k() + ka3 (vy) ki (ys) + ko (vs)

Br —_r kia(y3) 21Ya) o Br— 123 21\a) o Br— _"12\Ys 21\s) o

7 2% hy 20, B 2, hy 20, By=-r 2 hy 20,

Eu(yy) k()] + [k (yD)| k‘zz yl
A" =1 k" — -1 B,
- r( L hihs - Z

ki(ys) + ki (ys) | koo(ys) + ka2 (y3)

k’l’b
212 2h2 ’

D":A"—ZB;%:L F* =y} + 7.

Assume that the following conditions are satisfied for the grid steps h; and h, which are expressed
in terms of input data of the problem:

c3tc h 2c
3261 ' < h; = +1C4, Cs = max k2 (u)], = max |z ()] (16)
Let us prove that y7, € [my,mo] for all i, =1,..., N -1, a =1,2,n =0,...,Ny,. We take

an auxiliary grid function z(z,t) = 27 ”‘t" A # 0. The function z(:r t) satisfies the
finite-difference equation

'Ll’LQ = y’Ll’Lz

A AT 2 2
Zer — 2z " o s
=e A2 A nf.
- Z aa? T € Z apZ e f
a=1 a,f=1
a#pB
We write this equation in the canonical form (1),
Ayt = Z Bzt + K2y + F), (17)
where
9
By, =B}, j=2,...,9, K[=1, Ay, ="+ B, Fo=1f"e"

We introduce the coefficients D, as follows:
D,y = A7, ZB()J K!'=e—-1>0 forall Ar>0.

Take an arbitrary ¢, € w,. The followmg three cases are possible for the function z(z,1).

1. max,, z(z,t) is nonpositive (i.e., z(z,t) <0, (z,t) € wy, ).

2. max,, z(z,t) is located on the base t = 0 or on the boundary (i.e., the inequality z(x,t) <
max,, e {u(z,t),u(x)}, (,t) € wy,, holds).

3. A positive maximum is attained at some interior point (z°,t°), z(z,t) < 2(2°,t°) = max 2(z, ).

Wty
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430 MATUS et al.

Obviously, for n = 0 we have ¢, = uf;,; € [mi,ms] for all i, = 1,...,N -1, a = 1,2.
Assume that, for an arbitrary n, the inclusion 7', € [mi, m,] is also true. Then we have B} > 0,
7=6,...,9, k" >0, and

A =1 +T<kn 4 i (yt) _ k12 (y1) + ka1 (Y1) + k22(y1)>’ ) o+ B,

hi hihy h3
A" =147 kn+kll(2yl) +k12(y1)+k21(y1) +k22(§1) : ko < 0, o+ B.
hi hihgy h3
Using the ellipticity condition (8) and assuming that £~ = (1/hy,1/hse) and £ = (=1/hy,1/hs),
we see that the coefficients A7} are positive. The other coefficients B}, j = 2,...,5, are positive if
the following conditions are satisfied:
a2+ Tk ()l e o k(W) +ka(yn) (18)

X
m=45 koo (Y1) + koo (y) = ha = m=23 [kyy (y1")| + k12 (y2)]

Indeed, since

2min kqq (v

R () + k() 1o Fu u) _ 2o
min - > = )
m=2.3 |koy (y7)| + [Fr2(y2)] max |Koor (u)| + max lkia(u)] ezt

max |koy (u)| + max |kio(u

k12 (y7)| + K21 (v, ueDu| 21.(u)] ueDu‘ 12(v)] Gt
max < . = )

m=15 " Kas (Y1) + ka2 (v 212%? ki1 (u) 2¢,

we see that the system of inequalities (18) is satisfied; i.e., B} >0,5=2,...,5. Then at the point
of maximum (2°,t°), by the estimate (4) and Eq. (17), we obtain

f(aco,to)e*)‘t0 < 7 max flz, t)e ™, A>0.

0 40
z(ac,t)gz(:n,t)geh_l e —1 w,

Then, in all cases 1-3, the function z(z,t) satisfies the estimate
T
z(x,t) < max {0, max e M{u(z,t), up(x)}, N max f(:n,t)e_’\t},
Wtpgq e — 1l wt, g
which implies that

(. ) Smy* = inf max{o, max At {pu(a, 1), uo ()}
>

Wit

max f(z, t)ek(t"“_t)} . (19)

)
e)\T 1w,y

In a similar way, we obtain the lower bound

y(m,tn+l>zm?+1=supmin{o, min 60 (o, 8),ug()}, T min f(w,t)e*“"““}- (20)
A>0 Wt e’ — Wtpp
Since

-

1
< for all
eA‘r_l—)\ or a. A7T>07

we see that the estimates (9), (10) and (19), (20) imply the inequalities
my < mT+l7 mg-ﬁ-l < ma;

ie., y'th € [mi,mo),in =1,...,N—1,a=1,2. In this sense, the finite-difference estimates inherit
the properties of the differential problem.
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Thus, we have proved the following theorem.

