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Abstract—The regularization of the equations of motion of the planar circular restricted three-body problem
is considered. The regularization is performed in the canonical variables in the movable coordinate system.
Two different L-matrices of the second order are used in the regularization. The constructed equations have
a polynomial structure. The obtained system is numerically integrated by the Runge—Kutta—Felberg
method. The results of numerical experiments with the parameters of the Earth—Moon system are presented

for various L-matrices.
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1. INTRODUCTION

The restricted three-body problem consists in
studying the motion of a passively gravitating point M
in the Newtonian field of attraction of two material
points M,, M, having masses m,, m,, respectively. The
points move in Keplerian orbits around their centers of
mass [1]. One distinguishes planar and spatial prob-
lems, which have corresponding names, such as “the
spatial—elliptic restricted problem of three bodies.” In
this work we consider the planar circular restricted
three-body problem, where point M moves in a plane
determined by the circular orbits of points M|, M,.

The restricted three-body problem has practical
application in space dynamics. It is sufficient to men-
tion [2], which summarizes the applications of this
problem for calculating the trajectories to reach the
Moon. Note also papers [3—5], in which the periodic
orbits of the restricted three-body problems are inves-
tigated. These papers contain extensive lists of refer-
ences on this subject.

In this paper the regularization (elimination of sin-
gularities) of the equations of motion in the planar cir-
cular restricted problem is considered. As is known [4],
singular points located at attracting centers M, M, can
be eliminated by transforming the independent vari-
able. In addition to this transformation, one can con-
sider the transformation of the dependent variables
coordinates and velocities. In the problems of eliminat-
ing the singularities one distinguishes local and global
regularizations (beginning with the three-body prob-
lem). In global regularization all singularities are elimi-
nated. The examples are: global Birkhoff regularization
in the restricted three-body problem [4], the regulariza-
tion of the problem of two motionless centers [6], the
global Heggie regularization of the N-body problem [7].
As an example of local regularization, we mention the

works [8, 9]. We will perform global regularization by
transforming the time and applying two L-transforma-
tions of the second order, generated by generalized
Levi—Civita matrices. Note that we performed a similar
regularization in the motionless coordinate system [10].
Here we will consider regularization in the rotating
coordinate system and present the numerical study of
obtained regular equations. The detailed theory of
L-matries is given in papers [10, 11]. In this paper we
present necessary information on this issue.

We introduce the motionless coordinate system
OX X, with its origin at the centers of mass of points M|,
M,. Let X = (X,,X,)T be the position vector of point M
with mass m. This point is affected by the forces of
attraction F,, F, from the side of masses M, M,, respec-
tively (Fig. 1). On the basis of Newton’s second law, the
equation of motion of point M can be written as

dQ_X _ YmmlMM1 mmy, MM, )
dre’ R R R R
M E.>2 XZ
X
F,
F &
M, »)nt*
/M %
M,

Fig. 1. Movable and motionless coordinate systems.

385



386 POLESHCHIKOV

where vy is the gravitational constant, #* is the physical
, Ry= ‘MMZ‘ are the distances

time, and R, =
to attracting masses.

Points M|, O, M, lie on the same straight line.
Denote by n the angular velocity of points M,, M,.
Then the angle n* is the longitude of point M,. Let
d; is the distance from O to M; (i = 1, 2). The coordi-
nates of points M, M, equal

M,(d,cosnt*, d,;sinnt*), M,(—d,cosnt*, d,sinnt*)
We introduce the force function

m m
O* = OF(1%, X, X,) = y( 1+—2),
1 2 R1 R2

= J(Xl - dlcosnt*)2 + (X, - d, sinnt*)2,

=
|

Ry = J(X, + dycosnt®)? + (X, + dysinnr*)*.
Then equation (1), after reduction by m, can be
written in the form
X _ 0D* 00 _ (acp*
dr<’ oX’ 0X oX,’

oD\ T
.o

In equation (2) we will pass to the dimensionless
quantities

t=nt¥u; = X;/I, p, = R/, i =1,2,

where / = d| + d, is the distance between M, M,. For
the derivatives we obtain

daX; du; . .
— =l-n— =1[-nu, =i-nu,
dr* dt dr<?

where the dot indicates the derivative with respect to
the dimensionless time ¢.

