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Abstract—We consider the optimal control problem for a linear discrete stochastic system. The
optimality criterion is the probability for the first coordinate of the system to fall into a given
neighborhood of zero in time not exceeding a predefined value. The problem reduces to an
equivalent stochastic optimal control problem with probabilistic terminal criterion. The latter
can be solved analytically with dynamical programming. We give sufficient conditions for which
the resulting optimal control turns out to be also optimal with respect to the quantile criterion.
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1. INTRODUCTION

Optimal control problems with probabilistic quality criteria comprise the subject of study for
a special section of stochastic optimal control theory. Probabilistic criteria include the probability
functional and the quantile functional. The probability functional is the probability that a certain
precision functional does not exceed a certain admissible level. Here the precision functional itself
characterizes the accuracy of this control system but depends on the trajectory of the stochastic
system. One example of such a precision functional is the terminal miss of a homing system. In
the optimal control problem setting with quality criterion in the form of a probability functional
one usually has to maximize this functional.

The quantile functional is, in a sense, a characteristic inverse to the probability functional.
The physical meaning of the quantile functional is that it serves as an upper confidence bound
for a precision functional and basically characterizes the control system’s accuracy guaranteed in
probability. Optimal control problems with criteria in the form of a quantile functional are usually
set as minimization problems.

Optimal control problems with probabilistic criteria have been studied in [1-4]. The case of
discrete time has been considered in [1], which contains a comprehensive study of optimal control
problems for discrete stochastic systems with probabilistic criteria and terminal precision functional.
Note also the work [5] that studies the problem of equivalence between optimal control problems
with probability and quantile functionals.

In this work, we consider an optimal control problem with a probability functional with unknown
but bounded from above end moment. This lets us interpret the control problem as a homing
problem. The setting considered below is similar to a continuous control problem for a material
point [3], but in [3] there are no restrictions on the time when the control process ends.
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1744 AZANOV
2. PROBLEM SETTING

Consider a control problem with regard to random influences in discrete time £ =0, N + 1. We
describe the system’s dynamics with the following system of recurrent equations:

1 1 2
Ty = o) +ah
2 _ 2 3
T = xp +aph (1)

:L‘?Ig-i-l =z + ugh + &.

Here z), = (ac,lg, . ,xZ)T is the state vector; z, € R", u;, € R!, the control; h, a parameter arising in
discretizing a continuous system that represents the discrete time step size; &, continuous random
values whose distribution densities are even functions. Here £ are not necessarily identically
distributed. n > 2, N > n — 1. Initial conditions m(l), ..., x( for system (1) are known exactly.

Note that structure (1) arises after discretizing a linear continuous system written in canonical
controllability form, where a random obstacle models errors in the control channel.

We introduce the probability functional

Pp(u()) = P ( min - |zi] < w) : (2)

ke{0,..,.N+1}
where P is the probability, ¢ € R! is a scalar parameter, and u(-) = (ug,...,uy) is the control.
The control strategy on the kth step is represented by a function ug(xg, ..., xg).

We pose the problem of finding optimal control that maximizes the probabilistic optimality
criterion

Py (u()) — max. (3)

As we have already noted in the introduction, this problem can be interpreted as a homing
problem for an object into a given neighborhood of zero in time not exceeding a predefined value.
Below we will show that optimal control in problem (3) exists in a class of functions wuy(xy) that
depend only on the current state xx. To do so, we reduce the problem at hand to an equivalent
problem with a fixed end moment.

3. AN EQUIVALENT PROBLEM WITH TERMINAL PRECISION FUNCTIONAL

To use the methods of [1], we extend the phase vector x = (a;,lg, .. ,mZ)T and reduce the problem
to an equivalent optimal control problem in a space of higher dimension. To do so, we introduce a
new coordinate y; whose dynamics will be given by relation

Ygy1 = min {yk, |a:,1C + xih|} , (4)

Yo = ||, K = 0, N + 1. Note that system (1), (4) is nonlinear.
We write the equivalent problem with the newly introduced notation:

P(yn+1 < @) = ma. (5)

Problem (5) belongs to the class of problems with a fixed end moment, so there exists a solution
of the original problem [1] in the class of Markov strategies uy = ug(zx). It has also been shown
in [1] that to solve the equivalent problem (5) one can use dynamical programming.
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According to the dynamical programming algorithm we define the payoff function
Wi(z,y) = sup  Plyns1 < plag =,y = y).
up (+)eun ()

For k = N + 1 we have

1 for yn+1 <o (6)

Wi (@N,yv) =
Ko +1) 0 for yni1 > .

