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Abstract—We develop a mathematical model of the boundary value problem describing mag-
netic field shielding by a cylindrical thin-walled shell (screen) made of materials whose perme-
ability depends nonlinearly on the magnetic field intensity. Integral boundary conditions on
the shell surface are used. A numerical method is suggested for solving a nonlinear boundary
value problem of magnetostatics with integral boundary conditions. The shielding efficiency
coeflicient characterizing the external magnetic field attenuation when passing into the interior
of the cylindrical screen is studied numerically.
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1. INTRODUCTION

One main trend in the modern development of technology is the miniaturization of technical
devices, whereby small volumes contain large numbers of high-precision elements and devices that
serve as sources of electric and magnetic fields and are sensitive to external electromagnetic fields,
which affect the accuracy of their operation. Hence it is increasingly topical to design screens and
shells for shielding external constant and alternating magnetic and electric fields as well as for solv-
ing the problem of electromagnetic consistency of device elements. In particular, it is important to
study the shielding properties of standard screens subjected to constant magnetic and electric fields
from close sources. Experimental data concerning film screens can be found in [1-3]. The mathe-
matical modeling of electromagnetic processes in shielding structures is presented in [4-9].

One important characteristic of film screens is the shielding efficiency coefficient, which char-
acterizes the external magnetic field attenuation by the shielding material. If the permittivity of
the material is constant, then the analytical computation of the efficiency for a screen with stan-
dard geometry can be carried out with the use of fairly simple formulas [6]. In actual screens,
the distribution of permittivity across the thickness of the film material of the screen nonlinearly
depends on the magnetic field intensity [5, 10]. This complicates finding magnetic characteristics of
screens in analytical form. Some analytical-numerical and numerical studies of magnetic properties
of film screens were carried out in [6-9]. Based on the approach developed in [8], the present paper
suggests boundary value problems for the mathematical modeling of shielding of constant magnetic
fields by film screens; these problems are boundary value problems for the nonlinear magnetostatic
equation.

As arule, a shielding boundary value problem is a three-domain problem with one domain inside
the screen, one domain in the screen wall, and an infinite domain outside the screen. To imple-
ment the numerical solution of the problem, one transforms the infinite domain into a finite domain.
To this end, various approaches are used. A technique excluding the domain inside the screen and
the infinite domain outside the cylindrical screen was developed in [8, 9]. As a result, the original
three-domain problem is transformed into a boundary value problem in the film layer with special
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936 EROFEENKO et al.

boundary conditions on its face surfaces. For a constant external magnetic field, boundary condi-
tions of the third kind are used. The extension of this approach to the modeling of arbitrary external
field leads to integral boundary conditions on the screen surfaces. The method of integral boundary
conditions in applied problems of electrodynamics was developed in [11, p. 207; 12-15]. Theoret-
ical studies of initial-boundary value problems of mathematical physics with integral boundary
conditions were carried out in [16-19].

2. STATEMENT OF THE SHIELDING PROBLEM

In the space R? with cylindrical coordinate system Oppz, consider a cylindrical shell (screen) D
(R1 <0< Ry, 0< p <21, —00 < z < 0) of thickness A = R, — R; bounded by the cylindrical
surfaces I'; (0 = Ry) and I'y (0 = Ry) (Fig. 1). The screen is made of the ferromagnetic material
FeyoNigg, which is characterized by high relative permittivity p &~ 10®+10*. There is vacuum (pu = 1)
inside the screen in the domain D; (0 < p < R;) and outside the screen in the domain Dy (0 > R»).
There is a primary magnetic field Hy acting on the screen from the domain D,. As a result of the
interaction, the following fields occur: the field H; in the domain D, the field H in the screen D,

the reflected field H, in the domain D,, and the total field H, = Hy + H, in D,.
We express the magnetic field via potential functions u, u, ts, ug, and us = ug + U,

H;, = —gradu; (j=1,2), H, = — grad uy, H = —gradu. (1)

We determine the potentials by solving a boundary value problem of magnetostatics.

Boundary value problem 1. Given a potential ug, determine potentials u;, u, and 1, satis-
fying the equations [11, p. 15]

Aul =0 in D17 A”ELQ =0 in DQ, (2)
div(pgradu) =0 in D, (3)
the transmission conditions
ou oy
Ulgmp, = Uilp=py» 1 = . 0<¢<2m, (4)
’ ’ 8Q o=R1 89 o=R1
~ ou 8’1,L0 8’112
ulp=p, = (to + U2)| o=, 1% = < + ; 0<p<2m, (5)
’ ’ 00lpp, \ 00 = 00 )|, p,
on the surfaces I'; and I'y, and the condition lim, ., @, = 0 at infinity.
(a) (b)
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Fig. 1. Cylindrical screen: (a) a film screen subjected to the magnetic field generated by a twin line
with a current; (b) a cross-section of the screen.
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BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS 937

The relative permittivity in Eq. (3) nonlinearly depends on the absolute value H = |H| =
| grad u| of the magnetic field intensity [1].

