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Abstract—Nonautonomous control systems with uncertain nonlinearities subjected to bounded
exogenous disturbances are considered. Based on the method of matrix comparison systems
and the framework of differential linear matrix inequalities, we suggest a solution approach to
the problems of state estimation, stability and boundedness with respect to given sets, as well
as suppression of disturbances and initial deviations using linear state-feedback control.
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1. INTRODUCTION

As a matter of fact, the problems of state estimation and control design are major in control
theory. State estimation for linear nonautonomous systems employs ellipsoid-based methods [1-3]
yielding locally optimal or minimax guaranteed ellipsoidal estimates for the set of induced pro-
cesses of a linear system taking into account uncertain initial deviations, exogenous disturbances,
and parametric changes. There exist control design methods belonging to the suppression of ar-
bitrary bounded exogenous disturbances and involving the framework of linear matrix inequalities
(LMIs) [4, 5] and the method of invariant ellipsoids [1, 6-10]. Here optimal (or suboptimal) con-
troller design is reduced to searching for the smallest invariant ellipsoid of a closed-loop system.
These methods demonstrate highest efficiency for linear stationary control systems. In [11, 12] LMIs
were used for the robust stabilization of systems with uncertain nonlinearities, but without consid-
eration of exogenous disturbances. The paper [13] applied this approach to find invariant ellipsoids
and construct state-feedback controllers for a class of nonlinear autonomous systems subjected to
uncertain bounded exogenous disturbances.

In a series of works [14-20], the method of matrix comparison systems (MCSs) proposed in [21]
for stability analysis of Lourier-type controlled systems was further developed for the dynamic anal-
ysis and state estimation of nonlinear controlled systems with uncertain disturbances, parametric
and structural changes.

Stabilization of nonautonomous systems often uses control laws with time-varying coefficients.
Scientific literature also describes stabilization based on control laws with time-dependent coeffi-
cients for linear autonomous systems, e.g., a finite-horizon linear-quadratic controller. To evaluate
the controller’s coefficients, it is necessary to solve numerically the differential matrix Riccati equa-
tion backward in time; this procedure causes definite difficulties, particularly, requires information
on the model parameters in future time. Some research efforts were focused on suggesting control
design methods where the controller’s coefficients are defined via numerical solution of a differential
matrix equation forward in time. On the other hand, for linear nonautonomous systems, the recent
years yielded the methods of stability analysis, finite-horizon boundedness and control design using
the framework of differential linear matrix equations and inequalities, see [22-26].
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STATE ESTIMATION AND STABILIZATION OF CONTINUOUS SYSTEMS 765

The present paper adopts the method of matrix comparison systems [14-20] and the framework
of differential linear matrix inequalities (DLMIs) [26] for proposing the ways of state estimation,
analysis of stability and boundedness with respect to given sets (both on finite and infinite hori-
zons), evaluation of invariant ellipsoids and design of state-feedback control (with time-dependent
coefficients) for a class of nonautonomous nonlinear systems. It is demonstrated that the partial
solutions of a MCS or DLMI define time-evolving invariant ellipsoids for the solutions of an initial
system with any nonlinearities satisfying a given constraint and with any exogenous disturbances
having a bounded norm. The conditions of stability and boundedness with respect to given sets
(actually predetermining the performance of the initial system) are expressed as constraints on the
partial solutions of the MCS or DLMI on the whole horizon considered. The control design problem
is reduced to the numerical solution of the DLMI with optimization for the trace of the matrix of
the invariant or output-bounding ellipsoid at each step of time sampling.

In the autonomous case, the estimates of the limit state in the form of an invariant ellipsoid can
be obtained via numerical solution of the DLMIs, numerical integration of the MCS or numerical
solution of algebraic matrix equations representing the equilibrium equations for the corresponding
MCS. It is possible to pass from the DLMIs to algebraic LMIs appearing similar LMIs obtained
in the autonomous case by the method of invariant ellipsoids [10, 13]. By a simple example, we
illustrate the capabilities and efficiency of the proposed solution approach to the above-mentioned
problems. Numerical simulation is performed in Matlab using CVX and Ellipsoid Toolbox.

2. SYSTEMS WITH UNCERTAIN NONLINEARITIES
AND BOUNDED DISTURBANCES

Consider a dynamic system described by the following state-space model in continuous time:

& =A(t)xr+ D(t)w+ ®(t)p(t,z), x(ty) = xo,

z=C(t)z, v

where x € R™ denotes the state vector, w(t) € W, C R" is the input disturbance, z € R! means
the controlled output vector, A(t) € R™*", D(t) € R™*", ®(t) € R™*4, and C(t) € R?*™ are known
matrices with continuous bounded entries for all ¢ € [tg,T), T' > 0 indicates a given constant (in
the finite-horizon setting) or 7' = oo (in the infinite-horizon setting).

A nonlinear vector function ¢(t,x) satisfies the conical (generalized sectoral) condition of the
form

le(t, )1 < po + w1 |Cr(@)a(®)]*, VEE [to, T), € R", (2)

where C(t) € R?*" is a known matrix with continuous bounded entries for all ¢ € [ty,T"). Here
and in the sequel, || - || stands for the Euclidean vector norm, g, 11 > 0 are given parameters.

Note that, under pg = 0, the condition (2) covers sectoral nonlinearities and local Lipschitz
nonlinearities defined so that they vanish at the origin.