Now we substitute the derivatives and dimension-
less quantities into equation (2). Introducing the vec-
toru= (u,, u,)" and using Kepler’s third law, we get the
equation

du _ 00 00 _ (aq; oD " (3)
4 Ou’ Ou ou,’ ou,
where ® = O(t, uy, u,) = B B2 55 the force function,

1 P2
Ly, 1L, are the ratios of masses:

m, _ dz m, d,

= —— =
m, +m, /

2 )
p1 = «/(”1‘“2‘3051‘) + (uy — pysing)”,

Py = oy + 1y cost) + (uy + pysing)’

are the distances to attracting centers in the new vari-
ables.

2. CANONICAL EQUATIONS OF MOTION

For further transformations we write equation (3)
in the canonical form

du _ 0J dv _ 03 _ 00
a _ =v, = = —, )
dt ~ ov dt ~ ou ou

where v2/2 — @ is the Hamilton function.

We pass to the new coordinates & = (§,, &), n =
(M1, M7, so that the new Hamilton function did not
depend explicitly on time. We take the generating
function of the form

W(t,v,&) = —v'SE, (5)

where S is the matrix of uniform rotation with unit
angular velocity

cost —sint
S =50 = ) .
sinf cosft
According to the theory of canonical transforma-
tions, we have

oW oW
=" = . =
W=y TR M=%

¥ = 57{+ =K -n"I,

f=(?‘5)

We express the Hamiltonian K in terms of new
variables. We have u? = &2, v2 = 1%,

pr = (& —py) +E) =
Py = JE + 1) +E) = [E-8,,

where &; = (l,, 0)7, & = (—p,, 0)" are position vectors
of points M| M,, respectively, in a rotating coordinate
system.

T
=S,

where

Now the explicit dependence on 7 in the force func-
tion disappears:

O(uy, uy, 1) = BB é(%la&Z)'

E-8]  &-&

The new Hamiltonian takes the form

U = In'- B, &) 0L,
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The equations of motion in the new variables &, n
will be as follows:

. _ 0% . 0K _ od
€= an =n-1E 1 =- % o -Im  (6)

or, in more details, in the coordinate form

d d
;1 =1 +&, ——E"—2=nz—§1,
an, _ i) (& + )
dr 0l o) + s (7)
I 2
I FR T L L S
dt ST

Since the Hamiltonian # does not depend explic-
itly on time #, then #€ = const is the first integral. This
integral is identical to the Jacobi integral [4].

3. NEW VARIABLES

Denote by &°, n° the initial values of variables &, n
at time instant # = 0.

By analogy with paper [12], we consider the new
variables, which are zeroed when point M collides with
points M, M,,

=&§-&, x; = (xilaxi2)T5 i=1,2. (®)

Since we conserve the canonical form of the equa-
tions of motion, variables x; should comply with the
same number of conjugated momenta y; we will intro-
duce by the formula

Nn=Y1+YY: = (yil’yIZ)Tvi =1,2. )

With this approach, the number of degrees of free-
dom of the problem under consideration increases.
Therefore, it is necessary to check the solutions of the
new canonical system transfer, by means of transfor-
mations (8), (9), into the solutions of the original sys-
tem (6).

We form the new Hamiltonian

H = H(x, y) = H(E(x),n(y))

2 2
ZyT +Y1Y2 Zl‘ (Y1+Y2)T1(X1+§1),

where the arguments x, y of the Hamiltonian H repre-
sent the four-dimensional vectors

T X T y
X = (x17 _“’x4) = [X;j’ y=()71, y4) Z[y;j

COSMIC RESEARCH  VWol. 53 No.5 2015

The order of the corresponding canonical system

d, _oH dy, _ _OoH . _

= =, ; ,2 (10)
dt oy, dt 0x;
is equal to eight.