For the external magnetic field Hy we take the field generated by a twin line with current I in
the wires parallel to the screen (see Fig. 1) and placed at the points (x = gy, y = £1/2), where
[ is the distance between the wires. A twin line with /R, < 1 will be viewed as a point source
(x = 0o, y = 0) lying in the plane gy > R,. In this case, the magnetic potential of the primary field
in the coordinate system Oy is given by the formula

lI(ocosp — 0p) (6)

Uy = )
"7 21 (0% + 0% — 2000 cos @)

Let us take into account relations (1) and compute the magnetic field generated by the source.
In the Cartesian coordinates, we obtain

_ U ((z—00) —y*)es + 2y(z — 2o)ey

H
° o (¥? + (z — 00)%)?

The intensity of the magnetic field of the source at the point O(x = 0, y = 0) in the absence of the
screen is given by the formula Hy, = |H(0)| = I1/(2705); consequently, [I = 2mo}H,. The primary
potential for the constant external magnetic field Hy = —Hye, is

ug = Hoppcos p. (7)
We pose the problem of numerical analysis of the shielding efficiency coefficient

) H
shield IH,(0)] H,’

which shows by what factor the exterior magnetic field of the source is attenuated when passing
into the interior domain of the screen.

3. INTEGRAL BOUNDARY CONDITIONS

Problem (2)—(5) is a three-domain boundary value problem for the domains D;, D, and D,. Let
us transform the original problem into a one-domain boundary value problem in the domain D
by introducing integral boundary conditions posed on the screen surface and corresponding to the
boundary conditions (4) and (5).

Consider problem (2)-(5) under the axial symmetry conditions uo(x, —y) = uo(z,y), u;(z, —y) =
uj(z,y), j = 1,2. The potentials ug, u;, and @, in the domains D; and D, satisfy the Laplace
equation (2), whose solutions are sequences of axisymmetric functions

o"cos(ny), n=0,1,2,...; o "cos(ny), n=12...

We represent the potential ug regular in the domain 0 < ¢ < gg and the potential u; regular in
the domain D; in the form of the series

uo =Y me"cos(ng),  0< o< oo (8)
n=0
oo Q n
U = o, cos(np), 0<o0o<R;. 9
=) eostne) o< B )

We represent the potential @y satisfying the condition at infinity in the form of the series

o0 R n
s =Zﬁn< ;’) cos(ng), 0> R (10)
n=1
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938 EROFEENKO et al.
Let us transform the boundary conditions (4) by substituting the series (9) into them,
Pleer =3 ancon(ng) )
n=0

We integrate Eq. (11) from 0 to 7w and compute

1 s
ap = /U(@, O)lo=r, dp. (12)

s
0

The second boundary condition in (4) implies that

1 o0
= ; nay, cos(ny).

We use the orthogonality of the functions cos(ny), n € N, and compute

ou
1% do

o=R1

s

oy = 5
(o, ¢) 9o

d > 1. 13
o cos(ng)dp,  n > (13)

o=Ry

0

Let us substitute the integrals (12) and (13) into Eq. (11). After changing the order of summation
and integration, we obtain the following integral boundary condition on the surface I'; of the screen:

du(o, 1)

el = [ (Lutew)+ Rusto )™ Ko} av, (14)

o=R1

where

oo

(o) =2 3" 1 costng) cos(ne).

n=1

According to [20, p. 576],

K(cp,zp):—jrln [4sin<|¢;w|>sin <¢"2“0>]. (15)

Let us transform the boundary conditions (5) by substituting the series (8) and (10) into them.
Then

u|g:R2 = Z%LRQ COS(”SD) + Z Bn COS(”QD)’ (16)
n=0 n=1
ou 1
= n(v, Ry — B,) cos(ny). 17
g, = Ity 200 = o) cosn) a7)

We integrate Eq. (16) over [0, 7] and obtain

T

1
0= [ ule)n do. (18)
0
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BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS 939

We multiply Eq. (17) by cos(nyp), integrate the resulting relation from 0 to 7, and find, owing
to the orthogonality of the functions cos(ny), n € N, that

™

. n 2R2 ou

0

cos(ny) de. (19)

o=Ro>

Let us substitute the expressions (19) into Eq. (16). We take into account Eq. (17), sum the
series (5) and (8), and obtain the following integral boundary condition on the surface I'y :

e Pl =20l ~ [ (Lule.w) + Rante. )™ (g 0)

dp.  (20)

o=R>

4. MODELS OF SHIELDING BOUNDARY VALUE PROBLEMS
WITH INTEGRAL BOUNDARY CONDITIONS

Let us state a one-domain shielding problem equivalent to the original problem (2)—(6) with the
use of the boundary conditions (14) and (20) for the potential (6) of the primary magnetic field.

