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Many physical, biological, and economic phenomena can be modeled by stochastic partial dif-
ferential equations and stochastic delay differential equations [1, 2]. Stochastic partial differential
equations can be treated as It6 stochastic differential equations in appropriate Hilbert spaces.

Assume that the following objects are given: a probability space (€2, F, P) with a flow (F),
t > —h, of o-algebras, F, = F, for t € [—h, 0]; two separable Hilbert spaces H and U; a nonnegative
trace class operator @,, on the space U; an F;-coordinated Brownian motion W (t,w) ranging in U
with covariance operator @.,,; a linear operator A defined on a set D(A) everywhere dense in
the space H and generating a Cy-semigroup S(t) on H; functions f : R x Q x ¢}, - H and
g: Rt xQxC)y — Ly(U, H), where RT = [0,00), C, = C([~h,0],H), Co = H, and Ly(U, H) is the
Hilbert space of Hilbert—Schmidt operators acting from the space U to the space H; a continuous
Fo-measurable stochastic process § : [—h,0] x Q — D(A) such that E(sup,c(_, o [£()[]") < oo for
some p > 2. We assume that the functions f(¢,w, ¢) and g(t,w, ¢) are measurable, F;-coordinated
for any fixed ¢ € (), and continuous in ¢ for any fixed (¢,w) € RT x Q and satisfy the following
two conditions.

1. Local Lipschitz condition. For any a > 0, there exists a constant ¢, such that, for
all t € [0,a] and any (F,5(C}))-measurable random variables ¢, : Q@ — C), for which ||¢] < a
and H¢|| < a almost surely (a.s.), the inequahty ||f(t7w7 90) - f(t7w7 sz))H + ||g(t7w7 90) - g(t7 W, 1/’)” <
dallp — 9| holds a.s.

2. Condition of linear order of growth. There exists a continuous function k: RT — R*
such that, for all ¢ € R* and any (F, 5(C},))-measurable random variable n : Q@ — €}, for which
El[n||P < oo, the inequality || f(¢,w,n)l| + [[g(t,w,n)|| < k(t)(1 + [[n]]) is satisfied a.s.

Consider the stochastic differential equation
dX (t,w) = (AX(t,w) + f(t,w, Xi(w))) dt + g(t,w, X;(w)) dW (t), t>0, X eH, (1)
with the initial condition
X(0,w) =£(t,w), t € [—h,0], h > 0. (2)
In [3, 4], the Lyapunov functional method was used to prove stability theorems for solutions of
Eq. (1) with deterministic globally Lipschitz coefficients f, g and without delay. In [5], a theorem

on the exponential stability of solutions of Eq. (1) with generator A of an analytic semigroup and
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846 VAS’KOVSKII, KACHAN

deterministic globally Lipschitz coefficients f and g was proved. In the present paper, we use the
Lyapunov functional method to prove the stability theorem for solutions of Eq. (1) with delay, with
generator A of a semigroup of class Cy, and with random locally Lipschitz coefficients f and g.

In what follows, we omit the argument w to simplify the presentation. All integrals in the
definitions below are written under the assumption that they exist and are finite.

Definition 1. A continuous F;-coordinated stochastic process X (t), t > —h, is called a weak
solution of Eq. (1) with the initial condition (2) if the following relation holds with probability 1:

g(t)’ te [_hv 0]7

Xt _ t t
©) S(t)€(0) + /S(t —5)f(s,X,)ds + /S(t —9)g(s, Xs)dW(s), teR".

Definition 2. A continuous F;-coordinated stochastic process X(t), t > —h, ranging in the
set D(A) for almost all (¢t,w) € [—h,00) x Q is called a strong solution of Eq. (1) with the initial
condition (2) if the following relation holds with probability 1:

f(t), te [—h,O],

t

5(0)+/AX(t)dt+/f(s,XS)der/g(s,XS)dW(s), t € R

0

X(t) =

Definition 3. A (weak or strong) solution X (¢) of Eq. (1) with the initial condition (2) is said
to be unique if any other solution Y (¢) of Eq. (1) with the initial condition (2) coincides a.s. with
X(t), ie.,if P(X(t) =Y (t) for all t > —h) = 1.