Assume that the uncertain disturbances represent continuous functions bounded for each time,
ie.,

lwo(@)II* <1, Vt > to. (3)

Introduce the following notation: G, as the set of symmetric (S = S') nonnegative definite
(S > 0) matrices S € R™" and GT as the set of symmetric (S = ST) positive definite (S > 0)
matrices S € R"*". As is generally known, G is a bodily reproducing cone used to define a
partial order on the space of symmetric matrices S € R™*"™.
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766 MALIKOV
3. STATE ESTIMATION PROBLEM

Suppose that at the initial time ¢y the system has an uncertain state belonging to an ellipsoid
E(Qo) = {ZL‘ €ER":2TQytr < 1} , (4)

where Qg € G is a given positive definite symmetric matrix.
By assumption, the pair (A(t), D(t)) is controllable and the matrix C'(¢) has full row rank.

The problem consists in obtaining an ellipsoidal estimate for the state set of the induced pro-
cesses of the system (1) on a given time horizon that evolve from the ellipsoid E(Qg) under the
nonlinearities satisfying the condition (2) and the uncertain disturbances of the form (3).

The state vector will be estimated as an evolutionary ellipsoid being invariant for the processes
of the system (1).

Recall that an invariant ellipsoid for a dynamic system is an ellipsoid
EQ() = {zeR":2"Q7 () <1}, Q@) >0, (5)

with the property that any system trajectory z(t, to, xo) evolving from a point xz(tg) = zo € E(Q(t0))
belongs to this ellipsoid at any time ¢, i.e., z(t, to, z9) € E(Q(t)).

Invariant ellipsoids characterize an external estimate of the attainability domain at the current
time ¢ under the impact of the uncertain exogenous disturbances w(t) and the nonlinearities on
the trajectories of the system (1). In this context, of definite interest are minimal (in some sense)
invariant ellipsoids containing the trajectories or output z(¢) of the system.

Theorem 1. An ellipsoid E(Q(t)), where Q(t) = Q(t, to, Qo) is the solution of the matrixz system
of differential equations

dQ()/dt = AQ + QA" +aQ + _ ' DD 4 poaT 4 “ﬁl QCTCQ, (6)
B

is invariant for the trajectories of the system (2) that evolve from the initial ellipsoid E(Qy).

Note that, in the autonomous linear system, an invariant ellipsoid with a constant matrix Q*
defined by solving the algebraic Lyapunov equation (or the corresponding LMIs) is an attractor;
in other words, all solutions of the system with any initial conditions and exogenous disturbances
satisfying (3) converge to this ellipsoid. In the nonlinear autonomous system, an invariant ellipsoid
is an attractor only for the solutions with initial conditions belonging to the domain of attraction
of a certain limiting set. The invariant ellipsoid gives the upper estimate of this limiting set.

We will use the MCS and DLMI to estimate the state set of the initial nonlinear nonautonomous
system at current times for the trajectories evolving from the initial ellipsoid, as well as to estimate
the domain of attraction in the autonomous case.

Theorem 2. An ellipsoid E(Q(t)) is invariant for the solutions of the system (1) if its matriz
Q(t) = Q(t, to, Qo) > 0 satisfies the differential linear matriz inequalities

—dQ(t)/dt + AQ + QAT + aQ + po®T D QC} 0
* —al 0 I
<
* « B 0 =0 (™)
7
* * * —M’BOI

for allt € [to,T) and some >0, a > po/S.
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Definition 1. A matrix function F'(¢,.S) is said to be nondecreasing with respect to the cone G if
for any 51,52 € R™*" such that S; — S7 € G it follows that F'(¢,S2) — F(t,S1) € G4 (or, similarly,
the condition y1 (S — S1)y > 0 implies y*[F(t,S2) — F(t,S1)]y > 0 for all y € R™ and t € [to,T)).

Definition 2. A function F(¢,S) is said to be quasimonotonically nondecreasing with respect
to the cone G, if for any Si,S55 € R"™™ such that Sy — S; € G4+ and for all y € R™ such that
yT(Sy — S1)y = 0 it follows that y[F(t,S2) — F(t,S1)]y > 0 for all t € [tg, T).

Lemma 1. The system of differential Eqgs. (6) is the matriz comparison system for the initial
system (1).

And the question regarding the existence of positive definite solutions of the comparison sys-
tem (6) arises immediately. The following lemma gives the answer.

Lemma 2. Let the matrices A(t), D(t), ®(t), and C¢(t) be such that the comparison system (6)
with Q(to) = Qo € G+ has a unique solution Q(t) = Q(t,ty, Qo) on some interval [to, T1) (T1 <T).
Then Q(to) > 0 (or Q(to) > 0) implies Q(t) >0 (Q(t) > 0, respectively) for all t € [to,T1).

Theorem 3. Suppose that Q(t) = Q(t,to, Qo), Q(to) = Qo > 0, is a solution of the matriz com-
parison system (6) (of the DLMI (7)) on the interval [ty,T1). Then for allt € [to, T1) the solutions

of the initial system (1) with the initial conditions x(ty) = zo € E(Qo), the uncertain disturbances
satisfying (2) and the nonlinearities of the form (3) obey the following estimates:

1) z(t,t0, z0) € E(Q(2));

2) x(t,to, o)x ™t (t,to, v0) < Q(t,t0, Qo) (an inequality with respect to the cone G );
3) & (t, to, z0)x(t, to, o) < Trace(Q(t,to, Qo));
4) 22(t, to, v0) < Qii(t,t0,Qo), i=1,...,n;

5) 21 (t)z(t) < Trace(CTQ(t,to, Qo)C).

