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Abstract—The problem of scheduling optimally a given set of jobs on a single machine is
studied. The lower and upper bounds on the admissible duration of each job are known. The
optimality criterion of the schedule is the minimum total completion time of a given set of jobs.
Some properties of the optimality region for a job permutation are investigated. Polynomial
algorithms for constructing the optimality region for a job permutation and also for calculating
the volume of this region are developed. The existence conditions of an empty optimality region
for a job permutation are determined. A criterion for the existence of a job permutation with
the maximum possible volume of the optimality region is established.
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1. INTRODUCTION

Production planning includes the stage of constructing schedules for the execution of incoming
customers’ orders (scheduling for a given set of jobs) on existing equipment (a given set of machines).
The optimal schedule is an important factor for the efficiency of any manufacturing process: the
production expenses of the enterprise are decreased, the execution time of customers’ orders for
the final products is reduced, and the raw materials and components required for the manufacture
of the final products of the enterprise are supplied in due time. The optimal schedule of the
manufacturing process allows reducing the cost of storing raw materials and components, thereby
increasing the efficiency of available resources (machines) and capital.

For scheduling problems arising in practice, the exact values of job durations (processing times),
as a rule, cannot be determined in advance. However, it is possible to determine some lower and
upper bounds for job durations. To solve such problems, algorithms for constructing almost optimal
schedules under uncertain numerical parameters are required; see [1-9].

In Section 2 of this paper, we consider the construction problem of an almost optimal schedule
for aset J = {Jy,...,Jn} of jobs processed on a single machine, with the minimum total sum >~ C;
of the completion times C; of all jobs J; € J under given lower piL > 0 and upper pZU > pZL bounds
on the admissible duration p; € [p¥, p!] of each job J;. In Section 3, we define the optimality region
for a permutation m, = (J,, ..., Jk,) of jobs from the set J that contains the optimality box for
the same permutation. The optimality box for a permutation 7; was investigated in [10-17]. In
Section 4, we develop polynomial algorithms for determining the optimality region for a permu-
tation 7w and also for calculating the volume of this region. We prove necessary and sufficient
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conditions under which the optimality region for a job permutation is an empty set. In Section 5,
we study some properties of a permutation 7y of jobs from the set J that have the maximal volume
of the optimality region.

2. PROBLEM STATEMENT AND A SURVEY OF KNOWN RESULTS

The set of jobs J ={Ji,...,J,} has to be processed on a single machine. The exact value of
the duration p; of each job J; € J is unknown before scheduling of the set 7. No preemptions
of job processing are allowed. When implementing the schedule of the set J, the duration p; of
each job J; € J can take any real value from a segment [pZL , pﬂ, where p¥ > pF > 0. The exact

value of the duration p; € [pf ,pﬂ becomes known only at the time C; of completing the job J;.

We denote by R" the space of n-dimensional real vectors, and by R’ the subspace of R" consisting
of all nonnegative n-dimensional real vectors, B! C R". In the space R", the set of all vectors

(p1,...,pn) of the admissible durations of all jobs from the set J is the n-dimensional box, i.e., the
set of all vectors p = (p1,...,pn) € R satisfying the system of inequalities
Pl <pr<pls .5 pl <pa<pY.

The set of the admissible durations (p1,...,p,) = p € R} of all jobs from the set [J can be repre-
sented as the Cartesian product of the segments [pF, p¥]: x_, {piL, 2 } = [plL, pﬂ X ... X [pﬁ, pY } =

T = {p € RY: pk<pi <PV, ie{l,... ,n}} A vector p € T will be called a scenario. Let the set
IT = {m,..., ™} contain all permutations 7 = (Ji,,...,Ji,) of the jobs from the set J. For a
fixed scenario p € T' and a fixed permutation 7 € II, we denote by C; = C;(my,p) the completion
time of a job J; € J in the semi-active schedule [5, 18], which is uniquely determined by the per-
mutation 7. Hereinafter, the criterion ) C; is the minimum total completion time of all jobs from
the set J:

> Ci(m,p) = 7{5&%{ > Cz-(m,p)}- (1)

JieJ WASNG

The permutation m; = (J;,,...,J;,) € II figuring in (1) is an optimal permutation of jobs from
the set J for a fixed scenario p € T'.

Since the number of jobs n = | J| is known before constructing a schedule 7 for the set of jobs 7,

ZJiEJ Cz(ﬂ-iwp)
n

the criterion > C; also corresponds to the minimum average duration of all jobs from

the set J.

The uncertain problem stated above can be written as 1|pF < p; < pV| > C; in the standard
three-position notation «|S|y of scheduling problems; see [19]. Hereinafter, o specifies the type of
the processing system (the number of machines), 5 the processing conditions of jobs, and ~ the
objective function.

If a scenario p € T is known before scheduling (i.e., for each job J; € 7, [p¥, p¥] = [ps, pi]), then
the uncertain problem 1[p* < p; < p¥|>° C; turns into the deterministic problem 1||3° C;. The
notation 1[p| > C; will be used to indicate an instance of the deterministic problem 1|| > C; with
a fixed scenario p € T by the time of optimal schedule construction. As was demonstrated in [20],
an instance 1|p| > C; can be solved in the time O(nlogn) using the following optimality criterion
of a permutation 7 € II.

Theorem 1. A permutation m, = (Jiy, ..., Jk,) € IL of jobs from the set J is optimal for the
instance 1|p| > C; if and only if

Dhy < -.. < Dg,,- (2)

AUTOMATION AND REMOTE CONTROL Vol. 81 No. 5 2020



OPTIMALITY REGION FOR JOB PERMUTATION 821

Under the condition py, < pg,, the job Ji, precedes the job Jy, in any permutation my, € 1I that is
optimal for the instance 1|p| > C;.

In the uncertain problem 1|pF < p; < p¥| 3> C;, the scenario p € T is not fixed before construct-
ing a permutation 7 € II of jobs from the set 7. Hence, the exact completion time C; of each job
J; € J cannot be determined until the job J; is completed. Consequently, the value of the objective
function Y C; for a permutation 7 of jobs from the set J remains unknown until all jobs from
J processed, provided that the jobs J; € J satisfy the strict inequalities p < pV.

As a rule, in the uncertain problem a|plL <pi < pZU |7 there exists no schedule that would be
optimal for all scenarios from a set T' of cardinality greater than 1. Therefore, additional objec-
tive functions and/or assumptions are often introduced for such ill-posed scheduling problems in
the literature. In particular, the problem a|p! < p; < p{|y can be solved by the stochastic ap-
proach under the assumption that all job durations are random variables with known probability
distributions [7, 18].

If sufficient information on the probability distributions of random durations is absent, other
methods can be used [5, 21]. For example, in accordance with the robust approach [2, 22-24],
the decision maker prefers to eliminate the worst-case scenario for the requisite schedule to be
implemented [4, 9, 23]. For any permutation 7, € II and any scenario p € T, the difference
’y}],f — ’y;; = r(m,p) is called the regret for m; with the value ’y}],f of the objective function v for p.
The value Z(mg) = max{r(ng,p) : p € T} is called the worst-case absolute regret, and the value
Z*(mp) = max{r(%’p JipeT } the worst-case relative regret.

Despite the fact that the problem 1[p|>" w;C; is polynomially solvable [20] for any weights
w; > 0 defined for the set of jobs J; € J, the construction of a permutation 7; € S with the smallest
value Z(m;) (or a permutation with the smallest value Z*(7;)) for the problem 1|p* < p; < p¥| > C;
is NP-hard even in the case of two admissible scenarios [21, 24, 25]. The branch-and-bound
method for constructing a permutation 7; with the minimum absolute regret value Z(m;) for the
problem 1|pF < p; < pV| S w;C; was developed in [3]. In accordance with the experimental evi-
dence of computer simulations, the suggested method yields such a permutation m; for the problem
1pF < pi < pY| 3 w;C; if the number n of jobs does not exceed 40.

The fuzzy approach can be used to construct optimal schedules for the set of jobs J with fuzzy
durations processed on a given set of machines M; see [8, 9, 26]. This approach is applicable to
the uncertain scheduling problems with a small number n of jobs only.