Definition 4. A weak solution X (¢) of problem (1), (2) is said to be stable if there exist
constants v > 0 and 7" > 0 and a function A : [T,00) — R* such that the following conditions are
satisfied :

1. lim A(t) = oo.

t—ro0
2. The function log A(t) is uniformly continuous in t > T'.
3. There exists a constant 7 > 0 such that lim sup log log t/log A(¢) < 7.

t—o0

4. The inequality lim sup log || X (¢)| /log A(t) < —v holds a.s.

t—o0
For any nonnegative functional V(¢,z) continuously differentiable with respect to t and twice
continuously differentiable with respect to x, we define mappings LV and QV by the formulas

LV (t,x,p) = V/(t,z) + (V. (t,2), Ax + f(t, ¢))
tr [V (t,2)(g(t, 0)Qu) (g(t, 0)Q?)], teRY, xzeD(A), ¢elC,

QV (t,x,¢) = tr [V (t,2) @ V1 (£, 2)(9(t, 0) Q) (9(t, 0)Q./*)), t€RT, zeH, @&l

+

N =~

Theorem. Assume that there exists a functional V(t,z) € C**(RTx H;R™), nonnegative con-
tinuous functions 1 (t) and ¥s(t), and a continuous nonnegative function A(t) satisfying condi-
tions (1)—(3) in Definition 4 such that the following conditions are satisfied for some constants
r>0,m>0, and p,v,0 € R and a nonincreasing positive function ((t):

L lz||"(A(t))™ < V(t,x) for all (t,x) € RTxH.

2. LV (t,z,0) + CO)QV (t,z,0) < () + 1o(t)V (¢, x) for all x € D(A), t € RT, and ¢ € C,.
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STABILITY OF SOLUTIONS OF STOCHASTIC FUNCTIONAL-DIFFERENTIAL EQUATIONS 847

3. limsup log fo P1(s)ds)/log A(t) < v, lim sup fo o (s) ds/log A(t) < 6,

t——+oo t—+oo

ltierinf log ¢(t)/log A(t) > —p.

4. —m + 0 + max{v, u + 7} < 0, where 7 = limsuplog logt/log A(t).

t—o0

Then any weak solution X (t) of problem (1), (2) is stable.
Proof. To prove the theorem, we need the following two lemmas.
Lemma 1 [3]. Assume that the following conditions are satisfied a.s. for any T >0 :

(a) £(0) € D(A), S(t—r)f(r,p) € D(A), and S(t—r)g(r, o)z € D(A) for anyt,r, T >t >r >0,
peCh, and z € H.

b) [T IAS(E — 1) f(r, )| drdt < oo.

(©) [y fy IAS(E = r)g(r,)|* dr dt < oo.
Then a weak solution X (t) of problem (1), (2) is a strong solution.

By p(A) we denote the resolvent set of the operator A, i.e., the set of [ € C for which the
operator R(l,A) = (II — A)~' is well defined (the resolvent of the operator A). We also write
R(l) =1R(l,A) and pr(A) = p(4) NR.

For problem (1), (2), consider the approximating Cauchy problem

dX'(t) = AX'(t) + R()f(t, X)) dt + R()g(t, X)) dW (t), t e RY, (3)
Xl(t) = g(t)7 te [_h70]7
where | € pr(A).

Lemma 2. For any sufficiently large | € pr(A), the Cauchy problem (3) has a unique strong
solution X', and there exists a subsequence X' such that X'"(t) — X (t) as n — oo a.s. uniformly
int € [0,T], where X(t) is a weak solution of problem (1), (2) and T > 0 is an arbitrary number.

Proof. By Theorem 3.1 in [6], we have the integral representation

+oo
R(l,A)z = / e 'S (t)x dt, x € H,
0

of the resolvent for all [ € p(A) for which this integral exists and is finite. Theorem 2.2 in [6] implies
the existence of constants M and 3 > 0 such that ||S(¢)|| < MeP* for all t > 0. Therefore, for the
norm of the operator R(l, A) we have the estimate

“+o0

“+o0
IR(I, A)ll = sup [|R(l, A)z|| < /e‘” sup [|S(t)z|| dt §M/e‘““”tdt:
0

llzll=1 l|lzll=1

M
-5’

which implies that (8,4+00] C p(A) and, in addition, ||R(l)|| < MI/(Il — ) < 2M for | > 25.
In what follows, we consider only [ > 2M and refer to them as “sufficiently large” I.

Let us prove that the Cauchy problem (3) has a unique weak solution for sufficiently large .
Since the functions f and g have a linear order of growth and satisfy the local Lipschitz condition,
we see that the following relations are satisfied for any r > 1:

E[RD)f (@) = RS < CM)E| f(t,0) — f(E& )" < (2Mqa)"Elle — ¥",

1> 5,

BIRM)g(t.2) — RDa(tv)[" < MY Elglt.) - a(t. )" < (2Mg,) Ello — v
ENR@)f ()" < (M) Bk + [l
< @y Bk -2 1+ ) = O (),
ENRWg(t. ) < (MY BEDQ + nl))
< @y Bk -2 1+ ) = O (),
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848 VAS’KOVSKII, KACHAN

where @, 1,1 : 0 - H are arbitrary Fo-measurable random variables with finite moment of order p
such that ||¢]| < a and ||C]| < a a.s. Thus, the Cauchy problem (3) satisfies the assumptions of

Theorem 1 in [7] and hence has a unique weak solution X'(t), t > —h.