Boundary value problem 2. Given a potential u, (6), find a potential u satisfying the

equation
0 ou 0 [ ou
=0 Ry <o<R 0<p< 21
ag(@uag>+8¢<gaw> : 1 <0< Ry, p<m, (21)
the boundary conditions
0 0
so| =0 ool =0 Ri<e<R, (22)
QD ©=0 QD =
and conditions (14) and (20), where 2uy(Rz, @) = (205 Ho(Rs cos ¢ — 00))/(R5 + 05 — 2R200 oS ¢).
The variables in the problems have the following dimensions in SI units: [o, Ry, Ry, A] = m,

A model of a shielding boundary value problem in which a cylindrical shield is subjected to
a constant magnetic field Hy with potential uy = Hyp cos ¢ (Hy = |Hy|) directed along the axis Oz is
suggested in [8]. Here boundary conditions of the third kind are used. Let us state the corresponding
boundary value problem.

Boundary value problem 3. Given a potential u, (7), find a potential u that satisfies Eq. (21),
conditions (22), and the boundary conditions

<R1u(g, ) oulee) u(o, w))

do
<Rzu(g, ©) 8”%1; °) + u(o, w))

For the primary potential uy = Hpo cos ¢, one has fo(¢) = 2Hy R, cos .

For this potential ug, boundary value problem 3 can be stated with the use of integral boundary
conditions [21].

Boundary value problem 4. Given a potential u, (7), find a potential u that satisfies Eq. (21),
conditions (22), and the boundary conditions

=0, 0<¢e<m, (23)

o=R1

0=R2

(31 [ o)™ 8 Ko ) o — e w)) 0, 0<g<n (2)
(32 [ ute.e™ 8V ko0 a0+ ute w) ~fl).  0<es<m (@)
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For the numerical implementation of boundary value problem 4, we make the change of variables
pw=10°g, H,=10°H,, H =10°H, A=10"2h, R,=10"°R,

where h is the screen thickness in millimeters, R is the outer radius of the cylindrical screen in
centimeters, and p is the normalized relative permittivity.

We introduce new coordinates (z,y) by setting
Y=y, 0= (Ry — Ri)z + R = Az + a), (26)

where a = a — 1, a = Ry /A = 10R/h.
We write Eq. (21) and the boundary conditions (22) and (25) in the new variables (26) and
state the following boundary value problem.

Boundary value problem 5. Given a potential u, (7), find a potential u(z,y) in the domain
Q(0<z<1,0<y <) such that

0 . Ou 0 _ou\
<A(:1:,,u)§$> + <B(:1:,,u)ay> =0, 0<z<l, O<y<m (27)

ox dy
( [t k) a0 - 10 y>> 0. 0<y<nm (29)
0 =0
( [ a6 Kgw)y o + 10t y>> S0 ). 0<y<n (29)
0 =1
ou ou
ol 05, - 0, 0<z<l, (30)

where u(z,y) = u(A(x + «),y) and

A(z, i) = (z +a)p(H), Bz, i) = (H), (31)

_ _ ou oOu 10 ou\’ 1 ou\>
H_H<x’ 8x’8y> = h \/(m) + (m+a)2<8y> ' (32)

Boundary value problem 5 is a problem with nonlocal integral conditions. Problems with nonlo-
cal conditions are a rapidly developing trend in modern theory of differential equations. Problems
with nonlocal integral conditions are an especially important subclass of such problems. The solv-
ability of some classes of boundary value problems with integral conditions was studied in [16-18].

Ferromagnetics can have large magnetic flux density B even for relatively small magnetic field
intensity H. The relationship between these variables is in general nonlinear owing to saturation
and hysteresis. The dependence of permittivity on the magnetic field intensity is given by the
formula [1, 9]

B,.(h)H + C(h)

a(H) = H2 1+ Co(h)H + Cy(h)’ 0<h<0.2, (33)
where M(R)HE () B (h)
Ci(h) = M(h) -1 Ca(h) = M(h) —2H,,(h),
M(h) = 40.386796h> + 9.94182h + 7.80194,
B,,(h) = 269.21679h* — 100.3814h + 12.346025,
m(h) = 13.461364h> — 5.0167164h + 0.6173063.
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ax10°

12
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Fig. 2. Permittivity versus magnetic field intensity: 1, B,, = 8, H,, = 04, and M = 85
(h =0.05mm); 2, B,, =3, H,, =0.15, and M =11 (h = 0.18 mm).

Figure 2 shows permittivity against magnetic field intensity computed by formula (33) for screens
of various thickness, where fi(H) = (8H + 0.18133)/(H?* + 0.14118H + 0.18133) for h = 0.05 mm
and ji(H) = (3H + 0.02475) x (H? — 0.02727H + 0.02475)~! for h = 0.18 mm.

