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1. INTRODUCTION. STATEMENT OF THE PROBLEM

Of basic methods for the study of the existence of periodic solutions of differential equations,
we note the method of Poincaré—Andronov point mappings [1, p. 328; 2, p. 66|, the topological
method, the method of directing functions [3, p. 72; 4, p. 172], variational methods, etc. The ap-
proach suggested in the present paper is most close to the method of integral equations, which is
presented in detail in the monograph [5, p. 146]; however, we substantially modify it. Such an ap-
proach was also used in the monograph [6, p. 26] and in a number of other publications for the
study of periodic and bounded solutions of differential equations. These papers are characterized
by the procedure of construction of a Green operator function, which is used for the construction
of a periodic solution. The construction of a Green operator function and verification of conditions
that should be satisfied for it are cumbersome procedures. The solution of each particular prob-
lem requires a nontrivial preliminary study. One should separately study whether the solution is
classical.

The approach developed in the present paper permits one to avoid these difficulties. The condi-
tions ensuring the existence and uniqueness of a classical w-periodic solution are easy to verify and
are stated in terms of characteristics of the right-hand side of the differential equation (the Lipschitz
constant, the value of deviations in the case of a functional-differential equation of point type, and
the coefficients of the linearized equation). The linearization of the right-hand side of the equation
is one essential characteristic of the approach considered below. As a rule, the Taylor linearization
is the most widespread method for the extraction of the linear part. There are examples that show
that the Taylor linearization does not necessarily permit one to prove the existence of a periodic
solution; but this is possible with other linearizations.

In the present paper, we consider the functional-differential equation of point type
i) = gzt +m), .. a(t+7),  tER, (1)

where the function g(-) € C® (R x R"** R"), k € {0,1,...}, is 27m-periodic with respect to time.
A solution of Eq. (1) is defined as any absolutely continuous function x(-) satisfying the equation.
Since the right-hand side of the equation belongs to the space C*) (R x R™** R"), k € {0,1,...},
it follows that any solution z(+) belongs to the space C**1 (R, R"). An equation of any period w > 0
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1542 BEKLARYAN, BELOUSOV

can be obviously reduced to an equation of period 2w. We state conditions for the existence and
uniqueness of a 27-periodic solution z(-) of Eq. (1), describe an iterative algorithm for constructing
such a solution, and estimate the convergence rate of the process.

Since we study 27-periodic solutions, it follows that, without loss of generality, one can assume
that all deviations 7,...,7, belong to the interval [0,27). Indeed, if one has deviations 7; €
27k, 2n(k + 1)), j € {1,...,s}, k € N, then, instead of them, one can take the deviations 7; =
7; — 2mk. If one has deviations 7; € [—2mw(k + 1), —27k), k € N, then, instead of them, one can
take the deviations 7; = 7; + 27 (k+1). Obviously, the resulting equation has the same 27-periodic
solutions as the original one.

In addition, we assume that the deviations 7, ..., 7, satisfy the condition of commensurability.
This means that, for arbitrary =, and 75, 7,5 € {1,...,s}, there exist numbers ny,n, € NU {0}
satisfying the conditions n, + ny # 0 and n4|7;| = na|7;|.

Equation (1) can be represented in the form

B(t) =Y aat+m)+ fLat+n),..,2t+7)), tER, (2)

Jj=1

where
a; € R, 7; € [0, 27), je{l,...,s},

f,xt+m),...,2(t+715) =gt x(t+711),...,2(t+ 7)) — Zajx(t +75),

and the deviations 7,...,7, are commensurable. The present paper deals with the study of con-
ditions imposed on a;, 75, 7 € {1,...,s}, and f(-) and ensuring the existence and uniqueness of
a 2m-periodic solution.

This type of functional-differential equations was studied in the monograph [7, p. 37|, where
conditions were obtained ensuring the existence and uniqueness of a solution of the Cauchy problem

z(t) =g, z(t+7),...,2(t+7s)), teR, (3)
z(0) =z, x € R", (4)

in a special function class. The function g(-) should satisfy the following conditions.
L g(-) € C®(R x R"**,R"), k € {0,1,...}.
II. The inequalities

e, Mo(-) € COR,R),

lg(t, 21, . w)llzn < Mo(t) + My Y ||z
j=1

||g(t7$17 s ,LL‘S) - g(t7$17 ce >$S)||R" < LQZ ||$] - xjHR"
=1

hold for all ¢, z;, and z;, j = 1,...,s. Note that the second inequality is the Lipschitz condition.
III. There exists a pu* € R such that the expression

sup Mo(t + ) (u*)""!