Theorem 3. Assume that conditions (16) are satisfied. Then the finite-difference scheme (11),
(12) is unconditionally monotone (without constraints on the steps T and h,, « = 1,2), and its
solution satisfies the two-sided estimate (19), (20) at any point (z,t,11) € w.

Remark 2. The upper and lower bounds of the two-sided estimate (19), (20) are independent
of the diffusion coefficients k.z(u), o, 5 =1,2.

Remark 3. If the coefficient matrix of Eq. (6) has diagonal predomination with respect to
rows and columns: k.. (u) > |kas(u)| for any u € [my,ms], a, 5 = 1,2, a # [3, then one can set
hy = hy = h, and then condition (16) is always satisfied.

Based on the maximum principle, we in a standard way obtain the following important a priori
estimate in the strong C-norm.

Theorem 4. Assume that conditions (16) are satisfied. Then the solution of the finite-difference
scheme (11), (12) satisfies the following a priori estimate for any t, € w, :

- < B
y(ta) e < max {HuOHm max_ uu(w@} Ftuga max [1F(0)c- (21)

Proof. Since the assumptions of the corollary are satisfied, we have

ly(tnr)lle < max{{|u(tni)lic,, 1"}
based on the a priori estimate (5). Note that

IE" o = lly(tn) + 7 tns)lle < lly(tn)lle + 7l f Ensa)lle-

Substituting this estimate into the preceding inequality, we obtain the chain of relations

1y(tni1)lle < max{|[u(tni)lle, » [yE) e + TIf Ens)ll o}
< max{|[u(tni)llc,, I0(E) e, + 7 Eni)llos [Y(En-Dlle + T E)llc + 1 Enr)llie)} < -

< max {1<I}€135(+1 l(t)lle, + ;T”f(tlﬁl)”cv [[uoll & + ;T\\f(tkﬂ)”c}-

Taking into account the inequality

n n

YTl )l <D max | f(t)le =t max | f(t)e

1<k<n+1 1<k<n+1
k=0 k=0

we obtain the desired estimate (21). The proof of the theorem is complete.

Remark 4. The results obtained above can naturally be generalized to p-dimensional parabolic
equations with mixed derivatives where p > 2 is an arbitrary integer.

5. CONVERGENCE OF THE FINITE-DIFFERENCE SCHEME
IN THE GRID L,-NORM

If one succeeds in obtaining a two-sided estimate of the solution of the finite-difference scheme,
then the study of the convergence reduces to linear computational algorithms.

For simplicity, consider the case in which k,s(u) < 0, u € D,,, and « # B. Then the finite-
difference scheme (11) becomes

2
Yt = Z Aaﬁg + P, y(l‘,O) = u0($)7 T e Wh, @|’yn = M($7t)7 T e Yhs (22)
a,Bf=1

DIFFERENTIAL EQUATIONS Vol. 55 No.3 2019



432 MATUS et al.

where

Here we note that

Aaozg = 0'5[(kaa (y)gfa)m + (kaoc (y)gra)ia] = (aaa(y)gia)raa

a

which implies an equation of the following form for the discrepancy:

2
=Y Aagii+ o = 9. (23)

a,f=1

Subtracting the corresponding equation (22) from Eq. (23), we obtain the following problem for
the method error z =y — u:

2
2 = Z (Aapy — Aaptt) + 1), 2(z,0) =0, T € Wy, zly, =0, T € Yp. (24)

a,f=1
We define the following inner products and the corresponding norms:

Ni—1Nx—1

(u,v) = Z Z hihoti, i, Vi, [ul| = \/(U,U),

i1=1 d2=1

NQ N37a71

(oo =" 3 hhswuvas,  ulle = /(.

ta=1 i3_q=1

Ng—1N3z_o—1

[,0)a =D D hhattiivii, ulla = \/[u7u)oﬂ a=12

ia=0 iz_a=1

The following assertion holds.

Theorem 5. Assume that conditions (16) are satisfied. Then the solution of the finite-difference
scheme (22) converges to the exact solution of differential problem (6), and the following estimate
of the method accuracy holds:

2] < C(h] + h3 + 1), C = const > 0.

