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Abstract: In this paper, a modified smoothed particle hydrodynamics (SPH) formula is deduced
to solve the problem of interfaces with a high density ratio. Simplified SPH models for single
and double cylindrical shells (abbreviated as single-hull and double-hull models, respectively) are
established to study shock wave propagation and to conduct the damage analysis. The SPH results
for the single-hull model are verified by AUTODYN. In addition, the damage analysis indicates
that the single-hull model is damaged more severely than the double-hull model. The inner shell
in the double-hull model is protected by a water interlayer.
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INTRODUCTION

An underwater explosion is a subdiscipline of ex-
plosive dynamics, involving detonation shock dynam-
ics, mechanics of explosion, etc. Research on under-
water explosions by experimental and theoretical meth-
ods, as well as numerical simulations, have been carried
out by experts and scholars for decades [1–7]. Tests
on scaled models were performed to rule out the effect
of the submergence depth on the damage potential of
the underwater explosion [8, 9]. Experiments on circu-
lar high-strength low-alloy (HSLA) steel plates in air
were employed to establish the fraction of the explo-
sive energy transferred to the plates [10]. A series of
experiments was conducted to summarize the failure
mode of a thin sheet [11]. Experiments on a warship
structure subjected to an underwater contact explosion
were performed to explore the damage characteristics of
ship structures [12]. However, experimental research is
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limited due to high cost and safety issues. Therefore,
a theoretical analysis combined with numerical simula-
tions is generally used to study underwater explosions at
present. The failure process of a rectangular plate and
a circular plate was studied through analytical solutions
and numerical solutions [13, 14]. Numerical simulations
with the arbitrary Eulerian Lagrangian (ALE) method
were employed to investigate the survival capability of
a damaged submarine liquefied oxygen tank subjected
to an underwater explosion [15]. All these researchers
made use of the traditional grid method to deal with
nonlinear problems of an underwater explosion. How-
ever, computational difficulties may be caused by grid
distortion. For this reason, the smoothed particle hy-
drodynamics (SPH) method with mesh-free properties
is applied in this paper, which has an advantage of deal-
ing with large deformations [16]. Numerical simulations
with the SPH method were performed to verify its fea-
sibility and superiority to simulate underwater explo-
sions [17–20].
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A single cylindrical shell model and a double cylin-
drical shell model are abbreviated in this paper as a
single-hull model and a double-hull model, respectively,
in the following contents. First, an SPH model of a
free-field underwater explosion is established, and the
results are compared with those predicted by an empir-
ical formula to verify the validity and feasibility of the
SPH method. Second, shock wave propagation in multi-
layer materials is investigated. The result of shock wave
propagation of the single-hull model is compared with
that computed by the AUTODYN commercial software,
and the results of this comparison verified the robust-
ness and high accuracy of the SPH method in solving
nonlinear problems. Third, the damage analysis of the
single-hull and the double-hull models is conducted, in-
cluding the failure mode analysis, elastoplastic parti-
tion, crevasse, and deflection analysis. In addition, the
influence of different amounts of interlayer water on ex-
plosion prevention is discussed.

1. THEORETICAL BACKGROUND

1.1. SPH Formulation at High Density Ratios

A harmonious combination of the particle property
with the Lagrange nature makes the SPH method suit-
able for simulating interfaces in different materials. The
accuracy with the standard SPH formula can be guaran-
teed if the materials have similar densities (if the density
ratio is low). However, with an increase in the density
ratio, the accuracy cannot be guaranteed by the stan-
dard SPH method; in this case, the SPH method should
be modified.

The modified SPH approximate formula has ad-
vantages of handling high density ratios. Let particles
i and j be a pair of interacting particles. The approxi-
mate function formula [21] for the ith particle is

Γ(xi) =

N∑
j=1

mj

ρj
Γ(xj)Wij , (1)

where m is the particle mass, ρ is the density, and Wij is
the piecewise-linear smoothing cubic spline [21]. Ac-
cording to the equal volumes V of adjacent particles
and the approximate function formula, the density can
be written as
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1
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The mass conservation law takes the form [21]
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where v is the velocity of particles, x is the displace-
ment of particles, and a and b indicate two different
coordinate directions. Assuming that Γ(xi) in Eq. (1),
we obtain
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Both sides of Eq. (4) shall be multiplied by ρiv
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i , which
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In view of Eqs. (3) and (5), the continuity equation can
be written as
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As it follows from [21], the discrete form of the
momentum conservation equation and the energy con-
servation equation can be written as
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Here p is the pressure, e is the internal energy, t is the
time, ε is the displacement of particles, and S is the
viscous shear stress.