Several heuristics for solving the problem 1|pF < p; < pV| 3" w;C; were tested in [1]. Different
probability distributions for the factual durations of jobs were chosen for the numerical experiments
with n € {100, 300,400,600, 800,1000}. As a result, the best heuristic U2 was identified, which
yielded an average error of 1.1% over all test examples considered in comparison with the values of
the objective function Y w;C; calculated for the factual durations of jobs.

The stability approach to scheduling [6, 10-17] includes the stability analysis of optimal schedules
with respect to possible variations of the durations of all jobs from the set 7 and further construction
of the minimal dominant set of schedules. For any scenario p € T, the minimal dominant set
contains at least one optimal schedule. In contrast to the stochastic, robust and fuzzy approaches,
the stability approach to scheduling is to find an optimal schedule for a maximum possible number
of admissible scenarios from a given set 7. In particular, if there exists a dominant singleton {7}
for the problem a\piL <p; < p?|’y, then the schedule 7; is optimal for the instance a|p|y for all
scenarios p € T, despite the uncertain durations of all jobs from the set 7.

In [10-12, 14, 15], the stability approach was used for solving the scheduling problem
1pF < p;i <PV w;Ci. In [15], a criterion for the existence of a dominant singleton for the
problem 1|pF < p; < p¥| S w;C; was established. In [12], difficult instances of the problem
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LpF < pi <Y w;C; with n € {50,100, 500, 1000, 5000, 10000} were randomly generated and
then approximately solved using the MAX-OPTBOX algorithm (developed therein as well) with
an average error of 1.5%. In [10], some instances of the problem 1|pF < p; < pV|Y> C; with
n € {10,20,...,100,200,...,1000,2000,...,10000} were randomly generated and then approxi-
mately solved using Algorithm 3 (developed therein as well) with an average error of 0.74%.

The MAX-OPTBOX algorithm (Algorithm 3) yields a permutation 7 € II for which the op-
timality box has the greatest half-perimeter (the greatest relative half-perimeter, respectively).
Algorithm 3 takes into account the following distinction of the objective function > C;: an in-
crease 0 in a term of the objective function caused by violating inequality (2) due to the factual
duration pg, of the job Ji, finally leads to the increase §(n —i+ 1) of the value of the objective
function. Therefore, the error in choosing an appropriate order of processing for the job Jj, in the
schedule is more important than the error in choosing an appropriate order of processing for the
job ka if i < j.

The definition of the optimality box was given in [10, 12]. Let M = (k;,,..., k; M‘) be an ordered
subset of the set {1,...,n} that satisfies the relations {k1,...,kjps} € {1,...,n}, [M| <n, and

kil <... <ki\M\‘

Definition 1. An inclusion-maximal box
OB(m, T) = [loPt uOPt} X ooox [P WP | = Xy em [loPt uOPt} cT
’ kiy* Tkiy ki‘M" kium ir kip* Tki, | =

is called the optimality box for a permutation 7 = (Jki1 sooos Ik, ) € ILif mp, being optimal for the
instance 1|p| " C; with a scenario p = (p1,...,pn) € T, remains optimal for the instance 1|p'| > C;
with any sconatio p' = (9l ., ph) € [pr,p] X - X [Ph, 1Pk, 1] X I 0] X [Pk 11, Dby 1] %
oo X [pn,pn] € T. 1If there exists no scenario p € T for which the permutation 7 is optimal for
the instance 1|p| > C;, then let OB(my, T) = 0.

Any variation pfgi‘ of the duration py, of a job Ji, € J that belongs to the inclusion-maximal

lopt opt
k

segment [ 17uk1:| (see Definition 1) guarantees the optimality of the permutation m €Il for

lopt opt
k

any scenario p’ = (p},...,p),) if it satisfies the inclusion Py, € [ U, } The maximal segment

{lgf '?,UZI; t} of the length u;” t - t >0, 07 t <y t (see Definition 1) will be called the optimality

segment for the job Ji, € J in the permutation 7. If there exists no optimality segment [lzif %, uzij t} ,
lZZt < uzij f, for a job Ji, €7, then we will say that the job Ji, has no optimality segment in the

permutation 7.

3. OPTIMALITY REGION FOR JOB PERMUTATION 7, € 11
We define the optimality region OR (7, T') for a permutation 7 € II containing the optimality
box for mi: OB(my,T) € OR(my, T).

Definition 2. An inclusion-maximal closed subset OR(m,T) C T of the set R} is called the
optimality region for a permutation 7y, = (Ji,, ..., Ji,) € II with respect to T" if the permutation 7
is optimal for the instance 1|p| > C; for any scenario p = (p1,...,pn) € OR(mg, T). If there exists
no scenario p € T' for which the permutation 7 is optimal for the instance 1|p| > C;, then let
OR(TF ks T) = @

Due to Theorem 1, we will discriminate among three types of segments for each job Ji, € J in
a fixed permutation 7, = (Ji,, ..., Jx,) € II as follows:

the optimality segment {l,?: t,usz t} C {pﬁﬂ pgr};
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OPTIMALITY REGION FOR JOB PERMUTATION 823
. . ¢ ¢
the conditional optimality segment [lg‘:p ,uZZp } C [p,%r,p%};

the nonoptimality segment [lgf",uﬁ‘m} C [pé., pgr}

The optimality segment [l%f t,qu t} for a job Ji, in a permutation 7, has been specified in

Definition 1 of the optimality box.
The nonoptimality segment for a job Jj,. in a permutation 7y = (Ji,, ..., Ji,) € Il is an inclusion-

} C [p,%r,p%} for which the permutation 7y, = (Jk,, ..., Ji,) cannot be

maximal segment {lﬁfn non

) ukr
optimal for the instance 1[p/| Y C; for any scenario p’ = (p},...,p),) € T such that

(Po- o2 € {2 ok ol ] o< [l ] < {xip [phopl] }-

Due to the necessary and sufficient conditions (2) for the optimality of a permutation m; € II for
the instance 1|p|_ C;, for each nonoptimality segment [[7°", up?"| either there exists a job Jy, € J
such that r < v and

Ph, = " < i = ph,. (3)

or there exists a job Ji, € J such that w < r and

. = 0 < = pi, (4)

From Definition 1 it follows that the open nonoptimality interval (17", u;") for a job Ji, in a

permutation 7 = (Jg,, ..., Jk,) € Il has no common points with the optimality segment [l?: t up” t} ,
ie.,

(e ) (Y 122 = 0. (5)

For illustrating these definitions, we will use Example 1 of the problem 1[pF < p; < pV|>C;
with 18 jobs (n=18). The segments [pZL , pﬂ specifying the admissible durations of jobs J; € J =
L

{J1,...,Jis} can be found in the table. The segments {pi ,pﬂ are also shown in Fig. 1 in the

rectangular coordinate system for a permutation 7 = (Jy,..., Jig) € II. The abscissa axis in Fig. 1
corresponds to the segment [pZL, pZU | of the admissible durations of jobs J; € J. The ordinate axis
in this figure corresponds to the jobs .J; from the set 7.

