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1. INTRODUCTION

Consider the Sturm–Liouville problem

u′′ − q(x)u+ λu = 0 (1)

with the degenerate [1, p. 35] boundary conditions

u′(0) + du′(π) = 0, u(0)− du(π) = 0, (2)

where d �= 0. The completeness of the system of root functions of problem (1), (2) was studied
in [2–4]. In particular, it turned out that the set Q of potentials q(x) ∈ L1(0, π) ensuring the
completeness of the system of eigenfunctions and associated functions in the space L2(0, π) is
everywhere dense in the space L1(0, π); its complement Q̄ has the same property. Since, for a broad
class of potentials q(x), the system of root functions of problem (1), (2) is complete in L2(0, π),
it is natural to pose the problem of its basis properties.

Let m(λn) be the multiplicity of the eigenvalue λn of problem (1), (2). It follows from [5] that
if the inequality

m(λn) < C (3)

holds with some constant C for all n ∈ N, then the system of eigenfunctions and associated functions
of problem (1), (2) does not form an unconditional basis in the space L2(0, π). From this and the
paper [6], where the constraint (3) is also imposed on the spectrum, we obtain the following stronger
assertion: this system is not an ordinary basis in the space L2(0, π). However, later it was proved
in [7] that there exists a potential q(x) ∈ L2(0, π) for which condition (3) is not satisfied, namely,
a potential such that

c1 ln |μn| ≤ m(λn) ≤ c2 ln |μn|, (4)

where μn =
√

λn, Reμn ≥ 0, n ∈ N, c1 > 0, and c2 > 0. In the above example, all λn are positive.
An example of a problem of the form (1), (2) whose spectrum along with condition (4) satisfies the
inequality

c3 ln |μn| ≤ | Imμn| ≤ c4 ln |μn|, (5)

where c3 > 0 and c4 > 0, was constructed in [8]. Note that the spectrum lies outside the Carleman
parabola under condition (5). It was proved that the system of eigenfunctions and associated
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functions of problem (1), (2) with a specially constructed potential q(x) is complete in the space
L2(0, π) in both examples. Obviously, these examples are not covered by the papers cited above,
because the multiplicities of the eigenvalues increase unboundedly and hence the system of root
functions contains associated functions of arbitrarily large order. This effect is impossible in the
case of nondegenerate boundary conditions.

It is well known that if the total number of associated functions is infinite, then the system of
root functions may have the basis property for one choice of associated functions and lose it, still
remaining complete and minimal, for another choice. Therefore, when speaking about the presence
or absence of the basis property, one should have in mind some specific system of eigenfunctions
and associated functions. However, note that if in some boundary value problem there exists at
least one system of root functions that is a basis, i.e., the choice of associated functions is “correct,”
then one usually says that the system of eigenfunctions and associated functions of this boundary
value problem has the basis property.

The main goal of this paper is to prove the absence of the basis property of an arbitrary system
of root functions of problem (1), (2) without any constraints on its spectrum.

2. STATEMENT AND PROOF OF THE MAIN RESULT

Theorem. No system of eigenfunctions and associated functions of problem (1), (2) is a basis
in the space L2(0, π).

Proof. By B−
σ we denote the class of odd entire functions f(z) of exponential type ≤ σ bounded

on the real axis. By c(x, μ), s(x, μ) (λ = μ2) we denote the fundamental system of solutions of
Eq. (1) with the initial conditions c(0, μ) = s′(0, μ) = 1, c′(0, μ) = s(0, μ) = 0.

Simple calculations show that the characteristic equation of any problem (1), (2) can be reduced
to the form Δ(μ) = 0, where

Δ(μ) =
d2 − 1

d
+ c(π, μ)− s′(π, μ) =

d2 − 1

d
+

π∫

0

K(t)
sinμt

μ
dt =

d2 − 1

d
+

f(μ)

μ
, (6)

K(t) ∈ L1(0, π), and f(μ) ∈ B−
π . It is well known [9] that the spectrum of problem (1), (2)

is a countable set of eigenvalues λn which does not have a finite limit point if and only if the
inequality

q(x)− q(π − x) �= 0 (7)

holds on a set of positive measure. If q(x)− q(π − x) = 0 almost everywhere on the interval [0, π],
then the spectrum is absent for d �= ±1 and fills the entire complex plane for d = ±1. It follows
from the representation (6) that under condition (7) the function Δ(μ) is a nonconstant function
of the class B−

π and the eigenvalues of problem (1), (2) form an infinite sequence λn = μ2
n, where

Reμn ≥ 0, n ∈ N. Since the sequence {λn} does not have a finite limit point, we can assume that
the numbers λn are numbered in nondescending order of absolute values. By m(λn) we denote the
multiplicity of the eigenvalue λn. Then the results obtained in [10, p. 130] imply the relation

m(λn) = o(μn),

and it follows from [11, pp. 323–324] that all numbers μn except possibly for a set of zero density lie
inside an arbitrarily small sector | arg μ| < ε (ε > 0). In [12], the above-stated theorem was proved
for the case in which limn→∞ m(λn) < ∞, and hence, in what follows, we assume that the last
condition fails; i.e., m(λnk

) → ∞ as k → ∞ for any subsequence {λnk
} of eigenvalues. It follows

that there exists a subsequence {λnk
} for which lim k→∞ |Imμnk

|/|μnk
| = 0 and m(λnk

) → ∞
as k → ∞. We denote this subsequence by Λ. For convenience, we write Ω = (0, π) × (0, π).

