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In the rectangle 2 = [0, a] x [0, b], consider the differential equation

om™u ou oty
ay,n _p<$7y7u7 8y7"'7 8yn_1> +q($,y) (1)

with the boundary conditions

hi(u(zx,-))(z) = ¢;(x) (i=1,...,n), (2)

where p: QO xR" 5 R, ¢: Q2 —= R, and ¢; : [0,a] = R (i = 1,...,n) are continuous functions and
hi : C"=1([0,b]) — C([0,a]) (i =1,...,n) are bounded linear operators. Further, the function p is
continuously differentiable with respect to the phase variables, and

p(z,y,0,...,0) =0. (3)

A function u : Q — R is called a solution of the differential equation (1) if it is continuous,
has continuous partial derivatives *u(z,y)/dy* (k = 1,...,n), and satisfies the equation at each
point of €. A solution of Eq. (1) satisfying the boundary conditions (2) is called a solution of
problem (1), (2).

Problem (1), (2) arises when studying the well-posedness of initial and boundary value prob-
lems for ordinary differential equations (e.g., see [1-3] and the bibliography therein). It also has
applications in the theory of initial-boundary value problems for higher-order hyperbolic equations
(see [4-6]). Nevertheless, this problem is so far insufficiently studied.

In the present paper, we find tests for the unique solvability of problem (1), (2) and the stability
of its solution under small perturbations of the functions ¢ and ¢; (i = 1,...,n).

Prior to stating the main results, let us present the notation and definitions adopted in the
paper:

C(I) is the Banach space of continuous functions v : I — R with the norm

llvllcy = max{|v(t)| : t € I}.
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C™(I) is the Banach space of m times continuously differentiable functions u : I — R with the
norm

[ollemay =D 1v?llea).
1=0

C%™(Q) is the space of continuous functions u : Q@ — R with continuous partial derivatives

u(z,y)/oy* (k=1,...,n).

Definition 1. We say that a continuous vector function (pi1,...,Pin;Po1s---,P2n) : Q@ — R?"
belongs to the set Uy, . 1, () if, for any = € [0, a] and arbitrary measurable functions p; : [0,b] — R
(i =1,...,n) satisfying the inequalities

pii(z,y) <pi(y) < palm,y)  (i=1,...,n) (4)

almost everywhere on [0, b], the boundary value problem
V™ =" pi(y)o Y, (5)
=1

hi(v)(x) =0 (i=1,...,n) (6)

has only the trivial solution.

Definition 2. An operator g : C([0, al; R™) x C(Q2) — C*"(Q) is called the Green’s operator of
the boundary value problem

o"u —_ ou o tu (10)
ayn_p 7y7 ’8y’.”’8y"*1 9 0
hi(u(z,))(z) =0 (i=1,...,n) for 0<z<a (20)

if the function
u(a:,y) = g(cb <oy Cpy Q)(ZU,Z/)
is a solution of problem (1), (2) for arbitrary ¢; € C([0,a]) (i =1,...,n) and g € C().

The following theorem is a counterpart of the first Fredholm theorem for the nonlinear prob-
lem (1), (2).

Theorem 1. If the inequalities

op(x,y,21,...,2n .
puley) < PO ey =1 ) )

where
(P115 -+, P1niD21s - - -y Do) € Uhl,...,hn(Q)7 (8)

hold on the set Q x R™, then problem (1), (2) is uniquely solvable for arbitrary c¢; € C([0,a])
(t=1,...,n) and g € C(Q).

Theorem 2. If conditions (7) and (8) are satisfied, then there exists a positive constant r such
that the inequality

||g(611, <oy Ciny ql)(aj7 ) - 9(0217 o vy Con, q2)(£7 )| cn=1([0,b])

< r(i} |ei () — cai(2)| + /b 01(z, 1) — ga(, 1)) dt>7 9)

where g 1is the Green’s operator of problem (1y), (2¢), is satisfied on the interval [0,a] for any
¢;i € C([0,a]) (i=1,...,n) and ¢; € C(Q) (j =1,2).
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According to Theorem 2, if conditions (7) and (8) are satisfied, then problem (1), (2) is well
posed in the sense that small changes in the functions ¢; (i = 1,...,n) and ¢ result in small changes
in the solution of problem (1), (2).