The conditional optimality segment for a job Jj, in a permutation 7y = (Jiy,...,Jk,) € Il is

copt

an inclusion-maximal segment [l;‘:p t,ukT } C {pé,pgr} such that any point pj € [l;‘:p t,ui‘jp t} does

not belong to the open nonoptimality interval, p; ¢ (
job Ji, € J, d # r, for which py € [p,%d,pgi]

In accordance with the definition of the conditional optimality segment, there exist points
p]t c {lept u;opt
nario  p = (ph,. .., pn) € [Phys Pry] X o X [Pryp—15 Prp—1] X [PF 5 P, 1 X [Pl 15 PRyt 1] X -+ 2 X [Pl s P s

and also there exist other points p;* € [lg‘:p t, uZZp t} such that the permutation 7, € II is nonoptimal

jnon _, non
kr

s U ), and also there exists at least one

} such that a permutation 73 €II is optimal for the instance 1|p/| > C; with a sce-

Initial data for Example 1 of problem 1|p* < p; < pY|>.C;

t 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17 18
pl1 3 2 7 2 4 11 12 11 14 7 27 30 9 36 37 38 21
pY 8 5 8 9 10 6 15 15 20 18 23 34 32 40 42 40 40 41
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Fig.1. Optimality segments, conditional optimality segments (horizontal hatching) and nonoptimality seg-
ments (horizontal and vertical hatching) for jobs J; € J in permutation m = (J1,...,J1s): Example 1 of
problem 1|pf < p; < p¥|> Cs.

for the instance 1[p”|>. C; with a scenario p” = (pf,...,pl) € [PkysPky) X -+ X [Pkyp—1s Dp—1) X
[pz:f,pz:f] X [Pr,+1sPhpt1] X - X [Pk, , Pk, ]- The conditional optimality segments for jobs J; € J in
a permutation m = (J,...,Jig) are hatched by horizontal lines in Fig. 1.

In addition, note that in any fixed permutation m = (Ji,,...,Jk,) € II, the conditional opti-

l;opt copt
-

mality segment [ U, } for a job Ji, has no common points with the open optimality interval

(lZ’: t uZ’: t) and also with the open nonoptimality interval (I;}°", u"). In other words, the following

equalities hold:

[l;t:pt7 u;{:pt] ﬂ (l%:t’ ugt) — 0, (6)
(1507 e () (1o, upem) = 0. (7)

If there exists no conditional optimality segment [[;”" ‘ uy " ", 0y b < ug” " for a job Jy,€J in a
permutation 7, we will say that the job Ji, has no conditional optimality in the permutation 7.

The optimality, conditional optimality, and nonoptimality segments for all jobs J; € J in the
permutation m = (J1,...,Jig) are presented in Fig. 1. The nonoptimality segments for the jobs
Ji € J in the permutation 7 are indicated by double (vertical and horizontal) hatching.
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Remark 1. Due to Theorem 1, for each job J; € J in a permutation 7 € II, there may exist
at most one optimality segment, at most two conditional optimality segments, and at most two
nonoptimality segments.

As it has been demonstrated in Fig. 1, the job J3 in the permutation 71 € II has two nonopti-
mality segments, [2, 3] and [6, 8], one conditional optimality segment, [3,5], and also one optimality
segment, [5,6]. For the job J5 in the permutation 7, there are two nonoptimality segments, [2, 7]
and [6,10], with the non-empty intersection [6,7] = [2,7]([6, 10].

The following result is immediate from the definitions of the optimality, nonoptimality and
conditional optimality segments for a job Ji_, r € {1,...,n}, in a permutation mj, € II.

Lemma 1. The segment [pﬁr,p%.] of all admissible durations of a job Jy. € J can be repre-
sented as the union of all optimality, nonoptimality and conditional optimality segments for a
job Jy., r € {1,...,n}, in a permutation w, = (Ji,...J,) € II. For any nonoptimality segment
(1RO, upo™], at least one of the equalities I}°" = pﬁr and upo" = pgr holds.

The optimality region OR (7, T) for a permutation 7y = (Jk,, ..., Jk,) € II can be obtained by
constructing the optimality region for the permutation 7y for the corresponding scheduling problem

1\]3} <pi < ﬁiU| > C; with the reduced segments of the admissible durations [@L , ﬁiU} C [pZL, pﬂ

The reduced segments [ﬁé, ﬁ,g ], Ji, € J, for a permutation 7y, = (Ji,,...,Ji,) are given by the
formulas
~L L U . U
= max _ = min ,
ke = G PR Pl = L PRy (8)

for each job Jy. € {Jky,...,Jk,} = T. The set of all reduced scenarios determined by (8) will be
denoted by T= [ﬁIL,ﬁlU} X ... X {ﬁnL,ﬁ,ﬂ.

Theorem 2. The optimality region OR(my, T') for a permutation my = (Ji, ..., Jk,) € 1L for the
problem 1|pF < p; < pY| 3 C; coincides with the optimality region OR(my,, T) for the same permu-
tation 1|pF < p; < pY| S C; with the set T of admissible scenarios.

Proof. In accordance with the necessary and sufficient conditions (2) for the optimality of a
permutation 73, for an instance 1|p| Y C;, the relations

L N L
< =
Pk, S Pk, < Piy = | IaxX i
holding at least for one duration py, imply that the permutation my, = (Ji,, ..., Jk,,. .., Jk,) can-
not be optimal for an instance 1|p| " C; with some scenario p = (p1,...,pn) € {x;:ll {pé,pgi}} X

non ,,non n L U
] < < [okok ]}

In a similar way, the relations

. U ~U U
min pi. =Pt < pr, <pf,

1<r<g<n
holding at least for one duration pg, imply that the permutation 7 = (Ji,, ..., Jk,., ..., Jk,) can-
not be optimal for an instance 1|p| > C; with some scenario p = (p1,...,pn) € {xiz_ll {pé,p%}} X

i) < { i [k 2L -

Thus, the following result is true: the set of all scenarios p € T for which a permutation
is optimal for the scheduling problem 1|pF < p; < pV |3 C; is contained in the set of all scenarios
p € T for which the permutation my is optimal for the problem 1\]3} <pi < ﬁiU| > C; with the set T
of admissible scenarios.

The converse assertion follows from the inclusion 7' cT.
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Assertion. The set of all scenarios p € T for which a permutation my, is optimal for the problem
1\]3} <pi < ﬁiU| > C; is contained in the set of all scenarios p € T for which the permutation my is
optimal for the problem 1|pF < p; < p¥| > C;.

In view of these assertions, for the original problem 1|pZL < pi < pZU | >~ C; and for the problem
1\]3} <pi < ﬁiU| > C; with the set T = [ﬁIL,ﬁlU} X ... X {@f,ﬁg} of scenarios, the optimality re-
gions coincide with each other for any fixed permutation m, € II: OR(my,, T) = OR(my,, T). The
proof of Theorem 2 is complete.

The next result can be easily obtained from Definition 2 and Theorem 2.

Lemma 2. For the problem 1|pf < p; < p¥| S C; with the set T of scenarios, the open optimality

interval (lgft,qut) for a job Ji, in a permutation m € II has no common points with the segment

{p,%d,pgd} of the admissible durations of any other job Ji,€ J, d # r, i.e., the following equality
holds:

(22" ug) () [, 08, ] = 0. (9)

Now, we prove necessary and sufficient conditions under which the optimality region for a
permutation 7, € II is an empty set.

Theorem 3. The optimality region OR(my, T) for a job wp = (Jiy, - .., Jk,) € Il is an empty set,
OR(m, T) =0, if and only if there exists at least one job Jy, € J, r€{1,...,n}, in the permuta-
tion . = (Jiy, -, Jk,) € Il that has no conditional optimality and simultaneously no optimality
segment.

Proof. Sufficiency. Assume that there exists a job Jj, € J in a permutation mj = (Ji,, - . ., Ji,) €11

that has no conditional optimality and also no optimality segment. Due to Lemma 1, [lgj’”, u}};’”] =
{p,%r, p%} # (). Hence, either there exists a job Ji, € J such that r < v and also relations (3) hold,
or there exists a job J,€J such that w < r and relations (4) hold. In the former case, the

inequality pg, < p, is satisfied for each admissible duration py, € {p,@,p%} of the job Jj, and for
each admissible duration py, € [p,%v, p%)} of the job J,. In the latter case, the inequality pg,, > p, is
satisfied for each admissible duration py, € [pé, p,[ﬂ of the job Ji, and for each admissible duration
Dk, € {pﬁw,pgw} of the job Jg,, .

In accordance with Theorem 1, in both cases the permutation 7 cannot be optimal for an
instance 1|p| Y. C; with some scenario p € T'. Hence, by Definition 2, the optimality region for the
permutation 7, = (Jg,, ..., Jx,) € Il is an empty set, OR(my, T') = (). Sufficiency is established.

Necessity. This part will be proved by contradiction. Let the equality OR (7w, T) = 0 hold.