1.2. Constitutive Equation

For solids, the stress σ is composed of the isotropic
pressure p and the deviatoric stress tensor S; for fluids,
it is composed of the isotropic pressure p and the viscous
shear stress τ [21]:

σab = −pδab + Sab, (9)

σab = −pδab + τab (10)

(δab is the Kronecker delta). For detonation products,
the pressure p can be obtained from the Jones–Wilkins–
Lee (JWL) equation of state [22]; for water, it can be
found from the Mie–Grüneisen equation of state [23];
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Fig. 1. Single-hull (a), double-hull (b), and free-field (c) underwater explosions in water: the
circular and rectangular regions are domains in which the pressure and equivalent plastic strain
were calculated, respectively; the test points are indicated by 1 and 2.

Parameters of the shell models

Model

Water Outside radius, m Shell thickness, m
TNT charge
radius, moutside radius, m inside radius, m inner shell outer shell inner shell outer shell

Single-hull model 7.5 3.528 3.528 — 0.028 — 0.1

Double-hull model 7.5 4.318 3.528 4.318 0.028 0.018 0.1

finally, for steel, the value of p can be obtained from
the solid Mie–Grüneisen equation of state [24].

For solids, the deviatoric stress S can be calculated
from the deviatoric stress rate Ṡ, given by the Jaumann
stress rate [21]. The Johnson–Cook [25] model is used
to calculate the yield strength. The von Mises yield
criterion is used to determine whether the stress should
be renewed through a comparison between the Mises
stress and the yield strength; in this case, the deviatoric
stress S should be modified as in [26]:

Sab = Sab Y

σMises
(11)

(Y is the yield strength).

1.3. Reflection and Transmission of the Shock Wave

The shock wave propagates from material 1 to ma-
terial 2. The variables such as the density ρ, pres-
sure p, particle velocity u, and shock wave velocity D
change after shock wave propagation. Let us denote
these variables ahead of and behind the shock wave
by the subscripts 1 and 2 (ρ1D1 and ρ2D2 are the
impedances of materials 1 and 2, respectively). Accord-
ing to the impedance matching principle, shock wave
propagation in various materials can be divided into two
cases [27]: the reflected wave is a compression wave at
ρ1D1 < ρ2D2 and a rarefaction wave at ρ1D1 > ρ2D2.

Taking the single-hull model as an example, we can see
that a transmitted wave propagates in steel after the
shock wave propagates from water to steel, while a com-
pression wave is reflected into water.

2. CYLINDRICAL SHELL SUBJECTED
TO A CONTACT UNDERWATER

EXPLOSION

2.1. Models and Parameters

The outer shell is in direct contact with a torpedo
when the submarine structure is attacked. The torpedo
is modeled by a TNT charge. All models are considered
in the same coordinate system with the origin being lo-
cated at the center of the water domain. The structures
of the single-hull submarine and the double-hull sub-
marine are simplified and considered as cylindrical steel
shells (Fig. 1). The domains in which the pressure and
the equivalent plastic strain were calculated are marked
out by the circular region and the rectangular region in
Fig. 1, respectively.

Considering the number of particles, we choose one
half of the entire model as a research object. A uniform
distribution of particles is adopted, and the distance be-
tween the particles is set to 5 ·10−3 m. Therefore, there



Smoothed Particle Hydrodynamics Simulation of the Submarine Structure 505

Fig. 2. Double-hull model with an interlayer filled
by water (25%).

are 689 119 particles for the single-hull model, 603 247
particles for the double-hull model with no water inter-
layer, and 698 725 particles for the double-hull model
with a completely filled water interlayer. To find the
influence of the water interlayer, the double-hull model
is simulated with the intermediate layer filled by water
at 100, 75, 50, and 25% of its capacity (Fig. 2), as well
as the case with no water interlayer. Figure 1 shows the
test points A (0, −3.527) and B (−3.285, −3.504); the
model parameters are summarized in the table.

2.2. Numerical Model

The numerical model for verification of the effec-
tiveness of the SPH method is shown in Fig. 1c. It
has the following parameters: the TNT charge radius is
R =0.1 m, the radius of the water domain is b =0.3 m,
the distance from the explosion center to the test point 1
is c = 1.5 m, the distance from the explosion center to
the test point 2 is d = 2.0 m, and the spacing between
the water and steel particles is dx = 0.01 m. The explo-
sion center is located at the center of the TNT charge,
which has a weight of 51.2 kg.

