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1. INTRODUCTION

Consider the problem on the periodic solutions of the wave equation

p(aj)utt_(p(w)uz)r :g(l',t,U)—Ff(ZE,t), 0<z<m, tER> (1)
u(z,t +7T) =u(x,t), O<z<m, teR. (2)

The boundary conditions have one of the forms

u(0,t) = u(m,t) =0, t e R, (3)
u(0,t) = u/(m,t) =0, teR, (4)
uw'(0,t) = u/(m,t) =0, t € R. (5)

The more general equation
Q(Z)’tht - (/L(Z)UZ)Z = h(z7t>u) + F(Z>t)>

which describes the propagation of seismic waves, can be reduced to Eq. (1) by the change of

variables [1] 2 = [ \/o(s)/u(s) ds.
The function p(z) satisfies the conditions

p(z) € C?[0, 7], p(z) >0, x € [0, 7). (6)

Set Q = [0,7] x R/(TZ), n,(x) =27"p"/p—47'(p'/p)?, and Z; = N U {0}.

The problem on the periodic solutions of a quasilinear wave equation with constant coefficients
was studied in numerous papers (e.g., see [2-7]). It was proved in [1, 8-11] that there exist time-
periodic solutions of the wave equation with variable coefficients for the case in which the function
n,(x) is of constant sign (n,(x) > 0, € [0,7], in [1, 8-10] and 7n,(z) < 0, z € [0,7], in [11]).
The aim of the present paper is to prove theorems on the existence of time-periodic solutions of
the wave equation (1) with one of the boundary conditions (3), (4), and (5) for the case in which the
function 7,(z) can change sign on the interval [0, 7].
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PERIODIC SOLUTIONS OF THE WAVE EQUATION 249

2. PROPERTIES OF THE LINEAR PART OF THE EQUATION

We seek solutions of problems (1)—(3); (1), (2), (4); and (1), (2), (5) as sums of Fourier series.
To construct the corresponding orthonormal systems, consider the Sturm-Liouville problems

—(p(a)¢'(2)) = Ap(z)p(z),  O<z<m, (7)
©(0) = p(m) =0, (8)
0(0) = ¢'(m) = 0, (9)
'(0) = ¢ (m) = (10)
Consider the spaces Ly(0,7) and Ly(2) in which the inner product is defined by the formulas
(0.0) = [ ds. o e L0.m)
(u,v) = /u(:r tyv(z,t)p(z) dx dt, u,v € Ly(2).
It follows from problem (7), (8) [or (7), (9), or (7), (10)] that

3 [ @) ds = [(#a) pla) do. (1)

Therefore, problems (7), (8); (7), (9); and (7), (10) have nonnegative simple [12, pp. 220-222 of
the Russian translation] eigenvalues A = A2, n € N (), > 0), with the corresponding eigenfunc-
tions ¢, (x). Here the eigenvalues are numbered in ascending order, and for all three Sturm-Liouville
problems, we introduce the same notation for the eigenvalues and eigenfunctions. Note that the
inequality A, > 0, n € N, holds for problems (7), (8) and (7), (9), and, for problem (7), (10),
we have Ay =0, A\, > 0, n > 2, and ¢, is a constant function.

We assume that the functions ¢,(z) are normalized in Ly(0,7). By the Steklov theorem,
the function system {¢,(z)} is complete and orthonormal in Ly(0, 7). Note that relations (8)—(11)
imply that the function system

{2, (2)/An} (12)

[n > 2 for problem (7), (10)] is orthonormal in L,(0,7) as well.