€L

has finite value for any ¢ € R and is a continuous function of the argument t.
IV. There exists a pu* € R such that the family of functions

Giveres () = gt + i, 21,0y 20) ()] i €7, (z15...,2,) € R™
is equicontinuous on any finite interval.
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PERIODIC SOLUTIONS OF FUNCTIONAL-DIFFERENTIAL EQUATIONS 1543

Obviously, by virtue of the periodicity of the right-hand side g(-) of Eq. (1), condition IIT is
necessarily satisfied; therefore, throughout the following, we assume that p* = 1.

We introduce the space

LrCH(R) = {x(-)\ z(-) € CH(R;R"), max sup ||z (t)e ! ||gn < —l—oo},

0<r<k ¢cRr

where k € {0,1,...} and p = e~°.
The following assertion was proved in the monograph [7, p. 45].

Theorem 1. If the function g(-) satisfies conditions I-IV and the inequality

L, Z p Il < Inp? (5)

j=1

), then for each x € R", there exists a solution x(-) € LICH(R)

holds for some p € (0,u*) N (0,1
(4). This solution is unique and, moreover, belongs to the class

of the Cauchy problem (3),
LpCHE(R).

If the function g(-) € C®(R x R™** R"), k € {0,1,...}, occurring on the right-hand side in
Eq. (3) is w-periodic, one can state a corollary of this theorem.

Corollary 1. Let the function g(-) € C*(R x R"** R"), k € {0,1,...}, occurring in Eq. (3)
be w-periodic with respect to time. If it satisfies conditions 11 and IV and inequality (5) holds for
some p € (0,1), then for each x € R™, there exists a solution xz(-) € LIC®(R) of the Cauchy
problem (3), (4). Such a solution is unique and, moreover, belongs to the class LIC*D(R).

Consider the function space
ViR xR™ R") ={f(-): f(-) satisfies the conditions I-III}.

For all functions in V,-(R x R™,R"), the parameter pu* € R, coincides with the corresponding
constant in condition IIL. In the space V- (R x R"*,R"), one can introduce the Lipschitz norm

l9()]

Ly, = Sup ”f(t, 0, .. ,O)@ié*lt‘ HR"
teER

+ sup ||g(t,z1,,zs)—g(t Zlv

621500y 28, 215, Zs ERX RS XR7S

-1
|| <Z||ZJ ZJ”R") )

p=e?.
Obviously, for a function g(-) € V- (R xR"*,R"), the least value of the constant L, in the Lipschitz
condition (condition II in this section) COlnCldeS with the value of the second term in the definition
of the norm of f(-). Throughout the following, the Lipschitz constant L, is treated in the sense of
its minimum value. We consider the right-hand side of a functional-differential equation of point
as an element of the Banach space V. (R x R™*,R").

To indicate the dependence of the solution of the Cauchy problem (3), (4) on the initial value
Z and on the right-hand side g(-) of the functional-differential equation itself, we use the notation
x(t;t,Z, g). The continuous dependence of the solution z(-) is treated as its continuous dependence
on the variables ¢,z, g € R x R™ x V. (R x R™*,R"™).

The following assertion was proved in [7, p. 47].

Theorem 2 (the structural stability theorem). Under the assumptions of Theorem 1 and Corol-
lary 1, the solution of the main Cauchy problem (3), (4) depends continuously on the variables t,
z, and g.
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Remark 1 [7, p. 47]. In Theorem 2, the solution treated as an element of the space EZ(C(O) (R)
depends continuously on z and ¢g(-).

Since we consider only periodic functions in what follows, instead of the spaces .CZC(k)(R) we
use the ordinary spaces C*)(R,R"), k € {0,1,...} of continuous functions.

2. PROPERTIES OF PERIODIC SOLUTIONS
OF THE LINEAR HOMOGENEOUS EQUATION

Let us prove some properties of linear functional-differential equations of point type which will
be used in forthcoming considerations.

Consider the homogeneous functional-differential equation of point type
z(t) = Zajx(t +75), teR, (6)
j=1

where a; € R, 7; € [0,27), j € {1,...,s}.
Let us describe the domain of all (ay,...,as,71,...,7) E R X -+ x Rx [0,27) X -+ x [0,27) for
which the homogeneous equation (6) has only the zero 27-periodic solution.