The analytical formula developed by Zamyshlyayev
[28] and AUTODYN computations are used to verify
the results calculated by the SPH method. The dif-
ference between these results (Fig. 3) does not exceed
10%. Disturbances observed in the numerical results
are probably induced by numerical errors. Moreover,
the pressure predicted by the empirical formula [28] de-
creases slightly faster than the numerical results, and
it may be caused by the fluid viscosity and numerical
errors. Thus, the validity and feasibility of the SPH
method are verified.

Fig. 3. Pressure curves at the test points 1 (a)
and 2 (b): curves 1 and 2 show the results predicted
by the SPH method and AUTODYN, respectively;
the dashed curves are calculated by the analytical
expression from [28].

2.3. Shock Wave Propagation

Case of a Single Cylindrical Shell. The pressure
field in the examined area of the shock wave is depicted
in Fig. 4. The pressure peak value of several gigapascals
is instantaneously reached when the explosion occurs.
Meanwhile, a reflected wave and a transmitted wave
are generated. The pressure value in the normal direc-
tion is higher than in other directions. The reason for
this phenomenon is probably that the surge impedance
of the explosive is higher than that of steel. As a result,
there is not only a transmitted wave generated in steel,
but also a compression wave is induced in the explosive.
Meanwhile, the compression wave generates the second
shock wave in water. Figure 4 also shows that the wave
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Fig. 4. Pressure field in the single-hull model (circular region in Fig. 1) at different time instants
calculated by the SPH method (top) and AUTODYN (bottom).

Fig. 5. Pressure field (circular region in Fig. 1) in the double-hull model with the interlayer
completely filled by water at different time instants.

propagation velocity in steel is larger than that in water
(t ≈ 480 μs). As a whole, the SPH simulation results
are close to the AUTODYN computations.

Case of a Double Cylindrical Shell. The pressure
field of the double-hull model containing a water inter-
layer is shown as Fig. 5. The pressure instantaneously
reaches a peak of about several gigapascals when the
explosion occurs. Afterwards, the shock wave is re-
peatedly reflected between the lower surface of the in-
ner shell and the upper surface of the outer shell. At
t ≈ 400 μs, the shock wave arrives at the lower surface
of the inner shell, which produces a compression wave
in the water interlayer. At the instant t ≈ 1480 μs,
the parameters in this region are caused by the super-
position of multiple compression and rarefaction waves,
which results in shock load inhomogeneity.

2.4. Damage Analysis

Failure Mode Analysis. As shown in Fig. 6a, the
single-hull model deforms seriously at t ≈ 160 μs, which
makes the shell thinner and more fragile. As the shell

becomes increasingly thinner due to severe plastic de-
formation, a crack occurs. The crack expands gradu-
ally, and the shell is eventually warped and scattered at
t ≈ 1620 μs. The result shows that the single-hull struc-
ture is mainly damaged by the detonation wave and det-
onation products, and the shell damage mode is consis-
tent with that of a steel plate subjected to an underwa-
ter contact explosion [10, 11]. In addition, the failure
mode of the outer shell in the double-hull model is sim-
ilar to that in the single-hull model, passing through
several stages illustrated in Fig. 6.

The analysis of the inner shell of the double-hull
model is performed for two conditions: with and with-
out the water interlayer. If there is no water inter-
layer (Fig. 6b), the inner shell is damaged by a large
number of high-speed fragments of the damaged outer
shell. On the contrary, if the water interlayer is present
(Fig. 6c), the inner shell is protected by the water inter-
layer, which decreases the damage caused by the high-
speed fragments.
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Fig. 6. Equivalent plastic strain (rectangular domain in Fig. 1) at different time instants: (a) single-hull
model; (b) double-hull model with no water interlayer; (c) double-hull model filled by water.

Fig. 7. Elastic–plastic partitioning of the shell.

Elastic–Plastic Partitioning. A thin shell subjected
to a contact explosion can be divided into three regions:
0 � pH � σA, where the stress and strain are linear
functions of pressure, 0 � pH � σB , which is the re-
gion of plastic deformation, and pH � σB , where a solid
can be regarded as an isotropic elastic–plastic fluid [29].
Here pH is the detonation pressure, σA is the elastic
limit of the material, σB is the ultimate strength of the
material, σA =355 MPa, and σB = 600 MPa.