5. NUMERICAL SOLUTION OF SHIELDING BOUNDARY VALUE PROBLEMS

In the papers [8, 9], a numerical method for solving shielding boundary value problems with
boundary conditions of the third kind in the case of a constant magnetic field Hy with initial
potential of the form uy, = Hyocosp was suggested and a series of numerical experiments were
carried out to study the distributions of the potential, the magnetic field intensity, and the material
permittivity in the film layer.

In what follows, we present a numerical method for solving a shielding boundary value problem
with integral boundary conditions.

To solve the nonelliptic problem (27)—(32), we use the control volume method, in which differ-
ential equations are replaced by their finite-difference mesh counterparts [22, p. 156].

In the solution domain 2, we construct a uniform grid w = @, X w,, where w, = {z; = Az,
Arx =1/N,i=0,...,N}, v, = {y; = jAy, Ay = /M, j = 0,...,M}, Az and Ay are the
grid increments in the corresponding directions, and (z;,y;) are points of the grid w. The values
of the unknown function u(z,y) at the grid points will be denoted by wu; ;; i.e., u;; = u(z;,y;),
1=0,...,N, 7=0,...,M. The difference derivatives at the grid points will be denoted according
to [22, p. 11] by Uz = (Uir1j — Uiy) /AT, Ugij = (Wij — Uim15) /AT, Uy j = (Wij1 — i)/ AY,
and g ; = (Ui — ij-1)/Ay.

By analogy with [9], we use the control volume method to construct an implicit finite-difference
scheme approximating the differential equation (27) at the interior points of 2. We integrate Eq. (27)
over the control volume [z; o5, Zit0.5] X [Yj—0.5,Yj+0.5) surrounding the grid point (z;,y;) at which
we seek the solution u; ;, use some averaging of integrals, and arrive at the finite-difference scheme

(Ai+0.5,jux;i,j)f;i,j + (Bi,j+0.5uy;i,j)yj;i,j =0, t=1,...,N -1, Jj=1...,M -1, (34)

where
—\ = i j10.5
Ai+0,57j = (xi + O5A.’1}' —+ a),ui+0.57j7 Bi7j+0,5 - xi]_'_ - ,
_ . B, H;os5;+Ci _ B B, H; o5+ Ci
Hitvo.5,5 = 2 C.H O, Hij+0.5 = g2 O H c
o5,y T Calivos; +Ch tivos T CoHijros + C
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942 EROFEENKO et al.

_ 10 1 . )
+0.5,5)
H, L= (Ugii j)? + (u(l )2
+0.5, X1, — cp,Y
7 h / (x; + 0.5Az + @)? ’
_ 10 > 1
+0.5)
Hi . — (u(m )2 + (u L ,)2
,j+0.5 cp,T — Yv,3/ 0
h (%i + 04)2
(i40.5,5) _ Wi+0.5,j40.5 — Ui40.5,j—0.5 - Ui Ui U Uit
Uep,y = Ay ) Ui40.5,j+0.5 = 4 )
w13 +0-5) — Ui+0.5,j40.5 — %i—0.5,j+0.5
cp,T A.Z’

Assertion 1. The finite-difference scheme (34) approzimates Eq. (27) with second-order accu-
racy O((Az)? + (Ay)?).

Let us construct an approximation to the integral boundary conditions (28) and (29). Set

Au(z, )

W(z,v) = A(z, ) P ,  where z={0,1}.

Tr=x

Consider the integral J® = foﬂ W (z,¥)K(y,v) dyp. Tt follows from the form of the function
K(y,v) (15) that it has a singularity at y = .
In view of the singularity of K (y,), for y = 0 we transform the integral

J© = / W (&, ) K (0, 4) dip = / W (&, $)K (0,9) d + / W (@)K (0,0) dib = Jo + T, (35)

where y is a small number.
Since K(0,v) = —m~'In(4sin®(1/2)) and sin®(1p/2) = /4, because y is small, we obtain

/ﬁv <4$n2<g>>dw2:—iWNi0x7hﬂ¢%dw
2

- 2w )/mpw _ —iy(lny — W (#,0).

0

The integral J;= has no singularities.
At the points of the boundary 0 < y < mw, we have

/w K(y, ) dip = /Wa:w K (y, ) dip

y+y

/me (y, 1 d¢+/w K(y.)dp =J; +J,+J}. (36)
yt+y

By analogy with Jy, since y is small, we obtain

y+y
3y =22y = OW @) + [ WE L) d = - Lyn2y - OW ) + T, (30)

Y-y
where L(y,1) = —m 'lnsin((y + ¢)/2) and the integral ju does not have singularities.
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BOUNDARY VALUE PROBLEMS WITH INTEGRAL BOUNDARY CONDITIONS 943

For y = 7, one has
Jm = /W(i;,q/})K(w,zp) dip = / W (%, ¢)K (1) di +/W(5:,¢)K(m¢) dp = J + Jr. (38)
0 0 Y

It is easily seen that J, ~ —27 'y(lny — 1)W(Z, 7).