2.1. Estimates of the Green Function of Problem (1), (2)

Let us calculate the Green function of problem (1), (2) by two methods. For the calculations by
the first method, we use the fundamental system of solutions of Eq. (1) constructed by Birkhoff.
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We write
B1(y) = y′(0) + dy′(π), B2(y) = y(0)− dy(π),

B∗
1(y) = dy′(π)− y′(0), B∗

2(y) = −dy(π)− y(0),

and by y1, y2 we denote the fundamental system of solutions of Eq. (1) in the domain T0

[13, pp. 55, 58, 59],

y1(x) = eiμx(1 +O(1/μ)), y2(x) = e−iμx(1 +O(1/μ)), (8)

y′
1(x) = iμeiμx(1 +O(1/μ)), y′

2(x) = −iμeiμx(1 +O(1/μ)). (9)

Then for the characteristic determinant

Δb(μ) = B1(y1)B2(y2)−B1(y2)B2(y1)

we have the relation

Δb(μ) = 2iμ[1 − d2 + eiμπO(1/μ) + e−iμπO(1/μ)],

which implies the inequality
|Δb(μ)| < c5(e

|Imμ|π + |μ|) (10)

and, for μ > 0, the inequality
|Δb(μ)| < c6μ. (11)

It is easily seen that the Wronskian

Wb(ξ) =

∣
∣
∣
∣
∣
y1(ξ) y2(ξ)

y′
1(ξ) y′

2(ξ)

∣
∣
∣
∣
∣

(12)

satisfies the relation
Wb(μ) = −2iμ+O(1). (13)

By [13, p. 47], the Green function G(x, ξ, μ) of problem (1), (2) satisfies

G(x, ξ, μ) = Hb(x, ξ, μ)/Δb(μ),

where

Hb(x, ξ, μ) =

∣
∣
∣
∣
∣∣
∣

y1(x) y2(x) gb(x, ξ)

B1(y1(x)) B1(y2(x)) B1(g)

B2(y1(x)) B2(y2(x)) B2(g)

∣
∣
∣
∣
∣∣
∣
; (14)

here
gb(x, ξ) = sgn(x− ξ)(−y1(x)y2(ξ) + y2(x)y1(ξ))/(2Wb(ξ)). (15)

Since Bk(g(x, ξ) = [−y2(ξ)B
∗
k(y1) + y1(ξ)B

∗
k(y2)]/(2Wb(ξ)), k = 1, 2, we have

B1(g(x, ξ) = [−y2(ξ)(dy
′
1(π)− y′

1(0)) + y1(ξ)(dy
′
2(π)− y′

2(0))]/(2Wb(ξ)),

B2(g(x, ξ) = [−y2(ξ)(−dy1(π)− y1(0)) + y1(ξ)(−dy2(π)− y2(0))]/(2Wb(ξ)).

Following [13, p. 95], to the last column of the determinant (14) we add the first column multiplied
by −y2(ξ)/(2Wb(ξ)) and the second column multiplied by −y1(ξ)/(2Wb(ξ)); then the third column
becomes (

P (x, ξ)

2Wb(ξ)
,
−2dy′

1(π)y2(ξ)− 2y′
2(0)y1(ξ)

2Wb(ξ)
,
2dy1(π)y2(ξ)− 2y2(0)y1(ξ)

2Wb(ξ)

)T

,

where P (x, ξ) = −2y1(x)y2(ξ) if x > ξ and P (x, ξ) = −2y2(x)y1(ξ) if x < ξ.
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Expanding the resulting determinant along the first row, we obtain

Hb(x, ξ, μ) = {2y1(x)y2(ξ)[d(y′
2(0)y1(π) + y2(0)y

′
1(π)) + d2(y′

2(π)y1(π)− y2(π)y
′
1(π))]

− 2y1(x)y1(ξ)[d(y
′
2(π)y2(0) + y2(π)y

′
2(0))] − 2y2(x)y2(ξ)[d(y

′
1(0)y1(π) + y1(0)y

′
1(π))]

+ 2y2(x)y1(ξ)[y
′
1(0)y2(0)− y1(0)y

′
2(0) + d(y′

1(π)y2(0) + y1(π)y
′
2(0))]

+ P (x, ξ)Δb(μ)}/(2Wb(ξ)) = Rb(x, ξ, μ) + Δb(μ)gb(x, ξ),

where

Rb(x, ξ, μ) = {y1(x)y2(ξ)[d(y′
2(0)y1(π) + y2(0)y

′
1(π)) + d2(y′

2(π)y1(π)− y2(π)y
′
1(π))]

− y1(x)y1(ξ)[d(y
′
2(π)y2(0) + y2(π)y

′
2(0))] − y2(x)y2(ξ)[d(y

′
1(0)y1(π) + y1(0)y

′
1(π))]

+ y2(x)y1(ξ)[y
′
1(0)y2(0) − y1(0)y

′
2(0) + d(y′

1(π)y2(0) + y1(π)y
′
2(0))]}/Wb(ξ),

gb(x, ξ) = P (x, ξ)/(2Wb(ξ)).

We substitute the asymptotic representations (8) and (9) into the last relation and also use (13)
to obtain

Rb(x, ξ, μ) = {−2iμeiμ(x−ξ)(1 +O(1/μ))d2 + deiμ(x−ξ+π)O(1)

+ 2iμeiμ(x+ξ−π)(1 +O(1/μ))d − 2iμdeiμ(π−x−ξ)(1 +O(1/μ))

+ deiμ(π−x+ξ)O(1)}/Wb(ξ), (16)

gb(x, ξ) = −eiμ sgn(x−ξ)(x−ξ)(1 +O(1/μ))}/(Wb(ξ)). (17)

From (13) and (16), we obtain the asymptotic representation

Rb(x, ξ, μ) = [d2eiμ(x−ξ)(1 +O(1/μ)) − e−iμ(x−ξ)(1 +O(1/μ))

+ d[eiμ(π−x−ξ)(1 +O(1/μ)) − e−iμ(π−x−ξ)(1 +O(1/μ))

+ d[eiμ(π+x−ξ)O(1/μ) + eiμ(π−x+ξ)O(1/μ)]](1 +O(1/μ)). (18)

In particular, relations (13) and (17) imply the following estimate for μ > 0 :

|gb(x, ξ)| < c7/|μ|. (19)

Let us estimate the function Rb(x, ξ, μ). For μ > 0, relation (18) implies the inequality

|Rb(x, ξ, μ)| < c8. (20)

Obviously, we have Rb(x, ξ, μ) = Rb,1(x, ξ, μ) +Rb,2(x, ξ, μ), where

Rb,1(x, ξ, μ) = d2eiμ(x−ξ) − e−iμ(x−ξ) + deiμ(π−x−ξ) − de−iμ(π−x−ξ), (21)

Rb,2(x, ξ, μ) = d2eiμ(x−ξ)O(1/μ)− e−iμ(x−ξ)O(1/μ) + d[eiμ(π−x−ξ)O(1/μ)

− e−iμ(π−x−ξ)O(1/μ) + d[eiμ(π+x−ξ)O(1/μ) + eiμ(π−x+ξ)O(1/μ)].