Lemma 1. The homogeneous equation (6) has a unique 27-periodic solution if and only if the
parameter set (ay,...,a5,T,...,7s) € R* X [0,27) X -+ x [0,27) simultaneously satisfies the condi-

tions
S S S
E a; # 0; E a; cos kT; k — E a; sin kT;
Jj=1 Jj=1 Jj=1

for all k € N. Such a 2m-periodic solution is trivial. Otherwise, the homogeneous equation (6) has
infinitely many 2m-periodic solutions.

+ #0 (7)

Proof. By taking into account the fact that, in particular, the solutions of the homogeneous
equation (6) belong to the space C' (R, R"), one can represent any ith coordinate, i € {1,...,n},
of an arbitrary 2m-periodic solution on the interval [0,27] in the form of the convergent Fourier
series

zi(t) = o+ Z Q; 251 CO8 kt + v o1 sin kt, ie{l,...,n}.
k=1

By substituting which representation into Eq. (6) and by matching the coefficients of the corre-
sponding basis functions, we find that the relations

1: —ai)OZajZO,
j=1
coskt: — op—1 Z a; cos kT; + o o, <k — Z a; sin ij) =0,

j=1 Jj=1
sinkt:  a;or—1 (—k + Zaj sin k7j> — Qo Zaj coskt; =0
j=1 j=1
should hold for arbitrary ¢« € {1,...,n} and k = 1,2,... Consequently, there exists a nonzero

27-periodic solution of Eq. (6) if and only if either 3 °_, a; = 0 or the relation det A, = 0 holds
for some k € N, where

A, = - ijl ajcoskt; k— Ej:1 a; sin k; ' ®
—k+3_a;sinkr; =30 a;coskT;
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One can readily see that

S 2 S 2
det A, = (Z a,; cos ij) + <k — Z a; sin ij) ,
j=1 Jj=1

which implies the assertion of the lemma.
If the right-hand side of Eq. (6) consists of a single term, i.e., has the form

z(t) = ax(t + 1), t €R, 9)
then the result can be refined. In this case, we have det A, = a® + k? — 2aksinkr, k € N, and
the represented expression can be zero if either a = k and sink7 =1 or a = —k and sink7 = —1.

By taking into account the above argument, we state one more assertion. To this end, we introduce
the system of sets

2k k

3 7
a , T 2k+ 7Tk

Hk:{(a,7)|a:k‘, r=" —|—27T], jE{O,...,k—l}},

H = {(a,f)

,jE{O,...,k—l}}, ke N.

Lemma 2. The homogeneous equation (9) has a unique 27-periodic solution if and only if a # 0
and the set of parameters (a,7) € R x [0,27) does not belong to the countable set | J, o (H, U H_y).
Such a solution is trivial. Otherwise, the equation has infinitely many 2m-periodic solutions.

3. PROPERTIES OF PERIODIC SOLUTIONS
OF THE LINEAR INHOMOGENEOUS EQUATION

Let us present some general properties of periodic solutions, which are well-known for ordi-
nary differential equations and are necessary for forthcoming considerations. Similar results for
ordinary differential equations can be found in [8].

For an equation of the general form (1), we state a simple but very important assertion.

Proposition 1. Let the assumptions of Corollary 1 be satisfied; then a solution z(-) of Eq. (1)
is 2m-periodic if and only if it satisfies the relation x(0) = x(27).

Proof. The desired assertion readily follows from the 27-periodicity of the function g(-) with
respect to ¢ and the validity of the condition for the existence and uniqueness of the solution of the
Cauchy problem (3), (4) (see Corollary 1). The proof of the assertion is complete.

Let us proceed to the study of the linear inhomogeneous equation

B(t) =Y am(t+7)+£(), teR, (10)
j=1
where a; € R, 7; € [0,27), j € {1,...,s}, and £(-) € CY(R,R") is a 27-periodic function. Along
with it, we consider the corresponding linear homogeneous equation (6).

Obviously, conditions I-IV hold for the right-hand sides of Eqgs. (10) and (6). Let us introduce
the constant
M = max |a;|.

