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Abstract— We study the electrical impedance tomography problem with piecewise constant
electric conductivity coefficient, whose values are assumed to be known. The problem is to
find the unknown boundaries of domains with distinct conductivities. The input information
for the solution of this problem includes several pairs of Dirichlet and Neumann data on the
known external boundary of the domain, i.e., several cases of specification of the potential and
its normal derivative. We suggest a numerical solution method for this problem on the basis
of the derivation of a nonlinear operator equation for the functions that define the unknown
boundaries and an iterative solution method for this equation with the use of the Tikhonov
regularization method. The results of numerical experiments are presented.
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1. INTRODUCTION

The electric impedance tomography problem in the case of a piecewise constant conductivity
is the problem of finding the boundaries of inhomogeneities inside the domain €2 on the basis of
measurements of the potential (Dirichlet data) and its normal derivative (Neumann data) on the
external boundary of the domain 2. The uniqueness of the solution of this problem in some special
cases was studied in [1-4]. Numerical solution methods for this problem were suggested in [5-14].
Either problems of finding one boundary were solved, or methods for finding several boundaries
of a very simple form were constructed in that connection. Note that even in the case of one
unknown boundary, the electric impedance tomography problem is strongly unstable. Therefore,
for a sufficiently accurate determination of the unknown boundary, one should use several pairs of
Dirichlet—-Neumann data rather than one pair and apply regularizing algorithms [15, p. 53]. If the
problem of finding several unknown boundaries is to be solved, then it is so much the more necessary
to use several pairs of Dirichlet—-Neumann data. In the present paper, we suggest a numerical
method for finding the unknown boundaries on the basis of several pairs of Dirichlet—-Neumann
data. To simplify the formulas, we consider the case of two unknown boundaries, although the
suggested scheme of the numerical method can be used in the case of more boundaries as well.

Let Q2 be a bounded connected domain on the plane, let the curve I'y be its boundary, let €2
and )y be connected domains bounded by curves I'; and I's, respectively, such that €,,Q, C Q
and Q; N Qy = @. The curves 'y, I'y, and I'y are sufficiently smooth. Let Q¢ = Q\(2; U Qy).

Consider the functions f/(M), j = 1,...,k, that are continuous and not constant on I'y. Let
the functions /(M) satisfy the conditions v/ € C(Q) and /(M) = w}(M), M € Q; (i = 0,1,2),
where u] € C?(Q;) N CH (),

Auj(M)=0, MeQ;, =012 (1.1)
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ub(M) =ul(M), MecT,, i=1,2, (1.2)
oud (M) B oul (M) .

(o)s) 8n = O'- on N M € Fia 1= 1,2, (13)

up(M) = f/(M), M €Ty, (1.4)

and oy and o are positive constants.

The electric impedance tomography problem can be stated as the problem inverse to the Dirich-
let problems (1.1)—(1.4). Let the curve Ty, the constants o, and o, and the functions f7(M),
j=1,...,k (the Dirichlet data), be given in the Dirichlet problems (1.1)—(1.4). The problem is
to find the curves I'; and I'; on the basis of the following additional information on the solutions
u? (M) of the Dirichlet problems (1.1)-(1.4):

Ou? (M)
on

where n is the inward normal on Ty and the g/ (M) are given functions (Neumann data) continuous
on the curve I'.

= ¢(M), MeT,, (1.5)

2. NUMERICAL METHOD

The numerical method for solving the stated problem includes the derivation of a nonlinear
operator equation for the unknown boundaries and the construction of an iterative method for the
solution of this operator equation.

To construct the solutions v/ (M), j = 1,...,k, of the Dirichlet problems (1.1)—(1.4), we use the
theory of potential [16, p. 348].

For each j = 1,..., k, consider the following system of integral equations for the densities u?(P),
v/ (P), and v}(P):

//H(P) In <9A14p> dlp +a*/y{(P) In <9A14p> dlp

+0* /ug(P) In < ! > dlp = f/(M), M €T, (2.1)
2 Omp
vl (M) + //ﬂ(P)af In (Q;P> dlp +0* /V{(P)as In <Qz\ip> dlp
Lo 1
o 0 1
+o* [ v(P) on In ourp dlp =0, M eTy, (2.2)
vl (M) —I—/,uj(P)af In <QJ\14P> dlp + 0" /U{(P)ai In <Q1\1P> dip
+ o /yg(P)a‘9 In ( ! > dlp =0, M €Ty, (2.3)
Tm
2 omp

where 0* = (09 — 0)/(00 + o) and n,, is the inward normal to the curve I'y or I's.