Then for k = N the payoff function is determined by solving a finite-dimensional problem
WX (zn,yn) = H&%XM [Wﬁ+1(xN+1,yN+1)|wN,yN] -

Here M) denotes expectation. In the right-hand side of the last expression, arguments of function
Wﬁﬂ(w]\/ﬂ,y]vﬂ) are transformed according to (1), xx,yn are fixed. Taking into account (6),
we get

Wi(zn,yn) = max P (min{va [z + z%h} < 80) :

The function being maximized in the right-hand side of this expression does not depend on the
control uy. Therefore,
1 for min{yy, |z} + 2%h|} < ¢

(7)

Wi(zy, =
n(@xyn) {0 for min{yy, |z} + 2% 0|} > ¢.

Control at this step can be arbitrary. We now move on to step k = N — 1. Similar to step k£ = N,
we get

W5 i (aN—1,yn—1) = LI}]lvifM Wi (zn,yn)|zN-1,yn—1]

)

= max P (min {min{yN_l, leh  + 2% bl |2k F 22k h+ay B
—1

b <o
1 for min {min {yN_l, 25, +x?\,_1h|}, 25, +2m?v_1h+x§’v_1h2\} <o
0 for min {min {yN_l, |x}v_1 +x?\,_1h|}, |x}v_1 +2m?v_1h+x§’v_1h2\} >

1 for min yn_1, |2k +2%_ (bl |2k +22% h+a% RP|F <o
0 for min

yn—1, TN+ 2Rl ok +22% bt RE > .
Since the control together with the random error only occur in the relation for the nth coordinate
of the phase vector, the control will be arbitrary on the last n — 1 steps. We proceed in this way

until the control together with the random error come up in the expression for the payoff function.
This happens at step kK = N —n + 1. Let us write the payoff function on this step.
W5 i1 (EN—nt 1, YN—nt1)
= max M [Wf\'}_mg (TN —n+2, YN—n+2) |TN—n+1, yN—n—i-l}

UN—n+1

. 1 2
= max P<mlﬂ {yN—n—i-la |5L“N_n+1 + $N—n+1h‘,
UN —n+1

1 2 3 2
|$N—n+1 + 2xN—n—i—lh + $N—n+1h ‘7 SRR

9

n—1

i i i+l
Z Cr_1h TN—n+1
i=0

).

n—1

i it -1
Z OrZLhZ:L'?V_n_i_l + hnuN—n—l—l + A" EN—n+1
=0

and the derivation of (8) is given in the Appendix.
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We denote

n—1

i i itl
Z Crh'zy,
i=0

2

Uk('xk’v yk) = min {yk7 \':L‘Ilf + hl’ﬂ, R

n—1
Vk(azk, uk) = Z CTZLhZIL’?_l + hn’u,k.
=0

In this notation, the payoff function on step £k = N — n + 1 takes the form

W i1 (EN 1, YN—nt1) = nax P( min {UN—n—i-l(mN—n—i-ly YN—n+1), o

‘VN—n—i-l(mN—n—i-huN—n—i-l) + §N—n+1hn_1‘} < 80)'

Lemma. Let {n_pi1 have a distribution whose density is an even function. Then problem (9)
s equivalent in its solution to the following problem.:

[VN—nt1(EN—nt1, UN—p+1)] = min . (10)
UN—n+1

Proof of lemma is given in the Appendix. Problem (10) is a deterministic equivalent for the
stochastic programming problem (9). Constructions of deterministic equivalents for stochastic
programming problems with probabilistic criteria have been presented in [6, 7]. The optimal control
on the N —n + 1th step is easy to find from (10):

1 =
UN-n1 = doCintailt (11)
i=0
and the payoff function on this step is
W5 it (EN—nt 1, YN —nt1)
_ {1 for UN—n+1(TN-n+1,YN-nt+1) < ¢