Let us prove that the weak solution X'(t), ¢ > —h, is also a strong solution of the Cauchy
problem (3). To this end, it suffices to verify the assumptions of Lemma 1, first fixing a time
interval [0,T]. By Theorem 2.4.c in [6], the operators A and S(¢) [and (II — A) and S(t)] commute
with each other. The following relations hold for any r € [0,¢), x € H, and u € U :

(I = A)(S(t—r)R1)f(r,p)) = S(t —r)(IT = A)I(IT — A)~' f(r,0) = 1S(t —7)f(r, ) € H,
(1T — A) (St —r)R(Dg(r,o)u) = St —r)(IT — AT — A)g(r,p)u = 1St — 7)g(r, 0)u € H,
which implies the inclusions
S(t—r)R()f(r,p), St —r)R(1)g(r,o)u € D(II — A) = D(A).

Moreover, £(0) € D(A); i.e., assumption (a) of Lemma 1 is satisfied. Further, we estimate the
integral in assumption (b) of Lemma 1,

Tt Tt
/ |AS(t — r)R(L) f(r, X1)|| dr dt < / (A —=11)S(t —r)I(I] — A~ f(r, X1)| dr dt
Tt
<+//ku-4wa1—Ay{ﬂnxbnmdﬁ:h+Lb
00
Tt
I = / (A —=11)S(t —r)I(IL — A~ f(r, X1)| dr dt
00
Tt
:://MS@—TXA—LUWJ—A){ﬂnxbnwdt
00
= l/ 1St —7)f(r, XL)| dr dt.
Since the operators [I — A and S(t) commute, it follows that so do the operators R(l) and S(t).
Therefore,

T t
/|mtﬂ" mﬁmmﬁ:/ WLR()S(E — 1) f(r, X1)|| dr dt

<l/ RS —7)f(r, Xl)|]drdt<2Ml/ |S(t —r)f(r, XL)|| drdt,

/ JAS(t — ) R(L) f(r, X1 dr dt < (2M + 1)1 / 1S(t — )£, X0 dr dit

00

g@M+m/ MePD k() (1 + | X)) dr dt

T
:Aum4+n{/ﬁuu/e%%mﬂ1+mﬁmdr:g.
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STABILITY OF SOLUTIONS OF STOCHASTIC FUNCTIONAL-DIFFERENTIAL EQUATIONS 849

Since the process X!(r) is a.s. continuous, we have

My = supTHXl(T)H < 00, X0l = sup | X} < My,

—h<r< r—h<s<r

where r < ¢t < T, and since the function k(r) is continuous on the interval [0, T'], it obviously follows
that the integral I3 is a.s. finite; i.e., assumption (b) is satisfied. Assumption (c¢) can be verified in
a similar way,

T t
[ [ 145~ Rag, X012 dr e < 201, + 1),
00
T t T t
I = //||(A—lI)S(t—r)l(ll—A)‘lg(r,Xf,)Herdt < //||S(t—r)g(r,x,i)||2drdt,
00 00
T t T t
I, = // 1S (t —r)R(1)g(r, Xﬁ)HZdr dt < AM?1? // ISt —r)g(r, X,{)H2 dr dt,
00 00
T t T t
/ / JAS(t — r)R()g(r, X)|? dr dt < 212(4M> + 1) / / 1S(t — r)|Pllg(r, XL drdt
00 0 0

T t
< AR(AM? £ 1) M2 /ezﬂt dt/e‘zm(kz(r))Q(l + X 2)dr < 400,
0 0

Thus, all assumptions of Lemma 1 are satisfied, and hence the Cauchy problem (3) has a strong
solution. This solution is unique, because each strong solution is a weak solution (see Proposition 2.1
in [3]) and the weak solution of problem (3) is unique.