We replace the integrals in (35)—(38), which do not have singularities, with their approximate
values given by the trapezoidal quadrature formula. For the partition step on the corresponding
integration intervals we take the spatial grid increment Ay; then ¢; = y;, 7 =0,..., M. Set y = Ay.
As a result, say, the integral (35) becomes

M—-1

2 N A N - A -
JO ~ —wy(lny - DW(Z,y0) + 2yW(a;,y1)K0)1 + Ay Z W(Z, yx) Ko + QyW(%yM)KmM,
k=2

where

1 _
Ko = K(Yo,yx) = —ﬂln [4sin <‘yk 5 yo‘> sin <yk —;y0>}, k=1,..., M.

We construct approximations to the flux W (Z, 1) at the boundary points £ = 0 and & = 1 with
regard to the main equation (27) and the corresponding boundary conditions (30). For example,
on the boundary = 0 we have

Ap 5,0Uz,0,0 + (Az/Ay) By o.5Uy:0,0, k
W(07 yk) = AO.E’),kur;O,k + 0-5A$(BO,k+O.5uy;O,k)7j;0,k7 k=1,...,M -1, (39)
AO.E’),Muz;O,M - (A$/AQ)BO,M—O.5U7§;O,M7 k=M.

We substitute the resulting approximations to the integrals (35)—(38) with regard to Eq. (39)
into the boundary condition (28) and obtain a finite-difference approximation to the boundary
condition (28) in the form

A M—1
0.5Ay <A0.5,0Ux;0,0 + <Ay> BO,O.5uy;O,O> R;o+ Ay Z (Ao.5 k0.1 + 0.5AZ(Bg 40.5Uy:0.k)5:0.6) Bk
k=1

Az

+ 0.5Ay <A0.57Muw;07M - (
Ay

>B07M0b5uy;0)M> Rj7M — 1073U0)j = 0, j = 0, e ,M. (40)

In a similar way, one can construct a finite-difference approximation to the boundary condi-
tion (29),

0’5Ay(_AN70.5,0u£;N70 + (Am/Ay)BNﬁﬁuy;Nﬁ)Rj,O

M-1
+ Ay Z (—ANn_05kUz Nk + 0.5AZ(BN kt0.5Uy:N k)N k) Rjk + 0.5AY(—AN_0.5 MUz N M
k=1
— (Ax/Ay)BN,M70.5U17;N7M)RJ'7M — 1073'&]\7)]' = —1073(](.0]., j = 0, e ,M, (41)

where
4 1
Ro,o = —W(lnAy - 1), R071 = 2K0717 RO,k = KO,Im k=2,...,M;
1
2(L1,2 + K »), Riy=Kip k=3,...,M;
2
(Kjj1+ L), Rij=1Lj;— ﬂ(ln 2Ay — 1),

2
Rl,o = L1,07 Rl,l =L — ﬂ_(ln 2Ay — 1)7 Ry =

1
2
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1 . .
Rj)j+1 = 2(Kj7j+l +Lj7j+l)7 Rj,k:Kj,ka k:]+2,,M fOI' Vi :2,,M—2,

1
Ry =Ky, k=0,....,M -3, Ry_1m—2= 2(KM71,M72 + LMfl,M72)7

[\

RM—l,M—l = LM—l,M—l - (ln 2Ay — 1), RM—l,M = LM—l,MS
1
2

3

RM,k:KMch ]CZO,...,M—2, RM,M—1:
ij:fO(yj)7 jZO,...,M,

4
K-, RM,M = —ﬂ(ln Ay — 1)3

and, in turn,
1 . —Yj . + Y; . .
i = K(y;,0) = K(y;m) = —_n [4sm ('y’“ ) yﬂ‘) sin (y’“ ) y)} Jok =0, M, G # ks

1 . i + .
Lj,k :L(yjawk) :L(yjayk) = _ﬂ_ln |:Sln <|y] 92 yk|>:|7 jak = 17”’7M_ L.

We take into account the singularities of the integrand in the integrals (35)—(38) and obtain the
following assertion.

Assertion 2. The finite-difference schemes (40) and (41) approximate the respective boundary
conditions (28) and (29) with accuracy O(((Az)* + (Ay)?) In(Ay)).

For the boundary conditions (30), we construct the following finite-difference approximations:

Bi70.5uy;i70 + 0-5Ay(Ai+O.57Oum;i,O)i;i,O =0, i=1,...,N -1, (42)
Bi,M70.5ugj;i7M - O'5Ay(Ai+0.57Muw;i7M)£;i7M =0, i=1,...,N—1. (43)

Assertion 3. The finite-difference schemes (42) and (43) approximate the respective boundary
conditions in (30) with second-order accuracy O((Az)* + (Ay)?).