Assertion. If continuous functions 1 (P), vi(P), and v)(P) satisfy the system of integral
equations (2.1)—(2.3), then the function

W (M) = /M(P) In (g;ﬁ) dzp+a*/y{(P) In <Q;P> dip +o* /yg(p) In <QA14P> dip,  (2.4)

0 1 2

M € Q, is a solution of the Dirichlet problem (1.1)—(1.4).
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NUMERICAL SOLUTION METHOD FOR THE ELECTRIC IMPEDANCE TOMOGRAPHY 879

Proof. Since the simple layer potentials occurring in the representation (2.4) are continuous in
the domain Q, it follows that u/ (M) belongs to C'(2). Since the simple layer potentials are twice
continuously differentiable and satisfy the Laplace equation in the domain £y U £2; U 5, it follows
that the function u?(M) has the same properties. Therefore, the function u? (M) satisfies Eq. (1.1)
and condition (1.2). The Dirichlet condition (1.4) holds, because the potential densities u?(P),
vi(P), and v}(P) satisfy Eq. (2.1).

Let us show that the function u/(M) determined by relation (2.4) satisfies condition (1.3). Let
the point M belong to the curve I'y. By computing the exterior limit of the normal derivative,
we obtain

ol (M) i 0 1 o 0 1
o on,. ao/,u (P)anm In <QMP> dlp + oqo /Vl(P)anm In orr dlp

To 1

, 1 ,
+ og0” /V%(P) 8781 In <QMP> dlp + mogo v (M), M eTy, (2.5)

I

and by computing the interior limit of the normal derivative, we obtain the relation

o’ (M) ; 0 1 o 0 1
o on, a/,u (P)anm In (QMP) dip +o0 /Vl(P)f)nm In onrn dlp
F[) 1
. 0 1 .
+o0” /V%(P) In dlp — oo™ v{(M), M eTl,. (2.6)
F on,, Omp

It follows from relations (2.5) and (2.6) and Eq. (2.2) that the function u’(M) satisfies condi-
tion (1.3) everywhere on the curve I';.

~In a similar way, by using Eq. (2.3), one can prove the validity of relation (1.3) for the function
u/ (M) on the curve I';. The proof of the assertion is complete.

By using the representation (2.4) and the additional conditions (1.5), we obtain the equation

—wuj(M)—l—/,uj(P)ai 1H<Q;P>dlp+0'*/l/{(P)8§ ln<Q;P>dlp
r

0 1

+o* /V%(P)a:? In <Q1\14P> dlp = g’ (M), M eT,. (2.7)

I'>

We pass in Eqs. (2.1)—(2.3) and (2.7) to the polar coordinates. Let the curve I'y be defined in
the polar coordinate system with origin M, by the function R(y)) € C?[0,2n]. Take a Cartesian
coordinate system with origin M,. The points M (x,y) on the curve Iy have the coordinates

x = R(y) cos v, y = R(¢)sin v, 0<% <2m.
Consider the class of unknown curves I'y and T'y such that My, (o1, yo1) and Moz (202, Yo2) are known
points that are centers of star shapes for all curves I'; and I'y, respectively. For the parametriza-

tion of the curves I'y and I';, we use two polar coordinate systems with origins My, (z1,yo1) and
Moz (02, Y02)- Let the points M (z,y) of the curve I'; be defined by the function r,(¢)) € C?[0, 2],

z =r11(¢) cos Y + o, y =ri(¢)siny + yor, 0<% < 2m,
and let the points M (x,y) of the curve I'; be defined by the function 75 (¢)) € C?[0, 27],
z =13(¢)) cos Y + Too, y = r2(¥) sin g + yoz, 0 <4< 2m.
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880 GAVRILOV, DENISOV

We impose an additional condition on the class of the curves I'y and I's. Let ||r;]|c2p0,2,) < ¢,
1 = 1,2, where the ¢;, i = 1,2, are given numbers.
Let us rewrite Egs. (2.1)—(2.3), (2.7) in polar coordinates. We introduce the functions

= \/p2 + %
N(p \/R2 (¥))? In(R*(p) + R*(1h) — 2R(p) R(¢) cos(p — 1)),
1(471/1,19, )
= —;E(p, q) In([R(¢) cos 1 — peos ¢ — wo))* + [R(¢) sinth — psin€ — yo,]*), i=1,2.