Based on the MCS properties established in [17], it is possible to show the invariance of some
sets for the solutions of the MCS (6).

Denote by F(t,Q) the matrix function in the right-hand side of the MCS (6), H; = {Q € G+ :
F(t,Q) <03 Vt € [to,to+ 1)}

Lemma 3. For any matriz P € Hy, the set S(P)={S € G, :S < P € H;} in the matriz space G
is positive invariant for the solutions Q(t,to,S) of the MCS with Q(to) =

In the autonomous case, designate by F(Q) the right-hand side of the matrix comparison sys-
tem (6). Note that H = {Q € G; : F(Q) < 0}.

Theorem 4. The set H in the matriz space G is positive invariant for the solutions Q(t,to, Qo)
of the MCS with Q(ty) = Qo € H. Moreover, there exists a Q* € H such that

tli)rg) Q(tv lo, QO) = Q*

Based on Theorem 4, it is possible to obtain invariant ellipsoid estimates for the initial domain
from which the solutions converge to the limited or minimal invariant ellipsoid.

4. THE PROBLEM OF BOUNDEDNESS (STABILITY)
WITH RESPECT TO GIVEN SETS

Assume that the set of initial states, the set of admissible exogenous disturbances, and the
set of admissible states at times ¢ € [to, T) are defined in the form of ellipsoids E(R) = {z € R™ :
2'R7z <1}, By(I)={w e R" :wlw <1}, and E(S(t)) = {z € R" : 27 S~ (t)x < 1}, respec-
tively, where R and S(t) are known symmetric positive definite matrices.
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Definition 3. We say that the system (1) is bounded with respect to the given sets [E(R),
E,(I), E(S(t))] (in the absence of uncertain exogenous disturbances, stable with respect to [E(R),
E(S(t))]) on the interval [tg,T) if for all g € E(R) there exist solutions x(t) = xz(t, tg, zo) of the
system (1) with the initial conditions z(tg) = xg on [tg, T) that satisfy x(t,tg, z9) € E(S(t)) for all
t € [to,T), w(t) € Ey(I) and all nonlinearities of the form (2) (z(t, to, z9) € E(S(t)) for all t € [ty,T)
and all nonlinearities of the form (2) with g = 0, respectively).

In contrast to the generally accepted definitions of absolute stability and boundedness, the above
definitions involve concrete sets of initial conditions and concrete sets for the trajectories of the
system with these initial conditions. In this regard, the definitions are analogous to the ones of
stability and boundedness on finite horizon intensively studied in recent years, see [22-26]. In the
case considered, time horizon can be either finite or infinite.

Theorem 5. For any nonlinear functions of the form (2), the system (1) is bounded with respect
to the given sets [E(R), By (I), E(S(t))] (in the absence of exogenous disturbances and g = 0, stable
with respect to [E(R), E(S(t))]) on the interval [to,T) if there exists a solution Q(t) = Q(t,to, Qo)
of the matrixz comparison system (6) (or the DLMI (7)) with the initial conditions Qo > R that
satisfy the inequality Q(t) < S(t) for allt € [to,T).

In the absence of exogenous disturbances and pp =0 in (2), the matrix comparison system
acquires the form

dQ(t)/dt = AQ + QAT + podT + ‘ch}c*fQ, 5> 0. (8)

If Q(t) = Q(t,t0,Qo) is a solution of the matrix comparison system (8) (or the DLMI (7)) that
satisfies the conditions of Theorem 5, then all conditions of Definition 3 hold and stability with
respect to the given sets [E(R), E(S(t))] takes place accordingly.

5. CONTROL DESIGN PROBLEM

Consider the continuous-time control system

t=Alt)z+ B(t)u+ D(t)w + (t)p(t,z,u), x(ty) = o,

z=C(t)x + B,(t)u, ©)

where z € R™ denotes the state vector, w(t) € R" is an exogenous disturbance satisfying the con-
straint (2), u € R™ means the control vector, and z € R’ indicates the controlled output. The
nonlinear vector function ¢(¢,z,u) € RY satisfies the inequality

ot @, w)l* < po + pa O (8)a(t) + By(tyu(t)|

(10)
Vte[to+T), xz€R", ueR™,

where A(t) € R™*", B(t) € R™™, D(t) € R™*", ®(t) € R, C(t) € R?*", B,(t) € R”*™,
Cy(t) € RT*™, and By(t) € R?*™ are known matrices with continuous bounded entries for all
t € [to,T). By assumption, the pair (A, B) is controllable and the pair (A, C') is observable.

The problem is to find a state-feedback controller
u=K(t)x (11)

that

1) stabilizes the closed-loop system and suppresses the initial deviations and the exogenous
disturbances (in the sense of the minimal bounding ellipsoid for the output z), and

2) ensures the boundedness of the closed-loop system.

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 5 2016



STATE ESTIMATION AND STABILIZATION OF CONTINUOUS SYSTEMS 769

The design problem is reduced to optimization of a performance criterion subject to differential
linear matrix inequalities. A common criterion used is the trace of the matrix defining the size of
the invariant or output-bounding ellipsoid.

