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Abstract—We consider two-criteria control or filtering problems for linear systems, where one
criterion is the level of suppression for Gaussian white noise with unknown covariance, and
another is the level of suppression for a deterministic signal of bounded power. We define a new
criterion, the level of suppression for stochastic and deterministic disturbances that act jointly
in the general case on different inputs. This criterion is characterized in terms of solutions
of Riccati equations or linear matrix inequalities. We establish that for the choice of optimal
controller or filter with respect to this criterion relative losses with respect to each of the original
criteria compared to Pareto optimal solutions do not exceed the value 1 — 1/2/2. We extend
these results to dual control and filtering problems for systems with one input and two outputs,
generalize them to the case of N criteria with loss estimate 1 — v/ N /N, and also apply them
for systems with external and initial disturbances. We show a numerical example.
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1. INTRODUCTION

Mathematical models of processes in control or filtering problems can be divided into stochastic
and deterministic. In models of the first type, disturbances and measurement noise are described
as random, and criteria are usually established variances of errors. If statistical characteristics of
input random processes are known, then in the linear—quadratic case this leads to the so-called
Hjy-optimal controllers or filters [1] (optimal Gaussian control, or Wiener-Kalman filter), where the
Hy-norm of the transfer matrix of the system of disturbances to the error is an integral parameter
of system reaction to harmonic disturbances on all frequencies. In deterministic problems with
unknown disturbances, the criterion is usually the so-called H,,-norm of this transfer matrix that
characterized the maximal possible ratio of error energy to disturbance energy. This theory leads to
H.-optimal controllers and filters. Another important and developing direction combines stochas-
tic Hy- and Hoo-theories in the concept of anisotropic norm; see, e.g., [2, 3]. Optimal solutions with
respect to each of the above criteria differ from each other and in many cases are conflicting.

At the same time, the division between stochastic and deterministic processes is quite relative,
it is often more natural to assume that some disturbances (e.g., the external disturbance) are
deterministic, and some (e.g., measurement noise) are stochastic in the same problem. Besides, if
one of the disturbances is absent, and control or filtering quality is evaluated with the corresponding
criterion, then the same controller or filter must operate in the best possible way under each of
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30 BALANDIN, KOGAN

the disturbances. Similar considerations have led to problems with the so-called Hs/Ho-criterion

[4-11]. In particular, the works [12, 13] assume that one input is subject to a deterministic
disturbance of bounded power, another is subject to random white noise with unit covariance
matrix, and the quality criterion is the maximal power of the output among all deterministic
signals. The authors of these works were able to design filters and controllers that minimize an
upper bound on the output power, but at the same time it remained unknown how well the resulting
systems perform compared to the optimal with respect to individual criteria for deterministic and
stochastic disturbances.

A development of this approach is the concept of the so-called multi-criteria control [14-16],
where the objective is formulated in terms of the general Lyapunov function, although optimal
solutions with respect to each criterion correspond to different Lyapunov functions. This has led
to certain conservatism, but has allowed to design a controller that in some sense combines the
properties of optimal solutions with respect to individual criteria. The problem of how conservative
the resulting solutions are or, in other words, to what extent values of individual quality criteria in
the resulting systems differ from their optimal values, also remains open.

A multi-criteria optimization problem with Hj-criteria has been considered in [17, 18]; with
Hjy- and Ho-criteria, in [19], where the authors used the so-called Q-parametrization of controllers
and suboptimal solutions were found with finite-dimensional controllers. As far as we know, there
has been no significant progress in solving multi-criteria control problems since then, and publica-
tions of the last decade on this topic are chiefly related to computational aspects (see, e.g., [20]) or
specific applications.

In the present work (see also [21]), the central problem is to characterize Pareto sets in con-
trol and filtering problems with deterministic and stochastic disturbances. Unlike the problems
described above, we model stochastic signals as stationary Gaussian white noises with unknown
covariance, and as the quality criterion we introduce the level of suppression for random distur-
bances as a maximal value of the ratio of limit variances (powers) of output and input signals,
averaged over time, over all nonzero input covariances (control and filtering problems with this
criterion were considered in [22-24]). This lets us construct, under jointly acting stochastic and
deterministic disturbances, a parameterized “ideal” criterion that possesses the following property:
the set of points on the plane of criteria corresponding to values of individual criteria under the
optimal solution with respect to the ideal criterion includes the Pareto set.

Further, since it appears impossible to find optimal solutions with respect to the ideal criterion,
we introduce instead a different criterion that lets us obtain lower and upper bounds on the Pareto
set. This criterion represents the level of suppression for jointly acting stochastic and deterministic
disturbances equal to the maximal ratio of output power to the square root of the weighted sum
of squares of powers of input signals over all admissible deterministic and stochastic disturbances.
Note that a counterpart of this criterion in the suppression problem for deterministic disturbances
of bounded energy and disturbances generated by a nonzero initial state is the generalized H -
norm [25-29]. In this work we show (see also [24]) that the level of suppression for stochastic
disturbances and level of suppression for jointly acting stochastic and deterministic disturbances
can be expressed in terms of solutions of Riccati equations or linear matrix inequalities [30, 31].
This lets us design optimal filters and controllers with respect to different parameters in a unified
context and evaluate losses with the ratio to the Pareto optimal solutions.