Now let us prove the existence of the desired subsequence X!*. First, we show that for any
T € R there exists a constant C(7') > 0 such that the following inequality holds for the weak
solution of problem (1), (2):

B(_sw IXGIP) < C(@)

—h<s<T

Indeed, using the Hélder and Burkholder inequalities and the fact that the functions f and g have
a linear order of growth, we obtain

E( sup |rX<s>uP) < 3”‘1<EHS(T)§(0)HP DB [ IST=)7(s. X ds

0<s<T
p>>
T

< G\(T) + Cy(T)E / (1+ |1 X.|P) ds + Co(T)E / (1+ 1%, [7) ds

0

+ E< sup / S(s—1)g(r, X,) dW (r)

0<s<T

T

< +om) [ E( sup ||Xs||p) ds = C\(T) + Co(T) / E( sup ||X<s>||ﬁ) s

0<s<T —h<s<T—h

< Cy(T) + Cy(T) / E( sup ||X<s>||P) ds,

—h<s<T

DIFFERENTIAL EQUATIONS Vol. 54 No.7 2018



850 VAS’KOVSKII, KACHAN

B 1) = max{E(_sup 117 ), B (s, 1X0)}

— 2 P\ < 2 p
max{ o Bl E( s 1X617)| < max Ble)lr + B( s 1X6)IP)

SC’l(T)—i-C’g(T)/:FE( sup HX(S)H”) ds.

—h<s<T
By the Gronwall inequality, this implies the inequality

E( sup [ X(s)[[F) < Co(T)eSMT = C(T),

—h<s<T
as stated.
Since |R(1)|| < 2M for sufficiently large I, we can in a similar way prove the following estimate

of the solution X'(t) of problem (3): there exists a constant K (7T') such that

E( sup [ X'(s)|") < K(T).

—h<s<T

We write Cr = max(C(T), K(T)).
For any a,T > 0 and a sufficiently large [, we define the set

Qf’T = {w eN: max( sup ||X(S)||, sup ||Xl(5)||> < a}
—h<s<T

—h<s<T

and its characteristic function ¢*7 = Loor (w). Since
X(0) = X'(0) = [ S =91 = RO (s, X ds + [ S0 3)(0 = RO)(s, X aiw ()
+ 8= 9RO (s X) - F5,X0) ds

n / S(t— R()(g(s. X,) — (s, X)) dW(s), >0,

we have
E(g& X () — Xl(t)H”Cz“’T> < 3”‘1E0§£T /S(t —s)R()(f(s, Xs) — f(s, X)) ds pCf’T
+ 3’)’1E031£T /S(t —s)R(1)(g(s, X) — g(s, X)) AW (s) pCf’T
+3UE sup / S(t—s)(I — R(1))f(5, X,) ds + / S(t— s)(I — RW)g(s, X.) aw (s)| o™

DIFFERENTIAL EQUATIONS Vol. 54 No.7 2018
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We separately estimate each term on the right-hand side in the resulting inequality. Using the
Holder inequality, we obtain

P
p—1 a,T
3P E sup !

0<t<T

/ S(t — )RU)(f(s, X.) — f(s, X1)) ds

<31F sup </||5 (t— )R (S,XS)—f(s,Xg))nds)p a.T

0<t<T

<aumeE sw ( / s, 1(r = 9IPIf(s,X.) = 5. X |Pas ) ¢

0<t<T
0
T T
< Cy(a, T)/E sup |1, — XUPctT ds = Cy(a, T) / sup [ X(r) — X'(r)[[PCoT ds
0<r<s —h<r<s—h

(o) / B sw X0 - l(r)Hpc;“Tdss@(a,T) E sup [[X(r) - X'(r)|¢i" ds.
0<r<s—h 0<r<s
0

In a similar way, using the Burkholder inequality, we obtain

p
p 1 a,T
E sup ¢

0<t<T

/ S(t — $)R() (g5 X.) — g(s, X1)) dW (s)

< G(T)E sup ( / IR( ||p||g<s,Xs>—g(s,anpds)ch
0<t<T )

T
< Cu(a,T) [ B sup |[X, — X! ds = Cala, T) / E swp [ X(r) - X'()[P¢T ds
0<r<s —h<r<s—h
0
T
—Cia.T) [ B_sw |X(r) - X0 ds < Cufa T) / E sup | X(r) — X'()[7¢0 ds.
0<r<s—h 0<r<s
0 0
Finally, the last term does not exceed
P p
3202 sup / S(t— 8)(I — R()) (s, X.) ds|| ¢
0<t<T
¢ P
+372F qup / S(t — s)(I = R(1))g(s, X.) dW(s)|| ¢oT = 320=2(1, + ).
0<t<T

It remains to estimate the terms I; and I,. By Lemma 3.2 in [6], we have ||z — R(l)z|| o 0 for
any x € H. At the same time,
(L = R(1)) (s, X)IIP < 1L = RODIPIF (s, X
p
<@ramy (27 ma(e) (14 s X)) =1,
0<s<T —h<s<T—h

En < 27711+ 2M)? Oglsaggp(k(s))p(l +C(T)) < 0.
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Therefore, by the Lebesgue dominated convergence theorem, we conclude that

E sup [[SOIIT = RIS (s, X" < CGTENT = BI)F (s, X" 2 0.