As is shown in Fig. 7, the shell can be divided
into three sections: elastic region (section I, far from
the section that is directly affected by the contact ex-
plosion), plastic region (section II, which is closer to the
section that is directly affected by the contact explosion
and is partially affected by the explosion), and isotropic
elastic–plastic region [30] (section III, which is directly
in contact with the section subjected to the contact ex-
plosion).

Let us introduce a dimensionless variableH = r/R,
where R is the TNT charge radius and r is the radius of
the plastic deformation area in Fig. 7. At (x/R) � H ,
the influence of plastic deformation can be ignored.

Figure 8 shows the diagram of H . The greater the
value of this variable, the greater the plastic deforma-
tion region due to a greater level of filling of the double
cylindrical shell by water. The reason is probably that a
large number of high-speed fragments destroy and scat-
ter the inner shell. In addition, we can find that the ra-

Fig. 8. Diagram of the dimensionless deflection:
single-hull model (1), double-hull model with the
intermediate layer filled by water by 100% (2),
75% (3), 50% (4), and 25% (5), and double-hull
model with no water interlayer (6).

dius of the plastic deformation region is very small com-
pared to the overall size of the structure. It means that
the structure is only partially damaged owing to the
inhomogeneity of the shock load in space. The plastic
deformation region for the single-hull model is between
the corresponding values for the double-hull structure
with the interlayer completely filled by water and the
double-hull structure without the water interlayer.

Crevasse and Deflection Analysis. The crevasse
curves of the shell (K) for the single hull model and the
inner shell of the double-hull model are shown in Fig. 9.
The crevasse is normalized by the TNT charge radius.



508 Zhang et al.

Fig. 9. Crevasse curves for the inner shell versus
time: single-hull model (1) and double-hull model
with no water interlayer (2).

Fig. 10. Crevasse curves for the outer shell versus
time for different amounts of water in the interlayer:
no water (1), 100% of water (2), 75% of water (3),
50% of water (4), and 25% of water (5).

At t ≈1.6 ms, the crevasse is about eight times greater
than the TNT charge radius. The crevasse growth rate
for the double-hull model is greater than that of the
single-hull model, and there are several salient points
on the curves of the double-hull model. Therefore,
different failure modes are proved: the single-hull
structure is mainly damaged by the detonation wave
and detonation products, while the inner shell of the
double-hull structure is mainly damaged by a large
number of high-speed fragments.

The crevasse curves for the outer shell of the
double-hull structure containing different amounts of

Fig. 11. Deflection curves for the inner shell versus
time for different amounts of water in the interlayer
at the test points A (a) and B (b).

water in the interlayer are shown in Fig. 10. The greater
the amount of interlayer water, the smaller the value
of K. In other words, the water interlayer has a cer-
tain protective effect on the outer shell. As numerical
simulations show, at t < 1.6 ms, the crevasse of the
inner shell does not occur, and the inner shell merely
undergoes plastic deformation.

The influence of the water interlayer on the deflec-
tion N is illustrated in Fig. 11 (at the central test point
A and the lateral test point B). The deflection is nor-
malized by the TNT charge radius. As is seen in Fig. 11,
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at t ≈ 1.6 ms, the maximum values of the deflection are
reached in the case with the interlayer completely filled
by water: N = 2.5 at point A and N = 2.0 at point B.
At point A, the deflection becomes larger with increas-
ing water interlayer. At point B, the deflection has the
minimum value in the case with the interlayer filled by
water by 75%.

CONCLUSIONS

1. The pressure inhomogeneity is caused by the su-
perposition of multiple waves, which further leads to the
shock response inhomogeneity.

2. For the single-hull structure, the shell is mainly
damaged by the detonation wave and detonation prod-
ucts. For the double-hull structure with no water inter-
layer, the inner shell is scattered by a large number of
high-speed fragments after the outer shell is damaged.
The presence of a water interlayer in the double-hull
structure reduces the damage caused by the fragments.

3. The submarine structure subjected to a contact
explosion can be divided into three regions according to
the pressure and strain rate, and the radius of the plastic
deformation region can be obtained in each case. The
results indicate that the greater the water interlayer, the
greater the plastic deformation region, and the shock
load is inhomogeneous in space.

4. Through the analysis of crevasses of both the
single-hull and double-hull models, we can conclude that
the single-hull structure is damaged more seriously than
the double-hull structure. The analysis of the crevasse
curves proves the fact that the single-hull and double-
hull structures have different failure modes.
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