Using the duality idea, we have been able to establish that this approach can be extended to
multi-criteria problems in systems with one input and two target outputs, criteria for which are
the generalized Ho-norm and H..-norm corresponding to the channels. We show how the proposed
approach can be extended to problems with /N criteria, and also to control and filtering problems
with external and initial disturbances. We show examples that illustrate our results.
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ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 31
2. PROBLEM SETTING
2.1. Control

Consider a controllable system

x(t+1) = Az(t) + Byw(t) + Byv(t) + Byu(t), «(0) = o,

(2.1)
z(t) = Chz(t) + Dyw(t) + Dyv(t) + Dyul(t),

where x(t) € R" is the state, u(t) € R™ is the control, z(¢) € R™* is the controllable output, and xg
is a random initial system state with zero expectation and unknown covariance matrix. We assume
that the disturbance w(t) € R™ is an input stationary Gaussian random sequence of vectors with
zero expectation and covariance matrix Fw(t)w™ (t) = K., and that w(t) for all ¢ is uncorrelated
with xg. The disturbance v(¢) € R™ is assumed to be deterministic with bounded power, which is
defined by the value

N-1

Il = Jim (1/8) 3 sl

t=0

We denote the set of sequences with bounded power by P = {s : [|s||% < co}. Note that all signals
from lo with [[s]|3 = 3222, |s(#)]? < oo have zero power, so the power is a seminorm.

Suppose that the control law has the form of linear state feedback

u(t) = ©x(t), (2.2)
under which the closed system
z(t+1) = Acx(t) + Byw(t) + Byo(t), x(0) = xo,
z(t) = CLz(t) + Dyw(t) + Dyo(t),
where
Ac.=A+B0, C,=0C1+D,0, (2.4)

is asymptotically stable with no disturbances.

If system (2.3) is subject only to a stochastic disturbance with unknown covariance matrix K,
we will characterize the control quality by the level of suppression for stochastic disturbances whose
square is the largest value of the ratio of established variances, averaged over time, for the output z
and input w with nonzero covariance matrix K, that belongs to the set G, of vector Gaussian
white noises of dimension n,,, i.e.,

0(©) = sup jjw (2.5)

WEGn,, ,v=0

where
N—o00

N—-1 N—-1
J.= lim (1/N) Y E[z(t)]°, Ju= Jim (1/N) > Elw(t)]? = tr Ky.
t=0 t=0

In this case, the output will be a stationary Gaussian sequence, i.e., it will be ergodic, so individual
trajectories z have (with probability one) finite power and, consequently,

Y%(0) =ess  sup Izl

, (2.6)
wWEGn,, ,v=0 ||w||7)
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32 BALANDIN, KOGAN

where ess denotes essential supremum, i.e., the smallest upper bound with probability one. This
value will be the induced norm of a linear operator generated by system (2.3) for v = 0 and zero
initial conditions and mapping w(t) € G,, to z(t) € G,.. Below we will show how the level of
suppression for stochastic disturbances can be expressed in terms of solutions of Lyapunov equations
or linear matrix inequalities and also via the transfer matrix H,, of this system from w to z.

If only deterministic disturbances are present, the control quality is characterized by the level
of suppression for deterministic disturbances which is equal to the maximal value of the ratio of
powers of target output and disturbances, i.e., induced norm of a linear operator mapping v(t) € P
to z(t) € P. It has been shown in [4] that this norm equals the H,,-norm of the transfer matrix H,
of this system from v to z, i.e.,

’Yoo(@) = sup ||Z||’P

= ”Hv”oo
vEP,w=0 HUHP

For each of the above criteria, there exists its own optimal matrix of feedback parameters. The
Pareto optimal solutions in the considered two-criteria problem is the set of parameters

Op = arg I%in{'yo(@), Y0 (©)},

i.e., such that there exists no other linear feedback under which the level of suppression for one of
the disturbances would be smaller without increasing another. This set does exist hypothetically,
but it is extremely hard to find. In general, the problem is to characterize this set in some way.
Namely, we define a family of control laws under which the relative quality deterioration with
respect to each of the criteria compared to a Pareto optimal control does not exceed a certain
value. This family of control laws is also interesting by itself since it includes control laws that
are optimal with respect to the level of suppression for jointly acting stochastic and deterministic
disturbances.

2.2. Filtering

Consider a system defined by equations

x(t+1) = Ax(t) + Byw(t) + Bov(t), x(0) = xo,
y(t) = OQZL‘(t) + Dglw(t) + DQQU(t), (27)
z(t) = CLx(t),

where x(t) € R™ is the state, y(t) € R™ is the measured output, z(¢) € R™ is the target output,
w(t) € R™ is a stationary Gaussian white noise with zero expectation and unknown covariance
Ew(t)w?t (t) = Ky, v(t) € P is a deterministic disturbance, x¢ is a random initial system state with
zero expectation and unknown covariance matrix. We assume that the initial state is not correlated
with w(t) for all t.

To get an estimate of the target output, we choose a filter of the form
25(t+1) = Az (t) + Oly(t) — Coas (1)), w(0) =0,
Zf(t) = szf(t)v

where z¢(t) € R™ is the filter state, and © is its matrix of parameters. Then errors in the estimates
of the state e(t) = x(t) — xf(t) and target output e, (t) = z(t) — z4(t) satisfy equations

(2.8)

e(t+1) = Ace(t) + Byw(t) + Byo(t), e(0) = o,

e,(t) = Ce(t), (29)
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ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 33
where
AC =A-— 602, B, =B — @Dgl, B, = By — @DQQ. (210)

We define for system (2.9) levels of suppression for stochastic and deterministic disturbances as

Je.
7(0) = sup \éJw ,

WEGn,, ,v=0

ezllp
10(©) = sup
vePw=0 ||v]lp

and pose the problem of characterizing Pareto optimal filters whose parameters satisfy condition
Op = argmin{y9(0),750(0)}.

In the following section we will show that in each of the problems we can define an “ideal”
criterion, depending on a scalar parameter, such that the Pareto set on the plane of criteria is
contained in the set of points corresponding to the criteria’s values under optimal solutions with
this ideal criterion.