The following asymptotic representation of eigenvalues of the Sturm-Liouville problem (7), (8)
was proved in the monograph [12, pp. 220-222 of the Russian translation] :

B 1
An = 13
n+27rn—|—oz (13)

where B = [ ,(z) dz and o, = O(1/n?), n € N. For problem (7), (9), we have the relation

1 B1
)\n =n—- + + ﬁn) (14)

2 2mn
where B = [ n,(z) dz — p'(7)/p(r) and 3, = O(1/n?), n € N, and, for problem (7), (10), we have
A =0 and B
1
A =n—1 1
n=n + o n + Y, (15)
where B = [ n,(z) dz + p'(0)/p(0) — p/(7)/p(r) and v, = O(1/n?), n € N, n > 2.
Let H;(2) be the Sobolev space obtained by the closure of the space C*°(2) in the norm
lulli = (Jo,(u* +u2 +ui)p(z) de dt)'/?, and let HY () be the closure, in the norm || - ||;, of the space
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250 RUDAKOV

of functions infinitely differentiable in 2 and compactly supported with respect to x on [0, 7] for
each t. The function system

1 2 2 2 2
A= {¢T90n($), \\;T%(ﬂc) cos ;mt, ston(:L“) sin ;mt}nmeN

is complete and orthonormal in L, (£2).

By D we denote the set of finite linear combinations of functions in the system A. We define
the operator Ay : L2(Q2) — Lo(£2) such that D(Ay) = D and Aoy = pou — (P@z)z, p € D(Ao).
Let Agp = p~tAgp, p € D(Ap). Set A = (Ag)* in Ly(Q2). The functions in the system A are the
2m

2
Tm> ,meN meZ,,

eigenfunctions of the operators Ay and A with eigenvalues i, = A2 — <
which correspond to the eigenfunctions T,,p, (x) cos gmt, n €N, me Z,, T,p,(r)sin ;mt,

n,m € N. Here T,, = form:OandTm:\/;form>0.

1
VT

We seek periodic solutions for which the time period has the form

b
T= 27ra, a,b eN, (a,b) = 1. (16)
The function
U= Z Z Tpn () (anm cos amt + b,y Sin amt) (17)
n=1 m=0 b b

belongs to D(A) if and only if the series > > > u2 (a2, +b2,) is convergent. In addition,

oo

= a a
A — n’m.irzm. n < nm t bn’m. i t) .
u Z Z,u on() ( anm cos B + sin, m

n=1m=0

Set 0(A) = {ptnm| (n,m) € N x Z,}. Tt follows from relations (13)—(15) that p,,, = 0 if and
only if the relations

B B B
am — nb = b +ba,, 2am— (2n—1)b= b +2b6,, am—(n—1)b= b + by, (18)
2mn ™ 2mn

hold for problem (1)-(3), problem (1), (2), (4), and problem (1), (2), (5), respectively. If B # 0,
then, for sufficiently large n, the right-hand sides of relations (18) belong to the interval (—1,1)
and are nonzero. Therefore, Eq. (18) has at most finitely many solution pairs (n,m) for B # 0.
Consequently, in this case, the space Ker A is finite-dimensional.

From relations (13)-(15), we obtain the following representations for ., corresponding to
problem (1)—(3), problem (1), (2), (4), and problem (1), (2), (5), respectively:

1 B
am = (nb — am)(nb + am) +  + d, (19)
Lo = 422 ((2n —1)b — 2am)((2n — 1)b + 2am) + f + B, (20)
1 B
Ham = 5 (0= Db = am)((n = )b +am) +  + %, (21)

where &, — 0, 3, — 0, and 7,, — 0 as n — o0.
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PERIODIC SOLUTIONS OF THE WAVE EQUATION 251

Note that the equations nb — am = 0 and (n — 1)b — am = 0 have the solutions n = ar and
m = br, r € N, respectively; n = ar + 1 and m = br, r € N. Therefore, for problems (1)—(3)
and (1), (2), (5), we have the relations

B B
hm M ar)(br) — 9 hm M ar+1)(br) — . (22)
Bm fiaryen = 0 far+1)(br) =

If b is even (accordingly, a is odd), then the equation
2n—-1)b—2am =0 (23)

has the solutions n = ar — (a — 1)/2, m = b(2r — 1)/2, r € N, and for problem (1), (2), (4), there
exists a limit B

Tlim Hlar—an)(bzr-1)/2) = (24)

where a; = (a —1)/2.
Therefore, for problems (1)—(3) and (1), (2), (5), the set o(A) has the unique limit point B/7.