In an expanded form, the equations of system (10)
are as follows:

dx; .
ar =Y+ -I(x,+&), i = 1,2, (11)
dy
d_tl = —”_13?‘1—1()’1"‘}’2),
x| (12)
By
dt ’X2‘3

For x;, y; we will take the following initial values:

=& gy = 1’

i=102.
2

(13)

Then, obviously, x?, y? are transferred, by means
of 8), (9), into &, n°

With regard to the accepted initial conditions (13),
we find from (11) the first integral of system (10) in the
vector form: x; + §, = X, + &,. These quantities repre-
sent two scalar integrals.

Now we will show that the solutions of system (6) can
be obtained from the solutions of system (10), or, what is
the same, from (11) and (12). Differentiating (8), we
find

. . . (1) (
é:x+@:m+n4uw&»-—m—§f.

Similarly, from (9) we have

2
M=3 4% 2 -S s Iy 4y,
i=1 |Xi|
o
(&-g)-mm = -2Z.
gm g’ 0%

Which was to be shown.

4. REGULARIZATION PROCEDURE

The right-hand part of equations (12) contains
singularities generated by attracting points M, M,.
To eliminate these singularities, we will perform reg-
ularization. At first, we apply the uniform formalism
and introduce the new time. Then we will make use
of L-transformations [10].
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In accordance with this sequence of operations, we
will first consider the system

dv, _ oH, dy, __oH,
dt ~ dy, dt  ox,
Yo 0 (14)
c_zi_x_,_&Hac_{_)i,__aHai_lz
dt oy, dt ox, 7

where H, = H(x, y) + y,. Because

aH, _ o,

dr  ox,

2
fot Dy 3 (5, Loy g7 ey 0
oy p OX; oy,

we obtain that H,, is the integral of system (14). When
choosing, at the initial time instant, for x,, y, the val-
ues xy(0) = 0, y,(0) = —H(x(0), y(0)), the variable x,
coincides with 7, and the integral H, assumes a zero
value, regardless of the initial values for the other
variables x, y. In addition, the last four equations of
system (14) coincide with the equations of system (10).

Now we consider the time transformation df = vdt
and the system

dx) _ OHy dy, _ _OH,

el el

T Vo dt X, (15)
by _on, dy o,
dv 09y, drt ox;’ 7

where v = v(X), H, = Hy(X, ¥y, ) = VH, = Vv(H + ).
The initial values for variables x,, X, y,, y of systems (14)
and (15) are assumed to be identical

x(0) = x;, ¥(0) = y;, x,(0) = 0,
20(0) = —H(x",y"),

where i = 1, 2. Then the solutions of system (14) are
obtained from the corresponding solutions of
system (15). Now we introduce the vectors q; = (g;;, »)7,
i=1, 2, and consider the coordinate transformation

(16)

Xo =4, X, = Li(q,)q;, X, = Ly(q,)9q,, (17)

defined by two L-matrices of the second order

T T
q,4, 90, B,

Li(a) =] , s Lay) =]
q,4, 9, B,

Here {A4,, A5}, {B,, B,} are two sets of generating matri-
ces L, and L,, respectively. Matrices A4,, A,, B;, B, are
symmetric and orthogonal. These matrices are related
by relationships 4,4, + 4,4, =0, B,B,+ B,B, = 0.
From where it obviously follows that 4,, A,, B,, B, differ
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from a unit matrix. As shown in [10], if the matrix A4, is
specified, then the matrix 4, is calculated by the formula

0-1
A, = tIA,, I = .
10

A similar formula is obtained for the second set of
generating matrices {B;, B,}. We note two more prop-
erties of L-matrices of the second order

L"(@)L(q) = |d’E, L(q)p = L(p)a.  (I8)

We supplement the transformation (17) to a canonical
one, generated by the generating function

T T
W = —yoqo—y1Li1(q))4; - Y2 L:(q2)q,

T T

= —Yoqo— Y1141 4141 — Y1241 424,
T T

V214, B4, - y»q, B4,

We find new momenta by the formulas
oW, oW
640’ Y aqv,

We write these equations in vector form. Let p, =
(pi1» Pn)T, i =1, 2 are the conjugated momenta corre-
sponding to vectors q;, q,. We have

Py = Lj=172.

ow
P = —%— = 2y;41q, + 2y 454,
oq,
T T
q,4,
= 2(A1q,, A )y, = 2| Yi-
q,4,
That is,
P = 2L{(4)y:- (19)
We multiply (19) on the left side by L,(q;). Applying
the first relation of (18), we find y, = |1 |2L1(q1)p1.
2|q,

In the same manner from p, = —g—W = 2L2T(q2)y2 we
q

2

gety, = 2L2(q2)p2. Thus, the transformation
2|‘l2
X0 =40, Yo = Do
1 . (20)
x; = La)a;, yi = —L(q)p;, i = 1,2

2 |(li|
is canonical.