The finite-difference problem (34), (40)—(43) is a system of nonlinear equations for the un-
knowns wu; ;. To solve it, we use the matrix Thomas method [22, p. 557], which is implemented by
the iterative process

s s+1 s s+1 s

CoUo—BoU 1= Fy, =0,
s s+1 s s+1 s s+1 s i
~AUia+CiUi=BiUipn=Fi, i=1,...,N—1, (44)
s s+1 s s+1 s

—AnvU N1 +Cn U N = F, t=N,

where s =0,1,2,... is the iteration number.
541 s s s . S

Here U ; = (ui-rj), uirll, . ,u;rjb)T, i =0,...,N, are the unknown vectors; F; are (M + 1)-vectors,
F,=(0,0,...,0)",i=0,...,N—1, Fy = (fév,ffv,...,fﬁ)T,andij =10"3fy4,7=0,...,M; A, =
diagla; 0, a1, - ainm], @ = 1,..., N—1, are the matrices with diagonal entries a; ; = A; o5 ,(Ax) 2,
j=0,...,M, Ay = (a},)}—o is the matrix with entries

Ay Ay
a;-\jo = AN70.5,0 IAL Rj,07 aj*\,fk = ANfo.S,kAm Rj,lm k=1,...,M —1,

Ay .
a;'\,/M :AN—O.5,M2A$RJ'7M7 7=0,...,M;
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By = (b ,) k=0 is the matrix with entries

A A
b?’o - A0.5702Ayij70, b;)’k - AO'57kAsz7k7 k‘ - 1, e ,M — 1,
Ay

b?7M:A0~5;M2Aij,M7 j=0,...,M;

B; = diag[b; 0, bi1,...,binm), i =1,..., N — 1, are the matrices with entries b; ; = A; 05,;(Az)72,
j=0,..., M; C; are the tridiagonal (M + 1) x (M + 1) matrices

Dio  Sio0 0
i1 Pi1 Sia
c—| 0 . i=1,...,N—1,
0
0 qi,M—1 Pi,mM—1  Si,M—1
0 qi, M Di,m
with entries
Do = 2B o5 . Aivoso+ Aicoso - 2B; 0.5
i0 = ) 0 = — ;
T (Ay)? (Az)? (Ay)?
_ Bijos  Aipos+Aices; | Bijros+ Bij_os
Qij = — 9 Dij = A2 + Au)2 )
(Ay) (Az) (Ay)
Bijtos .
Sijg=— 7 j=1....M—1;
7 (Ay)?
Din = 2B; v—05  Aivosm +Ai—osm Giar = 2Biv-o05
M = ) M= — ;
’ (Ay)? (Ax)? (Ay)?

Co = (¢91.) ko and Cy = (c},)}i—o are matrices such that the entries of Cy have the form

Ax Ay Ax _
Cgo = <Bo,0.5 2y + Aos.0 2A$>Rj,0 — Boos 2Aij’1 + 1072850,
Az A Az
). = —Bojk—os 2Aij,k—1 + <A0.5,k Ai + (Boktos + BO,k—O.5)2Ay>Rj,k
Ax
- BO,,HM2AyRJ—7,€+1 +107%6,,, k=1,...,M —1,

Az A Az .
C?,M = <BO,M0.5 27y + A0.57M2Az;> Rjn — Boav-os 2Aij,M71 +107%0;0, j=0,..., M,

and the entries of C'y have the form

Az A Az
Cj'\jo = <BN,O.5 2Ay +An_050 2Ayx>Rj70 — Bnos 2Ay Rjx + 10735]‘,07

Ax A Ax
C;Vk = —Bnj-o05 2y Rjp1+ <ANO.57I€ Ai + (Bn.k+os + Bnk—o5) 2Ay> R;
Ax

- B
N,k40.5 2Ay

Az A Ax )
C;-YM = <BN,M0.5 2y + ANo.s,M2Ayx>Rj7M — Bn,vi—o5 2Aij,M71 + 10735j7M, Jj=0,..., M.

Rjjr +107%6,,, k=1,...,M—1,

Here 0, , is the Kronecker delta.
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0
For the zero approximation [J; = (ugo, ugl, . ,ufM)T, i =0,...,N, in the iterative process (44)

we take the solution of problem (27)-(30) with i = const (for example, i = 6). System (34),
(40)—(43) is linear in this case and can be solved exactly by the matrix Thomas method.

We use this zero approximation to find the next iteration

1 1 1 1 \r )
Ui = (Wi,0, Wi1y -+ Wins) s 1=0,...,N.

The process is continued recursively. The current discrepancy is compared with the desired accuracy
to decide whether to stop the iterative process.

As a result, we obtain a solution u, ; = u(z;,y,), 1 =0,...,N, j=0,..., M.

6. COMPUTATION OF THE SHIELDING EFFICIENCY COEFFICIENT

For the numerical study of shielding properties of film screens, consider screens of radius
Ry, =1.1x1072m, 3.6 x 1072 m, and 8.0 x 1072 m and of thickness A = 5x 10" m and 1.8 x 10™*m
(h=0.05mm and 0.18 mm).