Theorem 6. Consider the solution Q*(t) = Q*(t,to,Qo), Y*(t), Z*(t) of the problem
trace [C’QC’T +cY'Bl +B,YCT + BZZBZT} — min

subject to the constraints

[—dQ(t)/dt+AQ+QA+BY +Y BT +aQ+p29" D QCF+YTBf 0 ]
* —al 0 I
* * — g I 0 <0, (12)
M1
* * * — 2 I
L Ho
Z Y

where minimization runs with respect to the matriz variables Q(t) = Q™ (t) € R™", Y (t) € R™™
and Z(t) € R, the scalar variable > 0, and the scalar parameter a > po/B. For eacht € [ty, T),
this solution defines the matriz Q*(t) of the bounding ellipsoid for the state vector z(t), the
matriz CQ*CT 4+ CY*TBY + B.Y*CT + B.Z*B} of the bounding ellipsoid for the output z(t)
of the system (9) and the time-dependent gain matriz K*(t) = Y*(t)Q*~1(t) for the correspond-
ing state-feedback controller. Moreover, if the matriz Q*(t) satisfies the constraints Qo > R and
Q(t) < S(t) for all t € [to,T) where R and S(t) are given positive definite symmetric matrices,
then the above controller ensures the boundedness of the closed-loop system with respect to the sets
[E(R), Ew(I),E(S(t))] for all nonlinearities of the form (10).

6. EXAMPLE

As an example, consider the disturbed oscillation model of a mathematical pendulum [13] de-
scribed by
i+ wising = u + w(t).

Here u specifies control and w is a bounded exogenous disturbance (the deviation angles from an
equilibrium are arbitrary). Introducing the new variables

T =z, T2=1o
yields the system
jjl = I,
2

&9 = —wjsinzy + u + w(t).

It will be treated as the system (1) with the nonlinearity ¢(x) = sin x; satisfying the constraints (2)
with p19 = 0 and gy = 1. To avoid large values of control, choose the vector z = (z1, o, u)" as the
system output. In addition, take into account an uncertainty in the initial state of the system that
is defined by the matrix Py. For the given system, set the matrices in (1) by

10 0
S I P B ) R R
w0 00 1

01

A=14 0
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Fig. 1. Invariant ellipses for the pendulum.

Actually, this choice leads to Example 1 studied in the paper [13] if Cy = [ (1) (1) ], By =10].

For wg = 3 and Py = 0.11, just like in [13], we have calculated the matrix

O- 0.1121 —0.0994
| —0.0994  0.9192

of the minimal invariant ellipse and the corresponding controller with the constant gains K =
[ —12.7112 —12.5433 ] under § = 0.1461, ¢ = 0.4038. For the same parameters § and ¢, solving
the LMI-based optimization problem has yielded the matrix

G — 0.1160 —0.1784
P —0.1784  2.4866

of the maximal invariant ellipse (in the sense of the trace criterion) lying in the domain of attraction
of the initial nonlinear system.

Figure 1 demonstrates the calculated minimal invariant ellipse (firm line), the minimal invariant
ellipse for the linearized system, i.e., with the controller designed for the linearized system (dashed
line), and the invariant ellipse lying in the domain of attraction of the initial nonlinear system with
the controller u = Kz (dashed-dot line).

Next, Fig. 2 shows the evolving invariant ellipses obtained by solving the optimization problems
with the DLMI (Fig. 2a) and by solving the MCS (Fig. 2b) with the initial matrix

0.1140 —0.1389 1

o= l—0.1389 1.7029

In the both cases, within 7" < 10 s the solutions converge to the minimal invariant ellipse with the
matrix @
Using Theorem 5, we have constructed a state-feedback controller with time-dependent gain

coefficients. To this end, on the interval [0.10 s] we have solved the DLMI with the initial matrix

0.1260 —0.1684

Q=1 01684 24966

]ZQP
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Fig. 3. Evolving invariant ellipse for system governed by controller with time-dependent gain coefficients.

and optimization of the output-bounding ellipsoid at each step. Figure 3 illustrates the ellipses
representing the sections of the evolving invariant ellipse at the times t, k=1,...,100, t; =0,
and tg41 = tx + 0.1. The initial ellipse (k = 1) is marked by dashed-dot line, whereas the terminal
ellipse (k = 100) is indicated by firm line. It is associated with the matrix

0.0089 —0.0076 o~

@uo=1 0076 03276 | <<

Figure 4 demonstrates the graph of the parameter 5(¢) (firm line), whose values decrease mono-
tonically from 0.2298 to 0.0417, and the graph of the gain coefficients K7 and K5 of the controller
(dashed and dashed-dot lines, respectively). If after 10 s we keep the controller with the constant
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Fig. 4. Variation of parameter 5 and gain coefficients in time.
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Fig. 5. Minimal invariant ellipses for pendulum.

gain coefficients K = [-58.8643 —14.6383] calculated at the last step, then the minimal invariant
ellipse matrix for the nonlinear system with this controller is defined by

~ 0.0088 —0.0028 ~

@ =1 o028 0302 | <@

Note that a small refinement via incorporating the matrix Cy in formula (2) can be fruitful,
both to improve the resulting estimates (e.g., in the form of the minimal bounding ellipsoids) and
to reduce the dimensions of the constraints in the optimization problems. Particularly, for the
nonlinear function ¢(x) = sinz; studied in our example, the constraint (3) is satisfied by choosing

Cr= [ (1) and By = [0]. By solving the optimization problem with the LMI, we have calculated

the matrix

0.1075 —0.0407 ~

@=| o107 0320 | <%

of the minimal invariant ellipse and the corresponding controller with the constant gain coefficients

K =[-5.4534 —13.8586] under 8 = 0.0464 and ¢ = 0.4250. Figure 5 shows the minimal invariant
ellipses defined by the matrices 622 (firm line) and Q (dashed-dot line). Therefore, by refining

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 5 2016
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the nonlinearity estimate, we actually have improved the estimate of the limiting set for the ini-
tial system; this is important in high-accuracy stabilization problems. In addition, note that the
dimension of the constraints matrix (12) has been decreased by 1.