1<j<s
Theorem 3. Let inequality (5), which acquires the form
MZ/J‘”I <lnp*, (11)
j=1

hold for some p € (0,1). Then Eq. (10) has a unique 2m-periodic solution if and only if the identical
zero is the unique 2m-periodic solution of the homogeneous equation (6).
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1546 BEKLARYAN, BELOUSOV

Proof. Before proceeding to the proof, we introduce the fundamental solution matrix ¢(t). It is
the solution of the matrix equation

¢(t) = Zajqﬁ(t + Tj), t e R,

with the initial condition
9(0) = 1.

The existence of such a fundamental solution matrix follows from Corollary 1. By Corollary 1,
any solution of the homogeneous equation (6) can be represented in the form z(t) = ¢(¢)x(0), and
an arbitrary solution of the inhomogeneous equation (10) admits the representation

z(t) = ¢(t)z(0) + (),

where () is the particular solution of Eq. (10) with the initial condition 1(0) = 0.

Sufficiency. Let the trivial solution be the unique 2m-periodic solution of the homogeneous
equation (6). Then Proposition 1, together with the representation x(27) = ¢(2m)x(0) of solutions
of the homogeneous equation (6), implies that = 0 should be the unique solution of the equation
x = ¢(2m)z. Consequently, det(I — ¢(27)) # 0. On the other hand, an arbitrary solution of the
inhomogeneous equation (10) satisfies the relation x(27) = ¢(27)z(0) + ¢»(27). Since a periodic
solution satisfies the condition x(0) = x(27), it follows that the equation can be reduced to the so-
lution of the equation (I —¢(27))z = ¥(27). Since det(I— ¢(27)) # 0, we find that the 27-periodic
solution of the inhomogeneous equation (10) is unique.

Necessity. Assume that the inhomogeneous equation (10) has a unique 27-periodic solution.
We argue by contradiction. Suppose that the homogeneous equation (6), in addition to the zero
solution, has at least one more 27-periodic solution. Hence it follows that det(I—¢(27)) = 0. In this
case, the equation (I — ¢(27))z = ¥ (27) either has no solutions or has infinitely many solutions,
which contradicts the uniqueness of the 27-periodic solution of the inhomogeneous equation (10).
The proof of the theorem is complete.

In the proof of the theorem, we have shown that if the homogeneous equation (6) has a nonzero
periodic solution, then the corresponding inhomogeneous equation (10) either has infinitely many
periodic solutions or does not have them. For illustration, consider the simplest one-dimensional
ordinary differential equation #(t) = &(¢) as an example. For this equation, we have a; = 0,
j € {1,...,s}, and the corresponding linear equation acquires the form & = 0; i.e., the linear
equation has infinitely many periodic solutions z(t) = C, C € R. Then for £(t), we take the
function £(¢) = 1. In this case, the set of solutions has the form z(t) =t + C, C € R; i.e., this
equation has no periodic solutions. On the other hand, if we set {(t) = cost, then the solutions of
the equation acquire the form z(t) =sint 4+ C, C' € R; i.e., all solutions are periodic.

Now, on the basis of Theorem 3 and Lemma 1, one can state a corollary refining Theorem 3.

Corollary 2. Let inequality (11) be satisfied for some p € (0,1). The inhomogeneous equa-
tion (10) has a unique 2mw-periodic solution if and only if the set of parameters

(@1, g, T1y. oy Ts) € R X [0,27) X -+ X [0, 27)

simultaneously satisfies conditions (7) for all k € N.

We separately consider the case with a single term on the right-hand side. The inhomogeneous
equation (10) is reduced to an equation of the form

(t) = ax(t + 1) + £(2), teR, (12)
where a € R, 7 € [0,27), and £(-) € C®(R,R"), k € {0,1,...}, is a 27-periodic function.
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Corollary 3. Let the inequality

ap " < Inp?

be satisfied for some p € (0,1). Then the inhomogeneous equation (12) has a unique 2m-periodic
solution if and only if a # 0 and the set of parameters (a,7) € R x [0,27) does not belong to the
countable set |, oy (H, U H_y).