3. THE PARETO SET

Let us consider both problems formulated above in a single unified scheme. Namely, on system
trajectories

z(t+1) = A(©)x(t) + Bu(©)w(t) + B,(0©)v(t), x(0) = xo, (3.1)
t) '

2(t) = C:(©)x(t) + Duw(®)w(t) + Dy(O)u(t),

whose matrices depend on the matrix of parameters O, and where all eigenvalues of matrix A(©) are
strictly less than one in absolute values, we define two criteria, v9(0) and v (0), similar to above,
that characterize levels of suppression for stochastic and deterministic disturbances separately.
Suppose that © p belongs to the Pareto set Py and v9(Op) = 71, Y00 (O p) = 2. Due to the definition
of a level of suppression for stochastic disturbances, for v = 0 we have

VI <1V Jw Yweg.
In this case individual trajectories z, have (with probability one) finite power and, consequently,
[zwllp < nllwllp vweg. (3.2)
By definition of a level of suppression for deterministic disturbances, we have that
[2ollp < v2llvllp Vv EP, (3.3)

where z, is the output of the closed system (3.1) for w = 0.

We define on the trajectories of system (3.1), under jointly acting stochastic and deterministic
disturbances, the criterion

J,(©) =ess sup Iz

, (3.4)
wetmep lwllp + pllvlle

where p > 0 is the weight coefficient. Using the obvious inequality that follows from (3.2), (3.3),
Izlp = ll2w + 20llp < n(llwllp + pllvllp) Ywe G VoeP,
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34 BALANDIN, KOGAN

where p = v2/71, we get that J,(©p) < 7v1. Let ©, be a matrix of parameters minimizing .J,(©)
for a given p. Then J,(0,) =7, < 71 and, consequently, for © = ©, we have

Izllp < wlllwlp + plvllp) VweG,VoeP.
This inequality implies that

Yollwllp, v=0 Yweg,

o
B
N

Yplvlp, w=0 VveP.

Thus, we have that

Yo Y Yo P =Y Y2/ < Yo

This means that 79(0,) < 71 and 75 (0,) < 72, i.e., 7(0,) < Y (Op) and 75 (0,)< Y00 (Op). Since
©p belongs to the Pareto set, 70(0,) =70(OP), 70(©)) = 7 (Op) and, consequently, ©, also
belongs to Py. Summarizing, we formulate necessary Pareto optimality conditions for the problem
at hand.

Theorem 3.1. If (y1,72) is a Pareto optimal point on the plane of criteria vo(©) and Yoo (©)
for system (3.1), then there exists a matriz of parameters ©, € Py minimizing criterion (3.4) for

p=2/71 such that v%(0,) = 71, 10(0,) = 72

Thus, we should be looking for the Pareto set only among optimal solutions with respect to
criterion J,(©). However, since solving this one-criterion problem presents many obstacles, in the
next section we will consider another one-criterion problem whose solution can be found efficiently
and that lets us estimate the boundaries of the Pareto set.

4. ESTIMATING THE PARETO SET ON THE PLANE OF CRITERIA
We denote

= ngn%(@) =(00), 75 = mgn%o(@) = Yo0(Oc0)s

where ©g and O, are the optimal matrices of parameters with respect to criteria vy and e
respectively. Besides, we denote

1 =1%(0x), 73 =7Ye(O0).

Obviously, the Pareto set belongs to the set

N

DZ{(’Yl,’m):’Yféfn\ﬁ, v{éwéﬁ}-

Let us refine these estimates. To do that, we introduce on trajectories of system (3.1) a new
criterion

70,00(©) = ess  sup 2”2”7)2 ) (4.1)
weg e [llw|3 + p2v])%

which we call the level of suppression for (jointly acting) stochastic and deterministic disturbances.
Now (4.1) immediately implies that

70.00(0) = max {79(8), 11 (0) } . (4.2)
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ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 35

We compare the corresponding values of original criteria v9(©) and 7,(©) on the optimal
solutions with respect to criteria J,(©) and 70,00(©). Since

12]l» 12[l»

lwlle +plelle = va fllwlid + el

we get that J,(0) > (1/v/2)70,00(0). Let ©p belong to the Pareto set and 7o(Op) =71, Yoo (Op) = 2.
For the matrix ©,, which is optimal with respect to criterion J,(©) for p = 2/, it holds that
J,(©,) =7, < 71. Consequently, it holds that

N = Jp(0,) = (1/V2)10,00(0,) = (1/V2)70,06(O%),

where ©7 is the optimal solution with respect to criterion (4.1). Taking into account (4.2), we
derive from this conditions

(1/V2)0(0;) <7, (1/V2)70(0;) < m1p = 2. (4.3)

Since ©, € Py, one of the following three cases is possible:

70(07) Z 71, V(0]) = 72
(075) > 71, V0(©}) < 725
(0,) <71, Ve(©)) > 2.
In the first case, due to (4.3) we get that
20(0;) —m gl—\/z, Vo0(©)) — 72 gl—\/2, (4.4)
70(0}) 2 Vo (©}) 2

Le., when choosing optimal solutions ©7 with respect to criterion 70,00(©) for a given p, relative
losses with respect to each of the criteria v9(©) and v, (©) compared to the corresponding Pareto
optimal solution, if it exists, do not exceed 1 — /2 /2. In the other two cases, with respect to one
of the criteria relative losses will also not exceed the value 1 — v/2 /2, and the value of the other
criterion does not exceed its value at the Pareto optimal solution.