Since the generating function of this transformation
does not depend explicitly on time t, the new Hamilto-
nian H, is obtained by substitution of variables (20) into
the Hamiltonian H,. We find the expression for the new

COSMIC RESEARCH
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Hamiltonian. From the properties of the L-matrices we
obtain the relationships

|X,—‘2 = XI'TXi = qiTLiT(qi)Li(qi)qi = |‘11‘|4:> |Xi‘ = ’qi|2'
2
1 1.
|yi|2 = leyl = —'———4 i i (ql) I(q )pl ‘p’ NS 17 2.
4 qi |ql|
(v, +Y2)T[(X1 +&) = (xp+ )i +yn)
QA9 +p
=Xy +ya) = %22
2|q)| ||
X (|Q2|2Q1TA2P1 + |‘I1|2‘I2Tsz2)
a4, 4,9 2T )T
- %(MJ a4, +a,] a0, B1py).
2|q)|"|ay]

Therefore,

Hc = Hc(q’pOs p) = Hb(X(q)spOa Y(q, p))

2 2
i 1
- V[z L T 2 2p1TL1T(q1)L2(q2)p2
; " 4]q)] q)

Y

’ ((‘h 141 +H2)(|‘12’ ‘h 2Py
iz qz

g 1\ oo’

+]a,’a; Bopy) — a1 450,

X (|‘I2|2‘I1TA1PI + |‘I1|2(I2TBlp2)) +Po]a

where the arguments q, p of the Hamiltonian H, represent
T 1.7
;P =(p,py) -
To eliminate in the equations of motion the singu-
larities generated by point M collisions with attracting

points M,, M,, we take for function v of time transfor-
mation the expression

. . T
four-dimensional vectors q = (qlT, qu )

v = |xffx| = |‘11|2|‘12|2-

Then

1
H, = §(|p1|2|Q2| |p2| |(I1| )+~ PlL (‘II)L2(‘12)I’2

- H1|Q2|2 - H2|QI|2 - i(qrAl‘h +1,)
1
X (|‘I2|2‘I1TA2P1 + |Q1|ZQ2Tsz2) + qurAqu
x |0y’ a1 4,p, + |0y’ a3 B1p,) + polai | a) -
COSMIC RESEARCH Vol. 53
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In terms of the new variables the equations of
motion take the form

dg, _OH, dp, _ OH,
dt  op, dtv  0q,
Do 9 1)
da_on v _ oM,
dt  op,’ dv  dq, =

Now we write in more details the equations of sys-
tem (21). The first pair of equations of this system con-
tains the transformation of time and the law of change
of quantity p,:

2 2 dp
di/dt = |Q1| |(I2 et
dt

It follows from the last equation that p, = const.
Equations for q;, p; take the form

= 0.

1
d_‘t = %pl +ZtL1T(‘I1)L2((I2)p2

1 1
- 5(‘11241(11 + H2)|‘I2|2A2‘I| + EQITA2Q1|(12|2A|(11,

dq, |ql‘2 1,7
- = Tp2+‘—‘L2(qQ)L|(‘I1)Pl

1 |
- E(qlTAlql + H2)|Q1|232Q2 + EQITA2Q1|‘11|231‘125

dp, __[pd’

1
dt 4 a4 - Z‘Llr(pl)Lz((h)pz + 21,4,

—2p0l @5 s + (|asai 4,0, + || a3 Bop,) A4

, (22)
+ E((hTAl‘Il + Hz)(|‘I2|2A2p1 + 2‘12Tsz2‘I1)