4. OPERATOR OF PERIODIC SOLUTIONS

Let us return to the study of the linear inhomogeneous equation (10), where a; € R, the de-
viations 7; € [0,27), j € {1,...,s}, are commensurable, and £(-) € C®(R,R"), k € {0,1,...},
is a 27-periodic function. Consider both the corresponding linear homogeneous equation (6) and
homogeneous equations (6) for which the parameters

(@1, s, Ty, Ts) € RT X [0,27) X -+ X [0, 27)

satisfy the assumptions of Corollary 2. Each homogeneous equation defines an operator P of periodic
solutions as follows: by Corollary 2, for each 2r-periodic function £(-) € C*)(R,R"), k € {0,1,...},
one should set P¢(-) = z(-), where x(+) is a 2m-periodic solution of the corresponding linear inho-
mogeneous equation (10) [moreover, z(-) € C*+D(R,R")]. For each k = 0,1,..., we introduce the
spaces

CH(R,R") = {z(-) € CV(R,RY)| 2V (t) = 2D (t +27), j=0,...,k, t €R}.
We have thereby defined the linear operator
P: C3)(R,R") — C5,"(R,R"),  PE() =a(), (13)

for each kK = 0,1,... One can readily see that the action of the operator P is one-to-one. For the
operator P, we omit the index k since this does not lead to any misunderstanding. Moreover,
the operator P for k € {1,2,...} is a restriction of a similar operator for the index k — 1.

For each K =0,1,..., we introduce the spaces
C" = {a(-) € C®([0,27),R™)], 29(0) =29 (27), j =0,...,k}.
We introduce the same norm on these spaces as on C¥)([0,2x],R™). By virtue of Proposition 1

applied to the inhomogeneous equation (6), the operator P of periodic solutions is in a one-to-one
correspondence with its restriction to the interval [0, 27] and, for each k = 0,1,..., has the form

P C¥m - eI PEC) = (). (14)

Let J: (Cgffl)’” — (Cg:r)’", k=0,1,..., be the natural embedding operator. In what follows, the
operator of periodic solutions is treated as the linear operator

IP: ¢ e k=o0,1,...

Obviously, the action of the operator J P is one-to-one.
Theorem 2 and Corollary 1 implies the following assertion.

Proposition 2. Let inequality (11) hold for some p € (0,1), and let conditions (7) be simulta-
neously satisfied for all k € N. Then the operator

JP: c@m -, PEC) =a(), (15)
s continuous.
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The continuity of the operator JP is insufficient. In addition, we need a sharp estimate for
the norm of such an operator. However, the derivation of such an estimate is quite cumbersome.

In fact, it suffices to have estimates obtained for the restriction of the considered operator to the
subspace of 27-periodic functions of the class CV. To this end, we introduce the quantities

s 00 1 1/2
Z aj N D= (Z det Ak) s (16)
=1 k=1
S 2 S 2
det A, = (Z a; cos ij> + <k — Zaj sin ij> , k=1,2,... (17)
j=1 j=1

—1

A=

Proposition 3. Let the assumptions of Proposition 2 be satisfied. Then

sup HJ]IA”f(')HC;?,n < VA? 4+ 2D2,

€C)ECE) ™ 1€ (0),n =1
27

Proof. We split the proof into four stages and carry it out in the one-dimensional case. The de-
sired assertion in the n-dimensional case follows from the fact that system (10) consists of n
independent one-dimensional equations. A detailed proof will be given at the end of Section 4.

1. Construction of the operator J P in closed form (n = 1, the one-dimensional
case). By using Fourier series, we construct the operator (JIP)~*. We expand the periodic solution
Z() of Eq. (10) and the function £(-) on the right-hand side in this equation in Fourier series,

(t) = o + Z Qua_1 oS kt + gy, sin kt,
k=1

f(t) = By + Z Bop—1 cos kt + (o, sin kt.

k=1

Then

~ ~ .

§@) = (IP)'2())(t) = 2(t) — Z a;&((t + 7;)(mod 27));

or, by replacing the corresponding functions by their Fourier series expansions and by matching
the coefficients of like basis functions, we obtain

S
Bo = —ap E aj,
=1
S S
Bop—1 = —Qigp_1q E ajcos kT 4+ agp | kK — E a;sinkt; |,

Jj=1 Jj=1

Bor = Qa1 (—k + Zaj sin kq) — Qo Zaj coskr;, keN.

j=1 j=1

For each k € N, the coefficients (35;,_; and [, are found from the matrix equation

<ﬁ2k—1> — A, <042k—1>
Dok A2k
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where, just as above, A;, is a matrix of the form (8). Consequently, to define the operator J P in
closed form, one should invert the matrix A;. It follows from the assumptions of the proposition
that these matrices are nonsingular; therefore,