By passing to polar coordinates in Eq. (2.1), we obtain

/N% w+a/m<wm0m@>@«

+w/imammwx¢@»amw=fwm 0<y<om (28

We introduce the functions

E(p2,q2) [pr — p2cos(v — )]p1 — p2qusin(y) — )
Q(@)Qp)plvqlva)qZ) - E(pl,(h) p% +p§ . 2p1p2 COS(¢ . SO) )
E(p%(h)
E(phql)
— [prsing) + b — pysin — d][q1 cos 1 — py sinep])([p1 cos 1 + a — pa cos p — ¢

+ [pisintg +b — pasing —dJ*) ™

W(vavalv q1,P2, 42, a, b7 ¢, d) = ([pl COS?/J +a — P2COS Y — C][ql Sin?/f +p1 COs 1/’]

We pass in Egs. (2.2) and (2.3) to polar coordinates,

+/Wl(%warl(w)ari(w))ﬂj(w)dw+0*/Q(Cﬂb,7“1(1#)7Ti(w),rl(C)ﬁi(C))Vf(C) d¢
+o” /W2(9,¢,m(¢)7r1 (¥),72(0),r5(0))13(0)d6 =0, 0<¢ < 2m, (2.9)

WV%W)+/W3(%¢,T2(¢)7T§(¢))Mj(90)d90+U*/W4(C,1/1,7”2(1/1)77“'2(1/1)7Tl(C)ari(C))Vf(C)dC

+a/@ (1), (). ra(0). TH(O)A(0)dO =0, 0< <2, (2.10)
where
Wi(e,¥,p,q) = W(p,,p,q, R(¢), R'(¢), To1,Yo1,0,0),
Wo (0,9, 01, q1,D2,q2) = W(0,%, p1, q1, D25 2, To1, Yo Tozs Yoz2)
Ws(e,¥,p,q9) = W(p,,p,q, R(¢), R'(¢), T2, Yoz, 0,0),
Wi(C, 9,15 q15 P2, 42) = W(C, %, P1, q1s P2, 42, oz, Yoz, Tot, You)-
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NUMERICAL SOLUTION METHOD FOR THE ELECTRIC IMPEDANCE TOMOGRAPHY 881

We pass to polar coordinates in Eqs. (2.7),

Y / Ol )1 () dip + 0 / Wi, (C), 7 () () dC

e / W0, 9, 72(0), 74(0))4(6) 0 = gi(¥), 0 < < 2n, (2.11)

where the functions Qr(p, ), W5((, ¥, p,q), and Ws(0,1,p, q) are defined as follows:

QR(@?zp) = Q(@,Qp, R(¢)7 R/(¢)7 R(@)’ RI(@));
W5(¢,v,p,q) = W(Ca1/17R(¢)aR/(¢)7p7q70707$017901)7
Ws(0,%,p,q) = W(97¢:R(T/’)vR/(¢)7p7q70707$027yo2)'

For each j = 1,...,k, consider the nonlinear operator A’ that takes the functions r;(¢) and
ro(1) to the values of the normal derivative of the solution of the Dirichlet problem (1.1)—(1.4)
on the boundary T'y. The operator A7 acts as follows. For given functions r;(¢)) and ry(¢)), the
system of integral equations (2.8)—(2.10) is solved, and the densities of the potentials p/ (1)), v (¢),
and 13 (1)) are computed. Then, for these densities, one computes the left-hand side of Eq. (2.11),
that is, the value of the operator A’(ry,ry). By A(ry,rs) we denote the operator defined by all
operators A7(ry,r;), that is, the operator taking the functions r;(1)) and ry(¢)) to the values of
normal derivatives of solutions of the Dirichlet problems (1.1)—(1.4) on the boundary I'y for all
7 =1,..., k. Then the posed electric impedance tomography problem can be represented in the
form of a nonlinear operator equation for the unknown functions r; () and r5(1)),

A(r17r2) = 9(1/})7 (2’12)

where A = {A!, A% ... A"}, and g(¥) = {g'(¥). ¢*(¥), ..., g"(¥)}.