One can readily verify the inequalities

c9√
|Imμ|+ 1

≤ ‖eiμt‖L2(0,π) ≤
c10√

|Imμ|+ 1
, (22)

c9e
π|Imμ|

√
|Imμ|+ 1

≤ ‖e−iμt‖L2(0,π) ≤
c10e

π|Imμ|
√

|Imμ|+ 1
. (23)

This implies the estimate

‖Rb,2(x, ξ, μ))‖L2(Ω) ≤
c11e

π|Imμ|

|μ|(|Imμ|+ 1)
. (24)
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We denote the jth (j = 1, . . . , 4) term on the right-hand side in (21) by βj(x, ξ, μ). It is easily
seen that

‖Rb,1(x, ξ, μ)‖2L2(Ω)) =

4∑

j=1

‖βj(x, ξ, μ)‖2L2(Ω) +
∑

1≤j, k≤4, j �=k

π∫

0

π∫

0

βj(x, ξ, μ)βk(x, ξ, μ) dx dξ

=

4∑

j=1

‖βj(x, ξ, μ)‖2L2(Ω) + 2
∑

1≤j<k≤4

π∫

0

π∫

0

Re [βj(x, ξ, μ)βk(x, ξ, μ)] dx dξ. (25)

The estimates (22) and (23) imply the inequality

‖βj(x, ξ, μ)‖2L2((0,π)×(0,π)) ≥
c12e

2π|Imμ|

(|Imμ|+ 1)2
(26)

for any j = 1, . . . , 4. Moreover, simple calculations for 1 ≤ j < k ≤ 4 lead to the inequality

∣
∣
∣
∣

π∫

0

π∫

0

Re [βj(x, ξ, μ)βk(x, ξ, μ)] dx dξ

∣
∣
∣
∣ ≤ c13 max

(
1

(Reμ)2
,

eπ|Imμ|

Reμ(|Imμ|+ 1)

)
. (27)

It follows from inequalities (24), (26), (27) that for a sufficiently large Reμ in the domain T0 we
have the estimate

‖Rb(x, ξ, μ)‖L2(Ω) ≥
c14e

π|Imμ|

|Imμ|+ 1
, (28)

where c14 > 0. By a similar argument, we obtain the estimate (28) for μ lying in the do-
main T3 [13, pp. 95, 96].

Let us calculate the Green function of problem (1), (2) by the second method by using the system
of fundamental solutions of Eq. (1) related to the transformation operator introduced by Delsarte.
Let ek(x, μ), k = 1, 2, be the solutions of Eq. (1) satisfying the initial conditions ek(π/2, μ) = 1 and
e′k(π/2, μ) = (−1)k+1iμ. Then we have the representations

e1(x, μ) = eiμ(x−π/2) +

x∫

π−x

Kπ/2(x, t)e
iμ(t−π/2) dt, (29)

e2(x, μ) = e−iμ(x−π/2) +

x∫

π−x

Kπ/2(x, t)e
−iμ(t−π/2) dt, (30)

where Kπ/2(x, t) is the transformation operator related to the point π/2 [1, pp. 18, 19]. We differ-
entiate identities (29) and (30) with respect to x to obtain

e′1(x, μ) = iμeiμ(x−π/2) +

x∫

π−x

∂Kπ/2(x, t)

∂x
eiμ(t−π/2) dt

+Kπ/2(x, x)e
iμ(x−π/2) +Kπ/2(x, π − x)eiμ(π/2−x), (31)

e′2(x, μ) = −iμe−iμ(x−π/2) +

x∫

π−x

∂Kπ/2(x, t)

∂x
e−iμ(t−π/2) dt

+Kπ/2(x, x)e
−iμ(x−π/2) +Kπ/2(x, π − x)e−iμ(π/2−x). (32)
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By the representations (29)–(32), we obtain the following asymptotic formulas, which hold for
|Imμ| < M :

e1(x, μ) = e−iμπ/2eiμx(1 +O(1/μ)), e2(x, μ) = eiμπ/2e−iμx(1 +O(1/μ)),

e′1(x, μ) = iμe−iμπ/2eiμx(1 +O(1/μ)), e′2(x, μ) = −iμeiμπ/2eiμx(1 +O(1/μ)).

It is well known that for μ �= 0 the functions e1(x, μ) and e2(x, μ) form a fundamental system
of solutions of Eq. (1). Let us calculate the characteristic determinant Δd(μ) of problem (1), (2).
It is easily seen that

Δd(μ) = B1(e1)B2(e2)−B1(e2)B2(e1) = 2iμ[1 − d2] + f(μ), (33)

where f(μ) ∈ B−
σ , 0 < σ ≤ π. Calculating the Green function by formulas (12), (14), and (15),

where y1 and y2 are replaced with e1 and e2, respectively, we obtain

G(x, ξ, μ) =
Rd(x, ξ, μ)

Δd(μ)
+ gd(x, ξ), (34)

where

Rd(x, ξ, μ) = {−2iμeiμ(x−ξ)(1 +O(1/μ))d2 + deiμ(x−ξ+π)O(1) + 2iμeiμ(x+ξ−π)(1 +O(1/μ))d

− 2iμdeiμ(π−x−ξ)(1 +O(1/μ)) + deiμ(π−x+ξ)O(1)}/(−2iμ),

gd(x, ξ) = −eiμ sgn(x−ξ)(x−ξ)(1 +O(1/μ))/(−2iμ).