To prove the theorems, we need the following Lemmas 1 and 2.

Lemma 1. Let condition (8) be satisfied. Then there exists a positive constant r such that if
x € 10,a] and p; € C([0,b]) (i = 1,...,n) are functions satisfying inequalities (4) on the inter-
val [0,b], then an arbitrary function w € C™([0,b]) admits the estimate

b
lw|len-1(0,8)) < 7“<Co($) + / g0 ()] dt>,

where

n

oY) =w(y) = 3 @), col@) = hiw)@).

i=1

Proof. Assume that the lemma is false. Then for each positive integer k there exists a number
xy € [0,a] and functions wy € C"([0,b]), pir € C([0,b]) (i =1,...,n) such that

pli(xkvy) g pzk(y) S p2i($k7y) fOI‘ 0 S ) g b (Z = 17 e ,’I’L), (10)

b
cn=1([0,b]) > /f(Ck + / 2k (y)] dZJ),

[[wg|

where
o) =Y pa@el ) = aly),  ao= D h(w) ()]
Set ,
v . w(y) ' _ ‘ i = n
A A ) /mawﬁ (i=1....n)
o) = Do pa)ol ™ () = exly),
Z |hi(vr) ()] = O (11)

Then ,

/|5k(t)|dt S (12)

n— n— 1 .
loellen-roan =1 ") = o) < ey —wol +, for 0<y<b (i=12), (13)

() — pu(2)| < oy — ] for 0<y<b (1=1,2), (14)
where .
o = max { 3ol )| + Ipate ) : 223) € 0
=1

In view of the Arzela-Ascoli lemma and conditions (13) and (14), we can assume without

loss of generality that the sequence (vy);> converges in the norm of the space C"~1([0,b]) and
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the sequences (p,;)i>5 (i = 1,...,n) converge uniformly on [0,b]. Without loss of generality, the
sequence (x,);> is assumed to converge as well.
Let

v(y) = lim v (y), pi(y)= lim p,(y) (@i=1,...,n), x= lim x.

k—+o00 k—+o00 k—+o00

Then, in view of relations (10) and (13), we have

[vllen-1om) = 1, (15)
Y2 Y2
/pu(:r,t) dt < pi(y2) — pi(y1) < /pzi(a:,t) dt for 0<y <y, <0 (16)
Y1 Y1
It follows from inequalities (16) that the functions p, (i = 1,...,n) are absolutely continuous

and admit the representations

Y

p;(y) = /pi(t) dt (i=1,...,n),

0

where the p; (i = 1,...,n) are measurable functions satisfying inequalities (4) almost everywhere
on [0, b].
By Lemma 1.1 in [3],
Yy Yy
Jdim [ oa® V@ dt = oo @d =) (17)

uniformly on [0, ].
Now if we pass to the limit as K — +o00 not only in Eq. (11) but also in the relation

o) = o0 +Z/pm =l dt+/sk<>d

then, in view of conditions (12) and (17), we obtain

p1=D () = =D (0 +Z/ WUy dt for 0<y<b, Y |hi(v)(@)| =
=1

Consequently, the function v is a solution of problem (5), (6) and satisfies (15). But this is im-
possible, because problem (5), (6) has only the trivial solution by virtue of conditions (4) and (8).
The contradiction thus obtained proves the lemma.

Along with Eq. (1), consider the auxiliary equation

8" ou o lu
Zl x y +>\|: <x7y7u7 ay""’ayn_:l) +q($7y)} (18)

depending on the parameter X € [0, 1], where
li(z,-) € C([0,b]) for 0<zxz<a (i=1,...,n).