In a similar way, we obtain E||(I — R(l))g(s,X(s))le—) 0. Now, using the Hoélder inequality
—00

(for the term I;) and the Burkholder inequality (for the term I,) and passing to the limit in the
integrand of the Lebesgue integral, we obtain

L <E sup </t||5(75—8)(1—R(l))f(s,Xs)Hds)p(f’T

0<t<T

<G)E s ([ sup 186 = IPIE = ROV (s, X)Pds )G

0<t<T

< (1) / E|(1 - RO) (s, X.)|Pds 5 0.
b < CHT)E su ( / 15t — )P — R(D))g (S,Xs)llpds><fT

< Cu(1) / B~ R))g(s, X.)|ds 0.

Thus, there exist constants C(a,T') and £(I) > 0 such that

T

E sup ||X(t) = X'(8)[IP¢m" Sé(a,T)/E sup | X (r) = X'(r)|[PG"" ds + (1),
0<t<T 0<r<s
0

where £(1) 3 0. By the Gronwall lemma, this inequality implies that
—00

E sup || X(t) — X'®)|IP¢" < e(le TC@T) 5 0 for any a >0 and T € RT.

0<t<T l—00

Let us show that this implies the convergence supg, || X () — X' (¢)||? 7 0 in probability for
- - — 00
any T € RT. We use the Chebyshev inequality to obtain the estimates

p
P( sup X ()] >a> gapE( sup | X(t >||) — 4B sup |[X(O)|F < a~Cr,
0<t<T

0<t<T <t<T

P( sup || X'()]| > a> <a ?Cr.

0<t<T

Therefore, for any a > 0 and sufficiently large | we have the inequality

PG" =0 < P( sup X0 > o) +P( sup 1K) > a) <207Cr.

0<t<T
Take some &1,&, > 0 and set a = (4Cp/e,)Y/P. Since

E suwp |X(1) - X'(0)PG" - 0

0<t<T

DIFFERENTIAL EQUATIONS Vol. 54 No.7 2018



STABILITY OF SOLUTIONS OF STOCHASTIC FUNCTIONAL-DIFFERENTIAL EQUATIONS 853
it follows from the Chebyshev inequality that there exists an ., such that the inequality
P( s 1X(0) - XG> 20 ) < a2
0<t<T
holds for all I > [.,. Thus, the inequality
P< sup || X(t) — X' ()|]F > 51>

0<t<T
< (s, 1% - XOPGT > 20 ) 067 = 1) + PG =0) <
0<t<T

holds for all I > I.,, and this is the convergence supy,< || X (t) — X'(t)|” 2 0 in probability P.

Since every sequence of random variables converging in probability contains a subsequence con-
verging a.s., it follows that there exists a subsequence X' (t) such that

sup || X (t) —Xl"(t)le—> 0 as,;
0<t<T —00

ie, X (t)l—> X' (t) uniformly in ¢ € [0,7] a.s., and this is precisely the desired subsequence.
— 00

The proof of the lemma is complete.
Now we continue the proof of the theorem.

We apply the It6 formula to the functional V (¢, z) and the (strong) solution X'(¢) of problem (3).
We have

V(t, X'(t)) = V(0,£(0)) +/LzV(8,Xl(8)7Xi)d8+/(W(SyXl(S)),R(l)g(SyXi)dW(8)>

0 0

= V(0,£(0)) + </tLlV(s,Xl(s),Xi)ds —jLV(s,Xl(s),Xg)ds>

+/LV(3,XZ(3),X§)ds+ </(V;(S,Xl(s)),R(l)g(s,Xﬁ)dW(s))

where

Lt1) = /LlV(s,Xl(s),Xi)ds _ /LV(S,Xl(s),X;)ds,

L(t.1) = / (V2 (5, X" (5)), RD)g(s, X'y dW (s)) — / (V2 (5, X (5)). g5, X.) dW(s)),

DIFFERENTIAL EQUATIONS Vol. 54 No.7 2018
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LiV(t,z,z,) = V/(t,) + (V/(t, ), Az + R() f(t,z,))
+27 e [V (8 2) (R(Dg (¢, 20)) 0 Qu o (R(Dg(t, 7))

It follows from the uniform continuity of the function log A\(¢) that for each ¢ > 0 there exist positive
integers N = N(¢) and k; = k;(e) such that the inequality

|log A(27VEk) — log A(t)] < e, te27V(k—1),27Vk],

holds for all £ > k;(g). On the other hand, by the exponential inequality for martingales, the in-
equality