Obviously, for μ > 0 we have the relations

Rd(x, ξ, μ) = d2eiμ(x−ξ) − e−iμ(x−ξ) + 2id sin μ(π − x− ξ) +O(1/μ), (35)

|gd(x, ξ)| < c15/|μ|. (36)

It follows from (35) that for μ > 0 we have the inequality

‖Rd(x, ξ, μ)‖L2(Ω) > c16. (37)

Relations (14) and (34) imply that

G(x, ξ, μ) =
Rd(x, ξ, μ)

Δd(μ)
+ gd(x, ξ) =

Rb(x, ξ, μ)

Δb(μ)
+ gb(x, ξ). (38)

Consider formula (38) for μ > 0. We integrate it to obtain

∣
∣∣
∣
Δb(μ)

Δd(μ)

∣
∣∣
∣‖Rd(x, ξ, μ)‖L2(Ω) = ‖Rb(x, ξ, μ) + (gb(x, ξ) − gd(x, ξ))Δb(μ)‖L2(Ω),

which, together with the estimates (11), (19), (20), (36), and (37), implies the inequality

∣
∣
∣
∣
Δb(μ)

Δd(μ)

∣
∣
∣
∣ ≤

‖Rb(x, ξ, μ)‖L2(Ω)

‖Rd(x, ξ, μ)‖L2(Ω)

+
|Δb(μ)‖|(gb(x, ξ) − gd(x, ξ))‖L2(Ω)

‖Rd(x, ξ, μ)‖L2(Ω)

< c17. (39)

Since Δd(μ)/μ is an entire function of exponential type and Δd(μ)/μ ∈ Bσ, where 0 < σ ≤ π,
we see by the Krein and Hayman theorems [10, pp. 115, 109] that the following inequality holds
everywhere outside the set of disks of finite visibility [10, p. 109] :

|Δd(μ)| ≥ eσ|Im μ|−ε|μ| (40)
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for any ε > 0. Inequality (40) holds on an everywhere dense set of rays issuing from the origin, in
particular, on a certain ray argμ = α0, where 0 < α0 < π/2, sinα0 > 2ε, and α0 < σ.

Outside the union of exceptional disks, the estimates (10) and (40) imply the inequality

|Δb(μ)/Δd(μ)| < c18e
|Imμ|(π−σ)+2ε|μ|. (41)

Further, in the sector Ω0 = {μ : 0 ≤ arg μ ≤ α0} we consider the auxiliary function

χ(μ) = Δb(μ)e
iμ(π−σ+α0)/Δd(μ).

It follows from inequalities (39) and (41) that the function χ(μ) is bounded on the boundary of
the sector Ω0 and satisfies the estimate |χ(μ)| < c19e

2ε|μ| inside it, outside the union of exceptional
disks. It follows from this, the definition of exceptional disks, and the maximum principle for
an analytic function that the inequality

|χ(μ)| < c20e
2ε(|μ|+o(μ)) < c19e

4ε|μ|

holds everywhere insider the sector Ω0. Then, by a Phragmén–Lindelöf type theorem
[14, pp. 186–187 of the Russian translation], the function χ(μ) is bounded in Ω0 and hence the
following inequality holds in this sector:

|Δb(μ)/Δd(μ)| < c21e
νIm μ,

where ν = π − σ + α0, or, which is equivalent,

|Δd(μ)/Δb(μ)| > c22e
−νImμ. (42)

By a similar argument, we conclude that the inequality

|Δd(μ)/Δb(μ)| > c23e
νImμ (42′)

holds in the sector −α0 ≤ arg μ ≤ 0. It follows from the representations (38) that

Rd(x, ξ, μ) = Rb(x, ξ, μ)
Δd(μ)

Δb(μ)
+ Δd(μ)(gb(x, ξ)− gd(x, ξ)).

This, together with the estimates (28), (42), and (42′), implies that the inequality

‖Rd(x, ξ, μn)‖L2((0,π)×(0,π)) ≥
c24e

|Imμ|(π−ν)

|Imμ|+ 1
(43)

where c24 > 0 and 0 < ν < π, holds for 0 ≤ | arg μ| ≤ α0.

Let us study the function G(x, ξ, μ) in a neighborhood of the eigenvalues λn. It follows from [15]
that each root subspace contains one eigenfunction and possibly several associated functions. As-

sume that the system of functions {h
un(x)} (h = 0, . . . ,m(λn)) is an arbitrary canonical system of

eigenfunctions and associated functions of problem (1), (2) and the system of functions {h
vn(x)}

is an appropriately normalized canonical system of eigenfunctions and associated functions of the

adjoint boundary value problem [16]; i.e.,
0
un(x) and

0
vn(x) are eigenfunctions and

h
un(x) and

h
vn(x)

(h ≥ 1) are associated functions of order h, where

(
h
un(x),

g
vk (x))L2(0,π) = δn,kδh,m(λn)−1−g.

Everywhere below, we consider only the root subspaces corresponding to the above-cited subse-
quence of eigenvalues Λ. We write

0

Rnk
(x, ξ) =

0
unk

(x)
0
vnk

(ξ),
m(λnk

)−1

Rnk
(x, ξ) =

m(λnk
)−1∑

p=0

p
unk

(x)
m(λnk

)−1−p
vnk

(ξ).
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Since the function Δd(μ) has a root of multiplicity m(λnk
) at the point μnk

, we have

Δd(μ) =

∞∑

l=m(λnk
)

Cl(μ − μnk
)l = (μ− μnk

)m(λnk
)

∞∑

l=0

Cm(λnk
)+l(μ− μnk

)l, (44)

where Cm(λnk
) = Δ

(m(λnk
))

d (μnk
)/m(λnk

)!. It follows from (38), (44), (36), and (20) that

0

Rnk
(x, ξ) = lim

μ→μnk

(μ2 − μ2
nk
)m(λnk

)G(x, ξ, μ) =
2m(λnk

)m(λnk
)!μ

m(λnk
)

nk Rd(x, ξ, μnk
)

Δ
(m(λnk

))

d (μnk
)

. (45)

By the Bernstein inequality [17, p. 115], we have the estimate

|Δ(m(λnk
))

d (μnk
)| ≤ c25π

m(λnk
),

which, together with the representation (45), implies that

|
0

Rnk
(x, ξ)| ≥ c26(2/π)

m(λnk
)m(λnk

)!|μnk
|m(λnk

)|Rd(x, ξ, μnk
)|,

where c26 > 0, and hence

‖
0

Rnk
(x, ξ)‖2L2(Ω) ≥ c27[(2/π)

m(λnk
)m(λnk

)!]2|μnk
|2m(λnk

)‖Rd(x, ξ, μnk
)‖2L2(Ω), (46)

where c27 > 0. Then the estimates (43) and (46) imply the inequality

‖
0

Rnk
(x, ξ)‖2L2(Ω) ≥ c28[(2/π)

m(λnk
)m(λnk

)!]2|μnk
|2m(λnk

)(e|Imμnk
|(π−ν)/(|Imμnk

|+ 1))2, (47)

where c28 > 0.