N\ P(ENni kY < @) for Un—net (TN —nt1, UN—nt1) > @

We denote
pe(p) = P(I&h" 7 < o)

and write the payoff function on step N — n with the full expectation formula:
W]ﬁ_n ($N—n7 yN—n)

= max [P(min{UN—n(:L‘N—nny—n)a ‘VN—n(xN—n,UN—n) + SN—nhn_l}} < 80)

UN—n

+PN-n+1(0) (1 = P(min {Un—n(ZN-ns YN 1) |VN-n (TN, un—n) + £N—nhn_l|}<¢))}
= max [P(min {UN—n(xN=n,YN=n), |VN-n(ZN—p, uUN_n)

+en "} < @) (1= Pr-ni1(9)) + PN-ni1(9)].

We remind that 0 < py_pn+1() < 1. Then the optimization problem on step k = N — n takes the
form

P(min {UN—n(UCN—m YN-n)s VN (TN —ns UN—n)+EN—ph" ! |} < 90) — max, (12)
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and similar to the previous step, by lemma we write a deterministic equivalent for (12)

|VN—n(33N—n, ’LLN_n)| — min

UN—n
and optimal control
it
UN-n == > Chhtailt,.
i=0
The payoff function on step k = N — n is given by
17 UN—n(mN—nayN—n) <o

Wp_n(mN—nny—n) - {
N PN-n () + DN-nt1(©) (1 = DN-n(¥)), UN-n(TN-n,YN-n) > ¥

Proceeding in this fashion, it is easy to see that on every step k, kK = 0, N —n + 1, we have to
solve the same optimization problem

P(min {Ux(zk, yr), [Vie(zr, up) + &R} < @) — max.

U
Reduction of such optimization problems to their deterministic equivalents
|Vie(2k, ug )| — min
ug

according to lemma lets us find optimal control on step k as

1 n—1
_ Qg i+l
Uk =" E Crphz".
i=0

We denote

Py =po(e) + p1()(1 —po(@)) + ... + PN-nt1(2) (1 = PN=n(®)) ... (1 — po(¥)),

and consequently, the payoff function on step k = 0 is written as

17 U()(I’()) < ¥

W¢ (x0) =
Py, Ugl(xo) > ¢.

In what follows we call it the optimal payoff function since according to dynamical programming

Wi (20) = max Po(u()).
Note that W (z0) and Up(zg) do not depend on yo due to the initial conditions yo = |z{].

4. PROBLEMS WITH QUANTILE FUNCTIONALS

We define the quantile criterion as [1]
@4 (u) = min{p|Py(u) > o}, (13)

where a € (0,1) is a given confidence probability. The quantile functional (13) is a level of the
above-mentioned precision functional guaranteed with a given probability, i.e., an upper confidence
bound for it.
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Consider a minimization problem for the quantile criterion:

D, (u) — m(l)n (14)

Since there is a probabilistic constraint P,(u) > a, it is hard to apply dynamical programming to
problem (14). The approach used in [1] for discrete stochastic systems only lets us get approximate
(the so-called guaranteeing) solutions for the quantile problem in the class of controls that depend
on all previous system states. The problem of whether there exist optimal controls that depend only
on the current state remains open. In the previous section we have obtained an analytic solution
for the optimal control problem with probabilistic criterion. In [5], a method was proposed to
transform this solution into a solution of problem (14). In order to formulate sufficient conditions
for the applicability of this method, we introduce functions of optimal values of the considered
functionals

Definition [5]. Let f(x) be a nondecreasing function of scalar argument. A point xy such that
flzo—e€) <0< f(xo+e)
for every € > 0 is called a generalized root of equation f(z) = 0.

The following theorem [5] establishes an equivalence between probabilistic and quantile opti-
mization problems.

Theorem 1 [5]. Let ¢, be the only generalized root of equation F(p) = a. Then G(a) = ¢q.

Moreover, if for ¢ = @ there ewists a solution u, of problem

Py(u) — m(a)x

and it holds that F(pa) = «, then uy, is a solution of problem (14).

Let us check that sufficient conditions for the equivalence of probabilistic and quantile opti-
mization problems hold for the problem from the previous section. Note that the definition of the
optimal payoff function implies that

F(p) = W (20).