P(w: sup ( / (V/(s, X (5)), g(5, X,) W (s)) — / ZQV(s,X(S),XS)ds> > ) <ew

0<t<w

holds for any positive constants u, v, and w. In particular, by setting u = 2((27Vk), v =
log(2N(k —1))/¢(27Vk), and w = 27Nk, k = 2,3,..., and then by applying the Borel-Cantelli
lemma, we see that, outside a set §2 of probability measure zero (P(Q2) = 0), i.e., for each w € Q\ ),
there exists a positive integer kq(e,w) such that the inequality

[ log@ ¥(k—1)) . x|
/<vr<s,X<s>>,g<s,Xs>dw<s>>g Canp @R / QV(s, X(s), X)ds  (5)

0

holds for all ¢ € [0,27Vk] and k = k(w) > ko(e,w). We replace the last expression in (4) with its

estimate (5) and use assumption 2 of the theorem. Then for any w € 2\ ©, P(2) = 0, we obtain

+V(0,£(0)) + I, (¢,1) +/LV(s,Xl(s),X§)ds+Ig(t,l)

0

log(27% (k — 1))
C(27Vk)

Vt, X' (1)) <
+/<(2Nk‘)QV(S,X(S),XS)dS—/C(2Nk‘)QV(S,Xl(S),Xi)dS

log(27"(k — 1))
¢(27Vk)

IN

T / CEVR)QV (s, X' (5), X!) ds +V(0.£(0))

+ /LV(S,Xl(s),Xg)ds + /g(s)QV(s,Xl(s),Xg)ds FL(0) + L(t, 1) + Iy(t,1)

0
t

L V(0,60)) + / (1(5) + $a(s)V (5, X'(5))) ds

0

log(2 (k — 1))
=2k

+ Il(ta l) + 12(t7 l) + IB(tv l)
for all ¢ € [0,27Vk] and k > max{ko(e,w), k1 (¢)}. Here

t

L(t,1) = C2Vk) / (QV (s, X(5), X.) — QV (s, X'(5), X)) ds.

0
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Therefore, by the Gronwall lemma, the inequality
log(27N(k -1
Ve X'(0) < e / (o) as ) (veo.go + =2 Y

+ sup <|I1(t,l)\ + [ (t, 1) + [I5(t, )] + /tzpl(s) ds>>

te[0,2=Nk]

holds a.s. for all ¢t € [0,27"Vk] and k > max{ko(e,w), k1 (g)}.
Now let us show that there exists a subsequence (1,,)0>, C RT such that I,(t,1,), Lx(t,1,),
I3(t,1,) — 0 a.s. uniformly in ¢ € [0,27Vk]. Indeed, take a subsequence X' (t) satisfying the

assumptions of Lemma 2: X' (t) — X(¢) a.s. uniformly in ¢ € [0,27Vk]. There exist subsets
Q). C Q with P(Q) = 0 such that X' (¢) — X(t) a.s. uniformly in ¢ € [0,27Vk] for any w € Q\ Q.
Therefore, for all w € Q\ (U,,% U Q) we have

k/2N
sup |[(t,0)] < / ‘Lan(S,Xl"(S),Xé")—LV(S,Xl"(S),Xé")‘dS
te[0,2=Nk]

0

k/2N

< / (V2 (5, X" (), (I = R(L)) (5, X!))] ds

k/2N
/ | tr [V (s, X" (s){(R(I)g (s, Xi7) © Qu o (R(ln)g(s, X))*
oo K)o Quog(s, X)) Hds — 0

for all k > max{ko(e,w), k1(¢)}. In a similar way, we can prove that

sup  |Lx(t,1)], sup ‘13(’5 l)‘ e 0.
te[0,2=Nk] te[0,2—N

Therefore, letting n to infinity, we see that the inequality

vex) < (vo.so) + 0 N+ T /w yas ) exo / o) s

holds a.s. for all ¢ € [0,27Vk] and k > max{ko(e,w), k1 ()}
Thus, we use assumption 3 of the theorem and the uniform continuity of the function log A(t)
to conclude that, given an € > 0, there exists a positive integer ky(e,w) such that

log V(t, X (t)) < log(V(0,£(0)) + A2~ VE)Wt7+29) L (27N k) #+9) log((k — 1) /k)
+FA27VE) ) (0 + &) log A(t)
< log(V(0,€(0)) + eSWH2IN(#) 1+ 7429) 4 o= N(¢) log ((k — 1) /k)
+efFIN(t )(”+5)) + (0 4 ) log A(t)
for all t € 27V (k —1),27Vk] and k > max{ko(e,w), k1 (€), k2(,w)}, which implies the inequality
limsuplog V'(¢, X (t))/log A(t) < max{v +e,u+ 7+ 2} +0+e¢.

t——+o0
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Here we let € to zero and obtain the inequality

Jim sup log V' (t, X(t))

< 0.
m suj log A(1) <max{v,u+71}+

Finally, using assumptions 1 and 4 of the theorem, we have

limsup Log(A()™"V(t, X(1)) . _m — (max{v, p+7}+6)

<0 as.
ttoo logA(t) T thieo T log A(t) r .

as desired. The proof of the theorem is complete.