Bo
Qg = — )
a

(azk—1> _ A;Zl <ﬁzk—1> keN
Qo Bak

Alzl _ 1 - Z;:l a; COS ij —k+ ijl a; sin ij ‘
det Ap \ ; — doiyajsinkr;  —3>7°  ajcoskT;

where

Consequently, the operator J P acquires the form
s -1 o0 1 s
WBEC)) (W) = 5o (Zaj) Y et o {(—5%1 >y costhr,
j=1 k=1 j=1
+ Bax <—k: + Z a; sin k7j>> cos kt
j=1
+ (5%1 (k — Z a; sin ij> — Bax Z a; cos ij> sin kt}.
j=1 j=1

2. A majorant for the norm [|JPE(-)|| @, €() € CE, ()| < 1. To derive the
estimates stated in Assertion 3, one should solve the extremal problem

ITBEC) s — sup (18)
&)

under the condition . - .
E)eCRY EC)lgps < 1. (19)

To this end, we use the closed-form expression for the action of the operator J P on the functions
£(-) e D, ||£(')||C;0),1 = 1, which has been obtained in part 1 of the proof. First, we prove the
estimate

1 i 5 .
det A, {<_62’€1 Z a; cos k7 + Bar (—k + Z a; sin k7j>> cos kt

j=1 j=1

~ - . By + 55
+ (ﬁzk_l <k: — Zaj Slnk‘ﬁ) - ﬁszaj cos kq) sin k:t} < \/\jiielt A, %, k e N.

Jj=1 Jj=1

Indeed, let us introduce the notation

I, = <—ﬁgk_1 Z a; cos kT; + Bay, (—k + Z a; sin krj>> ,

Jj=1 j=1
Ak = <52]€1 <k — Z a; sin kTJ> - /ng Z a; COs kTJ> s k e N.
Jj=1 j=1
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1550 BEKLARYAN, BELOUSOV
One can readily see that
T+ A} = det Ay (85—, + B31), ke N.
In the new notation, the left-hand side of the considered inequality acquires the form

I', cos kt + Ay sinkt
det Ak

By transforming the resulting expression, we obtain

1 I+ A%
det A (T coskt + Ay sinkt) = \/det—; ¥ (cos Oy, cos kt + sin 0y, sin kt)
k k

VAYEN: V By + B

= 0, — kt 0, — kt

det Ak COS( b ) \/de Ak COS( i )’
where
I'x . Ay
cos ), = ) . sin @, = ) .
VI + A7 VI + A7

Obviously, this expression attains its maximum for ¢ such that cos(f, — kt) = 1. This completes
the proof of the estimate.

Thus, for any function £(-) € CW', [€(-)|lcwn = 1, the norm [[JPE()||co. is majorized as

follows: B
j=1

In what follows, we show that the series on the right-hand side in inequality (20) is convergent.

1 o0
+ Z \/BQZk—l + 5§k (20)

PEC) || orn <
| f()”cg,g < 6o Vdet Ay,

3. An auxiliary extremal problem for estimating the norm ||JP¢ (')”CQ’I' It is very
difficult to estimate this norm. Therefore, we replace this problem by a simpler one. To this
end, we replace the norm || JPE (-)H(ngr),l by a new function in the form of the right-hand side of
inequality (20) and maximize the new function on a wider set of functions satisfying the condition
1€ Lo((0.27].®) < V2. This extremal problem is posed as follows:

1
- VB3 + B3
a; + — su 21
o <; J) Z Vdet A4y 5k,keNIL)J{0} 1)
under the condition .
1€ | La(o,2m1,R) < V2. (22)

Obviously, in this case, the value of the functional on the solution of problem (21), (22) exceeds
the value of the functional on the solution of problem (18), (19). By the Parseval relation, for the
orthogonal basis {1, cos kt, sin kt} ey of the space Ly([0,27],R), we have

IEC)2, 00m = / E0)dt = 2w + 3.

k=1

In this case, the extremal problem (21), (22) can be considered under the new condition

(RS L (23
k=1
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4. Completion of the proof of the proposition. Let us introduce the space [, of numerical
sequences. Consider the elements r; and ry of this space defined by the formulas
>

! o 1
TTAV2 |2 Vet A Vet 4y
ro = {V2ll. VB + B VB + 52, )

S

1

One can readily see that r; belongs to the space Iy, because the relation 0] ( 2> holds

1 —_—
det Ak N k
for sufficiently large k and ||r1]|;, < +00. Then the optimization problem (21), (23) acquires the
form

(7“1 ) 7’2)12 — sup
ro€ly

provided that
2
21, < 2.