A function u : © — R will be called a quasi-solution of Eq. (18), if, for arbitrary = € [0, a],
it has continuous partial derivatives d"u(x,y)/dy" (i = 1,...,n) on the interval [0,b] and satisfies
Eq. (18) on this interval.
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1000 I.T. KIGURADZE, T.I. KIGURADZE

Obviously, a quasi-solution of Eq. (18) is a solution of this equation if and only if the functions
(z,y) — 0" tu(z,y) /0y~ (i = 1,...,n) are uniformly continuous in the first argument on the
interval [0, a].

Corollary 2 in [7] implies the following assertion.

Lemma 2. Assume that the boundary value problem

o) = 3 (et (19)
h()@) =0 (i=1,...,n) (20)

has only the trivial solution for each x € [0,a] and there exists a positive number ro such that for
each X\ € [0,1] every quasi-solution of problem (18), (2) admits the estimate

|u(z, )en-r1qopy <m0 for 0<z<a. (21)

Then problem (1), (2) has at least one quasi-solution satisfying the estimate (21).

Proof of Theorem 1. Throughout the following, r is the positive constant occurring in

Lemma 1 and
ro—rmax{zm |+/|qxt |dt : 0<a:<a}

i=1

Let l;(x,y) = p1i(z,y) for (z,y) € Q (i =1,...,n). Then problem (19), (20) has only the trivial
solution for any = € [0,a]. Let us show that each quasi-solution u of problem (18), (2) admits the
estimate (21) for each A € [0, 1].

By conditions (3) and (7), there exist functions py; : @ - R (i =1,..., ) such that py;(z,-) €
C([0,0]) for x € [0,al, pri(z,y) < poi(z,y) < pai(x,y) for (x,y) € Q (i = 1 ,n), and
n— 1 i—1
p(l‘,y,U(ﬂf,y), augl;y)v a n 1 > ZPOZ X y a yl( 1 ) fOI‘ (':Evy) € Q
Hence

8 u(z 81 Lu(x,
y sz l( : W 4 rle),

where p;(z,y) = (1 = N)pu(z,y) + Apoi(z,y) (i =1,...,n) and
pli(x7y) sz(l’,y) Sp%(m?y) for (:1:7y) € (Z: 17”’7”)' (22)

Hence we obtain the estimate (21) by Lemma 1.

Now we apply Lemma 2 and see that there obviously exists a quasi-solution u of problem (1), (2)
admitting the estimate (21).

Let us prove that u is a solution of problem (1), (2). To this end, we must establish that the
functions (z,y) — 0" 'u(x,y)/dz! (i =1,...,n) are uniformly continuous in the first argument.

First, note that the estimate (21) implies the estimate
lu(z, )cnqopy <1 for 0<x<a, (23)

where

=T —|—max{|p(a:,y,zl,...,zn) +q(z,y)| : (z,y) € Q, Z |z;] < 7“0}.

i=1
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For arbitrary given x,zq € [0, a], set

w(z,y) = u(@,y) — u(zo,y)-
By condition (7), there exist functions p; : @ — R (i = 1,...,n) such that p;(z,-) € C([0,b])

(i=1,...,n),

ou(z,y) " tu(z,y)
p<x7 y? u(x7 y)? ay PR ayn71
ou(xy, 8” Yu(zo, y O tw(x,
_p<m7y7u(x07y)7 (a; y)a J ) Zpl i(_l y)7
and inequalities (22) hold. Hence
8 w(x y O tw(z,y

sz .’E y yl(l ) +Q1($7$07y)7 (24)
where

au(:no,y) 8n71u($0’y)

ql(l’,l’o,y) :p<l’,y,u($0,y), ay ey 8:1/”71
au(:no,y) 811 1u($0,y)
_p<$07y7u($07y)7 ay F I ay”—l +q($7y) _q($07y)