2.2. Asymptotic Formulas for the Eigenfunctions
of Problem (1), (2) and the Adjoint Problem

By [2, p. 34], problem (1), (2) has the solutions

u1(x, μ) = (e′2(0, μ) + de′2(π, μ))e1(x, μ)− (e′1(π, μ) + de′1(π, μ))e2(x, μ), (48)

u2(x, μ) = (e1(0, μ) − de2(π, μ))e1(x, μ)− (e1(0, μ)− de1(π, μ))e2(x, μ) (49)

if μ is a root of the characteristics determinant (33). The functions u1(x, μ) and u2(x, μ) are
eigenfunctions of problem (1), (2) if they are not identically zero. Replacing the functions the
functions ek, k = 1, 2, and their derivatives in (48) and (49) with the representations (29)–(32),
we obtain

u1(μ, x) = −2iμ(cos μx+ d cosμ(π − x))− 2iμ

x∫

π−x

Kπ/2(x, t)[cos μt− d cos μ(π − t)] dt

− 2i

π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]
sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

×
π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]
sinμ(τ − t) dt+ 2i[Kπ/2(0, 0) + dKπ/2(π, 0)] sin μx

− 2i[Kπ/2(0, π) + dKπ/2(π, π)] sin μ(π − x) + 2i[Kπ/2(0, 0) + dKπ/2(π, 0)]

×
x∫

π−x

Kπ/2(x, t) sinμt dt− 2i[Kπ/2(0, π) + dKπ/2(π, π)]

x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt

= −2iμ(cos μx+ d cosμ(π − x)) + Θ1(μ, x),
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where

Θ1(μ, x) = −2iμ

x∫

π−x

Kπ/2(x, t)[cos μt− d cos μ(π − t)] dt− 2i

π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]

× sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]
sinμ(τ − t) dt

+ 2i[Kπ/2(0, 0) + dKπ/2(π, 0)] sin μx− 2i[Kπ/2(0, π) + dKπ/2(π, π)] sin μ(π − x)

+ 2i[Kπ/2(0, 0) + dKπ/2(π, 0)]

x∫

π−x

Kπ/2(x, t) sin μt dt− 2i[Kπ/2(0, π) + dKπ/2(π, π)]

×
x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt = −2i

[
(Kπ/2(x, x) − dKπ/2(x, π − x)) sin μx

− (Kπ/2(x, π − x)− dKπ/2(x, x)) sin μ(π − x)−
x∫

π−x

∂Kπ/2(x, t)

∂t
(sinμt+ sinμ(π − t)) dt

]

− 2i

π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]
sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

×
π∫

0

[
∂Kπ/2(0, t)

∂x
− d

∂Kπ/2(π, t)

∂x

]
sinμ(τ − t) dt+ 2i[Kπ/2(0, 0) + dKπ/2(π, 0)] sin μx

− 2i[Kπ/2(0, π) + dKπ/2(π, π)] sin μ(π − x) + 2i[Kπ/2(0, 0) + dKπ/2(π, 0)]

×
x∫

π−x

Kπ/2(x, t) sin μt dt− 2i[Kπ/2(0, π) + dKπ/2(π, π)]

x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt,

and

u2(μ, x) = 2i(sin μx+ d sin μ(π − x)) +

π∫

0

K̃(t) sinμ(t− x) dt

+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) sin μ(τ − t) dτ +

x∫

π−x

Kπ/2(x, t)(sin μt+ d sinμ(π − t)) dt

= 2i(sin μx+ d sin μ(π − x)) + Θ2(μ, x), (50)

where

K̃(t) = Kπ/2(0, t) + dKπ/2(π, t),

Θ2(μ, x) =

π∫

0

K̃(t) sin μ(t− x) dt+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) sin μ(τ − t) dτ

+

x∫

π−x

Kπ/2(x, t)(sin μt+ d sinμ(π − t)) dt.
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Integrating by parts in the last relation, we obtain

Θ2(μ, x)=μ−1

[
(K̃(0) +Kπ/2(x, π − x)− dKπ/2(x, π − x)) cos μx

+ (dKπ/2(x, x) −Kπ/2(x, x)− K̃(π)) cos μ(π − x)

+

π∫

0

K̃ ′(t) cosμ(t− x) dt+

x∫

π−x

(
K̃(0)Kπ/2(x, t) +

∂Kπ/2(x, t)

∂t

)
cosμt dt

−
x∫

π−x

(
K̃(π)Kπ/2(x, t) + d

∂Kπ/2(x, t)

∂t

)
cosμ(π − t) dt

+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃ ′(τ) cos μ(τ − t) dτ

]
. (50′)

Obviously, the problem adjoint to problem (1), (2) has the form

v′′ − q̄(x)v + λv = 0,

d̄v′(0)− v′(π) = 0, d̄v(0) + v(π) = 0. (51)

It follows that if vn(x) is an eigenfunction of problem (51) corresponding to the eigenvalue λ̄n, then
the function w(x) = v̄n(x) is an eigenfunction of the problem

w′′ − q(x)w + λw = 0,

dw′(0) − w′(π) = 0, dw(0) + w(π) = 0 (52)

corresponding to the eigenvalue λn.