Example. Consider the stochastic differential system (the values of the parameters a,m > 0
will be specified below)

d2
dX,(z) = <dm2 X, (z) 4+ asin(X,(z) + e ™" cos th)> dt +ae ™2 X, (2)dW,, t>0, 0<z<m,

I 1/2 = 1/2
dX} = <0th1 sin X} + </Xt(:1:)2 da:) ) dt + ae"”t/2</Xt(a:)2 d:z:> dWy, t>0,
0 0

as an equation for X, = (X;(-),X!)" in the space H x R with the initial condition X, =
(Xo(z2), X' = (xo(x),25)T, 0 < 2 < m. Here H = Ly[0,7] and U = R. In concise form,
this equation becomes ~

dX, = (AX, + f(t,X,)) dt + g(t, X;) AW, (6)

where B
f(t, X,) = a(sin(X,(x) + e ™% cos X}), X} sin X} + || X ()| a) ",

(6, X0) = ae ™ <Xt(a:), < / Xt(x)Qdac>l/2>T, A= (‘(‘)‘ 8)

A = d?/dx*, and D(A) = {u € C5[0,7] : uw(0) = u(mw) = 0}. Obviously, the functions f and g satisfy
the condition of linear order of growth; the fact that these functions satisfy the local Lipschitz
condition is proved at the end of the example to avoid any interruption of our presentation.

Equation (6) written in integral form becomes
X, :/G(t, z,8)Xo(s)ds + // Gt —71,2,5)f(s,xt)dsdr + / Gt —T1,2,5)g(s, 1) ds dW (1),

where G(t,x,y) = 201 32°° e ™" sin(nz) sin(ny). The operator S(t) : H x R — H x R is accord-
ingly determined by the relation
() = </G 5 s)u(s)ds,u )

V(t,u) =V(t,u) =e™ul?,  ueH (7)

Obviously, V/(t,u) = mV (t,u). By definition, the Fréchet derivative V, at a point u € H is the
bounded linear functional such that

Set

V(t,u+h) —V(t,u) — V. (t,u)h = o(||h]])
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for h € H with sufficiently small ||h||; i.e.,

™ T

emt /(u(s) + h(s))*ds —e™ /(u(s))2 ds = V!(t,u)h + o(||h|))-

0 0

Since (u(s)+h(s))?— (u(s))? = 2u(s)h(s)+h*(s), we have 2e™ (u, h)+e™||h||* = V(t,u)h+o(]|h]),
which implies that V/(t,u)h = 2™ (u, h) for any h € H. In a similar way, V. h = 2e™(h,-) for
any h € H. Note that

(V!(t,u), Au) = V! Au = 2™ /u(s)u”(s) ds = 2e™u(s)u'(s)|T_, — 2e™ /(u’(s))2 ds

0 0
= —2e™|u'||* = =2f[u'[*[u] 72V (u),

(VI(t,u), f(t,a)) < [(Vi(tu), f(t, )] < 2ae™ / lu(s) sin(u(s) + e ™% cosu')| ds
< 2ae™ / lu(s)||u(s) + e ™2 cosu'| ds

< 20e™ / lu(s)|* ds + 2ae™ / lu(s)||e"™*? cos u'| ds
0 0

s

< 2ae™||ul)® + ce™ / lu(s)|? ds + aemt/emt\ cosu'|?ds < 3aV (t,u) + an.
0

0

One can readily see that

Vit wll = sup 2™ |(u, h)| < 2¢™||h] sup full = 2¢™ Ju

and, in a similar way,

Vi (t, w) || = 2e™ sup sup [(h, u)| < 2e™.

Moreover, for any bounded linear operator B the trace tr (BQ.,) = Y (BQ,u, u;) satisfies the
estimate |tr (BQ,)| < ||B]|tr Q.. (For (uy) it suffices to take the basis of eigenvectors of the
operator @,,.) In our case, U = R, and hence @, = I and tr @, = 1. Thus,

27 tr [V, (8, @) (g (8, 0) Q%) (98, @) Q%) ] < 27V lllg (8, a)l|* < 2e™ o™ ul® < 20°V (¢, @),

QV (t,w)| = [tr [V, (8, 3) @ Vi1, (¢, 0) (g(t, @) Q1) (g(t, ) Q)|
< Vi lPllgt w)l* < 8e™a?|[ul]* = 8a®V (¢, u).