Assume on the contrary that there exists no job Ji. € J, r € {l,...,n}, in a permutation
e = (Jkyy- -, Ji,) € I without conditional optimality and simultaneously without an optimality
segment.

Due to Definition 2, the equality OR (7, T) = () means the absence of any scenario p € T' such
that the permutation 7 is optimal for the instance 1|p| > C; with p € T. Nevertheless, we will

construct a scenario p*€ T that is contained in the optimality region for the permutation 7.

If a job Jj, has the optimality segment {lg t,uzij t}, lzif tguzij t, in a permutation 7, then there

exists at least one point pj € [l,‘f t,uzij t}. In this case, we choose the value py as the duration of

the job Jj,.
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If a job Jg; has no optimality segment in a permutation 7, then by the assumption there

exists the conditional optimality segment [lzj_p t,uij_p t} for the job Ji;. In this case, we choose the

value lz?p " as the duration of the job Ji;t Pr, = l;‘;p t

Such a choice of the durations p,’zj of all jobs Jy; € {Jkys -y Ik, } = J yields the scenario p* =
(Phy»--->py,) €T. From equalities (6), (7) and Lemma 2 with equality (9) it follows that the
permutation m; is optimal for the instance 1|p*|Y. C;. The resulting inclusion p* € OR(my, T)
obviously contradicts the equality OR (7, T') = 0. Thus, necessity is established, and the proof of
Theorem 3 is complete.

From Theorem 3 it follows that, if OR (g, T') # 0, then in the permutation 7y = (Ji,, ..., Ji,) €11
for each job Jy.€J, r € {1,...,n}, there exists at least one optimality segment or conditional
optimality segment. Therefore, the dimension of the non-empty optimality region OR(m,T) is
n =|J|. Because the converse assertion is also immediate from Theorem 3, we arrive in the
following result.

Corollary 1. The dimension of the optimality region OR(my,T) is n=|J| if and only if
OR(mi, T) # 0.

In Fig. 1, the nonoptimality segment [} u}°"] =[7,9] for the job Jy in the permutation
7 = (J1,...,J1g) satisfies the equalities [I7°", u}°"] = [7,9] = [p,pY], i.e., the job J; has no condi-
tional optimality and simultaneously no optimality segment in the permutation 7;. From Theorem 3
it follows that the optimality region for the permutation 7 is an empty set, OR(mw,T) = 0.

4. OPTIMALITY REGION: CONSTRUCTION AND CALCULATION OF VOLUME

Theorem 3 has been adopted to develop Algorithm 1 for checking the equality OR(my, T) = 0
for a fixed permutation 7, € II. This algorithm has a complexity of O(n).

If Algorithm 1 establishes the relation OR (7, T') # () for a permutation 7y, then (in accordance
with Theorem 2) it constructs by formulas (8) the reduced segments {ﬁiL,ﬁiU} of the admissible
durations of jobs J; € J. As a result, the initial data for the problem 1pf < pi < Y| C; with
the set T" of admissible scenarios are obtained.

Algorithm 1.

INPUT: Segments [pF, pV] of durations of jobs J; € J;
permutation 7 = (Jxy,- .., Jk, ) € 1L of jobs J.

OUTPUT: Segments [pi,p”] for jobs J; € J in the case of establishing

OR(my, T) # 0.
Step 1: ﬁkLl :pﬁl,tL:pﬁl,r:Z
Step 2: IF pgr > t;, THEN GOTO Step 3 ELSE GOTO Step 5;
Step 3: IF pp >ty THEN ty =pf  pL =tr, ri=r+1;

ELSE pl =tp, r:==r+1;
IF » < n THEN GOTO Step 2 ELSE p =p{ | ty = p{ ;
Step 4: FORr=n—-1to 1 STEP —1 DO
IF pj] <ty THEN ty = p{ , pf =ty ELSE p}/ = ty;
END FOR STOP.
Step 5: OR(m, T) = () STOP.
In Steps 1, 2, and 5 of Algorithm 1, the equality OR(7w,T) = 0 is checked. In Steps 24,
the reduced segments of the admissible durations of jobs from the set J for the problem
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11pf < pi <pY| 3 C; are constructed. Due to Theorem 2, the optimality region for a permu-
tation 7 € II of jobs for the problem 1\piL <p; < pZU | > C; coincides with the optimality region for
the same permutation 7 of jobs for the problem 1|p < p; < pY| Y. C; with the set T of reduced
scenarios. As is easily verified, Algorithm 1 is implemented using O(n) elementary operations.

4.1. Optimality Region for Permutation m € Il in Special Cases

In this subsection, we will construct the optimality region OR (7, T") for two special cases of a
permutation 7 = (Jiy, ..., Jg,) € II and calculate the volume Vol (7, T) of the optimality region
OR(7my,T). In the first case, the optimality region OR(my,T) is determined only by the optimality
segments of all jobs J. € J (Lemma 3). In the second case, the optimality region is determined
only by the conditional optimality segments of all jobs J_ € J (Lemma 4).

Lemma 3. If OR(w, T) # 0 and each job Jy,. € J has no conditional optimality in a permuta-
tion mp = (Jiys - -, Jk,) € 11, then the optimality region for the permutation my coincides with the
optimality box for the same permutation:

OR(m, T) = X1y [, u?'| = OB(my,, T). (10)

i

The volume of this optimality region OR (7, T') is

Vol (my, T) = 11 (u%ft — lth) . (11)
Jk,.E{J:lth<qut}

Proof. Due to Theorem 2, we will consider the problem 1|@L < pi < ﬁiU| > C; instead of the
problem 1|pF < p; < pV| 3 C;. Since OR(my, T) # (), by Theorem 3 there exists no job J;, € J
without conditional optimality and simultaneously without an optimality segment in the permuta-
tion .

Because each job Ji.€J has no conditional optimality in the permutation m; and there

exists at most one optimality segment for it (see Remark 1), for each job Ji € J we have
the equality {ﬁ,fr , ﬁ,g } = {l,?: t,qu t}. Hence, in accordance with Definitions 1 and 2, the op-
timality region OR(m,T) for the permutation 7 coincides with the optimality box for the
same permutation 7, being the n-dimensional box x_, {lgf t,qu t} = OB(7y, T) of the volume

I, {7 £ 107 <utPty (u%ft —Ir ) The proof of Lemma 3 is complete.

The permutation my = (Jy,. .., Jig) of jobs from the set J = {J1,...,Jip} for Example 2 of the
problem 1\piL <p; < pZU | > C; is shown in Fig. 2. As the permutation 7y satisfies the hypothesis of
Lemma 3, the optimality region OR (e, T) is the following 10-dimensional box:

OR(m2, T) = OB(ma, T) = [P, u?*| > ... x [158", ut']
— [4,8] x [8,8] x [9,12] x [13,16] x [16,16] x [16, 18] x [19, 19] x [19, 22] x [22,22] x [22, 24],

whose volume can be calculated using formula (11):

Vol(me, T) = H (u?pt - l?pt)

Jre{T 1P <ulP'y
= (8 —4)(12 — 9)(16 — 13)(18 — 16)(22 — 19)(24 — 22) = 432.

Following Theorem 2, we will consider the problem 1\]7} <p; < ﬁiU| > C; with the set T of
reduced scenarios instead of the problem 1|pF < p; < pV| > C;.
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Jobs J;

J1o0
Jo
Js
J7
Jo
Js
Ja
J3
S

Ji %
T 1T 1T 17T T 17T 1T

4 8910 12 14 16 18 20 22 24 Durations p;
11 13 15 19 23

Fig. 2. Optimality segments and nonoptimality segments (hatching) for jobs J; € J in permutation
7o = (J1,.. ., J20): Example 2 of problem 1|pf < p; < pY| > Ci.

Definition 3. A section of a permutation m, € I is an inclusion-maximal permutation
sk = (Jiys s Ji
viir 1 €40,...,my}, for which d € (ﬁ,ﬁjﬂ, ﬁ,gjﬂ). The segment {ﬁkLv, ﬁ,gj+mv} is called the
cover of a section s]k.