Let us finally show that loss estimates shown in (4.4) can be, generally speaking, refined with
the properties of criterion vy~ (©). Namely, suppose that for a given p there exists a solution of
problem

min max ”ZHP

: (4.5)
O v Jlwlp + ol

which will be studied in detail in the next section. We denote by ©7, w., and v, its optimal solution
with respect to parameters © and the worst possible disturbances. Then

o (@*)_ HZ(@Zyw*,U*)HP < ||Z(@paw*7v*)||7> < ||z(®p,w*,v*)||7>
OO\ p/ ~ = )
sl + o2 lwnlll /lwald+ 2oz £ (Rellp + pllo.l»)

where z(©,w,v) is the target output of system (3.1) for the corresponding arguments, ©, € Py,
70(0p) =71, 100(©p) =72, p = 72/71, and

w3+ 2lenli3

n(p) = . (4.6)
lwalip + pllv. 1o
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36 BALANDIN, KOGAN
We further have that

12(0p, w,v)llp _

1(P)70,00(0}) < =
STPT wegwep |wllp + pllv]lp

Jp(@p) <M
This implies that

1(P)10(0)) <1, 1(P)10(O}) < py1 = 2. (4.7)

Since 1/v/2 < u(p) < 1, instead of estimates (4.3) we have obtained more exact estimates (4.7),
which similarly lead to the following result.

Theorem 4.1. Relative losses under the optimal solution with respect to the level of suppres-
sion for stochastic and deterministic disturbances for a given p compared to the Pareto optimal
solution ©p for which vo(Op) = V1, Yoo(Op) = vy2 and v2/v1 = p, do not exceed for each criterion
1 — u(p), i.e., it holds that

7(05) =71

0(02) < 1—u(p),

where 1/v/2 < ju(p) < 1 has been defined in (4.6).

5. COMPUTING LEVELS OF SUPPRESSION FOR THE DISTURBANCES

Before we characterize the level of suppression for stochastic and deterministic disturbances,
let us show how the level of suppression for stochastic disturbances can be expressed in terms of
matrices of system Egs. (3.1) or via its transfer matrix. In cases where it does not lead to confusion
we will omit the arguments of matrix functions. Let H(s) = (Hy(s) Hy(s)) be the transfer matrix
of this system, where

Hy(s) = C.(sI — A 'By+ Dy, Hy(s)=C.(sI — A.)"'B, + D,.

Theorem 5.1. The level of suppression for stochastic disturbances in system (3.1) for v =0 can
be found as

2
1 . .
'Yg(@) = )‘maX(BEPOBw +D$Dw) = Amax { o /HE(Q_M)HH)(GM) d@} ) (5'1)
0

where Py = Pyt > 0 is the solution of Lyapunov equation
ATPA.—P+ClC. =0, (5.2)

Here the covariance matriz of the worst possible disturbance equals K.= emaxer .., where emax s

the eigenvector of matriz BL PyBy, + D} D,, corresponding to the mazimal eigenvalue v3(0).

Note that, by substituting into (5.2) the corresponding expressions for matrices A.(©) and C,(O)
and extracting the full square with respect to ©, we can find for each of the control and filtering
problems the optimal matrix of parameters ©g under which the level of suppression for stochastic
disturbances 78(@) is minimal. For instance, for the control problem we get

Oy = — (BEP*BH + DEDU)_I (BEP*A + D;fcz) , (5.3)

AUTOMATION AND REMOTE CONTROL Vol. 78 No. 1 2017



ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 37

where P, is the stabilizing solution of Riccati equations
ATPA- P+ CIC. - OF (BIP.B, + Dy D,) 0 = 0.

We now return to considering the level of suppression for stochastic and deterministic distur-
bances (4.1) for system (3.1), whose square is the largest value of the ratio of the square of output
power to the weighted sum of squares of powers of deterministic and stochastic disturbances over
all admissible disturbances. This definition immediately implies that

V0,00 > Max {'yo,p‘l’voo} :

This value represents the induced norm of a linear operator that maps, due to system (3.1), a pair
(w(t),v(t)), where w(t) € Gy, and v(t) € P, to z(t) € P; it can be called the H,/vo-norm of this
system.

Theorem 5.2. For system (3.1), condition Yy <7 holds if and only if
A (BY Xy Bu+ DDy ) < 7%, (5.4)
where X, = X$ > 0 is the stabilizing solution of Riccati equations
AYXA. - X +ClC,
T T~ \Y( 2.27 pT AT \ M pT T _
+ (ByXA.+ DJC.) (p*4*1 - BIXB, - DyD,) (BIXA.+DJC.)=0 (55)
such that p?v*I — BY X, B, — DD, > 0 and
-1
Ay = Ac+ B, (0?1 - BJX,B, - DI D,)  (BJX,A.+ D}C:) (5.6)

is an asymptotically stable matriz.

Corollary. For system (3.1), condition vo..o <7 holds if and only if there exists a matriz X =
XT > 0 satisfying linear matriz inequalities

-X XA, XB, 0

T -X XB, 0
* =X 0 C; 5 T
5 o T+ | <0, * —v*1 D, | <0. (5.7)
* * —p*y°I D,
* * =1

* * * -1

Note that it follows from (5.7) that '7(2)700 > p_QAnlaX(DE D,). Besides, inequality 75, < v holds
if and only if the first inequality in (5.7) is feasible for p = 1, and vy < v when the first inequality
in (5.7), where we exclude the third block row and column, and the second inequality holds.

Remark. Tt follows from the first inequality in (5.7) that for sufficiently large p inequality (5.7)
becomes an inequality that defines 43, i.e., for p — oo we have 70,00 — Y0- For sufficiently small
p >0 the value 79 o will coincide with p~lv,. Indeed, let X > 0 satisfy the first inequality
in (5.7) for the minimal value of p?y? = ~2 + ¢ for sufficiently small € > 0. If at the same time
BYX B, + DID, < (v%/p*)I, then X, > 0 will satisfy the second inequality in (5.7), and then
V0,00 = 0 Mso. Thus, in order for the value 70,00 t0 actually reach a compromise between vy and
P~ s, it is necessary for the weight coefficient to satisfy condition

P2 P2 = Vi ke (B Xoo By + DDy (5.8)
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Let us now consider the problem of the worst jointly acting stochastic and deterministic distur-
bances and show, in particular, that under a certain condition the supremum in (4.1) is reached.