It is easy to check that in case when random values & are identically distributed the optimal payoff
function takes the form
17 UO (330) < ¥

F(p) =

p(@) Z (1 - p(gp))] ) U0($0) > ¥,
J=0

where

plp) = P(I&N" ] < ).
In order for the conditions of Theorem 1 to hold it suffices for function p(¢) to be strictly increasing
in its argument.

Theorem 2. Let p(p) be strictly increasing in ¢. Then the optimal control problem with a cri-
terion in the form of probability functional (2) is equivalent to the optimal control problem with
quantile criterion (14), and the control that solves problem (2) is also optimal for problem (14).

Proof of Theorem 2 is given in the Appendix.
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5. EXAMPLE

As an example, consider a model for a perturbed one-dimensional motion of a material point.
Acceleration plays the role of control, with random errors with a Gaussian distribution acting on it.
Then equations describing this system’s dynamics will have the form

{l'kz—i-l =z + vih (16)

Vg1 = Vg + ugh + &,
Tk, v are respectively the coordinate and velocity of the material point at the kth time moment,

& ~ N(0,02%), k = 0,N, and the criterion is

Py(u(-)) =P <k€{0{].r.1.i’r]{[+1} |z | < cp) — IIul(a)X (17)

Note that the distribution density of random values & belongs to the family of densities that
are symmetric and unimodal with respect to the expectation. According to the methodology of
Section 3, we introduce a new coordinate for the phase vector

Ye+1 = min{yg, |z + vih|},
yo = |xo| are the initial conditions. An equivalent problem has the form

Plyn+1 < @) = max.

We should note that the control occurs in the second equation that describes system dynamics.
Therefore, on the last step the control will be arbitrary.

Based on the results of Section 3, we define optimal control on steps k =0, N — 1

w — _:L’k _ 22)k
TR h
and the payoff function
1 for min{yy, |zr + vkh|} < ¢
W (2h, vks yr) = N-(k+2) j
29 (SD) > (1 — 2P <¢>) for min{yy, |zi + veh|} > @,
o = o

where 2®¢(¥) is the probability that random value ¢ falls into the interval (=¥, ), ®q(x) is the
Laplace function,

1 [ w2
Qy(x) = a\/27r/e 202 dt,
0

m = M|&]. Further, we write the optimal payoff function as

1, min{|xol, [z + voh|} < ¢

Flo) = 20 (i) NZ_2 (1 2% <i))]’ min{|zol, [zo + vohl} > ¢.

J=0

(18)
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Theorem 2 implies that the maximization problem for the probability function (17) can be
reduced to a minimization problem for the quantile function

@ (u()) > min, (19)

and the optimal control found in problem (17) is also optimal in problem (19). The figure shows a
plot of the optimal payoff function (18).

The function F () was plotted with the GNUPLOT environment with a ¢ step of 0.1 and with
parameters 0 = 1, N = 3. The plot also shows the level «, which according to Theorem 2 means
that w, is a solution of problem (19) for ¢ = ¢q.

6. CONCLUSION

We have considered the optimal control problem for a linear discrete stochastic system with
respect to the probabilistic criterion with free but bounded from above end time. By extending
the phase vector, we have obtained an equivalent optimal control problem of higher dimension but
with a fixed end moment. Solution for the equivalent has been obtained in analytic form with
dynamical programming. We have derived sufficient conditions that let us get from this solution a
solution of an equivalent problem with quantile quality criterion.
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APPENDIX

Proof of Lemma.

p (min {UN—n+1(33N—n+17 YN—nt+1)s | VN-n41 (EN—nt1, UN—n+1) + SN_n+1h”_1\} < 90)
—1-P (min {UN—n+1($N—n+1,yN—n+1)7 VN nt1(ZN—ny1, UN—ny1) + €N—n+1hn_1\} > SO)

—1-P ({UN_n+1($N—n+1,yN—n+1) > ¢} {|VN—n+1(33N—n+17uN—n+1) + €N > 90}) -
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Note that Un_pt1(TN—n+1,YN—n+1) IS a deterministic function, so we consider the case when
UN—n+1(TN—n+1,YN—n+1) > ¢. Then the right-hand side of the latter expression equals