), 1 < v < v+ my, < n,such that for any value d € (]3,5}, ﬁ,g+m ) there exists

v+moy

a job Jj

Note that the set S(m) = {sI*,..., sk}, 1 < v <...<w < n, of all sections of each permuta-
tion 7 € II is uniquely defined.

Remark 2. From Definition 3 it follows that each job Ji, € J is either contained in a unique
section of a permutation 7y, or is not contained in any section of m;. If there exists at least one
job J, € J not contained in any section of a permutation 7y, then OR (7, T) = 0 by Theorem 3.

The next result is immediate from Remark 2 and the proof of Theorem 3.

Corollary 2. The optimality region for a permutation mp = (Jiy,...,Ji,) € Il is a non-empty
set, OR(mi, T) # 0, if and only if m = (s7*,...,sTF).

Consider the permutation my = (Ji,...,J19) in Example 2 (Fig. 2). For this permutation,

each section consists of the unique job s7? = (J1), ..., s7§ = (J10) and also the equality m =
(s1%,...,s7g) holds. A section composed of a single job will be called trivial.

of each section s7* € S(7,) into the

For proving Lemma 4, we partition the cover [ﬁ,fj , ﬁ,g N
mj

inclusion-maximal conditional optimality subintervals

Bt pE,, ) = [0 (55) v (55)) U U (55) o (554)) U
U [% (Sgk) ,ui(j) (33‘%)} ’

(12)

which are distinct from each other in the sense that, for different subsets jl-j = {Jk“ cee kaj}

of the set {ka, .. .,ka+mj}, Jj <1< j+mj, the inclusions {lf (3;%) 7uz (syk)} - [ﬁkﬁvﬁg«} hold
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T T T 1T T 17T 1T 1T T T

T T
2 4 8 13 16 _18 20 2 25 28 30 Durati i
9 151017 3 urations p;

Fig. 3. Conditional optimality segments (horizontal hatching) and nonoptimality segments (horizontal
and vertical hatching) for jobs J; € J in permutation w2 = (Ji,...,Ji10): Example 3 of problem
Lpf <pi <pY|> Ci

for all jobs Jj,. € jf Let jij = <Jki,...,Jk

@j:{Jki,...,Jk ; }
177 |

For illustrating these notations, we will consider the partitions of the covers of the sections s7?
and sg* of the permutation my = (Ji, ..., Jio) for Example 3 (Fig. 3). The section s7* consists of the

gj) denote the permutation of jobs of the set

seven ordered jobs s7?=(Ji,...,J7) and has the cover [ﬁlL,@U} = [4,20]. As a result, we obtain
the following partition (12): [4,20] = [4,8)U[8,9)U[9,13) U [13,16) U[16,17) U [17,18) U [18, 20]
of the cover [p{, ﬁ7U] into the conditional optimality subintervals. Here

[l% (1, J2)  ut (1, J2)) = [4,8);
(13 (s Ja) b (T, a)) = 18,9);
(14 (Ja, Jg, Ja) b (o, T3, J) ) = [9,13);
1 (J3, J) ,ul (Js, Ja)) = [13,16);
B (s o) ud (s, Je) ) = [16,17);

:lé (T3, .oy J7) s up (Jg,...,J7)> = [17,18];

:l% (Jay o J7)ul (T, .,J7)} — [18,20] .

Note the equalities J'= (J1,.0), Jo = (J1,....Ja), Ji=(Jo,Js, Ju), J&=(J5,Js), Ji=
(J3y.. .y de), Jg¢ = (J3,...,J7), and J} = (Jy,...,J7). The section si? consists of the three
jobs sg* = (Jg,Jg, Jig) and has the cover {ﬁé,ﬁ%} = [22,28]. Hence, we obtain the parti-
tion [22,28] = [22,25) U [25,28] of the cover [22,28] into the conditional optimality subintervals
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(b)
Jy
9,9, 13) (13,9, 13)
©, 13, 13) B})(B, 13, 13)
(a)
5y 9,9,9 >
4, 4)/A\ / 8, 4) ( ) (13,9,9)
(4, 8) (8,8)=(J,J») 9, 13,9) (13,13,9) = (J2, J3, Ju)
Js J3

Fig.4. (a) Optimality triangle Pyr°?‘(J1,J2) with base [(4,8),(8,8)] and altitude [(4,8), (4,4)] for condi-
tional optimality subinterval [4,8) for permutation w2 = (Ji,...,Jio) in Example 3. (b) Optimality pyramid
Pyr°P(Ja, J3, Ja) with base [(9,9,13), (9, 13,13), (13,13,13)] and altitude [(9,9,13),(9,9,9)] for conditional
optimality subinterval [9,13) for permutation 72 in Example 3.

[12(J8,J9) w3 (Jg, Jo)) and [I3(Js, Jo, Jio), u3(Js, Jo, Jio)]. Note the equalities J?2 = (Jg,Jo) and
J2 = (Js, Jog, J10)- ‘ ‘
Any section s jke S(mj) of a permutation 7y and any ordered set fi] of jobs from the set jf cJ
are permutations of a corresponding subset of jobs from the set J. Therefore, it is possible to con-
sider the optimality regions for all jobs from which these permutations consist of. Such optimality
regions will be denoted by OR(s}*,T) and OR(J/, 77, T), like the optimality regions OR(m, T') for a
permutation 7, € Il of the entlre set of jobs J. The volumes of the optimality regions OR(S;%,T )

and (’)R(fij ,T) will be denoted by Vol(s7*,T) and Vol(J/, 77, T), respectively.

The proof of Lemma 4, like the definition of the d-dimensional optimality pyramid Pyr"i”tj J
is postponed to the Appendix. This pyramid is the optimality region for the permutation of jobs
J} C J, ie., the equalities d = | 77| and OR(J/, T) = Pyr?*.J7 hold.

Lemma 4. If OR(m, T) # 0 and each job Jy.€ J has no optimality segment in a permutation
e = (Jkyy -, Ik, ) € I, then the optimality region OR(wy,T') for the permutation y is the Carte-
sian product of the |S(my,)| optimality regions OR(s;*,T) of all sections S(my):

OR (m, T) = OR(s7*,T) x .. x OR (], T) x ... x OR (sl ), T) (13)

where OR(s; Tk T) is defined as the union of the d-dimensional optimality pyramids Pyr‘)ptfij in
the space R"™, d € {\.73|,~~7|~77z(j)|} :

n(j) n(j) ,
OR(s}",T) U OR(J!,T) = | Pyr'J;. (14)
=1

The volume of the optimality region for the permutation m is given by

)| n u.' 3 _Y STk ljz]l

|J£|!
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The permutation my = (Jy,...,Jig) of jobs from the set J ={Jy,...,Jio} for Example 3 of
the problem 1|pZL < pi < pZU | > C; is shown in Fig. 3. By Theorem 3, the optimality region for the
permutation 7 is a non-empty set; because the permutation 7o satisfies the hypothesis of Lemma 4,
the volume of the optimality region OR (7w, T) can be calculated by formula (15):

vttty - T2 (7 (7) 2 (7))

e 77!
8 =4)2  (9-8)* (13-9)%  (16-13)* (17— 16)*
- l o o T oy T Ty
(18 —17)> (20— 18)*| [ (25 —22)2 (28 —25)3
oo Ty o T3

_ [16_’_ 1 +64+9+ 1 n 1 +16] [9_’_27]:21033
2 24 6 2 24 120 24] |2 6 40°
The triangle PyroP'J} = PyroP'(Ji,Jo) (see equality (14)) for the conditional optimal-
ity subinterval [4,8) that belongs to the optimality region OR(m2,T) for the permutation
mo = (J1,...,J10) in Example 3 is demonstrated in Fig. 4a. Also, the three-dimensional pyra-
mid PyrPtJ} = PyroPt(Jy, Js, Jy) (see (14)) for the conditional optimality subinterval [9,13) that
belongs to the same optimality region OR (w2, T) is presented in Fig. 4b.