Theorem 5.3. Under (5.8) the maximal value of v~ is achieved when w,(t) is a white noise

with covariance K, = emaxe?;]ax, where emax 18 the eigenvector of matriz BEX*BU, + D?;Dw corre-

sponding to the maximal eigenvalue ’yg’oo, and

~1
v (t) = (p%gml ~ BTx,B,— DT Dv) (BvT X, A. + DY CZ) z(t), (5.9)
where X, is the stabilizing solution of Egs. (5.5) for v = 70,00, (t) is a solution of system
x(t+1) = Ayz(t) + Bpwi(t), x(0) = xo,

where matriz A, is defined in (5.6) for v = ¥p,00-

In case when both criteria are H.,-norms, the level of suppression for two jointly acting deter-
ministic disturbances takes the form

wePweP \fwl} + p2lloll}  ceP lllp]

where ¢ = col (w, p~tv). This is the Hoo-norm of the system’s transfer matrix from ¢ to z, which
is characterized by the corresponding linear matrix inequality.

In case when there are two stochastic disturbances, and both criteria are yg-norms, the level of
suppression for these jointly acting disturbances takes the form

7,0(©) =ess  sup Iz = sup =17 (5.11)

- Y
wegwed \f|lw|p + p2llvllp  seo il

where ¢ = col (w, p~1v). This level equals the rp-norm of the corresponding transfer matrix of the

System.

6. 70,00-OPTIMAL CONTROLLER AND FILTER

We now return to the controllable system

x(t+1) = Az(t) + Byw(t) + Byv(t) + Byu(t), «(0) = o, (6.1)
2(t) = C1x(t) + Dyw(t) + Dyo(t) + Dyu(t). '
We define the 7 oo-optimal control in the class of linear feedbacks u(t) = ©x(t) for which the closed
system will be asymptotically stable, and the level of suppression for stochastic and deterministic
disturbances for a given p will be minimal, i.e.,

In®in 70,00 (@) = 70,00(92)

Substituting matrices of the closed system into inequality (5.7), multiplying the first and second
inequality from the left and from the right by blockdiag (X!, X! I,I) and blockdiag (X %, I, 1)
respectively, introducing new variables Y = X~! and Z = QY due to corollary we arrive at the
following.
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ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 39

Theorem 6.1. The matriz of parameters for a yo,oc-optimal controller can be computed as ©F =
ZY =1, where (Y, Z) is the solution of problem min~? under constraints

-Y AY+B,Z B, 0
* Y 0 YC!+2Z'D}!
9 o <0,
* * —p°y2l 0
* * * -1 (6.2)
-Y B, 0
* —2I D} | <o.
* * =1

Let 70,00(©) denote the level of suppression for stochastic and deterministic disturbances in
system

e(t+1) = (A—0Cs)e(t) + (B1 — ©Da1)w(t) + (B2 — ©Dgn)u(t), €(0) = o,

e,(t) = Che(t), (6:3)

which describes the dynamics of error filtering with output e,. We define a 7y o-optimal filter for
which 7p,00(©) is minimal, i.e.,

*

In®in 70,00 (@) = ’YO,oo(ep)'

Substituting matrices of this system into inequality (5.7) and introducing auxiliary variables Z =
X0, we immediately get the following result.

Theorem 6.2. The matriz of parameters for a yocco-optimal filter can be found as ©7 = X'z,
where (X, Z) is the solution of problem min~? under constraints

—X XA—-ZCy XBy—ZDy 0

* -X 0 ct
5 o <0,
* * —p°vel 0
* * * -1 (6.4)
—X XBy—ZDoy
9 < 0.
* —v=1

According to Theorem 4.1, the relative losses of a 79 ~-optimal filter do not exceed the value
1 — u(p), where

VIl + e l3

p(p) = , (6.5)
[wl|p + pllvellp

v.(t) = Lz(t) and w,(t) with |lw.]|% = tr K, = 1 have been defined in Theorem 5.3. Note that
[[ve]|% = tr (LT LX), where Xo = X > 0 is the solution of Lyapunov equations

A, XAT - X + B,K.BL =0 (6.6)
for matrices A, and B,, that corresponds to the vy oo-optimal filter.
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7. RELATION TO THE H,/H.-OPTIMIZATION PROBLEM

Let us point out a difference in this context between criterion vy o and quality criterion Hy/Hx.
Suppose that in system (3.1) with deterministic and stochastic disturbances the white noise covari-
ance matrix is known and is the unit matrix. Consider the value

sup (||2]3 = P72 [lvll}) .
veEP

assuming that constraint ||H,||c < p holds. By the proof of Theorem 5.2, we get that it is equal
to tr (ByX,By + Dy Dy,), where X, is the stabilizing solution of Egs. (5.5). It is well known
that ||Hy||3 = tr (B PyB,, + D} D,,), where Py is the solution of Lyapunov equations (5.2). By
the monotonicity property of the solutions of Lyapunov equations we have that 0 < By < X, < X,
where X = XT > 0 satisfy the first inequality in (5.7). Consequently, ||H, |3 <tr (BLX B, +DLD,,).
Therefore, the ratio Hy/Hy can be found as

1oo(©) = inf {yi? : tr (BLX By, + DDy < i}, (7.1)

where X = XT > 0 satisfies the first inequality in (5.7). This definition implies that V2,00 depends
on v and that [|[Hyll2 < 72,00 and limy o0 2,00 =|Huw||2-

Thus, while 79 » serves as a criterion characterizing the worst possible system reaction to ran-
dom disturbance with unknown covariance in one channel and deterministic disturbance in the
other channel, v o, characterizes the worst possible system reaction to white noise with unit co-
variance matrix in one channel under a given constraint on the level of suppression for deterministic
disturbances in the other channel. This means that in situations when statistical characteristics of
random disturbances are unknown, as a criterion for filter or controller synthesis it makes sense to
choose 7y~ rather than o .