For problem (1), (2), (4), the set 0(A) has the unique limit point B/m for even b, while for odd b
Eq. (23) has no integer solution, and o(A) is a discrete unbounded set without finite limit points.

One can readily see that there exists a positive constant Cj such that
[aun] = Co(n +m) (25)

if o # 0; bn # am for problem (1)—(3), b(n — 1) # am for problem (1), (2), (4), and either b is
odd or b(2n — 1) # 2am for problem (1), (2), (5).

In a standard way (see [1]), one can prove the following properties of the operator A: (a) the op-
erator A is self-adjoint in L,(€2); (b) R(A) is closed in Ly(2); (¢) L2(Q2) = Ker A & R(A).

3. QUASILINEAR EQUATION

First, we assume that f € Ly(€2) and the nonlinear term ¢ is continuous with respect to all
variables and satisfies the following condition: there exist constants o, € R and C € (0,+00)
such that
g9(@,t,u)

a <
~ pla)u

<8, u € (—o0,—C) U (C, 4+00), (z,t) € Q. (26)

Definition 1. A generalized solution of problems (1)-(3); (1), (2), (4); and (1), (2), (5) is
a function u € Ly(2) such that

/u P — (PPe)e) da dt = /(g(m,t,u) + e dxdt, p € D.

Q Q

The following assertion holds for problem (1), (2), (4).

Theorem 1. Let the function g be continuous with respect to all variables and T-periodic in t,
and let conditions (6), (16), and (26) be satisfied, where b is odd and [o, 5] No(A) = &. Then for
each function f(z,t) € Ly(S2), problem (1), (2), (4) has a generalized solution

ue Hi(Q)NCQ).

If, in addition, the function g(x,t,u) satisfies the condition

au —v)* <

p(lx) (9(z,t,u) — gz, t,v))(u —v) < Blu— 0)2, u,v € R, (x,t) € Q, (27)

that this generalized solution is unique.
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252 RUDAKOV

1
Proof. Set B(u) = () g(x,t,u). Then B is an operator from L,(2) to Ly(€2). The function
u € Ly(Q2) is a generalized solution of problem (1), (2), (4) if and only if

Au— Bu) = ]1) f. (28)

We prove the existence of a solution of Eq. (28) with the use of Theorem 3.1 in [10]. In a stan-
dard way (see [4]), one can prove the convergence of the series ) i p2, < oo. Therefore,

the operator A™': R(A) — R(A) is compact.

It follows from condition (26) and the assumptions of the theorem that there exist constants Cf,
Cy, ay, (1, d, and A such that [«, 5] C (aq,31), (o1, 8] No(A) = @, A € (ay,51), d € (0,5, — N),
C1,Cy € (0,400), and g(z,t,u)/p(x) = Au+ h(z,t,u), where

h(z,t,u)u > —Cy, |h(z,t,u)| < dlu| + Cy, (z,t,u) € 2 x R. (29)
Consequently,

(B(u) — A\u,u) = /h(m,t,u)up(a:) dx dt = / |h(z,t,u)u + Ci|p(x) dz dt — Cy /p(a;) dx dt

Q Q

> / Ih(z, £, 0)] |ulp(z) dz dt — 20 / p(z) dz dt

Q

Q
> ;/hz(m,t,u)p(a:) dx dt — Cdz / |h(z,t,u)|p(x) dedt — Cs
Q Q

3
4e2

v

1 1
Bt )| = Cul|a(, t,w)| - Cs > < - E2> A, tu)l* = % = Cs.

Here (5 and C} are positive constants independent of u, and ¢ is an arbitrary positive constant.
The assumptions of Theorem 3.1 in [10] are satisfied for sufficiently small e. This implies the
existence of a solution u € Ly(Q2) of Eq. (28).