4.2. Volume of Optimality Region for Permutation my, € 11 in General Case

Let S*(mj) denote the subset of trivial sections of the set S(my).

Note that the permutation w9 = (J1,...,Jip) in Example 2 satisfies the hypotheses of Lemma 3
and all sections of the set S(m2) are trivial: S(me) = S*(m2).

The permutation mo = (Ji, ..., Jip) in Example 3 satisfies the hypothesis of Lemma 4, and the
set S*(mg) of its trivial sections is empty: S*(ms) = 0.

Theorem 4. If OR(w, T) # 0, then the optimality region OR(wy,T) is the Cartesian prod-
uct (13) of the optimality regions of the sections S(my) such that

OR (s5%,T) = OB (57", T) = 1", uy”"]

for each trivial section s7* = (Jy,) and

n(j) , n(j) B
OR(s;*,T) = |J OR(J!,T) = |J Pyr'J;
i=1 i=1

for each nontrivial section s}rk € S(mg) \ S*(7i). The volume of the optimality region is given by

) . . |77
n(j) ui sk ) — li g7k ‘

Vol (my,, T) = I1 (" = 17") I .Z( (5 )IJ-J'I!( ) . (16)
(T ) {5 (i) 1P <ul?' } s;FeS(m)\S* (my) =1 g
Proof. Due to Theorem 2, we will consider the problem 1|ﬁiL < pi < ﬁiU\ > C; instead of the prob-
lem 1|pF < p; <pY| 3 C;. Because OR(my, T) # 0, the dimension of the optimality region OR(m,, T)
is equal to n (Corollary 1). From Theorem 3 it follows that there exists no job Ji, € J without

conditional optimality and simultaneously without an optimality segment in the permutation 7.
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Since OR(my, T') # (0, Remark 2 implies that each job J, € J is contained in a unique section
of the permutation 7. Moreover, in accordance with Corollary 2, the equality m = (s7*,. .., sIk)
holds.

Using the above-mentioned properties of the permutation 7y, we will establish equalities (13)
and (16) by the sequential application of Lemma 3 or Lemma 4 in special cases where a successive
permutation consists of a unique section sJ* € S(m) of the permutation .

We begin with the first section s7* = (Ji,, ..., Jk1+m1) of the permutation 7. If the section s7*
is trivial, i.e., s7* = (Jk,), then by Lemma 3 we obtain the first factor {lgft, Opt} OR(s1*,T)
in the requisite Cartesian product (13) and the first factor (uzzf t > t) in the first product of

equality (16) given the strict inequality [}’ p <up. b = b= uy” ! then the factor (uzp b lth) =0
is not added into equality (16) due to Lemma 3.)

If the section s7*

is nontrivial, i.e.,
ST € S(m)\S* (e,
then by Lemma 4 we obtain the first factor

n(1) n(1)
OR(sT+,T) = UOR UPyr"pt

in the Cartesian product (13) and the first factor

§ (57 ~ 67
7!

=1

in the second product of equality (16). Here, note that the partition (12) of the section s7*
into the conditional optimality subintervals may also include the subintervals [I} (s7%), ul(s7*)) for
which |7'| = 1. (In fact, Lemma 4 makes no provision for such a possibility.) However, we will
demonstrate that the equality

Ny _(ui(sgk)—zg(sgk))lzﬂw
771!

which appears in (16), is valid in the case | 77| = 1 as well. Really, if |7/| = 1, then
Z’ ™) _ lf T ‘Jﬂ g ) _ lf T 1 ' ‘
() @) ) oy
which is required for satisfying equality (16).

9

In a similar manner, we will consider the second section 55" = (Jk,, 115+« Tk, 111m,) Of the
permutation 7. Applying Lemma 3 (if the section s5* is trivial) or Lemma 4 (otherwise), we
will supplement the constructed part of the Cartesian product (13) with the second factor and
also supplement a corresponding product of the two ones figuring in equality (16) with the second
factor.

Proceeding in this fashion up to the last section sI* of the permutation 7, (and adding the cor-
responding factors), we will finally arrive in both equalities (13) and (16). The proof of Theorem 4
is complete.

The algorithm for calculating the volume Vol(m,T') of the optimality region OR(my, T') # ) for
a permutation 7 € II (see below) is based on Theorems 2, 3, and 4.
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Algorithm 2.
INPUT: Permutation 7 = (Ji,, ..., Jk,) € II for which OR(m, T') # 0;
segments [p#, p¥] of durations of jobs J; € J.
OUTPUT: Volume of optimality region OR (7, T') for permutation 7.

Step 1: Determine set of sections
S(mg) = {s?k,sﬁml, .. ,s;»rimj, . ,sgk} :
Step 2: j=1, Vol =1, Vol* =1, Sum = 0;
Step 3: IF section s7* = (J,, .. -, iy, ) 18 trivial s;* = (Jy;) THEN
GOTO Step 7;
Step 4: ELSE for section s;-r’“ = (Jiys s JkaJ_) construct partition (12)

of cover {ﬁij , ﬁ,g +m]} into conditional optimality subintervals:

A ()t (579)) U UL (7)o (59)) U U g (54) o (557

. . (sl (55#) =1 (%)) !
Step 5: FOR i =1 to n(j) DO calculate OS = J 7 J ;
Sum := Sum + OS END FOR '
Step 6: Vol := Vol x Sum, j := j+m; IF j <w THEN GOTO Step 3;
ELSE GOTO Step 10;
Step 7: ji=j4+mj, OS* = uZi’t — l;ijt IF uZi’t > z;;ft THEN GOTO Step 9;
ELSE IF j < w THEN GOTO Step 3;
Step 8: ELSE GOTO Step 10;
Step 9: Vol* := Vol* x OS* IF j < w THEN GOTO Step 3 ELSE

Step 10: Vol (my, T) = Vol x Vol* STOP.

Step 1 of this algorithm is implemented using O(n) operations. Next, Steps 3—6 are implemented
using O(n?) operations. Finally, Steps 7-9 are implemented using O(n) operations. Hence, Algo-
rithm 2 requires O(n?) operations for calculating the volume Vol (my,T) of the optimality region
OR(7y,T) for a fixed permutation 7 € II.

The permutation w3 = (Jy,...,Js, Js, J5, Ja, J7, ..., Ji1g) of jobs from the set J = {J1,...,Jig}
for Example 3 of the problem 1|pZL < pi < pZU | > C; is shown in Fig. 5. Due to Theorem 3, the
optimality region for the permutation 73 is non-empty; therefore, we calculate its volume by for-
mula (16) of Theorem 4, taking into account the equality S*(73) = 0:

) (4 (s7) — 19 (s73)) T} |
Vol(ms, T) = [[ > s )‘j,jl‘f =

5;363(7r3) 1=1

3—-Y  (4-33 (5-4)5° (6-53 (1-6)! (9-1)*
l( 1!> L 3!> L 5!> L 3!> L u) L 2!)1
y [(12 —11)! N (14 —12)3 N (15 — 14)5 N (18 — 15)3 N (23 — 18)1]

1! 3! 5! 3! 1!

(30 —27)t  (32-30)% (36 -32)' (37-36)% (38 —37)3
xl1!+3!+1!+2!+3!

40 — 38)° 41 — 40)!
L (40-38)° (41 -40)

2 1 1 1 1 4
=TT e 1 o

5| 1! 16 120 6 1
x[1+8+ 1 +27+5}X[3+8+4+1+1+32+1}—65785
1 6 120 6 1 1 6 1 2 6 120 1/ 7

AUTOMATION AND REMOTE CONTROL Vol. 81 No. 5 2020



OPTIMALITY REGION FOR JOB PERMUTATION 835

i
~

T 1T T T T T T T T T
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Durations p;

Fig.5. Optimality segments, conditional optimality segments (horizontal hatching) and nonopti-
mality segments (horizontal and vertical hatching) for jobs J; € J = {Ji,..., Jis} in permutation
w3 = (J1,...,Js,J6, Js, Ja, J7, ..., Jis): Instance 1 of problem 1|p}" < p; < pY|>_ Ci.