7. CONCLUSIONS

This paper has further developed the method of matrix comparison systems and differential
matrix inequalities with application to the problems of state estimation, analysis of stability and
boundedness with respect to a given set of initial conditions and a given state- or output-bounding
set, as well as to the problems of suppression of initial deviations and arbitrary bounded exogenous
disturbances for a class of nonlinear nonautonomous systems. The problems of state estimation
and boundedness with respect to given sets have been reduced to numerical solution of matrix
comparison systems or differential matrix inequalities and verification of conditions expressed as
linear matrix inequalities. Linear state-feedback controller design has been reduced to solution of
differential linear matrix inequalities or semidefinite programming problems. The suggested ap-
proach extends to nonautonomous systems the method based on the ideology of invariant ellipsoids
and the framework of linear matrix inequalities, with regard to nonlinear systems with bounded
exogenous disturbances. Particularly, we have considered the suppression problem for initial devi-
ations and exogenous disturbances using static (yet, time-dependent) linear state-feedback control
minimizing the size of the invariant (or bounding) ellipsoids of a dynamic system. The presented
example has indicated that, in a series of cases, application of the suggested approach improves the
estimates of the state vector or output in comparison with the method of invariant ellipsoids [13].

The obtained results can be disseminated to discrete-time systems and can be used to solve
other problems connected with state and performance estimation, as well as with the suppression
of uncertain exogenous disturbances and parametric changes.
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APPENDIX

Proof of Theorem 1. Define the function Q(t)=QT(¢)>0, v(t,z) = 2TQ~(t)z, Q(to) = Qo.
For any z¢ € E(Qq), we have v(tg,z0) = 23 Qy w0 < 1. For the trajectories z(t) = x(t,tg, o) of
the system (1) to stay in the ellipsoid E(Q(t)) = {x € R™ : v(t,x) < 1}, it suffices to require that

7)(1) (ta T, W, SO) <0

holds for v(¢,z) = 1 and for all admissible exogenous disturbances of the form (3) and all nonlinear-
ities (t, z) satisfying inequality (2). Here ©(;) denotes the derivative of the function v(t,z) along
the trajectories of the system (1). Calculate

o (tx) = 2" {dQ7M (1) /dt + ATQT + QM A}z + wTDTQ 2
+2TQ ' Dw+ T Q1 1x + 2T Q1.
Next, using the obvious inequality
1
Ty+yTz<elz 4 EyTy

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 5 2016



e MALIKOV

that is true for any vectors y, z € R™ and any scalar or any continuous time-varying function & > 0,
obtain

o(t,z) <zt {dQ—l(t)/dt +ATQ 1 + Q—lA} T+ ;xTQ_lDDTQ_lx

1
+ pwtw+ 2TQ 1edTQ 1tz + Ty,
Y

where 3, > 0 mean scalars or continuous time-varying functions. Taking into account the con-

straints imposed on the nonlinearities and the exogenous disturbances (see (2) and (3)) and the

assumption v(t,x) = 1, we immediately have

1 1

BQ_IDDTQ_1+ Q_ICI)(DTQ_I} T
y

+ 92 CFCra+ B+ apo +a (27Q 712 - 1)

o(t,z) < T {dQ—l(t) A+ ATQ QLAY

;Q—IDDTQ—I

1
+.Q71RTQ ! 4 CFCy+aQ ! o+ (B 0 )

= {dQ—l(t)/dt +ATQ '+ QA+

5
<zt {dQ—l(t)/dt +ATQ '+ QA+ ;Q‘IDDTQ‘l

1
+ ’YQ_1<I><I>TQ_1 + ’yule?Cf + aQ‘l} x <0,

provided that a > 0 and S+ yup — a < 0. The last inequality takes the form 0 < 8 < o — yug.
Then it is possible to choose 0 < 8 = Bpax = @ — Yo-

Find the matrix Q(t) from the differential matrix equation
1
— Tho

1
+ VQ‘l@@TQ‘l +ymCiCr+aQ ™' =0,

dQ71(t)/dt + ATQ 1+ QtA+ N Q 'DDTQ!

where v > 0 and a > ypuo.

Perform pre- and post-multiplication of this equation by the matrix Q(t) > 0, introduce the
notation 8 = 1/ and take advantage of the formula Q(¢)dQ~'(t)/dtQ(t) = —dQ(t)/dt to obtain
Eq. (6). This concludes the proof of Theorem 1.