Besides, the most important point is as follows. It is well known that in the paradigm of multi-
criteria Ho/ H s-control, objectives are usually formulated in terms of the general Lyapunov’s func-
tion. This introduces conservatism but allows one to design a controller. However, the problem of
how conservative the resulting solutions are or, in other words, how much the quality criteria of the
resulting systems differ from Pareto optimal values, has remained open. Taking into account (7.1)
and corollary, where we show a procedure for computing 79, it is easy to see that both these
parameters for a corresponding value of p lead to the same optimal solution. This lets us con-
clude that relative losses in replacing an unknown Pareto optimal control with the Hy/H-optimal
control do not exceed the value 1 — /2/2.

8. DUAL CONTROLS AND FILTERING PROBLEMS

We have already considered two-criteria control and filtering problems that reduce to analyzing
levels of suppression for disturbances in systems with a single objective output and two inputs: one
for stochastic disturbances and another for deterministic disturbances. One can also consider two-
criteria control and filtering problems for a system with one input that receives either stochastic or
deterministic disturbance, and two target outputs so that we evaluate the level of suppression for
stochastic disturbances with respect to one of them and deterministic disturbances with respect to
the other. These considerations lead to a system of the form

a(t+1) = A(©)z(t) + B(O)((t), (0) = o,
(t) = C1(©)x(t) + D1(©)¢
(

21 (8.1)
ZQ(t Cg(@)l‘(t) + Doy @)C

) =
) =
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where z; € R™1 and 29 € R™#2 are two target outputs. With respect to disturbances ((t) € R™¢, we
assume that they represent a deterministic sequence with bounded energy, i.e., ((t) € ls.

The level of suppression for disturbances with respect to the output z; can be estimated with

SuP¢>0 |21] .

Ji1(©) = sup = [[Hillg2, 8.2
e 1Kl ’ 52
where Hy(s) = C1(s] — A)"'B + Dy, || - ||2 is one of the ways to generalize the Hy-norm considered
in [32, 33]. We remind that
| Hillgs = MfZ (Cry el + DY) (83)

where Y = YT > 0 is a solution of Lyapunov equations
AYA"Y —Y + BBT = 0. (8.4)

The level of suppression for disturbances with respect to the output zo is estimated by

z
5(©) = sup 2P _ (®.5)
cwer lICllp

where Ha(s) = Cy(sI — A)™1B + Ds. The problem is to characterize the Pareto set for these two
criteria

Op = arg min{||H1(0)|lg2, [| H2(O)l|oc }- (8.6)

We write equations of the system dual to system (8.1), with two inputs and one output:
z(t +1) = AH(©)x(t) + CT (O)w(t) + Cy (B)u(t),  (0) = o,

2(t) = BT (©)x(t) + DI (©)w(t) + DI (©)v(t). (8.7)

In this system, transfer matrices of the two channels are symmetric to transfer matrices corre-
sponding to channels in the system. One can immediately check that vo(H{') = ||H1||42, and since
| HS ||loo = || H2l||oo, We arrive at the two-criteria problem considered above.

9. GENERALIZATION FOR N CRITERIA

Consider a system with N vector inputs and one vector objective output

r N
2t +1) = A(O)(t) + 3. BO@©wilt) + 3 BIO)u;(1),  2(0) = 0,
i=1 ) j=r+1 . (91)
2(t) = C.(O)x(t) + Y DY (O)wi(t) + > DY (O)v;(t),
=1

Jj=r+1

where w;(t) € R™i are stationary Gaussian random sequences of vectors with zero expectation
and unknown covariance matrices that for all ¢ are uncorrelated, where zo and v;(t) € R™ are
deterministic sequences of vectors with bounded power. If the disturbance acts only on the ith
input, and there are no disturbances on the rest of the inputs, the level of suppression for the ith
stochastic disturbances can be found as

@) oy N
Y (©) sup S i1=1,...,7

w; eg’”wi

AUTOMATION AND REMOTE CONTROL Vol. 78 No. 1 2017



42 BALANDIN, KOGAN

and if the disturbance acts only on the jth input, the level of suppression for the jth deterministic
disturbance can be found as

A9 (©) = sup Il , j=r+1,...,N.
llvjllpz0 Vs P

Under jointly acting stochastic and deterministic disturbances, we define on trajectories of sys-
tem (9.1) the criterion

Jo(©) = ess sup Izll7 (9.2)
wi€G,v;€P,Vi,j Zz 1 O‘ZHwZ”P + Z =r+1 a]H’U]Hp
where o = (a1,...,an), Z{Vak =1,Va, > 0.
Similar to Theorem 3.1, we can show that necessary Pareto optimality conditions in the above
multi-criteria problem are as follows: if (71, ...,7vn) is a Pareto optimal point in the space of criteria
’yél), e ,’y(()r), (TH), e ,’yéév) for system (9.1), then there exists a matrix of parameters ©, that

minimizes criterion (9.2) for o, = v/ Y 4, k = 1,..., N such that ’y(() )(@ ) =i, m&)(@ ) =5,
i1=1,....,r,j=r+1,...,N.