Proof. Taking the inner product of Eq. (24) by 272, we obtain

2

o7 (2,2) = 21 (z D (Aapi — Aaﬁa)> +27(2,1). (25)

a,B=1
Taking into account the fact that

s = Dt = 0.5[(kus (1)2,), -+ (e () — bap(w))its, ),
- (kas®)20,);, + (kap () — kap(w)iis, ), ]

and applying the summation by parts formula [2, p. 98] to the first term on the right-hand side

in (25), we obtain
2

LHS =27 <z > (Aasll — Aaﬁa)> = —7(0+n),

a,f=1
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where , ,
0= Z (21047 kaﬁ(y)éiﬂ]a + Z [2$a7 kaﬁ(y)iwg)ay
a,f=1 a,B=1
2 2
n=Y (aus (kap(y) = kap(W)iiz, ], + D [Zou, (Fas(y) = kap(u))iis, ),
a,f=1 «a,f=1

433

Since Zaﬁ Lkas(W)€as > Za &2 for all y € D, and any vector & = (&,&,), we have the

inequality

a,B=1 a=1
which implies that
Ngo N3 a—1 Ngo N3 a—1
A 2
E E h1h2 E kaﬁ y1112 Toyi1l2 mg 1112 2 C1 E E h h2 E Zimilig) .
ia=1 i3_o=1 a,B=1 ia=1 i3_o=1 a=1

In the last inequality, we replace the outer summation symbols by the inner product and arrive at

the estimate ,

2 2
Z 220+ kap(yY)2z,], = @ Z (Z20s22.)0 = @1 Z 125,115
a=1 a=1

a,f=1

In a similar way, we obtain

2 2 2
Z [éza’ kaﬁ(y)éza)a Z C1 Z [éra’éza)a =G Z Héra ||iv
a,Bf=1 a=1 a=1

which implies that

0> clz(llzma]lz’ + 2. l2) = 2612 1z 1la-

a=1

Further, for the functions k,g, o, 8 = 1,2, there exist positive constants L,g, v, 8 = 1,2, such that

the estimates |kq5(y) — kap(w)| < Lag|2|a,0.5) are satisfied, where

|Ziyin | + 20, —1,i |Ziyin| + 1201 601l

|Zi1i2|1,(0.5) = 9 5 |Zi1i2|2,(0.5) = 9
It follows that
2 2
D (zsal kap (W) = kap(w)l|ds,]], < Lap(|2z. 1, 12l 4 0.5 s ] -
a,f=1 a,B=1

The solution of problem (6), (7) is sufficiently smooth, and hence

e | < 1 / od
Yza hy, Oz,

zia—1

dx, < cs, a=1,2.

Then, applying the e-inequality, we obtain the estimate

2

2
~ ~ A LaB 2
> Losllin Fluonliasll, s 3 (cusbnlle i+ 227 11 )

a,f=1 a,f=1
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ie.,
2 2 L
~ ~ ~ [eY 2
> (e aalt) ~ Fos(lnll, < o 3 (asLosllin Bt JF). (20)
a,B=1 a,B=1 @

Here and below, €,5 > 0, o, 8 = 1,2, ¢; > 0, ¢ = 3,4. In a similar way, we obtain the estimate

2 2

X 5 L,
> Ll bhos) = has(@lisl), < s 3 (ubonllen B+ 117). D)

a,f=1 a,B=1
The estimates (26) and (27) imply that

2 2

~ LaB 2
|77‘ < 2cs5 Z Ea,BLa,BHZia”Z—i_% Z % ”ZH :

a,8=1 a,8=1 2B

Note that LHS < —7min 6+ 7 max |n|. Therefore, for the first term on the right-hand side in (25),
we have the estimate

2 2 2

. L,

Lirs < <203 (o= s 3 enLos s B 4 7 3 o I (28)
a=1 B=1 a,B=1 @

and the second term satisfies the following estimate:
5 2 o, T 2 2 T 2
27(2,4) =27(72: + 2,9) < 277°es]|z " + %, 191" + 27eallz]]” + 254\\1/4! : (29)

On the other hand, using the identity Z = 0.5(Z 4 z) 4+ 0.57z;, we write the left-hand side of (25)
as
27 (21, 2) = 12117 = |2l + 7121 (30)

Thus, from the results (25) and (28)—(30) we derive the estimate

2 2
217 + 72— 22| + 20 S ( e ZEaﬁLaa> 122,112

a=1 B=1

2
L. 11
<(1r(zra X NI er( o + o )12
apf=1""%

We take the values €3, €,5, o, 8 = 1,2, sufficiently small, namely, such that the inequalities
1—2e3 > 0 and ¢; — c5 ZZ:lEaﬂLaﬂ > 0, a = 1,2, are satisfied. Then we arrive at the final
estimate

1212 < (1 + 7co)||2]|? + Ter (B3 + ha +7)° < e7||2||® + Ter (B3 + ha + 7)°.
Applying the finite-difference analog of the Gronwall lemma [2, p. 273] to the last inequality,

we obtain the desired estimate. The proof of the theorem is complete.