Actually, the proof of Theorem 2 is similar to that of Theorem 1, except that the matrix Q(t)
is found not from Eq. (6) but from the differential matrix inequality

—dQ(t)/dt + AQ + QAT +aQ + N _1 4o DD+ 32T + ’g QCFCrQ <0, (A.1)
B

where v > 0, a > yup, and ¢ € [ty,T). By virtue of the Schur complement lemma, it follows
from (A.1) that

—dQ(t)/dt + AQ + QAT + aQ + fOOT + “ﬁchj?on <0 D

<o.
DT (—a+“0>1 -
B

And finally, apply the Schur complement lemma twice more to get the DLMI (7).

Proof of Lemma 1. According to Lemma 10 from [16], the right-hand side of (6) is a quasi-
monotonically nondecreasing matrix function with respect to the cone Gy. Therefore, (6) is the
matrix comparison system of the initial system (1). Its partial solution Q(t) = Q(t,to, Qo) > 0 (if
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any) defines a quadratic Lyapunov function v(t,z) = 2T Q7! (t)x whose derivative along the trajec-
tories of the system (1) is smaller or equal to 0, see the proof of Theorem 1. Hence, the ellipsoid
E(Q(t)) ={x € R":v(t,xz) < 1} evolving in time is invariant for the solutions of the system (1)
with zg € E(Qp) and gives an upper estimate for the attainability domain at time ¢ € [to,T) for
the solutions starting from the initial ellipsoid.

Proof of Lemma 2. Rewrite the comparison system (6) as

dO(t) /dt = {A+ ‘;I] Q+0Q [A+ o1 '

1
+ o DDT+peeT + ’ch}cfQ (A2)
B

and consider the system

T

dS(t)/dt = [A + ;‘I] S+8 [A + ;‘I (A.3)

Denote by ®(t,7) the transition matrix of the system dx/dt = [A(t) + «/2I]z. For ¢t and 7 €
[to, T1), the matrix ®(t, 7) satisfies the equations

a T
O(t,7) = 0 O(t,7) = — <A(t) + 2[) O(t, )

ot

and

ST(t,r) = —3T(t, 7) (A(t) + §I> .

Let P(t,7) = ®Y(t,7)S(t)®(t, 7). It follows from det ®(¢,7) # 0 and S(ty) = Qo > 0 (or S(tg) =
Qo > 0) that P(to, 7) > 0 (P(to, 7) > 0, respectively) for 7 € [tg,T1). Fix 7 € [to,T1), then

P(t,r) = ®7(t,7) {$ = A()S - SAT(t) - aS} @(t,7) = 0

if S(t) is the solution of Eq. (A.3). This implies 0 < P(to,7) = P(t,7) (0 < P(to,7) = P(t,7),
respectively) for 7,t € [tg,T1), and hence, given 7 =1¢, 0 < P(t,t) = S(t) (0 < P(t,t) = S(t), re-
spectively) for ¢ € [to, T1).

Now, let Q(t) be the solution of Eq. (A.2) with Q(t9) = Qo > 0 (Q(tg) = Qo > 0, respectively).
Since the matrix a_luo DDT + gadT + “ﬁl QC’?C}Q is nonnegative definite for all ¢ € [tg,T}), the

8
above solution satisfies the differential inequality
dS/dt = A(t)S + SAT(t) + aS < dQ/dt.

Then Theorem 4 (on differential matrix inequalities) from [16] dictates that Q(t) > S(t) >0
(Q(t) > S(t) > 0, respectively) for all ¢ € [to, T1).

Proof of Theorem 3. Suppose that Qg > 0. By Lemma 2, on the interval [ty,T}) there exists
a unique positive definite solution Q(t) = Q(t,to, Qo) of the matrix comparison system (6) (or the
DLMI (7)). According to Theorems 1 and 2, at each time this solution defines a nondegenerate
ellipsoid E(Q(t)) being invariant for the solutions of the initial system (1) with the initial data
x(to) = xo € E(Qo). Therefore, estimate 1 holds.

Let estimate 1 be true. Then the solutions x(t) = x(t, tg, zg) satisfy 0 <1 — 2z (1)Q 1 (t)x(t).
By the Schur complement lemma, this inequality is equivalent to the following matrix inequality

for all t € [to,T1):
T
l 1w (t)} -0
x

Hence, it appears that Q(t) — z(t)z™ (t) > 0 for all t € [tg,T1). And so, estimate 2 holds.
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Clearly, estimates 3-5 directly follow from estimate 2.

Proof of Lemma 3. Choose an arbitrary constant matrix P € H. Then, given V(t) = P for
all t € [tg,T), we have dV (t)/dt = 0> F(t,V(t)). According to the theorem on differential matrix
inequalities, for any matrix 0 < S < P we obtain P = V(t) > Q(t,to,S) for all t € [to,T).

Proof of Theorem 4. Due to the continuity and local Lipschitzness of the right-hand side of
the MCS (6), for any matrix P € H; there exists a unique solution Y (¢, P) on some interval Ty .
If Y(t,P) € H on a certain interval 77 C Ty, then Y (¢, P) is nonincreasing on Tj. Conversely,
if Y'(¢t, P) is nonincreasing on 77, then F(t,Y(¢t,P)) =dY (¢t,P)/dt <0, ie., Y(¢,P) € H for all
t € T1. By continuity of F(Q) in @, the set H is closed. Therefore, Y (¢, P) € H for all t € T}.