5. PERMUTATION 7, WITH MAXIMAL OPTIMALITY REGION

If there exists a dominant singleton {7} for the problem 1|plL < pi < pZU | > C;, then the per-
mutation 7 of jobs from the set J is optimal for the problem 1|p| " C; for any scenario p € T. In
accordance with Definition 2, such a permutation 7 satisfies the equality OR(my, T') = T.

5.1. Maximum Possible Optimality Region for Given Scenarios

We will prove necessary and sufficient conditions for the existence of a permutation m; € II with
the maximum possible optimality region for a given set of scenarios 7', i.e., a criterion under which
there exists a permutation 7y, such that OR(m,T) =T

Theorem 5. The optimality region for a permutation m, = (Ji,, ..., Ji,) € Il is mazimum pos-
sible for a given set of scenarios T, i.e., OR(m,T) =T, if and only if the equality
¢ ¢ L U
| = okt (17)

holds for each job Jy, € J in the permutation my.

Proof. Sufficiency. Let equality (17) be satisfied for each job Ji,€J in a permutation
Tk = (Jkyy- -+, Ji, ). Then, in accordance with Definition 1, we also have the equalities OB(my,, T) =
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opt  opt| _ L U | _ — ;
Xk, eM [lk”,ukir] = Xk, eM [pk”,pkw} =T, where M = (k:z-l,...,ki‘M‘), iy <...<ki,,,isan or-

dered set {k1,...,kn} ={1,...,n} for which n = |M|. From Definition 1 it follows that the per-
mutation 7y is optimal for the instance 1[p| " C; for any scenario p’ € OB(m, T) = T. Then by
Definition 2 we obtain the equality OR (7, T) = T'. Sufficiency is established.

Necessity. Let the equality OR(mg,T) = T hold. Assume on the contrary that there exists a
job Ji, € J in the permutation 7 = (Ji,, ..., Ji,) € II such that equality (17) is not satisfied.

Due to Lemma 1, then there exists a non-empty nonoptimality segment [lZf”,qu"] or/and
there exists a non-empty conditional optimality segment [I;* t,ui‘:p " for the job Jj, € J in the
permutation 7 = (Jiy, .-, Jk,)-

In the former case (the existence of [I°",uj?"]), equality (5) holds. 1In the latter case
(the existence of [I;*" ! ug” ")), equality (7) holds. In both cases, there exists a scenario
p* € (Ipom, ug™) U(lz‘:p t,uZ‘:p t) C T such that the permutation 7 is not optimal for the instance
1|p*| 3= C; with the scenario p* € T. Hence, in accordance with Definition 2, we arrive in the re-
lation OR(7, T) # T, which obviously contradicts the equality OR (7, T') = T'. Thus, necessity is
established, and the proof of Theorem 5 is complete.

Theorem 5 in combination with Corollary 1 gives the following result.

Corollary 3. If for each job Jy, € J in a permutation my, = (Ji,, ..., Jk,) equality (17) holds, then
the optimality region OR(my,T) is the n-dimensional box T C R} with the volume Vol (my,,T) =

H]ie{j:pil’<p?}(pg _pZL)

A permutation 7 = (Jg,, ..., Ji,) for which equalities (17) hold for all jobs Jj, € J is optimal
for the instance 1|p| > C; with any admissible scenario p € T. Consequently, the set {7} is the
minimal dominant set for the problem 1\piL <p; < pZU | > Ci.

5.2. How Should Permutation with Mazximal Optimality Region Be Used?

The optimal permutation 7 for the problem 1|p! < p; <pV |3 C; (see the existence crite-
rion in Theorem 5 and Corollary 3) is quite rare in practice. However, for a specific problem
1pF < pi < pY| 3 C; arising in applications, as a rule, a single permutation has to be chosen from
the set II and then implemented for processing all jobs from the set 7.

In view of the results established in Sections 3-5.1, for implementation it can be recommended
to choose a permutation m; of jobs from the set J for which the volume of the optimality re-
gion OR(m,T) achieves maximum over all permutations from the set II. If the factual scenario
p € T of processing of all jobs from the set J belongs to the optimality region OR(m,T'), then
the implemented permutation 7; will be optimal for the factual scenario of processing of all jobs
from the set J. Generally speaking, the greater the volume of the optimality region OR(my,T)
is, the higher the probability that the permutation 7 is optimal for the factual scenario of pro-
cessing of all jobs from the set J will be. Therefore, important problems for further research are
the development of efficient algorithms to construct a permutation m; with the maximal volume
Vol™* (74, T') = max{ Vol™* (7, T) : 7 € I} of the optimality region OR (7, T) and the testing
of such algorithms on the problems 1\p2-L <p; < p?\ > C; of practically relevant dimensions.

For the general problem 1|pZL < pi < pZU | > Cy, the difference

Vol™ (7, T)

1—
HJiE{j: l?pt<u?pt}(pg - pZL

) H

can be treated as its measure of uncertainty (or measure of complexity). In particular, if pu =0,
then the permutation 7; with the maximal volume Vol™** (7, T") of the optimality region OR (7, T')
will surely be optimal for the factual scenario of processing of all jobs from the set J, even despite
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the uncertainty of the given scenarios 7. Conversely, if the value p is equal to 1 (or very close
to 1), then the probability that the permutation 7 is optimal for the factual scenario of processing
of all jobs from the set J will be 0 (almost 0, respectively). In such cases, the uncertain problem
1|piL <ps < pgj| > C; can be solved using approximate algorithms, like Algorithm U2 described
in [1], or Algorithm 3 introduced in [10]. The latter is oriented towards achieving the minimum
error of the resulting solution.

6. CONCLUSIONS

Single-machine scheduling problems for jobs with uncertain numerical parameters arise, e.g., in
the course of employee’s working time planning for a definite period (day, week, or month). As a
rule, the ranges of admissible durations of jobs can be estimated in advance. It can be assumed that
the set of planned jobs will not considerably change when implementing a schedule. The minimum
total completion time of jobs (the average processing time of jobs) can be treated as an aggregate
index of efficiency for an employee performing a given set of jobs.

Another example of the problem 1\piL <p; < pZU | > C;, which arises in the single-truck optimal
scheduling of product supply service logistics in a city retail network, was described in [27]. The
product supply time to a retail outlet depends on numerous factors, such as traffic jamming,
weather, the condition of supply trucks and the road.

The problem 1\piL <pi < pZU | > C; may also arise in some multistage serving systems if one
server is a bottleneck of a corresponding process and only the ranges of admissible durations of
jobs on this server are known.

The results obtained in Section 3-5 as well as Algorithms 1 and 2 can be used to construct a
permutation m; € II of given jobs with the maximal volume Vol™*(m, T') of the optimality region
OR(m, T). Choosing the permutation m; to process given jobs, we increase the probability of
obtaining an almost optimal schedule, despite the fact that the probability distributions of the
uncertain durations of jobs are unavailable in the scheduling problem 1|pF < p; < p¥ |3 Ci.

APPENDIX

For proving Lemma 4, we will consider the problem

1

2.Ci

instead of the problem 1|pF < p; < pY| 3 C; (Theorem 2). Since OR(my, T) # 0, by Theorem 3
there exists no job Ji, € J without conditional optimality and simultaneously without an opti-
mality segment in the permutation 7. In accordance with the hypothesis of Lemma 4, each job
Ji, € J has no optimality segment in the permutation my.