We define on trajectories of system (9.1) the level of suppression for stochastic and deterministic
disturbances

Ya(©) = ess sup Iz

. (9.3)
Wi, €P Vs Sy 0wl + 044 023

We can establish in a similar way that under the assumption that there exists a solution of the cor-
responding minimax problem (see (4.5)), the relative losses in quality for the choice of ©}-optimal
solutions with respect to criterion v,(©) compared to the corresponding Pareto optimal solutions
do not exceed 1 — pu(a) with respect to each of the criteria, where

Vol + S a2l

o <) <1,
i aillwillp + X0, allvi]le VN

pla) =

and w}, v} are the worst possible disturbances in (9.3) for © = ©7,. The optimal solution and the
worst possible disturbances with respect to the suppression level for joint disturbances can be found

by Theorem 5.2, its corollary, and Theorem 5.3, where p =1, as

w

B, = (a;.ilB£T+l) ar__iQBz()H-Q) e a;{le()N)) , D, = ( r_HDvr—i-l) T—izD(r-i-Q) o a]—\[ngN)) '

B, = (%—131(01) 03 'BD . aT—qu(lf))7 D, = (allD(l) ;D@ a_ng))7

10. CONTROL AND FILTERING FOR EXTERNAL AND INITIAL DISTURBANCES

Consider an internally stable system

z(t+1) = A(O©)z(t) + Bw(®)w(t) + B,(©)v(t), x(0) =0,

(10.1)
2(t) = Co(©)x(t) + Dy(®)w(t) + Dy(©)v(t),

where v(t) € I is an external deterministic disturbance with bounded norm ||v|ls = (3252, |v()[2)'/2,
w(0) = wo, w(t) =0,t=1,2,..., and wy is an unknown initial deterministic disturbance.

If only disturbance v(t) is present, we characterize the system’s quality with the level of sup-
pression for [s-disturbances equal to the maximal value of the ratio of the ls-norms of target output

AUTOMATION AND REMOTE CONTROL Vol. 78 No. 1 2017



ON PARETO SET IN CONTROL AND FILTERING PROBLEMS 43

and disturbances, or, in other words, the H,.-norm of the transfer matrix of this system from v to
z, l.e.,

Z||2
@) = sup 1l
v€El2,wp=0 ”'0”2

The Hs.-optimal controller and filter are optimal with respect to this criterion.

If only the initial disturbance is present, we define the level of suppression for the initial distur-
bance as the maximal value of the ratio of the ls-norm of the target output to the Euclidean norm
of initial disturbances that have caused this output, i.e.,

Zl2
7%(©) = sup Il
wo € R™Mw v=0 |w0|

Now (10.1) immediately implies that for v(¢) = 0 we have that
Z(O) :wa07 Z(t) :CZAZ_le'LUOy t: 1727_”7

SO

- {Dng LB

Z(ACT)t‘lc‘;szAi‘ll Bw} wo.
t=1

Consequently, 73(0) = Apax(By PyBy + DL D,,), where Py = P >0 is a solution of Lyapunov
equations (5.2). In particular, as the initial disturbances one can take an unknown initial system
state, and in this case wy = z(0), By, = A¢, Dy = C,. The so-called ~g-optimal controller [34] and
filter are optimal with respect to this criterion. If the initial state plays the role of unknown initial
disturbances, this is a problem about an optimal linear—quadratic controller that ensures the best
transition process under the worst initial conditions.

Thus, two-criteria control or filtering problems under external and initial disturbances can be
reduced to the problems considered in the work, and all our conclusions regarding Pareto optimal
solutions hold for these problems as well. Here the level of suppression for jointly acting external
and initial disturbances can be found as

Z]|2
Y0,00(0) = sup -l ’
woERw wEly \/|w0|2 + p2||U||%

computed according to Theorem 5.2 and its corollary. Parameters of the g o-optimal controller,
which has been called in [29] a generalized H..-optimal controller, and a filter that provide a
tradeoff between the quality of the transition process and the level of suppression for an external
disturbance can be found according to Theorems 6.1 and 6.2.

11. EXAMPLE

For an illustration, we consider two bicriterial control problems for system

P(t+1) = ( _1 8:3)9 ) (1) + ( 8'1 ) C(t) + < 8.1 ) u(t),

21(t) = (1 0)x(?),
29(t) = u(t)

(11.1)
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Fig.1. The Pareto set on the plane of Hg2- and Ho-criteria.

in the class of linear feedbacks u = ©x. We compose the following three criteria corresponding to
classes of disturbances:

z
71(0) = sup 1217 _ g

cep lIClP
[21ll» (1)
J2(©) = sup = [[H"V||oo,
2OV =2 e =1 (112
spl|
J3(©) = sup | = [[H®)| 2,
cets ISl

where H®) and H® are transfer matrices of the closed system from ¢ to z; and z respectively.
The first problem is to characterize the Pareto set

Op = argm@in{Jg(@), J2(0)}. (11.3)
Optimal values with respect to each of these criteria are achieved under the following parameters:

O =(0.826 —1.643), O =(-90.0 —19.9),

and they are equal to J3(0p) = 0.434 and Jg(@é%)) = 0.01. Points denoted by Oy and 0% on the
plane of criteria (J3,Js) correspond to these controllers (see Fig. 1). According to Section 8, we
find the level of suppression for jointly acting disturbances for the dual system. The Pareto set is
located in the shaded area shown on Fig. 1. The boundary of this region consists of two straight
lines corresponding to minimal values of each criterion and two curved lines. Coordinates of the
solid line are (J3(©},), J2(0©},)), where ©}, are vy ~-optimal solutions, and coordinates of the dashed
line are defined as (u(a)J3(0%), u(a) J2(©F)).

The second problem is to characterize the Pareto set

Op = argm@in{Jl(@), J2(0)}. (11.4)
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Fig.2. The Pareto set on the plane two Ho-criteria.