1-P (‘VN—n+1(xN—n+17uN—n+1) + fN—n-i—lhn_l‘ > 80)
= P( — 0= VN1 (TN 1, UN—nt1) < EN—np1h"

<@ — VNons1(@N—nt1, UN—n+1))

¢=VN-nt1(TN—nt1,UN—n+1)
_ / fe(t)t,

_SD_Van+1("EN7'n+1 7UN7TL+1)

where f¢(t) is the distribution density of random values & N_nt1h" 1. Note that the latter proba-
bility functional falls into the so-called class of additive loss functions described in [6]. We write
the deterministic equivalent obtained in [6]:

‘M[fN—th"_l} + VNt 1 (TN —p 1, UN—pt1) | — u]giiril

The latter problem is equivalent to problem (9) if the distribution density for random values
EN_ni1h™ 1 is symmetric and unimodal with respect to M[éy_,+1h™!]. But since, by assumption,
function f¢(t) is even, we have

‘VN—n+l(mN—n+1auN—n+l)| — min
UN—n+1

This completes the proof of the lemma.
Deriving Relation (8)

The payoff function on step k = N — 1 has the form
. 1, min {yN_l, leh 1 + 2%kl |2k +22% b+ m?v_lh2|} <o
Wi (@n-1,9n8-1) = . 1 2 1 2 3 52
0, min {yN_l, lzy_q +xX_1h|, ey + 225 _1h + 231D |} > .
We write the payoff function on step k = N — 2:

WE S(xN_2,yn—2) = max M [Wﬁ_l(a:zv_l,yN_1)|33N—2,yN_2]

= max P( min { min {min {yN_Q,
UN -2

Th_ o+ ZU?V—Qh‘} ) }ZL‘}V—Q + 223 oh+ x?v—zhz‘} )

xh o+ 32%_oh + 3% _oh? + o _oh? } < go)

1 2
TN+ TN ol

= max P(min {yN_g,

; ’m}v—z + 203 oh + x?V—th’ ;
UN_2

Thvoa + 30X ok + 3z _oh® + 2l o | <o)
= P(min {yN—%
o + 30%_oh + Buk_oh® + 2k o] } < )

1 2 3
o <min {yN_g, SO Cintaidh, | | Y Cohtaih, | D Cintatll,

1=0 1=0 1=0
AUTOMATION AND REMOTE CONTROL Vol. 75 No. 10 2014
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where |
, n!
! = .
" dl(n—1)!

Then by induction we can write the payoff function on step k = N —n + 2 as

W5 pio(EN—nt2, YN—nt2)

1

ipi i+l
Z Cih'ay ", .0
i=0

3 g ey

= max P(min{yN_n+2,

UN —n+2

2

ipi i+l
Z (O N
i=0

<)

_ . 1 2 1
=P ( min {yN—n+2v TN _nt2 + TN _ni2hls [TN_pio

beo)

n—1

i i i+l
Z Cy_1h TN _nt2
i=0

2 3 2
+2xN_n+2h+.TN_n+2h ‘,...,

n—1

i gia+1
Z Ch_1h TN -—n+2
i=0
Further, similarly,

W;\Of_n_k]_(xN—n—i-la yN—TL+1)

. 1 2
= max P<m1n {yN—n—i-la |33N_n+1 + $N—n+1h‘,
UN—n+1

1 2 3 2
‘ﬂfN—nH + 22N _ i 1h F 2N h

geeey

)

n—1 n—1

. ;i1 i il n n—1
Z Cvzm—lhzmﬁ\/—n—i-l Z Cf?hzmﬁ\/—n—i-l +h UN—n+1 + h §N—n+1
=0 =0

}<so).

Proof of Theorem 2. We use Theorem 1. To check that its conditions hold, since o € (0,1) it
suffices to check that the function in the second branch of (15) is strictly increasing. We have

(L=ple)" " -1

N—n
p() S (1 -ple)) =ply)
=0

The right-hand side of this expression due to p(¢) € (0, 1) strictly increases as a function of ¢ since
it is a superposition of strictly increasing functions (p(y) is strictly increasing by the conditions of
the theorem).

This completes the proof of the theorem.
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