To compute the shielding efficiency coefficient, we take into account Egs. (1) and the series (9)
and compute the magnetic field in the domain Dy,

> no, n— :
Hl = — Z R"L Q 1(COS(nSO)eg - Sln(nso)e<ﬂ)’

n=1 1

At the screen center, one has H;(0) = —(«1/R;)e, and H; = |[H,(0)| = a1 /R;.

We multiply Eq. (11) by cos ¢ and integrate; then we obtain [ u(g, ¢)|,—r, cos @ dp = ay7/2.
As a result, the shielding coefficient is given by

™ —1

/U(@, ©)|o=r, cos @ dyp

0

Hy, 1
Rshield = p = o™ Ho

The potential u was determined on the basis of a numerical solution of the boundary value
problem (27)-(32).

Kshield Kshield
20 100
15 80
60
10
40
5
20
0 . 1 . 1 . 1 N 1 N 1 . 1 0 N 1 N 1 N 1 "
0 10 20 30 40 50 60 x102 0 10 20 30 40 50 %102

HOyA/m H(),A/m

Fig. 3. Shielding efficiency coefficient versus the external magnetic field computed according to
boundary value problem 4 (curves 1) and boundary value problem 3 (curves 2) for screens of radius
Ry = 1.1 x 1072 m and of various thickness: (a) a screen of thickness h = 0.05mm; (b) a screen of
thickness h = 0.18 mm.
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(a) (b)

Kshield Kshield

30t 12r

25+ 10

20r 2 8t )

15F 6+

10F 4k
L 1 L !

g -/\ 2 _/\

0 L 1 " 1 " 1 " 1 n 9 0 " 1 " 1 n 1 " 1 " 9
0 4 8 12 16 x10 0 4 8 12 16 x10

H(),A/m H(),A/m

Fig. 4. Shielding efficiency coefficients for screens of various radii Ry and thickness h = 0.05 (curves 1)
and h = 0.18 (curves 2): (a) Ry = 3.6 x 1072m; (b) Ry = 8.0 x 1072 m.

Figure 3 presents the shielding efficiency coefficient against the external magnetic field intensity
H, as given by the solution of the boundary value problem with the integral boundary condi-
tions (25) (curves 1) and the problem with conditions (24) of the third kind on the screen surface
(curves 2) [8]. A comparison of curves I and 2 shows that, for practical studies of thin cylindrical
screens, simple boundary conditions (i.e., conditions of the third kind) can be used.

Figure 4 presents the results of modeling of shielding efficiency coefficients for cylindrical screens
of various radii and various thicknesses. It is shown that the larger the screen radius, the smaller
the shielding efficiency is in accordance with the elementary formula given in [8].

7. CONCLUSION

A technique for modeling the penetration of the external magnetic field into an infinitely long
cylindrical shell (screen) made of a material whose permittivity depends nonlinearly on the mag-
netic field intensity is developed. The original three-domain problem (the domain inside the shell,
the infinite exterior domain, and the thin cylindrical film layer) is reduced to a boundary value
problem for the nonlinear magnetostatic equation in the film layer with integral boundary condi-
tions on the interior and exterior film surfaces. A number of models of boundary value problems are
stated describing the action exerted on the screen by a constant magnetic field and a field generated
by a conducting twin line parallel to the cylindrical screen. Integral boundary conditions of various
types and boundary conditions of the third kind are used. For the comparative analysis of the
models, a numerical method for solving boundary value problems with integral boundary condi-
tions is developed. The dependence of the permittivity of the film on the magnetic field intensity
is taken according to experimental data for permalloy FeyNigy. A numerical study of the shielding
efficiency coefficient, which is the factor by which the external magnetic field is attenuated when
passing through the film, is carried out. It is shown that, for thin films with a sufficiently small
ratio of the film thickness A to the outer screen radius Ry (A/Ry; < 1072), modeling with integral
conditions and modeling with boundary conditions of the third kind yield practically the same
results for the case of a constant external magnetic field.

REFERENCES

1. Grabchikov, S.S., Erofeenko, V.T., Vasilenkov, N.A., et al., Efficiency of magnetostatic shielding by
cylindrical shells, Vests. Nat. Akad. Navuk Belarus. Ser. Fiz.-Tekhn. Navuk, 2015, no. 4, pp. 107-114.
2. Zhukov, A.S. and Vasil‘eva, O.V., Modular magnetic shields and structures based thereon for constant
and alternating magnetic field shielding, Sb. dokl. XII Mezhdunar. nauch.-tekhn. konf. “Novye materi-
aly i tekhnologii: poroshkovaya metallurgiya, kompozitsionnye materialy, zashchitnye pokrytiya, svarka”
(Proc. XII Int. Conf. “New Materials and Technology: Powder Metallurgy, Composite Materials,

DIFFERENTIAL EQUATIONS Vol. 53 No.7 2017



948

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

EROFEENKO et al.