The optimal values for each of these criteria are

o) = (5215 —10.379), O®) =(-90.0 —19.9),
for which Jﬂ@g)) =1.09 and Jg(@g})) = 0.01. Points denoted by @8} and @éi) on the plane of
criteria (Jq,J2) correspond to these controllers (see Fig. 2). The Pareto set for this problem is
located in the shaded area shown on this figure.

12. CONCLUSION

In this work, we have developed a novel approach that lets one design Pareto suboptimal so-
lutions in multi-criteria control and filtering problems under deterministic and stochastic distur-
bances. We have introduced a scalar objective function that reflects the level of suppression for
jointly acting disturbances whose optimal solutions are characterized in terms of solutions for Ric-
cati equations or linear matrix inequalities. We have shown that relative losses of these solutions
with respect to each of the original criteria compared to the Pareto optimal solutions do not exceed
the value 1 — /N /N for N criteria.
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APPENDIX

We begin by proving a technical lemma.

Lemma A.1. Inequality tr (2K,) < 0 holds for all Ky, = KL > 0 if and only if = < 0.

Proof of Lemma A.1. We represent a symmetric matrix as = = > 1" \ieiel , where )\; are

its eigenvalues, and eigenvectors e;, @ = 1,...,ny, form an orthonormal basis. If we assume that
there exist A\; > 0, then by choosing K, = )\jeje]T we get that tr (K,=Z) = )\3 < 0. This means that
Aj = 0 and, consequently, = < 0.
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Conversely, if = < 0 and the covariance matrix is represented as K,, = Z wififi¥, where p; >0
and f; are its eigenvalues and eigenvectors, then tr (EK,,) = > i fiZfi <

Proof of Theorem 5.1. By definition, we have to find a minimal value of 72 such that
J, <*tr K, VK, #0.
For system (3.1), for v = 0 it holds that

J. = lim El2(t) = tr [Ku(ByPoBu + DDy ,

t—o0

where Py = P' > 0 satisfies Eq. (5.2). Therefore, we have
tr [Kuy(BER By + DDy — 1) <0 VK, #0,

Applying Lemma A.1, we get that 7(2) = )\maX(BEPOBw + Dng). Here for K, = epaxe.r

max We have
that

v [K(BYRBy + DDy — 31| = 0.

Besides, since

2

J. = 21 /tr {Hu(e)H, (e77%)} g,
™
0

78 equals the minimal value of 42 for which

JZ—72Jw:tr{[ /HT “IP)H, (e79) dyp — WI]Kw}go VK, #0.

Applying Lemma A.1, we arrive at the necessary conclusion.

Proof of Theorem 5.2. The proof is based on the following auxiliary statement.
Lemma A.2. Let V(z) = 2T X z, where X, = X,? >0 is a stabilizing solution of Egs. (5.5).
Then

N—-1
1213 = 2 elp = Jim (1/N) Y wT()(BIX, By + DL Dy )u()
t=0

= Jim (1/N) Nzl ) —v(t)]" (v — By X, By — D, D,)[v(t) — vs(t)] (A1)
t=0

<tr [Kw(ng,,Bw + DDy)] ,

where v,(t) = (p*v*I — B X, B, — DI D,) Y (Bf X, A+ DIC)x(t).
Lemma A.2 can be proven by immediate computation of the increment AV along the trajectory
of system (3.1), using operation || - ||p and extracting a full square.

We now proceed to proving the theorem. According to Lemma A.1, condition (5.4) means that

tr [Ky (Bt Xy By + DEDy,)] < ¥%tr Ky, for every Ky, and, consequently, by Lemma A.2 we get that
2 2
’70,00 <7
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Suppose now that v 0o < 7. Since p~ 1y < V0,00, we have that |H, || < py. By the frequency
theorem [35] it follows that there exists a stabilizing solution X = X$ > 0 for Egs. (5.5), and it
holds that

21 = P2 01} = tr [Ku(BE Xy By + DiD)| (A.2)

Let us show that matrix X, satisfies inequality (5.4). Assume the opposite, i.e., suppose there exists
a a# 0 such that a¥(BLX,By, + D}EDy)a > v%al?>. We take the covariance matrix K, = aa®
in such a way that |z[|% — p*v?||vsl|% = aT (B Xy By + DSDy)a > v*tr K,,. This implies that
vg,oo > ~2, which contradicts the assumption. Thus, BEX,YBH, + DLD,, < ~?I and, consequently,
Amax (B Xy By + DEDy,) < 42

Proof of Theorem 5.3. Due to remark, in the considered case p~ !y, < 70,00 and, consequently,
for v = py0,00 there exists a X, a stabilizing solution for Egs. (5.5). Then equality

1203 = P38 collvllf = tr [ Kun(BEX.Bu + Dy D)
holds under disturbance (5.9). This implies that

Hz”% _ 72 n tr [Kw(BgX*Bw + DEDw - 7(2)7001)]
tr Koy + p2[|os]|n 1O tr Koy + p2|vs 1%

Note that tr [Ky (B, X+ By + DDy — 75 oo1)] < 0, since

12113 2
<2 A3
ter +p2||'U*||'2P fY0,00 ( )

Let us show that for K, in the form K, = aa™ it holds that
tr [Ku(BEXuBy + DDy — 3 o 1)| = a* (BEX. By + DDy = 33 o1 ) @ = 0.

Indeed, suppose that a* (B} X.B,, + DL D,, — 7(2)7001)(1 < 0 for all a # 0. Then by Theorem 5.2 the
level of suppression for joint disturbances will be less than vy o, which contradicts the assumption.
Thus, for Ky = emax€p ., Where (BY X, By, + DLDy)emax = ygpoemax, and inequality (A.3) turns

into an equality. Note that the signal v, (t) is not unique since every signal of the form v, (t) 4+ g(t)
with g(t) € I leads to the same value g .
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