In a similar way, we conclude that for μ2 = λn problem (52) has the solutions

w1(x, μ) = −2iμ(d cos μx− cosμ(π − x))− 2iμ

x∫

π−x

Kπ/2(x, t)[d cos μt+ cosμ(π − t)] dt

− 2i

π∫

0

[
d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x

]
sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

×
π∫

0

[
d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x

]
sinμ(τ − t) dt+ 2i[dKπ/2(0, 0) −Kπ/2(π, 0)] sin μx

− 2i[dKπ/2(0, π) −Kπ/2(π, π)] sin μ(π − x) + 2i[dKπ/2(0, 0) −Kπ/2(π, 0)]

×
x∫

π−x

Kπ/2(x, t) sinμt dt− 2i[dKπ/2(0, π) −Kπ/2(π, π)]

x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt

= −2iμ(d cos μx− cosμ(π − x)) + Θ∗
1(μ, x),
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where

Θ∗
1(μ, x) = −2iμ

x∫

π−x

Kπ/2(x, t)[d cos μt+ cosμ(π − t)] dt− 2i

π∫

0

[
d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x

]

× sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

π∫

0

[d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x
] sinμ(τ − t) dt

+ 2i[dKπ/2(0, 0) −Kπ/2(π, 0)] sin μx− 2i[dKπ/2(0, π)−Kπ/2(π, π)] sin μ(π − x)

+ 2i[dKπ/2(0, 0) −Kπ/2(π, 0)]

x∫

π−x

Kπ/2(x, t) sin μt dt− 2i[dKπ/2(0, π) −Kπ/2(π, π)]

×
x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt = −2i

[
(Kπ/2(x, π − x) + dKπ/2(x, x)) sin μx

− (Kπ/2(x, x) + dKπ/2(x, π − x)) sin μ(π − x) +

x∫

π−x

∂Kπ/2(x, t)

∂t
sinμ(π − t) dt

]

− 2i

π∫

0

[
d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x

]
sinμ(x− t) dt− 2i

x∫

π−x

Kπ/2(x, τ) dτ

×
π∫

0

[
d
∂Kπ/2(0, t)

∂x
+

∂Kπ/2(π, t)

∂x

]
sinμ(τ − t) dt+ 2i[dKπ/2(0, 0) −Kπ/2(π, 0)] sin μx

− 2i[dKπ/2(0, π)−Kπ/2(π, π)] sin μ(π − x) + 2i[dKπ/2(0, 0) −Kπ/2(π, 0)]

×
x∫

π−x

Kπ/2(x, t) sin μt dt− 2i[dKπ/2(0, π) −Kπ/2(π, π)]

x∫

π−x

Kπ/2(x, t) sin μ(π − t) dt,

and

w2(x, μ) = 2i(d sin μx− sinμ(π − x)) +

π∫

0

K̃∗(t) sin μ(t− x) dt

+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃∗(τ) sin μ(τ − t) dτ +

x∫

π−x

Kπ/2(x, t)(d sin μt− sinμ(π − t)) dt

= 2i(d sin μx− sinμ(π − x)) + Θ∗
2(μ, x), (53)

where

K̃∗(t) = dKπ/2(0, t)−Kπ/2(π, t),

Θ∗
2(μ, x) =

π∫

0

K̃∗(t) sin μ(t− x) dt

+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃∗(τ) sin μ(τ − t) dτ +

x∫

π−x

Kπ/2(x, t)(d sin μt− sinμ(π − t)) dt.
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Integrating by parts, we obtain

Θ∗
2(μ, x) = μ−1

[
(K̃∗(0) + dKπ/2(x, π − x) +Kπ/2(x, π − x)) cos μx

− (K̃∗(π)−Kπ/2(x, x)− dKπ/2(x, x)) cos μ(π − x)

+

x∫

π−x

(
K̃∗(0)Kπ/2(x, t) + d

∂Kπ/2(x, t)

∂t

)
cosμt dt

−
x∫

π−x

(
K̃∗(π)Kπ/2(x, t)−

∂Kπ/2(x, t)

∂t

)
cosμ(π − t) dt

+

π∫

0

(K̃∗(t))′ cosμ(t− x) dt+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

(K̃∗(τ))′ cosμ(τ − t) dτ

]
. (53′)

One can readily verify that for all sufficiently large |μ|, if at least one of the conditions

d �= ±1 or |μ− n| > 0, 001

is satisfied, then u2(μ, x) �≡ 0 and w2(μ, x) �≡ 0 (case 1). If d = 1, |μ − 2n| ≤ 0, 001 or if d = −1,
|μ− 2n− 1| ≤ 0, 001, then u1(μ, x) �≡ 0 and w2(μ, x) �≡ 0 (case 2); if d = 1, |μ− 2n− 1| ≤ 0, 001 or
if d = −1, |μ− 2n| ≤ 0, 001, then u2(μ, x) �≡ 0 and w1(μ, x) �≡ 0 (case 3). In what follows, we study
case 1; cases 2 and 3 can be considered in a similar way.

2.3. Asymptotic Formulas for the Products of Eigenfunctions and Their Derivatives
for Problem (1), (2) and the Adjoint Problem

For μ = μn, the function u2(μ, x) is an eigenfunction of problem (1), (2), and the function
w2(μ, ξ) is an eigenfunction of problem (52).

The representations (50) and (53) imply the relations

u2(x, μ)w2(ξ, μ) =

3∑

j=0

Φj(μ, x, ξ), (54)

where

Φ0(μ, x, ξ) = 2i(sin μx+ d sin μ(π − x))2i(d sin μξ − sinμ(π − ξ))

= 2[cosμ(π − x− ξ)− cosμ(π + x− ξ) + d(cosμ(x+ ξ)− cosμ(2π − x− ξ))

+ d2(cosμ(π − x+ ξ)− cosμ(π − x− ξ))]

= 2[(1− d2) cosμ(π − x− ξ)− cosμ(π + x− ξ) + d(cosμ(x+ ξ)

− cosμ(2π − x− ξ)) + d2 cosμ(π − x+ ξ)], (55)

Φ1(μ, x, ξ) = 2i(sin μx+ d sin μ(π − x))Θ∗
2(μ, ξ),

Φ2(μ, x, ξ) = 2i(d sin μξ − sinμ(π − ξ))Θ2(μ, x),

Φ3(μ, x, ξ) = Θ2(μ, x)Θ
∗
2(μ, ξ).