Set h = B(u) + p~ 1 f € Ly(R2). We expand the function h in a Fourier series in the system A,

h= Z Z T pn(x) <6an cos th + by SIN th).

n=1m=0
Let u = uy + uy, where u; € Ker A and uy € R(A). Then

Uy = Z Tpn () 1

_ a - .a
(anm cos . mt + b, sin mt) .
— Hnm b b

Since |¢,(z)| < C for arbitrary n and x € [0, 7] (see [12, pp. 220-222 of the Russian translation])

and
) ) 1/2
> ([anm| + bam]) < ( > ) 1Al < o0,

,Ufnm?éo |N7’Lm| ;U'nm;éo nm

we have us € Cy(Q2). It follows from inequality (25) that the sequence { " } is bounded. Con-

Mnm
A"L .
sequently, (up); € Lo(€). It follows from relations (25) and (14) that the sequence { } is
Hnm

bounded. Since system (12) is orthonormal, we have the inclusion (us), € Lo(€2). Therefore,
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PERIODIC SOLUTIONS OF THE WAVE EQUATION 253

The uniqueness of the solution under condition (27) can be proved by analogy with Assertion 1.1
in [13]. The proof of the theorem is complete.

Remark 1. Condition (27) is satisfied if, say, g € C'(2 x R) and a <

Q2 xR.
Consider problems (1)—(3) and (1), (2), (5) and problem (1), (2), (4) in the case of even b.

o) % < B, (z,t,u) €

Theorem 2. Let the function g € C'(Q x R) be T-periodic in t, and let conditions (6) and
(16) be satisfied. In the case of problem (1), (2), (4), assume that b is even and there exist positive
constants My, My > 0 such that

lgs (x, t,u)| < Mylu| + M, (u,z,t) € R x Q. (30)
In addition, assume that either B < 0 and condition (26) is satisfied, where
a> B/, [, flNo(A) =@
and .
_,-Y S gu(x, 7u) S M3, (u,:L’,t) e R X Q,
p(z)
or B > 0 and condition (26) is satisfied with § < B/7, |[—3,—a]No(A) = &, and
-7 < _gulztyu) < Ms, (u,z,t) € R X Q,
p(x)

where M3 > 0 and v € (0,|B|/m). Then, for each f(x,t) € Hi(2), problems (1)—(3); (1), (2), (4);
and (1), (2), (5) have a generalized solution w € H,(Q) N C(Q). In the case of problem (1)—(3),
the solution u belongs to HY(Q) N C(Q).

Proof. Consider the case in which B < 0. (The case of B > 0 can be considered in a similar
way.) We prove the existence of a solution of Eq. (28) by using Theorem 3.2 in [10] and by noting
that the assertion of this theorem remains valid if the condition A > 0 is replaced by the condition
A > —a. In this case, its proof remains the same.

We rewrite Eq. (28) in the form

—Au+ B(u) = —;f. (31)

2
exists a number ry, € N such that the inclusions

1 B 1 B
Set ag = 5 (7 + | |> and by = (—'y + 3 ‘> It follows from relations (22) and (24) that there
™ T

—M(ar)(or) € [ao, bo), —Har+1)(br) € [ao, bo) s —M(ar—ay)(b2r—1)/2) € [ao, bo)

hold for the respective three problems for all r > rg.
For each of the considered problems, by M and L we denote the sets

M = {(n,m) € N X Zy| pnm # 0, nb# ma}
U{(n,m)| n=ar, m=>br, r € N, r <ro, lr)or) 7 0},
L={(n,m)n=ar, m=0br, re N, r > ry}

for problem (1)—(3),
M ={(n,m) € NXZ,| tpm #0, (2n — 1)b # 2ma}

a—1 b
U {(n,m)| n=ar — , m= 2(2T — 1), re N, T <To, Mar—ay)(b(r—1)/2) ?é 0},

b
5 ,m:2(2r—1), r €N, TZTO}
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254 RUDAKOV
for problem (1), (2), (4), and

M = {(n,m) € N X Z| iy # 0, (n— )b # ma)
U{(n,m)|n=ar+1, m=>br, r € N, r <ro, lartier 7 0},
L={(n,m)n=ar+1, m=br, reN, r>ry}

for problem (1), (2), (5). Here a; = (a — 1)/2. In addition, we introduce the sets
Ay = {u € A| Au =0}, Ay = {gpn(m) cos th, n () sin th\ (n,m) € L},
As = {gpn(m) cos th, ©n () sin th\ (n,m) € M}

Let Ny, N,, and N3 be the closures of the sets of finite linear combinations of A;, Ay, and Aj,
respectively, in Ly(€2). Note that N; = Ker A.