We define functions wy and w; on the half-line [0, +00) by setting

wO(t) = max{|p(ajl,y,z1,. .. 7zn) _p($27y7 Zlyees 7zn)| : |$1 _$2| S t7 0 g Yy S b7 Z |Z1| S TO}

=1

—|—max{|q(a:1,y) - q($27y)| : |$1 _$2| S t7 0 g Yy S b}v t Z 07
= max {Z lei(x1) — ¢i(ma)| 2 |2y — @o| < t}
+max{2 ha@) (@) — ha0)(@2)] 5 [0llomoy < s |1 — 2] < t}, £>0.

Since the functions p, ¢, and ¢; (i = 1,...,n) and the operators h; : C"*([0,b]) — C([0,qa])
(¢t = 1,...,n) are continuous, it is obvious that the functions w; : [0,4+00) — [0,4+00) (i = 0,1)
are continuous and nondecreasing and wy(0) = w;(0) = 0. On the other hand, in view of the
estimates (21) and (23), it follows from Egs. (2) and (24) that

a" -1
' wmy Zpl 8;;(95179) <wo(lx —x0]) for 0<y<b,

hi(w(z, ))(@)] <wi(lz —xol)  (i=1,...,n).
Hence, by Lemma 1 and condition (8), we obtain the estimate
[w(@, )len-1 o < w(|z—0l),

where
w(t) = r(bwo(t) + wi(t)).

Consequently,
lu(z, ) = ulwo, Nen oy < wlla —zol) for 0< z,20 < a.
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1002 I.T. KIGURADZE, T.I. KIGURADZE

It is obvious from this estimate that the functions (z,y) — 0" 'u(x,y)/0y*' (i = 1,...,n) are
uniformly continuous in the first argument.

To complete the proof of the theorem, it remains to show that problem (1), (2) has at most one
solution. Let u; and uy be arbitrary solutions of this problem, and let ug(z,y) = ui(x,y) — us(z, y).
By condition (7), there exist functions p; € C(Q2) (i = 1,...,n) such that

anuO (:1:7 y) _ aul(m7 y) 8n_lul(m7 y)
ayn =P m7y7ul(x7y)7 ay ey 8yn71
8UZ($7y) an71u2($’y)
p(m,y,ug(az,y), 8]/ [ 6yn71
- 0" tuo(z,y)
= ;pz(m7y) 8yi_1 for (:1:7y) € (25)

and inequalities (22) hold. Further,
hi(uo(x,))(x) =0 for x€0,a] (i=1,...,n). (26)

By Lemma 1 and conditions (8) and (22), it follows from identities (25) and (26) that uo(x,y) = 0;
ie., u(z,y) = uz(x,y). The proof of the theorem is complete.

Proof of Theorem 2. Let

Uj(flf,y) :g(cjlv’”ycjnvqj)(m7y) (32172)7 'LL(.’E,y) :Ul(flf,y)—UQ({E,y).
Then, by condition (7), there exist functions p; € C(2) (i = 1,...,n) such that

8nu($’y) — T u (1’ ) 8u1($,y) 8n71u1($’y)
ayn p y Y, U1 T, Y ), 8:1/ ey 8:1/"_1
a , an—l ,
- p<l’, Y, u2($7 y)7 U2a(;j y) [ aZanl: y)> + Q1($7 y) - QZ(ZL‘v y)
= 0" tu(z,
=m0 L) - wley) T (@) €0 (27)
i=1
and inequalities (22) hold. Further,
hi(u(z,-))(x) = c1:(z) — coi(x) for =z €[0,a] (i=1,...,n). (28)

By Lemma 1 and conditions (8) and (22), it follows from identities (27) and (28) that the esti-
mate (9) holds, where 7 is a positive constant independent of the functions ¢; and ¢;; (j = 1,2;
i =1,...,n). The proof of the theorem is complete.