By using the Cauchy—Schwarz inequality, we obtain the upper bound
(r1s72)es < ralle 72l < V27l

Let us compute the norm of rq,

2
1 (< = 1
2 — .
iz, = 5 (;_1 aj> + ;_1 det A,

It is well known that the equality in the Cauchy—Schwarz inequality is achieved for collinear vectors.
Consequently, if we choose i, k € N U {0}, for which the vector ry is collinear to the vector ry

and the inequality |raf;,, < V2 holds, then this will solve the original maximization problem.

Obviously, there exists such a i, k € NU{0}. In this case, at the point of maximum, the objective
functional (21) is equal to

s -1 00 \//BZ +B2 s -2 o) 1/2
_ 2k—1 2k 1
. = - 2 - A2 2]D)2
8(Ee) PR = (Bn) Ba) e

k=1
which completes the proof of the proposition in the one-dimensional case.
Let us present the proof of the proposition in the multidimensional case. Let

€)= (& ()5 Gal)) €™

The operator J P satisfies the estimate

sup ITBEC) 200
E0ECE ™ IEO o) n <1 "
= sup (& O + -+ ITBLE ) 20)
€0ECE ™ IEO o m <1 o o
< sup (A% + 2DP) 6 ()20 + -+ (A% + 2D | ()|F01) = A + 2D,

EC)ECL™ NIEOI (0y,n <1
“or

where JP; stands for the operator of periodic solutions in the one-dimensional case. Consequently,
for the multidimensional case, we obtain the estimate

sup [TBEC) R < A% + 2D

§CIECH™ 180 go).n <1
The proof of the proposition is complete.
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In the case of the simplest linearization with a unique term in the linear part, one can obtain a re-
fined result. Consider the homogeneous linear equation (12) and the corresponding inhomogeneous
linear equation (9). In this case, we have

- 1/2
1 1

A= D= A, = (a® 2 _ 2aksi .
al (; detAk> ) det Ay = (a® + k ak sin k)

Corollary 4. Let the inequality

ap < Inp?

be satisfied for some p € (0,1), and let
a#()? (CL,T) ¢ U(HkUka)

keN
Then

A 1 1/2

sup ITPEOcon < (aQ +2]D>2> :

€(yect) MEO 0.0 =1

Remark 2. If 7 = 0, then the linear inhomogeneous functional-differential equation (9) becomes
an ordinary differential equation. In this case, instead of Proposition 3, one can use a result in [8],

where it was shown that the operator JP: C{" — C{”" satisfies the relation ||JP|| = 1/|al.

5. EXISTENCE AND UNIQUENESS OF A 27-PERIODIC SOLUTION
OF NONLINEAR EQUATION. CASE OF SIMPLEST LINEARIZATION

We obtain conditions providing the existence and uniqueness of periodic solutions of the nonlin-
ear functional-differential equation of point type (1), where g(-) € C)(RxR™** R") is a 27-periodic
function. Along with Eq. (1), consider Eq. (2) obtained by the linearization of Eq. (1). If the func-
tion ¢(-) occurring in Eq. (1) satisfies the Lipschitz condition with constant L, i.e., if

Hg(taxh”’?xS) (t Liyeoey T ”R" <L Z”‘T j”R"7 (24)
then the function f in Eq. (2), that is,
fO)=gtx(t+m),...,2(t+71,)) Zamt—i—q

satisfies the Lipschitz condition with some constant L; as well. Each linearization of Eq. (1) is
related to a linear inhomogeneous system of the form (8). In turn, if the set (a1,...,as,71,...,7s) €

R* x [0,27) x -+ x [0,27) satisfies the assumptions of Corollary 2, then the operator J P is well
defined. Let us introduce the operator

F: C)(R,R") - C{)(R,R"),  k=0,1,
Flz()I(t) = f(t,z(t +70),...,z(t + 7)), tER.