In a standard way [4], one can show that Z(n)m) e /12, < co. Therefore, properties I and II
in [10] hold for the operator —A.

It follows from the assumptions of the theorem that there exists a number A < « such that
A, alNo(A) = @. Set h(z,t,u) = g(x,t,u)/p(x) — Au. It follows from condition (26) that there
exist constants C;,Cy € (0,00) and d € (0,3 — A) such that inequalities (29) are true. Just as in
Theorem 1, one can prove the existence of a constant Cy such that

(B(u) — Au,u) > 47 | B(u) — Aul|®* — Cs, u € Ly(9).

Here v, € (0, A — ), and X is the least eigenvalue of A exceeding 3. Therefore, the assumptions of
Theorem 3.2 in [10] are satisfied. This implies the existence of a generalized solution u € Ly(Q)
of problems (1)~(3); (1), (2), (4); and (1), (2), (5).

Let us show that if u is a generalized solution of problem (1)-(3), then u € HY(2) N C(Q).
The inclusion v € H;(Q2) N C(Q2) for problems (1), (2), (4) and (1), (2), (5) can be proved in
a similar way.

By P;, P, and P3 we denote the orthogonal projections in Ly(2) onto the subspaces Ny, Ns,
and N, respectively. Then u = u; + uy + uz, where u; = Pu, i € {1,2,3}. We project Eq. (31)
onto Ny, Ny, and Ns,

P (pay#e0:) + (g 120) =0

Aus = P, (p (133) g(a:,t,u)) + P (p (133) f(x,t)), (32)
Au = Py (p (133) g(a:,t,u)) + P (p (133) f(x,t)). (33)

We expand the function (1/p(z))f(x,t) in a Fourier series in the system A,

. a
f ;;ng@n ( A, © bmt+bnm sin bmt).
Since the function p~' f € H,(Q) is T-periodic in ¢, we have
SN mP(al,, +1b2,,) < . (34)
n=1m=1

Consequently,

Z k*(a} + B7) < oo, (35)
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PERIODIC SOLUTIONS OF THE WAVE EQUATION 255

where o, = a(ar) k) and By = biary k- Set f; = Pi(p~'f), i € {1,2,3}. Then

fo= Z Torpar () (e, cos(akt) + Oy sin(akt)). (36)

]C:To

It follows from inequality (34) that (f2): € La(€2). In addition,

o0 o0

S ysspu () (e cos(aht) + By sin(akt))] < 3 [Tonlpun () (lax] + 1))
k=ro k=ro . 1 s
<06<Zk;2> (Zkz +5k> < 09,
k=ro k=ro

because T,,|on(z)] < Cg for arbitrary n, m, and z € [0,7] (see [12]). Consequently, fo € C(Q).
Consider the series

Z Toeols (z) (o cos(akt) 4+ By sin(akt)). (37)

]C:To

Since system (12) is orthonormal, it follows from relations (13) and (35) that the series (37) is
convergent in L,(£2). Consequently, (fs), € Ly2(€Q2) and f, € H,(2). Since N, is finite-dimensional,
we have the inclusion f; € H{(§2).