Now, suppose that there exists a time 71 > tg such that Y (m, P) ¢ H. Set 79 = inf{7 € (to, ] :
Y (r,P)¢ H}. According to the aforesaid, on any interval T C [rg, 71| the solution Y (¢, P) is non-
increasing. Consequently, there exists 7/ > 7y such that Y (7') £ Y (9). This result contradicts the
conclusion of Lemma 3 on the positive invariance of the set S(Y (7)) ={S € G, :S<Y(r) € H}.

And finally, prove the second part of the theorem. Since Y (¢, P) € H on the interval Ty and,
by Lemma 2, is bounded below (Y (¢,P) > 0), then the solution can be extended to any time
interval. And so, the solution exists and is unique for all ¢ € [ty, +00). Thus, the solution Y (¢, P)
represents a continuous matrix function that decreases for all ¢ € [ty, +00) and is bounded below.
This guarantees the existence of lim; o Q(t,t0, Qo) = QF, where Q* € H owing to the closedness
of the set H.

Proof of Theorem 5. Let Q(t) = Q(¢,to, Qo) be the solution of the matrix comparison system (6)
(or the DLMI (7)) with the initial conditions Qp. As Qo > R, we have E(R) C E(Qo), i.e., the
ellipsoid E(Qq) contains the ellipsoid F(R). Moreover, since Q(t) < S(t), then E(Q(t)) C E(S(t)),
i.e., the ellipsoid E(Q(t)) belongs to the ellipsoid E(S(t)). By Theorem 1 (by Theorem 2, accord-
ingly), under ¢ € [ty,T) the ellipsoid E(Q(t)) contains all solutions of the initial system evolving
from the given ellipsoid E(Qg). Hence, all conditions of Definition 3 are satisfied and boundedness
with respect to the given sets [E(R), Ey,(I), E(S(t))] takes place.

Proof of Theorem 6. Substitute (11) into (9). Apply Theorem 2 to find an invariant ellipsoid
E(Q(t)) with a matrix Q(¢) satisfying the DLMI (7). For the closed-loop system, this inequality
takes the form

[—dQ(t)/dt+(A+BK)Q+Q(A+BK)"+aQ+30®T D Q(C;+B;K)T 0 ]
* —al 0 I
. . ey o | <0 (A4)
M1 5
* * * —
L o |

for all t € [tg,T) and some 8 > 0, a > puo/S.

The variables @ and K enter the DLMI (A.4) nonlinearly. Introduce the matrix variable
Y = KQ,Y € R"™. Then inequality (A.4) becomes linear with respect to P and Y, see (12). In
terms of the new variable Y, searching for the minimal ellipsoid (in the sense of the trace criterion)
that bounds the output z(¢) is reduced to the problem

trace [OQOT +cY™BY + B.YOT + BZYQ—lyTB}] s min

subject to the constraint (12) for each ¢ € [to, T).
According to Lemma 2 from [12], for each t € [ty,T) the derived problem is equivalent to

trace [CQOT +C0Y™BT + B,yCT + BZZBZT} s min
subject to the constraints (12) and (13), where Z € R™*™ designates an auxiliary matrix variable.
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Let the matrices @*(t) and Y*(¢) be the solution of the considered optimization problem with

the DLMI (12) and the LMI (13) for ¢ € [tg,T"). Then the matrix of the controller’s gain coefficients
is defined by K*(t) = Y*(¢)Q*~1(t). If the matrix Q*(¢) satisfies the additional constraints Qg > R
and Q(t) < S(t) for all t € [tg,T) where R and S(t) are given positive definite symmetric matrices,
then by Theorem 4 the resulting controller ensures the boundedness of the closed-loop system with
respect to the sets [F(R), E(I), E(S(t))]. This completes the proof of Theorem 6.

10.

11.

12.

13.

14.

15.

16.

17.

REFERENCES

. Schweppe, F.C, Uncertain Dynamic Systems, New Jersey: Prentice Hall, 1973.

. Chernous’ko, F.L., Otsenivanie fazovogo sostoyaniya dinamicheskikh sistem. Metod ellipsoidov (Estima-

tion of the Phase State of Dynamic Systems. The Method of Ellipsoids), Moscow: Nauka, 1988.

Kurzhanskii, A.B., and Valyi, 1., Ellipsoidal Calculus for Estimation and Control, Boston: Birkhauser,
1997.

Boyd, S., El Ghaoui, L., Feron, E., and Balakrishnan, V., Linear Matriz Inequalities in System and
Control Theory, Philadelphia: STAM, 1994.

. Balandin, D.V. and Kogan, M.M., Sintez zakonov upravleniya na osnove lineinykh matrichnykh nera-

venstv (Control Laws Design Based on Linear Matrix Inequalities), Moscow: Fizmatlit, 2007.

Nazin, S.A., Polyak, B.T., and Topunov, M.V., Rejection of Bounded Exogenous Disturbances by the
Method of Invariant Ellipsoids, Autom. Remote Control, 2007, vol. 68, no. 3, pp. 467—486.

Polyak, B.T., Topunov, M.V., and Shcherbakov, P.S., The Ideology of Invariant Ellipsoids in the Ro-
bust Suppression Problem of Bounded Exogenous Disturbances, in Stokhasticheskaya optimizatsiya v
informatike. Vypusk 3 (Stochastic Optimization in Information Science. Vol. 3), Granichin, O.N., Ed.,
St. Petersburg: S.-Peterburg. Gos. Univ., 2007, pp. 51-84.