6. FINITE-DIFFERENCE SCHEMES FOR EQUATIONS
OF GENERAL FORM

To complete the discussion of the above results, it is necessary to consider problems with lower-
order derivatives. We again consider the initial-boundary value problem (6) with operator L of

the form ,
ou ou
(Fostwn g ) + 3 2 e (3)

[e3

2

0
Lu = Z ox

ap=1 "¢
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where g(z) > ¢y > 0 and the coefficients k,s(u), o, 8 = 1,2, satisfy the ellipticity conditions (8).
Then, by the results of [10, p. 22], we have the following assertion.

Theorem 6 [10, p. 22]. The solution u(x,t) of problem (6), (31), (8) at any point (x,t,) € Qr
satisfies the two-sided estimate

(x,t1) > ' {0 in{p(z,t), uo(z) e~ mi f(w’t)ewlt)} (32)
u(x,t1) > mz = sup min q 0, min{u(z,t), ug(z)}e ,min ,
! 3 A>§ g 0 Qu  At+gq(x)

t A(t1—t)
U(:L“,tl)§m4:AigAmeaX{QIgiX{u(w,t),uO(ﬂc)}eA(“_t)’IgiXf(i’ jfm) } (33)

where Ao = max,ca{—q(x)} = —min,cs q(z).

To construct the corresponding monotone scheme of the second order of local approximation with
respect to the spatial variables O(h? + h3 + 7) for the equations containing lower-order derivatives,
we use an idea due to Samarskii [2]. In the operator (31), we replace the derivatives on the uniform
grid w = wy, X w, by the finite-difference relations

g (kw(ﬂ) & > + ra(a);); = Ko (1) (Caa (W) s, ) e, + 0L (Wi, + b, (u)iz, +O(hZ + 1),

Ka(u) = (1 + Ra(u))_la R, = 0’5|ra(u)‘ha/kaa(u)7 b:(u) = Ti:(u)/kaa(u)a

rE(u) = 0.5(r4 (u) % |rq(u))]), > aia <kaﬁ(a) aa) = Y Aapli+ O(h3 + 3 + 7).

a,B=1 85173 a,f=1
P B

As a result, we obtain the following finite-difference scheme of the second order of approximation
with respect to the spatial variables:

2

2
e =Y (Fa)(@aaW)Fs.),, + 05 W)ian + b5 W)0z) + D Map —dy -+,  (34)
a=1 a,B=1
a#p

y(m,O) = 'LLQ(.’E), T € Wp, Q‘Vh = N(xat)7 T € Y, (35)

where d and ¢ are some stencil functionals which, in particular, can be taken in the form d(x) =
q(z), o(x,t) = f(x,t), (z,t) € w. For the scheme (34), (35) to be monotone (and hence satisfy
the maximum principle), it suffices to require that the following condition be satisfied: the double
inequality

(C3 + C4)(1 + Rmax,2) < h’l < 201 ‘TQ(U)‘

Rox.0 = 0.5h, max

, , 36
261 - hg - (C3 + C4)(1 + RmaxJ) u€D,, ka(U) ( )

must hold for all x € w;, and t € w,.
The following theorem can be proved in a similar way.

Theorem 7. Assume that conditions (36) are satisfied for all x € wy, and t € w,. Then the
finite-difference scheme (34), (35) is unconditionally monotone (without restrictions on the steps T
and h,, a = 1,2), and its solution satisfies the two-sided estimate

t)e)\(tn—t)

x,t,) > m? = supmin < 0, min e** Y {(z,t), uo(x)}, min 7@, , 37

(ot 2 5 = supmin {O,min 0 G, 6, )i TEET A g
t A(tn—t)

(o) < m = futmax {0 max e o, o) max (TOCT L

at any point (x,t,) € w.
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Remark 5. Since
-

<
(I+79)er -1 7 A+gq
we see that the estimates (32), (33) and (37), (38) imply that ms < m} and m} < my, and in

this sense, one can say that the finite-difference estimates inherit the properties of the differential
problem.

Remark 6. In the case without mixed derivatives, the estimates (19)-(21) and (37), (38) are
satisfied without restrictions (16), (36) on the grid steps h; and hs.

forall A\ 7> 0,
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