Relation (33), inequality (25), and the convergence of the series >, . 1/ps, imply the
inclusion uz € HY(Q) N C(Q) (see [11]). By using the Rabinovich method [16], we show that

For a function F' € Ly(Q), let F" = h='(F(z,t+ h) — F(x,t)) for h # 0. Take the inner product
of relation (32) by (u)™" € N in Ly(Q),

(Aul,ult) :/(g(a:,t,h))hugda:dt—k/fhugdmdt.
Q

Q

Let us transform the integrated function as follows:
1
(gt )" =, (9t + (e, t+ 1) = gl ue, -+ 1)

+ ;l(g(m, t,u(z,t +h)) — g(x,t,u(z,t)))

= gi(x,7(x,t, h),u(z, t + h)) + gu(z,t,0(x,t, h))u"

Consequently,

((— Ay, ul) + / gu(, 1, 0(, £, ) (ulk)? dor

Q

=— /(gt(m,v'(a:,t, h),u(z,t 4+ h)) + fM)ul dedt — /gu(m,t, O(x,t,h))(u" + ub)ub d dt.
Q Q
From inequality (30), the assumptions of the theorem, and the definition of N,, we obtain the

estimate
h
agllusl|® < Cr(1+ [luf + g || + 1/ Dllus,

| Bl

1
where oy = 5 (
T

— 7) and C'; is some positive constant.
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Since f,uy,us € Hi(2), we have
luf +ug || + [ fII" < Cy
for some positive constant Cy independent of h. Therefore,
luz]| < ag ' Cr(1+ Cs)

for all h; consequently, there exists (us); € Lo(€2). It follows from the definition of N, that

Uy = EOO: Ty par(z) (. cos(art) + (B, sin(art)).

T=To

Since u, is a periodic function, we have the relation

(uz); = a Z TyrPar(x)r(—a,. sin(art) + B, cos(art)).

T=To

Since (uq); € Lo(£2), it follows that

oo

>0 + 8 < . (38)

T=To
Since

oo 00 1/2 IS 1/2
S (a4 18.]) < (Z 1) (Zr%a%ﬁf)) < oo,

T=T0 T=To T=To

it follows that uy € C(£2). Since the function system (12) is orthonormal, it follows from rela-
tions (13) and (38) that (up). € Lo(Q). Consequently, us € H?(Q) N C(Q). The proof of the
theorem is complete.

Remark 2. The solution found in Theorem 2 is unique, if, in addition to assumptions of the
theorem, condition (27) holds for B < 0 and the condition

a(u - U)Q < (1/p($))(g($7t>v) —g(l’,t,U))(U - U) < ﬁ(u - U)Zv
u,v € R, (z,t) € Q x R, is satisfied for B > 0.

4. WAVE EQUATION WITH NONLINEAR TERM OF POWER-LAW GROWTH

We write out the wave equation in the form
p(x)uy — (p(x)uy), + gz, t,u) =0, 0<zxz<m, teR. (39)
Suppose that there exist positive constants A;, Ay, Az, A4, and r such that the inequality
Aslu|"™' — Ay < |g(z,t,u)] < Ayjul" ™ + A, (40)

where )
T>2, rAl <A3§A1, (41)

holds for all (z,t,u) € Q x R.

Definition 2. A generalized solution of problems (38), (2), (3); (39), (2), (4); and (39), (2), (5)
is defined as a function u € L,.(€2) such that

/u(pgott — (pps)s) dx dt + /g(m,t,u)gp dxdt =0, p€eD.

Q Q
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PERIODIC SOLUTIONS OF THE WAVE EQUATION 257

Theorem 3. Let conditions (6) and (16) be satisfied, let the function g be continuous on Q xR,
be T-periodic with respect to t, and satisfy conditions (40) and (41), and let either g be indepen-
dent of t or g(x,t,—u) = —g(x,t,u) for all (z,t,u) € Q x R. In addition, suppose that either
B > 0 and the function g is nondecreasing with respect to u for all (x,t) € Q or B < 0 and the
function g is nonincreasing with respect to u for all (x,t) € Q. Then for each d > 0, there ezists
a generalized solution u € L,.(Q2) of problems (39), (2), (3); (39), (2), (4); and (39), (2), (5) such
that ||u||, > d. For odd b, the generalized solution u of problem (38), (2), (4) satisfies the inclusion
ue H(Q)NC Q).

The proof of the theorem reproduces that of Theorem 3.1 in [15] with the use of the Feirisl
method [17].
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