. Polyak, B.T. and Topunov, M.V., Suppression of Bounded Exogenous Disturbances: Output Feedback,

Autom. Remote Control, 2008, vol. 69, no. 5, pp. 801-818.

Khlebnikov, M.V., Suppression of Bounded Exogenous Disturbances: A Linear Dynamic Output Con-
troller, Autom. Remote Control, 2011, vol. 72, no. 4, pp. 699-712.

Polyak, B.T., Khlebnikov, M.V., and Shcherbakov, P.S., Upravlenie lineinymi sistemami pri vneshnikh
vozmushcheniyakh (Control of Linear Systems with Exogenous Disturbances), Moscow: LENAND, 2014.

Siljak, D.D. and Stipanovi¢, D.M., Robust Stabilization of Nonlinear Systems: The LMI Approach,
Math. Prob. Eng., 2000, vol. 6, pp. 461-493.

Zecevié, AL and Siljak, D.D., Control of Complex Systems. Structural Constraints and Uncertainty, in
Series Communications and Control Engineering, Sontag, E.D., Thoma, M., Isidori, A., and van Schup-
pen, J.H., Eds., New York: Springer, 2010.

Polyak, B.T., Khlebnikov, M.V., and Shcherbakov, P.S., Nonlinear Systems with Bounded or Multiplica-
tive Disturbances, in Problemy ustoichivosti i upravleniya (Problems of Stability and Control), Moscow:
Fizmatlit, 2013, pp. 270-299.

Malikov, A.I. and Blagov, A.E., Dynamic Analysis of Automatic Control Systems Using Matrix Com-
parison Systems, Vestn. Kazan. Gos. Tekh. Univ., 1996, no. 4, pp. 71-75.

Malikov, A.I. and Blagov, A.E., Analysis of the Dynamics of Multiply-Connected Automatic Control
Systems Using Matrix Comparison Systems, Vestn. Kazan. Gos. Tekh. Univ., 1998, no. 2, pp. 37-43.

Malikov, A.I., Matrix Comparison Systems in the Analysis of Dynamics of Control Systems with Struc-
tural Changes, J. Comp. Syst. Sci. Intern., 1999, vol. 38, no. 3, pp. 343-353.

Malikov, A.I., Matrix Systems of Differential Equations with Quasimonotonicity, Izv. Vyssh. Uchebn.
Zaved., Mat., 2000, no. 8, pp. 35-45.

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 5 2016



778 MALIKOV

18. Malikov, A.L., Analysis Algorithms for the Dynamics and Performance of Control Systems with Uncer-
tainty Based on Matrix Comparison Systems, Tr. 2 Ross. konf. “Tekhnicheskie i programmnye sredstva
sistem upravleniya, kontrolya i izmereniya” (Proc. 2 Russ. Conf. “Hardware and Software Means of
Control, Inspection and Measurement Systems” ), Moscow: Inst. Probl. Upravlen., 2010, pp. 836-842.

19. Vassilyev, S.N., Kosov, A.A., and Malikov, A.L., Stability Analysis of Nonlinear Switched Systems via
Reduction Method, Proc. 18 IFAC World Congr., Milano (Italy), Aug. 28-Sep. 2, 2011, vol. 18, part 1,
pp. 5718-5723.

20. Malikov, A.I., The Method of Matrix Comparison Systems in Analysis and Synthesis of Control Sys-
tems with Uncertainties, Tr. X mezhd. Chetaevskoi konf. “Analiticheskaya mekhanika, ustoichivost’ i
upravlenie” (Proc. X Int. Chetaev Conf. “Analytical Mechanics, Stability and Control”), June 12-16,
Kazan: Kazan. Gos. Tekh. Univ., 2012, pp. 360-370.

21. Postnikov, N.S. and Sabaev, E.F., Matrix Comparison Systems and Their Applications to Automatic
Control Problems, Automat. Remote Control, 1980, vol. 41, no. 4, pp. 455-465.

22. Amato, F., Ariola, M., and Cosentino, C., Finite-time Control of Discrete-time Linear Systems: Analysis
and Design Conditions, Automatica, 2010, vol. 46, pp. 919-924.

23. Amato, F., Ariola, M., and Cosentino, C., Finite-time Stability of Linear Time-Varying Systems: Anal-
ysis and Controller Design, IEEE Trans. Autom. Control, 2010, vol. 55, pp. 1003-1008.

24. Ambrosino, R., Calabrese, F., Cosentino, C., and De Tommasi, G., Sufficient Conditions for Finite Time
Stability of Impulsive Dynamical Systems, IEEE Trans. Autom. Control, 2009, vol. 54(4), pp. 861-865.

25. Amato, F., Cosentino, C., and De Tommasi, G., Sufficient Conditions for Robust Input-Output Finite-
Time Stability of Linear Systems in Presence of Uncertainties, Proc. 18 IFAC World Congr., Milano
(Italy), Aug. 28-Sep. 2, 2011.

26. Amato, F., Ambrosino, R., Ariola, M., Cosentino, C., and De Tommasi, G., Finite Time Stability and
Control, Lecture Notes in Control and Information Science, London: Springer-Verlag, 2014.

This paper was recommended for publication by M.V. Khlebnikov, a member of the Editorial
Board

AUTOMATION AND REMOTE CONTROL Vol. 77 No. 5 2016



		2016-05-10T14:54:47+0300
	Preflight Ticket Signature