The boundary conditions
uw® D (z,0) =ci(z) (i=1,....,n—1), h(u(z,"))(z) =c.(z) for 0<2<a, (29)
where ,
0" u(z, y)
dyi—1
¢; € C([0,a]) (i = 1,...,n), and h : C"1([0,b]) — C([0,a]) is a bounded linear operator, are

a special case of conditions (2).

We say that an operator h : C"~1([0,b]) — C([0, a]) is positive if for each function v € C"~1([0, b])
satisfying the inequalities

u(07171)(1‘7y) = (Z = 17"'7”)7

v () >0 for 0<y<b (i=1,...,n) (30)
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one has the inequality

h(v)(x ) >0 for 0<z<a. (31)
For example, if h(v)(z) = v(™(b) — v™ (yo(x)) or h(v)(z) = >,_, ar(@)v* Y (y(x)), where
m € {0,...,n—2}, yo : [0,a] — [0, b),y;,C [0,a] = (0,0] (k=1,...,n), and « : [0,a] — [0,400)

are continuous functions, and
Zak )>0 for 0<z<a,

then h is a positive operator.

Corollary 1. Let n > 2, and let the inequalities

8p($7y7217 L 7zn)

hold on the set  x R™, where ly is a positive constant and l; : Q — [0,400) (i = 1,...,n) are
continuous functions such that
n—1 1 b Y
Z (n— ) /y"ili(az,y) exp (/ln(m,t) dt) dy<1 for 0<z<a. (33)
=1 0 0

If, moreover, h is a positive operator, then there ezists a unique solution of problem (1), (29).

Proof. Let z € [0,a] be an arbitrary given number, and let p; : [0,b] = R (i = 1,...,n) be
arbitrary measurable functions satisfying the inequalities

_li(xay) sz(y) < lO (Z = 17”’7”) (34)

almost everywhere on [0, b].
By Theorem 1 and inequalities (32), to prove Corollary 1, it suffices to show that the differential
equation (5) with the boundary conditions

vV0)=0 (i=1,...,n—1), h(v)(x) =0 (35)

has only the trivial solution for any z € [0, al.

Assume the contrary: problem (5), (35) has a nontrivial solution v. Without loss of generality,
we assume that v»~Y(0) > 0. Then either inequalities (30) hold or there exists a b; € (0, b] such
that

v V() >0 for O<y<b, (i=1,...,n) (36)

and
v V(b)) = 0. (37)
The operator h is positive, and hence inequalities (30) imply inequality (31), which contradicts
conditions (35).
Consequently, it remains to consider the case in which conditions (36) and (37) are satisfied.
Then there exists a number b, € [0, b;) such that

o0 =max{v"V(t):a <t <b} = 0"V (b (38)

and

1%

(n_i)!t”*i for by <t<b, vV(b)< vt (i=1,...,n—1).

0<vih) < (r — Z)
(39)
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By inequalities (34) and (36), the inequality

- Z Li(z, y)o" ) ()

holds almost everywhere on [bg, b;]. In view of (37) and (38), we obtain
Q<Z/l :ryexp(/l wtdt) =D (y) dy.
=1 bo
On the other hand, it follows from inequalities (33) and (39) that
Z/ x,Yy) exp (/l (x,t) dt) v (y) dy < o.
i=1 bo

The contradiction thus obtained proves the corollary.
By way of example, consider the linear differential equation

sz x y i U q(ey), (40)
where p; € C(2) (i =1,...,n) and q € C(9).
For an arbitrary real number t, set [t]- = (|t|—t)/2. Corollary 1 readily implies the following
assertion.

Corollary 2. If the operator h is positive and

_ b y

Z (niz’)! /y"‘i[pi(:r,y)]_exp (/[pn(:vjt)]_ dt) <1 for 0<z<a,

= 0

then there exists a unique solution of problem (40), (29).
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