This, the representations (53′) and (50′), and the obvious relation sinμy = sgn y sinμ|y|, which
holds for any real y, imply

Φ1(μ, x, ξ) = μ−1[2i(sinμx+ d sinμ(π − x))]

[
(K̃∗(0) + dKπ/2(x, π − ξ) +Kπ/2(ξ, π − ξ)) cosμξ

− (K̃∗(π)−Kπ/2(ξ, ξ)− dKπ/2(ξ, ξ)) cosμ(π − ξ) +

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, t) + d

∂Kπ/2(ξ, t)

∂t

)
cosμt dt
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−
ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, t)−

∂Kπ/2(ξ, t)

∂t

)
cosμ(π − t) dt+

π∫

0

(K̃∗(t))′ cosμ(t− ξ) dt

+

ξ∫

π−ξ

Kπ/2(ξ, t) dt

π∫

0

(K̃∗(τ))′ cosμ(τ − t) dτ

]
= iμ−1

[
(K̃∗(0) + dKπ/2(x, π − ξ) +Kπ/2(ξ, π − ξ))

× (sinμ(x+ ξ) + sgn(x− ξ) sinμ|x− ξ|+ d(sinμ(π − x+ ξ) + sgn(π − x− ξ) sinμ|π − x− ξ|))
− (K̃∗(π)−Kπ/2(ξ, ξ)− dKπ/2(ξ, ξ))(sinμ(x + π − ξ) + sgn(x− π + ξ) sinμ|x− π + ξ|

+ d(sinμ(2π − x− ξ)− sinμ(x+ ξ))) +

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, t) + d

∂Kπ/2(ξ, t)

∂t

)

× (sinμ(x+ t) + sgn(x− t) sinμ|x− t|+ d(sinμ(π − x+ t) + sgn(π − x− t) sinμ|π − x− t|)) dt

−
ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, t)−

∂Kπ/2(ξ, t)

∂t

)
(sinμ(x + π − t) + sgn(x− π + t) sinμ|x− π + t|

+ d(sinμ(2π − x− t)− sinμ(x + t))) dt+

π∫

0

(K̃∗(t))′(sgn(x+ t− ξ) sinμ|x+ t− ξ|+ sgn(x− t+ ξ)

× sinμ|x− t+ ξ|+ d(sgn(π − x+ t− ξ) sinμ|π − x+ t− ξ|+ sgn(π − x− t+ ξ) sinμ|π − x− t+ ξ|)) dt

+

ξ∫

π−ξ

Kπ/2(ξ, t) dt

π∫

0

(K̃∗(τ))′(sgn(x+ t− τ) sinμ|x+ t− τ |+ sgn(x− t+ τ) sinμ|x− t+ τ |

+ d(sgn(π − x+ t− τ) sinμ|π − x+ t− τ | + sgn(π − x− t+ τ) sinμ|π − x− t+ τ |)) dτ
]
, (56)

Φ2(μ, x, ξ) = [2i(d sinμξ − sinμ(π − ξ))]Θ2(μ, x) = μ−1[2i(d sinμξ − sinμ(π − ξ))]

×
[
(K̃(0) +Kπ/2(x, π − x) − dKπ/2(x, π − x)) cosμx+ (dKπ/2(x, x) −Kπ/2(x, x) − K̃(π)) cosμ(π − x)

+

π∫

0

K̃ ′(t) cosμ(t− x) dt+

x∫

π−x

(
K̃(0)Kπ/2(x, t) +

∂Kπ/2(x, t)

∂t

)
cosμt dt−

x∫

π−x

(
K̃(π)Kπ/2(x, t)

+ d
∂Kπ/2(x, t)

∂t

)
cosμ(π − t) dt+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃ ′(τ) cosμ(τ − t) dτ

]

= iμ−1

[
(K̃(0) +Kπ/2(x, π − x) − dKπ/2(x, π − x))(d sinμ(ξ + x) + sgn(ξ − x)d sinμ|ξ − x|

− sinμ(π−ξ+x)− sgn(π−ξ−x) sinμ|π−ξ−x|) + (dKπ/2(x, x) −Kπ/2(x, x)− K̃(π))(d sinμ(ξ + π − x)

+ d sgn(ξ − π + x) sinμ|ξ − π + x| − sinμ(2π − ξ − x)− sgn(x − ξ) sinμ|x− ξ|)

+

π∫

0

K̃ ′(t)(d(sgn(ξ + t− x) sinμ|ξ + t− x|+ sgn(ξ − t+ x) sinμ|ξ − t+ x|)− sgn(π − ξ + t− x)

× sinμ|π − ξ + t− x| − sgn(π − ξ − t+ x) sinμ|π − ξ − t+ x|) dt+
x∫

π−x

(
K̃(0)Kπ/2(x, t) +

∂Kπ/2(x, t)

∂t

)

× (d(sinμ(ξ + t) + sgn(ξ − t) sinμ|ξ − t| − sinμ(π − ξ + t))− sgn(π − ξ − t) sinμ|π − ξ − t|) dt

−
x∫

π−x

(
K̃(π)Kπ/2(x, t) + d

∂Kπ/2(x, t)

∂t

)
(d(sinμ(ξ + π − t) + sgn(ξ − π + t) sinμ|ξ − π + t|)
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− sinμ(2π − ξ − t)− sgn(t− ξ) sinμ|t− ξ|) dt+
x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃ ′(τ)

× (d(sgn(ξ + τ − t) sinμ|ξ + τ − t|+ sgn(ξ − τ + t) sinμ|ξ − τ + t|

− sgn(π − ξ + τ − t) sinμ|π − ξ + τ − t|+ sgn(π − ξ − τ + t) sinμ|π − ξ − τ + t|) dτ
]
, (57)

Φ3(μ, x, ξ)=Θ2(μ, x)Θ
∗
2(μ, ξ)=μ−1

[ π∫

0

K̃(t) sinμ(t− x) dt+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) sinμ(τ − t) dτ

+

x∫

π−x

Kπ/2(x, t)(sinμt+ d sinμ(π − t)) dt

][
(K̃∗(0) + dKπ/2(ξ, π − ξ) +Kπ/2(ξ, π − ξ)) cosμξ

− (K̃∗(π)−Kπ/2(ξ, ξ)− dKπ/2(ξ, ξ)) cosμ(π − ξ) +

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, α) + d

∂Kπ/2(ξ, α)

∂α

)
cosμα dα

−
ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, α) −

∂Kπ/2(ξ, α)