—(|ao*a/ 4,p; + |a,|’a; B,p,) 4,4,

17 2 T
—=q,A,q,(]qs| " 4,p, + 29, B,p,q,),

2
dp, |p1|2 1,7
E = —qu_Z‘LZ(pZ)Ll(ql)pl

2 1, 7
+2u,q, - 2P0‘q1| q; + E(‘hAﬂh + 1)
T 2 17
X (2q,4,p,9, + "h‘ Byp,) - E%Az(h
T 2
x (2q,4,p,q, + |a;| B,p>)-

These equations, obviously, do not contain singulari-
ties arising from the collisions of a passively gravitating
point M with points M, M,. The right-hand sides of
these equations represent polynomials with respect to
all variables; that is, these quantities represent infi-
nitely differentiable and unlimited functions on the
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whole space of variables q;, p;. As continuous func- After some simplifications, the system (22) can be
tions, they are limited in any closed limited set. There- ~ Wwritten in the form

fore, for each such set the theorem of existence and p

uniqueness of the solution of the Cauchy problem is gl
valid [13]. Consequently, for any initial values one can dt
construct converging Pikar’s approximations, which

can be extended or newly reconstructed at any point of

any compact set. In this sense, the problem can be dz
considered an integrated one. Unfortunately, these 2

1
a;(Myz7 = Mi2g) + ay(My27 + Ayzg) + Zr"zzs

1 1
- 5“2”2(%112 + M7y + i”l"zzz,

1
a;(Mz7 + hazg) — ay(Myzy — My2g) + Z"'zzs

solutions do not provide much information for quali- dr
i i 1 1
tative analysis. _ 5“2"2(7&111 CMzy) - 5"1"2117
Note that the right-hand part of the equation for q;
is}inear with respect to variables.p.l, P2; for a0 itis linear dzy _ —1u2r1A +ash, +agh, + 1r1z7
with respect to q,, p;, p,; for p, it is linear with respect dr 2 4

to p;; and for p, it is linear with respect to q,, p,- + a3(MyZs — Mzg) + ay(M 26 + MaZs),

Now we substitute into regular equations (22) the dz, 1 1
specific L-matrices. We introduce the notations and it = 5“2" 1B—agh, +ash, + Z"' 1X8
the ten-dimensional vector

—ay(My25 = Ay26) + a3(hzg + Ayzs),
T T T T T T
z:(‘zazaaz) :(q’qapapatap) dz
v v PR B o —2 = ziay+ (a,pA + @, B)A, + (aB-ap A,

dt (23)
Suppose that L-matrices are applied that have a

positive determinant. Then one can take as generating + %(25 + 1)FZ6 — 12212225 + Ag(A 2 + AyZs)
L-matrices the matrices of the form
+a;(h 25— AyZ),

(M) (e iz,
R N W W L N W D T a9+ (apA+aB)h + (a,B—a34)

~ ~ -~ ~ 1,2

h—Y oy X Ay = 2(22; + 1 )rzs + 121252

~ha =k A =M + ag(Mi25 — 1y26) — a7(X126 + Ay2s),
where parameters A, A,, A1, A, are related by relation- ‘%7 = 4,2+ 1H2r1(7~»227 + 71118) +a,,25

=2 2
ships Xf + 7»% = 1, A1+ Ay = 1. This means that, actu-
ally, equations (22) contain two arbitrary parameters. +a15(Mizs = Mazy) + a16(hiz + MaZs),
The L-matrices applied in (22) take the form fi_z: = a,7,+ %“2;-](}1117 - }1218) +a,,24

Mz =Rz =Mz =Mz,
M +Mz Mz —Mz )

Li(q)) = (

dz
+as(Mz7 + Mazg) — ay(Mi25 — Ay27), d—; = I,

where

Mzy—hy2y (_71)213 - 71114

Ly(q,) = | -~ ~ ~ ~
M+ My Mz — Az,

2 2 2 2

> r 21+ 25, Iy = 23+ 2y,
2,2 _ 2, 2
P = Z5+tZ6, Py = 37+ 3,

Mzs—=Mzg (=A)y2s— A2 - - - - .
L = , A= Mz + Az , B = MzZi— Mz . C=7-z ,
1(py) MooZs + MiZe MiZs—MoZe 4 3 4 3 1— 2