I ~
L <pi<p’

In view of Remark 1 and Lemma 1, we obtain the equality
L o~ t t
[pk[;’ pk[{} = [lli(:p 7uz(:p} )

which holds for each job Jj, € J. From this equality it follows that the set S(my) of all sections of the

permutation 7 contains no trivial sections. We construct the partition (12) of covers ﬁé_ , ﬁ,g+ }
m;

of all sections s7* € S(7y) into the following conditional optimality subintervals:

B (s5) ot (55 ) U U [ (59) d (55)) U U [ty (554) vy (5)] = [0 28 )
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Using mathematical induction in the cardinality |J; J | of the set jf , we will demonstrate that,
for each conditional optimality subinterval [lﬂ ( S; ) ! (s;rk)) in partition (12),

? "

. ul (s7F) — 17 (s 7
vol (J7,T) = (v (5 )w'!( ) : (A.1)
OR (77,1 = Pyrr'J} = Pyro" (Jk e kaij) , (A2)

where the base of the | jl.j |-dimensional pyramid Pyroptjij = Pyropt (Jki, e kaj> is the
(|77| = 1)-dimensional pyramid and the altitude of all pyramids is equal to (ug (8;”“ ) 1 (s;k))

First, we show that for |7/| = 2, the pyramid Pyro'J = Pyro*(Jy,, Ji,
angle (a degenerate case of a pyramid) with the base {lf ( s; ) ul (S;k)} and the same altitude

) turns into a tri-

» g
(ug (S;k) — lg (s;rk)) as its base. This triangle Pyr"ptjll = Pyr°P!(.Jy, J3) is presented in Fig. 4a
for the conditional optimality subinterval

4.8) = [11(1, 1), ul (1, 1))

for the permutation w9 = (J1,...,Jig) € II in Example 3. From Theorem 1 it follows that the order
(Jiys Jhign) = jl-j of processing of two jobs is optimal in a permutation 7 € Il if and only if the
durations py, and py,,, of the jobs Ji, and Jy,,, satisfy the inequality py, < p,,,. In view of the
belonging of the admissible scenario (py,,...,pk,) to the given set T, the admissible durations py,
and pg,,, must satisfy the final system of inequalities

i+1
Dk; S Pkiyq
P < pr, < DY, (A.3)
p£z+1 S Pkiya < pgi+1'

System (A.3) determines the triangle Pyrof’tfij = Pyr"(Ji,, Jp,,,)- In other words, all points
belonging to the triangle Pyr‘)ptfij satisfy system (A.3), and no other points do so. Thus, equal-
ity (A.2) is proved for the case \.ZJ | = 2. Since the area of the triangle Pyr"ptfij is the product of
its base and altitude with a factor of 1/2, (v (S;k);lg(sgk)ﬁ
case |J7| = 2.

Consider the next set jij by cardinality, i.e., |jf | = 3. We will demonstrate that, in this case,
the optimality region

, equality (A.1) is also established for the

OR(JI.T) = (’)R((Jki, Tk Thirn); )

is the 3-dimensional pyramid Pyr‘)th 7 with the altitude (u ( ) lJ ( )) and the base in the
form of a triangle with the same altitude (uZ (sj ) - lZJ- (sj )) and the base [lf (s;k) ,ug (s;’“)}
Note that this optimality pyramid Pyr"ptjll = Pyr°P!(Jy, J3, Jy) is shown in Fig. 4b for the condi-
tional optimality subinterval

9,13) = [l§(J27J37J4)7 U:%,(J27J3,J4))
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for the permutation m = (Ji,...,Ji9) in Example 3. From Theorem 1 it follows that the order
(Jhys Thigrs Thino) = Jij of processing of three jobs is optimal in a permutation 7 € II if and only
if the durations py,, pg,,,, and pg, , of the jobs Jy,, Ji_,, and Jy,,,, respectively, satisfy the
inequalities py, < Pr,y, < Priy,- In view of the belonging of the admissible scenario (py,, ... ,pk,)
to the given set T', the admissible durations py,, py,,,, and pg,,, must satisfy the final system of

inequalities

Dk; < Phijr S Phigo
P, < Pr < DR A
L < <pV (A4)
pki+1 \pki+1 X pki+1
L U
pki+2 < pkH_Q g pki+2 .

System (A.4) determines the 3-dimensional pyramid
PyrJ7 = Pyr(Ji, Jigas Juiss)

with the triangle

L L U L U U U U U
[(pk“ pki+1’ pki+2) ’ (pk“ pki+1’ pki+2) ’ (pk“ pki+1’ pki+2):|

as its base and the segment

L L U L L L
{(pk,ﬂ pki+1’ pki+2) ) (pkﬂ pki+1’ pki+2)}

as its altitude. Consequently, all points of the pyramid Pyr"ptj = PyroP (T, Je.r 1 Ik, L) satisfy

74+17

system (A.4), and no other points do so. Thus, equality (A.2) is proved for the case |J; /| = 3. The
volume of the 3-dimensional pyramid Pyr‘)th 7 is the product of the area of its base (triangle)

L L U L U U v U U
|:(pki7pki+17pki+2) ) (pki7pki+17pki+2) Y (pki7pki+17pki+2):| )

and its altitude with a factor of 1/3,

() ) ()5 6ROy

Hence, equality (A.1) is also established for the case |j-j | = 3.

Now, we make an inductive hypothesis, assuming that both equalities (A.1) and (A.2) hold
in the case |J; ]| — d. This means that the optimality region OR(J/,T) is the d-dimensional
pyramid Pyr"th I = = Pyr°P"(Jy,,...,Jy,), with a (d — 1)-dimensional pyramid as its base and
(u! (s7 s;*) — lf( s;*)) as the altitude of each of these pyramids. Proceeding from the inductive hy-

2

pothesis, we will obtain equalities (A.1) and (A.2) for the case |J7| = d + 1.
Consider the conditional optimality subinterval [li (s;’“) ,uj (s;”“ )) for which

7 _ J| —
Ji = <Jki,...,Jngl,Jng) and |\7z | =d+1.

Due to the inductive hypothesis, both equalities (A.1) and (A.2) hold for the set of jobs
jz‘j \ {kaj }, and the optimality region OR ((Jk“ cee kaf_1> ,T> is the d-dimensional pyramid

PyTOpt (Jkl7 . '7Jkt) = OR ((sz7 . '7kaj—l> 7T>.
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Hence, by Theorem 1 the order (Jk“ ey Jg ) of job processing is optimal in a permutation

\Jij\fl
7 € 11 if and only if the durations py,, ... ,pk‘jj‘ ) of the jobs Ji,,..., kaj‘ X satisfy the system

of inequalities

<. )

Pk; & pk\ﬂf\fl
L U

Py, S Pk; S Py, (A.5)
L < < .
k\Jij\—l = pk\Jf\—l = pkuij\A

Adding the inequalities
L U
) < ) < <
Py 73y S Phy ) pkwj\ S Phigs S pk\Jij\

into system (A.5), we obtain the final system of inequalities

Pk < --- < Pk

17711
pkug'\—l S pkuf\
P, < pr; < pf, (A.6)
Koo <P SPhyy
pﬁ‘%j‘ SPh S p%‘jij‘-

This system determines the (d 4 1)-dimensional pyramid

PerPtfij = Pyrort (Jki, e kaj>

with the d-dimensional pyramid PyroPt (Jki,...,JkJ]. 1) as its base and the difference

(ui (s;k) - lg (8;”c )) as the altitude of each of the two pyramids.

)

Due to the inductive hypothesis and Theorem 1, the optimality region OR ((Jki, e kaj> ,T)

is the (d + 1)-dimensional pyramid Pyr°pt <Jk“ ey kaj) =0OR <(Jk“ ey kaj> ,T>. Thus,
equality (A.2) is proved for the case |jf | = d+ 1. The volume of the (d + 1)-dimensional pyramid
Pyropt fij is the product of the area of its base (d-dimensional pyramid) Pyr°pt (Jki, e kaj_1> =

OR ((Jki, . kaj_1> ,T) and its altitude with a factor of 1/(d + 1),

) ) d ) ) ) )
(£ (7) 4 () (4 () -8 () _ eyt oy
d! d+1 - (d+1)! - en L)
Hence, equality (A.1) is also established for the case | 77| = d + 1. Thus, equalities (A.1) and (A.2)
have been proved by mathematical induction.
Equality (14) follows from equality (A.2) and the fact that, for any scenario p € T', each job
Ji € J has a unique duration p;. Next, equality (13) follows from Remark 2 and equality (14).
Finally, equality (15) follows from equalities (13), (14), and (A.1). The proof of Lemma 4 is
complete.
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