Consider an iterative method for solving the operator equation (2.12). Since the two functions
r1(¢) and ry(1)) are unknown, we perform iterations successively for each of them; i.e., we make
several steps for one function, then several steps for the other, and so on. Let 71, (¢)) and 7,,(%)
be some functions obtained in the iteration process. Consider the linearization of Eq. (2.12) with
respect to r1(1) in a neighborhood of 7y, (1) and ry,,(¢); as a result, we obtain a linear equation
for the unknown increment gy, (1) of the function 7, (¢)). By 1/ (¥; 715, Tom)s V1 (1; 710, Tam), and
V) (Y3715, T2 ) We denote the solutions of system (2.8)—(2.10) with the functions 71, (1)) and 7, (1)).

We introduce the functions

Q (C V71 (P), 71, (¥), 710 (€), Tlln(o)V{(C; T1ns T2m)01n (¥) dC

LJO(w’ T1ins T2m, an) -

27ra

+0‘*/8Q (€, 1 (W), 70, (1), 710 (O), 7 (O (G 1y T ) 0, (1) dC

q1

0
27 8 |

+g*/8;22(Ca1/1,rln(ib),r’ln(z/z),rln(g),rgn(g))u{(C;rln,rgm)gln(q)dg
0

27
a .
" U* / 82 (C’ dja "in (w)’ Tlln(qp)’ Tl"(C)? T;n(C))V{ (<7 T1n, T2m)Q/1n(<) dC
0
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and ,
0D,
dp

2m

oD _
0" gy 1O (G 1n, Tam )€ (€) .
0

(C) Q[), Tln(()’ Tlln(C))V{(Ca T1in, TQm)an(C) dC

L{(¢7 T1ins T2m, an) - U*

Consider the following system of linear integral equations for the unknown functions
:[’lj (1/}7 Tin, T2m)7 19{ (1/}7 Tin, r2m)7 a‘nd ﬁ% (1/}7 Tin, TZm) :

[ V@ i) o4 7 [ D61 €D G ) G
0 . 0
+ o* /D2(97 ¢7 7'2171(9)7 Tém(e))ﬁg(ev T1in, r2m) d9 = —le(l/% T1ny T2m, an)y 0 S ¢ S 2777 (213)
0
7”){ (¢7 T1n, T2m) + / Wl(QD, 1/1, Tin (7[))7 Tlln (¢))ﬂj (Soa Tin, T2m) dSO
’ 2
+ o / Q(C? ¢7 7'111(1/})7 Tlln(w)a rln(C)ﬂ Tin(g))l}{(g, Tin, r2m) dC
0

27
+ U* / WQ(G) Q[), Tln(w)’ Tin(ﬂ))? T2m(9)) Tém(e)) A%(97 Tin, TQm) d0
0
= _L%(w;rln7r2ma an)y 0 S 1/} S 27T7 (214)

ﬂ-ﬁg(w;rln)rém)+/W3(907wa’er(ﬂ))vrém(Qp))ﬂj(@; Tln)TZm)dSO
’ 2
+ o /W4(C71/}7r2m(1/})7Tl2m(¢)7Tln(C)77J1n(C))I>{(C; T1n7T2m) dC
0

+ U* /Q(ea¢7TQm(Qp)vTém('(z})’T2m(9)7rém(9))g(9;Tlm'er) d9
0

= _L§(1/137’1n77°2m, an)7 0 S 1/} S 27T7 (215)

where

2
oW,

ap (907 1/’7 T1in (Q[))7 Tin (QZ)))/"LJ (Soa T1n, TZm)an (w) dSD

L%(?Z}, T1ny T2m, an) -
0

2m
oW,

+ aq (907 ¢7 Tln(w)ﬂ rlln (1/1))#] (Sov Tin, r2m)glln(¢) dQO + L6(¢, TinsT2m, an)