L o a = i(fu(zlzrzm)+7~»z(Zzz4+zlz3)),
}\‘117_}\‘2Z8 —7\4217—7\41Z3

L) =| - - - - : - 1a —2 -
2 Mz +Mzs Mizo— Moz a4y = (2224 +2123) = (2124 = 2:33)),

COSMIC RESEARCH  Vol. 53  No.5 2015
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as = 3(@A-5B), a; = (B +24),
as = (— %AC—zlzzB)rl, ag = (— %BC+z1z2A)r1,
1 1
a; = Z_(Z7B+Z8A): as = 5(2112"2—171‘1"'183),

1
ay = Wy (2 +2;A-23B) - Z‘Pz — 22401,

2
1225 + 221(2225 + 2127)

ay =
2

ay = 122+ 221(2,2 - 212%)
2

ay, = rzi2s—22(2:2 — 21%)

2
aj; = 1zi2;+ 22(225 + 2127),

1
ay = 2“1—2‘171—2110"1,

_ 171 " 1.~ -

a;s = > 1"1C+11127L2"1—Z‘Zs(klzz—hzl)
1 ~ ~
_2‘16(7‘111 +Mzy),

1z " 1.~ -

a, = EXZ"lC—ZlZz}H"l _Z‘.ZS(}WZI + A2zy)

+ izs(fwzz— 2222),

Q
3
|

= (2522 + 2621 My + (2521 — 2622) 1)
+ (2126 = 2522)71 -

The equation for the variable z,, is not written here,
since it is constant. Thus, the order of this system is
nine.

Now we will obtain formulas for the conversion of
the second-order L-transformation. Our calculations
involve two L-matrices. The conversion formulas for
them are identical. So, for brevity, we will write the
L-matrix and pairs of vectors q, p and x, y, corre-
sponding to this matrix, without index. Instead of
parameters A, A, we introduce the angular parameter
vy € [0, 2m): A, = cosy, A, = siny. Then the matrix L(q)
can be represented in the form

2 1

L(q) = S(w)L(). L(q) = [ z _q% J (24)

where S(y) is the matrix of turning counterclockwise
by angle y

S(y) = ( cosy —siny j

siny cosy

COSMIC RESEARCH  VWol. 53 No.5 2015
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In the complex form the transformation x = L(q)q
has the form

X, +ix, = (M + i) (g, +ig,), i = J=1.
We will write it in the trigonometric form
x| (cos@ + ising)
= lal"(cos(2y +w) +isin(2y, + ),

where tang = x?/x!, tany = gq,/q,, tany= A,/A,.
Therefore,

:(P_:_LVi_%IEI_‘,k:(),l,

2
= x|,
lal” = Ix[, x 5

Thus, if x;, x, are known initial values, then the initial
values of regular coordinates ¢,, ¢, are calculated by
the formulas (for k£ = 0)

g, = lglcosy, = Mcos(%’,

g, = lqlsiny = msin(%".

After finding the vector q = (g,, ¢,)7 we calculate the
initial value of the regular momentum vector p by the
formula: p=2L7(q)y, where y is the momentum vector
conjugated to x.

Note that in the system (23) (or (22)) one can intro-

duce, instead of parameters A, A,, A1, A2, two angular

parameters \y, . Specification of different pairs y,
implies the transition from regular variables q, p to the
other variables q, p, which is performed by means of
two orthogonal transformations (for matrix L, and for
L,). In so doing, the form of equations of systems (22),
(23) does not change. This implies the invariance of
these equations with respect to orthogonal transforma-
tions of regular coordinates.

5. NUMERICAL STUDY

Systems (6) and (23), with appropriate choice of
the initial values, describe the motion of the same
problem. Unlike (6), system (23) does not contain sin-
gularities. Thus it has an advantage when considering
the orbits undergoing close encounters with attracting
centers.