Protective Coatings, and Welding”), Minsk, 2016, pp. 199-201.
Grabchikov, S.S., Sosnovskaia, L.B., and Sharapa, T.E., Republic of Belarus Patent 11843, 2009.

. Apollonskii, S.M. and Erofeenko, V.T., Elektromagnitnye polya v ekraniruyushchikh obolochkakh (Elec-

tromagnetic Waves in Screening Shells), Minsk: Universitetskoe, 1988.

. Glonyagin, Yu.V., Elementy teorii i rascheta magnitnostaticheskikh polei ferromagnitnykh tel (Elements

of Theory and Analysis of Magnetostatic Fields of Ferromagnetic Bodies), Leningrad: Sudostroenie,
1967.

. Erofeenko, V.T., Shushkevich, G.Ch., Grabchikov, S.S., and Bondarenko, V.F., Model of constant mag-

netic field shielding by a multilayer cylindrical screen, Informatika, 2012, no. 3 (35), pp. 80-93.

Rezinkina, M.M., Selection of magnetic screens by numerical calculations, Tech. Phys., 2007, vol. 52,
no. 11, pp. 1407-1415.

. Erofeenko, V.T., Gromyko, G.F., and Zayats, G.M., Efficiency of constant magnetic field shielding by

a cylindrical screen with regard to nonlinear effects, Fiz. Osn. Priborostr., 2015, vol. 4, no. 4 (17),
pp- 30-39.

. Gromyko, G.F., Erofeenko, V.T., and Zayats, G.M., Numerical study of the magnetic field structure in

a cylindrical thin-film screen, Informatika, 2016, no. 2 (50), pp. 5-18.

Zil'berman, G.E., Elektrichestvo i magnetizm (Electricity and Magnetism), Moscow: Nauka, 1970.
Erofeenko, V.T. and Kozlovskaya, 1.S., Analiticheskoe modelirovanie v elektrodinamike (Analytical Mod-
eling in Electrodynamics), Minsk: Belarus. Gos. Univ., 2010.

Erofeenko, V.T. and Pulko, Yu.V., Generalization of averaged boundary condition for nonstationary
electromagnetic fields on thin screens and shells, Elektromagnitn. Volny FElektron. Sist., 2008, vol. 13,
no. 10, pp. 4-10.

Erofeenko, V.T. and Priimenko, S.D., Simulation of the influence of electromagnetic pulses on a half-
space by integral boundary conditions, Tr. mezhdunar. nauch.-tekhn. konf. KMNT-2014 (Proc. Int.
Sci.-Tech. Conf. KMNT-2014), Kharkov, 2014, pp. 178-140.

Apollonskii, S.M. and Erofeenko, V.T., Generalization of the Leontovich boundary conditions to non-
stationary fields, Elektrichestvo, 1993, no. 12, pp. 64—68.

Urev, M.V., Boundary conditions for Maxwell equations with arbitrary time dependence, Comput. Math.
Math. Phys., 1997, vol. 37, no. 12, pp. 1444-1451.

Kozhanov, A.I. and Pul’kina, L.G., On the solvability of boundary value problems with a nonlocal
boundary condition of integral form for multidimensional hyperbolic equations, Differ. Equations, 2006,
vol. 42, no. 9, pp. 1233-1246.

Yurchuk, N.I., Mixed problem with an integral condition for certain parabolic equations, Differ. Equa-
tions, 1986, vol. 22, no. 12, pp. 1457-1463.

Korzyuk, V.I., Erofeenko, V.T., and Pulko, Yu.V., Classical solution of the initial-boundary value
problem for the wave equation with an integral boundary condition with respect to time, Dokl. Nats.
Akad. Nauk Belarusi, 2009, vol. 53, no. 5, pp. 36—41.

Sapagovas, M., Stikonas, A., and Stikoniene, O., Alternating direction method for the Poisson equa-
tion with variable weight coefficients in an integral condition, Differ. FEquations, 2011, vol. 47, no. 8,
pp. 1176-1187.

Prudnikov, A.P., Brychkov, Yu.A., and Marichev, O.1., Integraly i ryady. Elementarnye funktsii (Inte-
grals and Series. Elementary Functions), Moscow: Nauka, 1981.

Erofeenko, V.T., Gromyko, G.F., and Zayats, G.M., Numerical modeling of nonlinear boundary value
shielding problems with integral boundary conditions, XII Belarus. Mat. Konf. (XII Belarusian Math.
Conf.), Minsk, 2016, Pt. 3, p. 42.

Samarskii, A.A., Teoriya raznostnykh skhem (Theory of Finite-Difference Schemes), Moscow: Nauka,
1983.

DIFFERENTIAL EQUATIONS Vol. 53 No.7 2017



		2017-08-08T16:12:35+0300
	Preflight Ticket Signature