For the nonincreasing positive function ((t) we take the function identically equal to 1, set
Ao = infuepay [|U/]]?/]|ul|?, and estimate the expression

LV (t,u) + CO)QV(t,u) < V/(t,u) + (V,(t, a), Au) + (V,(t,u), f(t, u))
+ 127 e [V (6, @) (g(t, 0)Q4 %) (g8, @) Q)] + 1QV (¢, w)l
<mV(t,u) — 20V (t,u) + ar + 3aV (t,u) + 22V (t,u) + 8a”V (¢, u)
= am + (=2 + m + 3a + 10a*)V (¢, u). (8)
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Since u(0) = 0, we have

(u(x))? = (]u'(s) ds>2 < ]ds j(u’(s))2 ds = m/ﬂa(u'(s))2 ds < W/(u’(s))2 ds.

We integrate this inequality over = € [0, 7] and obtain

]2 = ](u(:r))Q dz < / <w](u’(s))2 ds> dz = 72 ](u’(s))zds = 7|l |%.

Thus, for any function u € D(A) \ {0} we have the inequality |u'[|?/||u/*> > 72, and hence

Ao > 72 > 0. Therefore, by the choice of a sufficiently small o > 0 and a sufficiently large m > 0,
we ensure that the constant 8 = —2X\;+m+3a+10a? is positive and —2)\y + 3a+ 10a? is negative.

Let us show that we can choose functions and constants in the statement of the theorem so
that its assumptions 1-4 are satisfied. By the choice (7) of the functional V'(¢,u), assumption 1
is satisfied if we take r = 2 and A(t) = e’. (The constant m > 0 was determined above.) Since
loglogt/log A(t) = t‘lloglogtH—) 0, we have 7 = 0. By setting ¥;(t) = am, (t) = B, and,

according to the above, ((t) = 1, we see that assumption 2 is satisfied as well owing to inequality (8).
Further, log ((t)/log A(t) = 0; i.e., p = 0; log fo P1(s)ds)/log A(t) = t‘llogomtt—> 0; ie., v =0;

and hence, max{v,u + 7} = 0. Finally, fo o(s) ds/log A(t) = pt/t = B; i.e., 8 = 3. Therefore,
assumption 3 is satisfied, and since the number —m-+60+max{v, u+7} = —m+p = -2\ +3a+10a?
is negative as was shown above, we see that assumption 4 is satisfied as well.

Thus, as was shown in the proof of the theorem, the estimate limsup(¢~'log || X (¢)])
(=2X\o 4 3 + 1002)/2 holds a.s. for the weak solution X (t) of Eq. (6). ‘=

Let us show that the function g satisfies the global Lipschitz condition and the function f satisfies
the local (but not global) Lipschitz condition. Indeed, the inequality

lgt, ) — g(t y)II* =™ 2/|:L“ (s)[ds + e ™ a*(lz]] — [lyl)?* < 2e™a?||lz — y|?

< 20%||lz — y|* < 207 ||z — yl* + 20%[" —y'|* = 207||7 — g?

holds for the function g, and the relation
I£(t.2) = F00)I7 = [ Isin(a(s) + e/ cosat) = sin(y(s) + 7 cos ') ds
+ [zt sina’ —y'siny' + ||z — [yll]®

holds for the function f. Since |sinz — siny| = |cosb,||x — y| < |z — y| and |cosx — cosy| =
| —sinby||z — y| < |x — y| for any z,y € R, we have

£t - Ft. )| < / 2(s) — y(s) + e cos a — e cos y'|? ds
Tl sina’ — ' siny! + [l2l] = il
<2/|x (8)]>ds +2e™ /\cosm —cosy'|* ds

+ 2\95 sinz’ —y'siny'|* + Q\Hl’H — Iyl
<A4llz —y|* + 2n|z" — y']* + 2]z’ sinz’ — y'siny' |’
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The function h(z) = zsinz, z € R, satisfies the local Lipschitz condition (and does not satisfy
the global one). Therefore, for any a > 0 there exists a constant g, > 0 such that the inequality
|zt sinz! —y'siny!| < gu|a! —y'| holds for all |z, |y'| < a. Butif ||Z||* = [, (x(s))? ds+ (2!)? < a?
and ||g||* < a?, then we also have |z'| < a and |y'| < a. Therefore, the inequality

1£(@) = fF@I° < 4l = yl” + 207 + gz’ — y'* < max{4,2(m + ¢;) }|2 — 7”

holds for any a > 0 provided that ||Z||, ||7|| < a; i.e., the local Lipschitz condition is satisfied.
By Theorem 1 in [7], Eq. (6) with the initial condition X, = £ € D(A) has a unique weak
solution, which is stable by the theorem proved in the present paper.
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