0

2
8W2 ’ , J
+ U* 8]91 (07 ¢7 T1in (¢)’ T1in (ﬂ))v T2m (9)7 Tom (9))7/2 (07 T1n, T2m)Q1n (1/’) d9
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27 8W |
to 5q12 (0,2, 710 (), 71, (), 72 (0), 75, (0))13 (0 7100, T2 ) 01, (1) O,

0

4 2m aW 4
L§(¢, Tins T2m, an) =0 ap: (<7 ¢7 T2m(1/})7 T/Zm(w)a rln(()? rlln(C))l/{ (Ca Tin, T2m)gln(<) dC
0

2w
ow, .
+ o* aq: (Cy 1[)7 Tom (QZ}), Tém (1/1), Tln(C)a T;n(g))y{ (C’ Tin, TQm)Q/ln(C) dé’
0

The functions L{(w;rln,rgm,gln), Lg(zp;rln,rgm,gln), and Lg(w;rln,rgm,gln), which are the
right-hand sides of Egs. (2.13)—(2.15), linearly depend on p1,,(¢).

By linearizing Egs. (2.11) for all j = 1,..., k, we obtain
2m
_Wﬂj (zpa Tin, T2m) + Li(% T1ins T2m, an) + / QR(Soa 1/})/1] (Qoa Tin, r2m) dQD
0

2
+O-* /WE’)(C)QZ))Tln(()ﬂalln(C))ﬁ{(C;Tlna’er) dC
0

=g (V) = A (rin, r2)(¥), 0= < 2m, (2.16)
where
2
; . [ OW5 , ;
Li('lp, T1ins T2m, an) =0 8]9 (<7 ¢7 Tln(C)? Tln(C))l/{ (Ca T1in, r?m)gln(g) dC
0
) 2m 8W5

+o 8q (Cv 1/17 Tln(<)7 Tin(C))V{(C) T1n, T2m)Q/1n(<) dC

0

and the functions A7(ry,, ram ) (1)) are obtained by applying the operators A7 to the functions 71, (1))
and 7o, (1).
Equations (2.16), together with system (2.13)—(2.15), define the linear operator equations

Bj [Tln,"f’gm]gln('lp) = h]('lp), O S "l/} S 2. (217)

for the unknown function g,,(¢)). The values of the operators B?[r,,T2,,]01,(%) linear with re-
spect to 01,(1) are defined by the left-hand sides of Egs. (2.16) with the functions /i’ (¢); 715, Tom ),
20 (3 1ns Tam), and 74 (Y 71, 7oy, ) found from system (2.13)—(2.15), and the functions A7 (1)) have
the form h(1) = g7 (1) — A7 (ryp o) ().

The set of equations (2.17) for all j = 1,...,k can be represented in the form of a linear operator
equation for the function g1, (1),

B[Tlny T2m]Q1n = h(¢), (218)

where
B[Tlru TZm] = {Bl [rlna r2m]7 BZ[TlTLJ r2m]7 ey Bk[rlna r2m]}7

h("(/}) = {hl(zp)? h2(¢)7 s 7hk(¢)}
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By solving this equation and by finding the function ¢;,(1)), we obtain

Tint1($) = 11 () + 01n(¥)-

The linear equation for the unknown increment g,,,(1) of the function r,,,(¢)) can be constructed
in a similar way. For the initial approximation to the functions r14(1)) and 74()) one can take very
simple curves, for example, circles. We have thereby completely described the iterative method.

3. IMPLEMENTATION OF THE METHOD AND COMPUTER EXPERIMENTS

Consider an implementation of the suggested iterative method. The definition of the initial ap-
proximation to r19(¢)) and 799(0) in the form of circles with fixed radius is an easy problem. After
the definition of these circles, for their centers we take the points My (201, yo1) and Mos (o2, Yo2),
respectively. Next, we introduce the above-mentioned polar coordinate systems, and on the in-
terval [0,27] we introduce grids and grid counterparts of all functions. After the replacement of
integrals by quadrature formulas, the discrete analogs of integral equations are systems of linear
algebraic equations. Therefore, the discrete analog of Eq. (2.18) is a system of linear algebraic
equations. To solve this system of linear algebraic equations, we use the Tikhonov regularization
method [15, p. 122]. The value of the regularization parameter is coordinated with the accuracy of
the determination of the original information and with the step of the iterative process.