The restriction of this operator to functions defined on the interval [0, 27] is denoted by I@‘,

F: C"—cl", k=01,
Fl2()](t) = f(t,2((t + 7)(mod 2r)), ..., 2((t + 7,)(mod 27))), ¢ € [0,2n].
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Theorem 4. Let the function g(-) € C(R x R™** R"™) occurring in the nonlinear equation (1)
be 2m-periodic and satisfy the Lipschitz condition (24); let Ly be the Lipschitz constant for the
function f(-); let the inequality

S
— |7 —1
M E pmh < Inp? M = 1121?<Xs|aj|,
J=1 T

hold for some p € (0,1), and let condition (7) be simultaneously valid for all k € N. If the inequality
sLyVA2 42D < 1 (25)
holds, then Eq. (1) has a 2mw-periodic solution. This solution is unique and belongs to the space
CO(R,R").
Moreover, for any initial function z°(-) € (Cgr)’", the sequence
#() = JPF) ()]
tends to a unique function z(-) € Céﬁ)’”, and the convergence rate can be estimated as

I@PE) [ ONC) = ()l < (SLpvVA2 +2D2)H|E°() = &() -

The periodic solution z(-) € C®(R,R"™) is induced by the function &(-) by its 2n-periodic extension
to the entire numerical line R.

Proof. In the space (Cgi)’", we define the operator equation

ODE) = &(). (26)

By Corollary 2, the 27m-periodic extension of any solution of Eq. (26) to the entire numerical line
gives a periodic solution of Eq. (2) [respectively, (1)], and vice versa. Since g(-) € CV(RxR™** R"),
it follows that each solution of Eq. (26) belongs to the space Cgi)”

The Lipschitz condition for the function f(-) implies the inequality

1RGO = FEO e < LT = 20 e

(JPF|

=

By Proposition 3, the following chain of inequalities holds for arbitrary ¢(-), 2(-) € Céﬁ)’”:

ITBFIG0) — TBFEE()llegyr = ITBEGO) — FEODlleg-»
_ H 1P ( Pl ()] - F2()] )
IEEC)) - FEC

Z
< sLVA? 4 2D2[[§() — 2() o (27)

#°() = APF)*E°())(),  keN,

for any function z°(-) € (Cg,)" By Proposition 2, the operator JP is continuous; hence so is JPF.

Therefore, each Cauchy sequence (JPF)*[£°(-)](-) converges to a fixed point of Eq. (26). It remains
to show that the fixed point of Eq. (26) is unique. As was mentioned above, each fixed point of
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Eq. (26) belongs to the space C2™. If §(-) and 2(-) are distinct fixed points of Eq. (26), then,
by virtue of inequality (27), the relation

150) = 2Ol = BRG] - TBFEC o < 150) — 20)llccon

should hold, which is impossible. The proof of the theorem is complete.

In Theorem 4, for the choice of the linearization in the linear part, we take only deviations
occurring on the right-hand side in the original functional-differential equation (1), and this is
important. If, for the choice of the linearization, it turns out that the function f(-) contains at least
one deviation 7 that does not coincide with any deviation 71,. .., 7y, then, as a rule, inequality (25)
fails.

We separately consider the case of the simplest linearization with a single term in the linear
part. In this case, Eq. (2) acquires the form

() =ax(t+7)+ f(t,x(t+7),..., 2t +75)), teR, (28)
where (a;,7;) € R\{0} x [0,27), j € {1,...,s}.
Corollary 5. Let g(-) € CH(RxR™ * R™) occurring in the nonlinear equation (1) be a 27-peri-

odic function and satisfy the Lipschitz condition (24); let Ly be the Lipschitz constant of the func-

tion f(-); let the inequality

Ja; |~ < Tt

hold for some p € (0,1), and let the condition
(aj,m) ¢ |J(HyUH_;)
keN

be satisfied. If the inequality
1 1/2
SLf < 9 + 2D2> <1
a“

J

holds, then Eq. (1) has a 2m-periodic solution. Such a solution is unique and belongs to the space
CO(R,R").
Moreover, for any initial function z°(-) € (Cgi)’", the sequence

() = (JPF) ()]

converges to the unique function Z(-) € (Cg,)’", and the convergence rate can be estimated as

172\ *
1P OIC) = 2Ol < <st<a12_+2D2> ) 12°0) = 2() I n-

The periodic solution z(-) € C®(R,R") is induced by the function Z(-) as its 2n-periodic extension
to the entire numerical line R.

Remark 3. If, among the deviations 71,...,7,, there is a zero deviation 7; =0, j € {1,..., s},
then, for the linear part of Eq. (28), one can take a;z(t). Then, by Remark 2, it suffices to satisfy
the condition sL¢/|a;| < 1 for the existence of a unique 27-periodic solution.
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