∂α

)
cosμ(π − α) dα +

π∫

0

(K̃∗(α))′ cosμ(α− ξ) dα

+

ξ∫

π−ξ

Kπ/2(ξ, α) dα

π∫

0

(K̃∗(β))′ cosμ(β − α) dβ

]

= (2μ)−1

[
(K̃∗(0) + dKπ/2(ξ, π − ξ) +Kπ/2(ξ, π − ξ))

π∫

0

K̃(t)(sgn(t− x+ ξ) sinμ|t− x+ ξ|

+ sgn(t− x− ξ) sinμ|t− x− ξ|) dt− (K̃∗(π)−Kπ/2(ξ, ξ)− dKπ/2(ξ, ξ))

×
π∫

0

K̃(t)(sgn(t− x+ π − ξ) sinμ|t− x+ π − ξ|+ sgn(t− x− π + ξ) sinμ|t− x− π + ξ|) dt

+

π∫

0

K̃(t) dt

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, α) + d

∂Kπ/2(ξ, α)

∂α

)
(sgn(t− x+ α) sinμ|t− x+ α|+ sgn(t− x− α)

× sinμ|t− x− α|) dα −
π∫

0

K̃(t) dt

ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, α)−

∂Kπ/2(ξ, α)

∂α

)

× (sgn(t− x+ π − α) sinμ|t− x+ π − α|+ sgn(t− x− π + α) sinμ|t− x− π + α|) dα

+

π∫

0

K̃(t) dt

π∫

0

(K̃∗(α))′(sgn(t− x+ α− ξ) sinμ|t− x+ α− ξ|+ sgn(t− x− α+ ξ) sinμ|t− x− α+ ξ|) dα

+

π∫

0

K̃(t) dt

ξ∫

π−ξ

Kπ/2(ξ, α) dα

π∫

0

(K̃∗(β))′(sgn(t− x+ β − α) sinμ|t− x+ β − α|+ sgn(t− x− β + α)

× sinμ|t− x− β + α|) dβ + (K̃∗(0) + dKπ/2(ξ, π − ξ) +Kπ/2(ξ, π − ξ))

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ)

× (sgn(τ − t+ ξ) sinμ|τ − t+ ξ|+ sgn(τ − t− ξ) sinμ|τ − t− ξ|) dτ − (K̃∗(π)−Kπ/2(ξ, ξ)

− dKπ/2(ξ, ξ))

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) dτ(sgn(τ − t+ π − ξ) sinμ|τ − t+ π − ξ|
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+ sgn(τ − t− π + ξ) sinμ|τ − t− π + ξ|) +
x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) dτ

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, α)

+ d
∂Kπ/2(ξ, α)

∂α

)
(sgn(τ − t+ α) sinμ|τ − t+ α|+ sgn(τ − t− α) sinμ|τ − t− α|) dα

−
x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) dτ

ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, α) −

∂Kπ/2(ξ, α)

∂α

)
(sgn(τ − t+ π − α)

× sinμ|τ − t+ π − α|+ sgn(τ − t+ π − α) sinμ|τ − t+ π − α|) dα +

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) dτ

×
π∫

0

(K̃∗(α))′(sgn(τ − t+ α− ξ) sinμ|τ − t+ α− ξ|+ sgn(τ − t− α+ ξ) sinμ|τ − t− α+ ξ|) dα

+

x∫

π−x

Kπ/2(x, t) dt

π∫

0

K̃(τ) dτ

ξ∫

π−ξ

Kπ/2(ξ, α) dα

π∫

0

(K̃∗(β))′(sgn(τ − t+ β − α) sinμ|τ − t+ β − α|

+ sgn(τ − t− β + α) sinμ|τ − t− β + α|) dβ + (K̃∗(0) + dKπ/2(ξ, π − ξ) +Kπ/2(ξ, π − ξ))

x∫

π−x

Kπ/2(x, t)

× (sinμ(t+ ξ) + sgn(t− ξ) sinμ|t− ξ|+ d(sinμ(π − t+ ξ) + sgn(π − t− ξ) sinμ|π − t− ξ|)) dt

− (K̃∗(π)−Kπ/2(ξ, ξ)− dKπ/2(ξ, ξ))

x∫

π−x

Kπ/2(x, t)(sinμ(t+ π − ξ) + sgn(t− π + ξ) sinμ|t− π + ξ|

+ d(sinμ(2π − t− ξ) + sgn(ξ − t) sinμ|ξ − t|)) dt+
x∫

π−x

Kπ/2(x, t) dt

ξ∫

π−ξ

(
K̃∗(0)Kπ/2(ξ, α) + d

∂Kπ/2(ξ, α)

∂α

)

× (sinμ(t+ α) + sgn(t− α) sinμ|t− α|+ d(sinμ(π − t+ α) + sgn(π − t− α) sinμ|π − t− α|)) dα

−
x∫

π−x

Kπ/2(x, t) dt

ξ∫

π−ξ

(
K̃∗(π)Kπ/2(ξ, α)−

∂Kπ/2(ξ, α)

∂α

)
(sinμ(t+ π − α) + sgn(t− π + α)

× sinμ|t− π + α|+ d(sinμ(2π − t− α) + sgn(α− t) sinμ|α− t|)) dα +

x∫

π−x

Kπ/2(x, t) dt

π∫

0

(K̃∗(α))′

× (sgn(t+ α− ξ) sinμ|t+ α− ξ|+ sgn(t− α+ ξ) sinμ|t− α+ ξ|
+ d(sgn(π − t+ α− ξ) sinμ|π − t+ α− ξ|

+ sgn(π − t− α+ ξ) sinμ|π − t− α+ ξ|)) dα +

x∫

π−x

Kπ/2(x, t) dt

ξ∫

π−ξ

Kπ/2(ξ, α) dα

π∫

0

(K̃∗(β))′

× (sgn(t+ β − α) sinμ|t+ β − α|+ sgn(t− β + α) sinμ|t− β + α|

+ d(sgn(π − t+ β − α) sinμ|π − t+ β − α|+ | sgn(π − t− β + α) sinμ|π − t− β + α|)) dβ
]
. (58)
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