We denote the ratio of masses m, to m, as k. Then
we have

m L 1
— = = =k, k + =1= = —_—
oo Hak + Hy 125 P
Wk
YTkl
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Table 1. Comparative analysis

n | t(days) | 8- 1071 |8H. 10714 N Ny,

1 | 101.38 9.79 0.52 37358 | 18054
230.33 37.74 0.22 72397 | 36864

3 | 404.56 39.00 11.55 |101112] 56901

From Kepler’s third law we find the angular velocity

_ fym(1+k)
N Pk

which is used at transition to dimensional quantities.
We will perform numerical experiments for the exam-
ple of the Earth—Moon system. In this case, k = 81.3,
[ = 384400 km, ym, = 398601.3 km?/s2. We apply the
Runge—Kutta—Felberg method of the eighth order
with automatic choice of the integration step. The step
of integration is controlled by the method of the sev-
enth order. The corresponding program is called the
pair RKF87 [14, 15]. As the relative local error of the
method we will take the quantity € = 1014,

As the control relation we will use the relative value
of the integral of system (6)

|9€(0) - ¥
| %]

where #(0) is the value of the integral at the initial
time instant, #€ is the similar value at the current time
instant. In system (23) the integral of motion is given
by the relation z;, = const. From the tenth equation,
which is not written here, it follows that z,;, is the
“ideal” constant. Therefore, for equitable comparison
based on the found values of variables z;, we will find
the values of variables &;, n; and then calculate the rel-
ative value of the integral by formula (25). The corre-
sponding value is denoted by §# . Now we consider

8K = , (25)

the hypothetical satellite with the initial values

Fig. 2. Particle orbit on the interval 7~ 101.38 days.

£, =.0122 = 4689.68 km, £, = .0171 = 6573.24 km,

&1 =—10.6455=-10.90683 km/s, &, =.0=.0 km/s.
The distance to the center of the Earth at the initial
time instant is equal to p, = 6573.27 km.

The results of numerical integration of systems (6)
and (23) are given in Table 1. All computations were
performed with double precision (real*8). The second
column presents approximate values of the length of
intervals of physical time ¢ (in days), over which the
numerical integration of systems was carried out. The
other columns present, for the end of the integration
interval, the values of relative errors for the integral con-
stant 8, §F = and the number of addresses to the sub-
routine of calculation of the right-hand side for both
systems: N for system (6), and N,; for system (23).

The satellite under consideration undergoes multi-
ple close encounters with attracting centers. Figure 2,
implemented in the Maple system, depicts its orbit in
the interval = 101.38 days.

It is seen from presented data that, with increasing
integration interval, relative errors and the number of
addresses to the subroutine for calculation of system’s
right-hand side increase. The computational expenses
(numbers Ny, N,;) are almost twice as much as the
classical equations (6). In addition, the relative error
of the integral of motion 84 in the regular case is less
than that of the irregular one.

It was noted above that system (23) contains two
arbitrary parameters y, y. In particular, in calcula-
tions of Table 1 for matrices L,, L, we applied the val-
ues \y =0, y = 1/2, respectively. Of interest is the com-
parison of the results of integration of system (23) with
different parameters y, y for the same orbit.

We consider the satellite with initial values

£, =.0090 = 3459.60 km, &, = .0169 = 6496.36 km,
&, =—10.6180 = —10.87865 km/s, &, =.0 = .0 km/s.

The distance to the Earth center at the initial time
instant is equal to p; = 6608.29 km. The orbit of this

Fig. 3. Particle orbit on the interval 7 ~ 70.25 days.
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Table 2. Integration with different parameters y, y

n \V \I] 8%% * 10_14 N23

1 0 0 1.15 14261
2 p/2 0 0.38 14569
3 0 p/2 0.08 14455
4 p/2 p/2 1.17 14312

satellite is presented in Fig. 3. Integration results
(Table 2) show the nonequivalence of various systems
of regular coordinates: the relative errors in the con-
stant of the integral of motion and the volumes of cal-
culations of the vector of accelerations are different for

different parameters y, .

CONCLUSION

The regular equations of the planar circular
restricted three-body problem are obtained in the
paper. In the regularization procedure we used two
L-matrices of the second order. The equations contain
two arbitrary parameters and are invariant with respect
to orthogonal transformations of regular coordinates.
Numerical calculations demonstrated the efficiency of
the obtained equations for the orbits undergoing close
encounters with the attracting centers.
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