Consider examples of use of the suggested iterative method for the numerical solution of the
electric impedance tomography problem. In the first numerical experiment, the boundary I'y was
given by a circle of radius 50. For the unknown boundary I'; we take an ellipsoid with the principal
axes 40 and 20, and for the unknown boundary I'; we take a convex curve defined by a cubic
spline (see Fig. 1). We use the constants o0p = 5 and ¢ = 1. The number of measurements on the
external boundary is & = 15. The values of the functions f/(M) = fi(x,y) on Iy are defined in
the polar coordinate system with origin coinciding with the center of the circle I'y by the functions
17(50 cos 1, 50sin 1) = fI(v)), ¥ € [0,27] of the polar angle, and

fi () = 50(exp[—4sin®(¢p/2 — jm/15)] — exp[—4 cos (/2 — jm/15)]), j=1,...,15.

~The scheme of the numerical experiment was as follows. For given I'y, T'y, I'y, 09, o, and
f7(1), we solved the Dirichlet problems (1.1)—(1.4) and found the values of the functions g7 (1),
that is, the values of the normal derivatives of solutions of the Dirichlet problems (1.1)-(1.4) on

the boundary I'g. These functions were perturbed, and we obtained the functions gg (1) such that

J _ 4
||g (1[)) 95(¢)||L2[027r] :001’ ] _ 1,,15
||gj (w)HLz[O,ZTr]

40t
301
201
107
0 L
-10}
=20}
_30 L
40t

-60 -40 -20 0 20 40 60
Fig. 1. Results of the first numerical experiment.
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Fig. 2. Results of the second numerical experiment.

Next, for the functions g} (1)) we solved the electric impedance tomography problem by the suggested
iterative method. Figure 1 presents the results of the first numerical experiment. For the initial
approximation to the boundaries I'Y and I') we took circles. On the curves Ty, 'y, and T'y, we chose
uniform grids with 120, 60, and 60 nodes, respectively. The curves I'} and I';! were obtained by the
solution of the inverse problem after 8 iterations for the curve I'; and 11 iterations for the curve I's.
The termination condition for the iterative process was given by the error level for the discrepancy.

In the second numerical experiment, the boundary I'y was given by an ellipsoid with half-axes 120
and 70 (Fig. 2). For the boundaries I'; and I'y we took ellipsoids with half-axes 40 and 24 (Fig. 2).
The constants gy and ¢ and the number of measurements k& were the same as in the preceding
experiment. The values of the functions f/(M) = f7(x,y) on 'y were defined in the polar coordinate
system with origin coinciding with the center of the ellipsoid I'y by the functions

f7(60cos 1, 35sin ) = f7(v), Y €0, 27],
fI(1) = 50(exp|[—4sin®(1p/2 — jm/15)] — exp|[—4 cos®(p/2 — jm/15)]), j=1,...,15.

The scheme of the numerical experiment was similar to the previous experiment. For given
[y, 'y, Ty, 09, 0, and f7(1)), we solved the Dirichlet problems (1.1)—(1.4) and found values of the

functions ¢7(¢). We perturbed these functions and obtained functions gJ(¢) such that

J o
Hg (Qp) gé(zp)”Lz[O,Qﬂ'] _ 001’ j _ 17715
”gj (1/})“112[0727r]

Next, for the functions g}(1)) we solved the electric impedance tomography problem. Figure 2
presents the results of the second numerical experiment. For the initial approximation to the
boundaries I'Y and I') we took circles. On the curves Iy, I'y, and I'y, we chose uniform grids of 120,
60, and 60 nodes, respectively. The curves I'i* and T'}® were obtained by the solution of the inverse
problem after 14 iterations for the curve I'y and 16 iterations for the curve I's. The termination
condition for the iterative process was given by the error level for the discrepancy.

It follows from our numerical experiments that a sufficiently accurate determination of several
boundaries requires a large number of Dirichlet—Neumann pairs.
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