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Abstract—In the paper, our main aim is to introduce a new concept and call it the L,-mixed
geominimal surface area G,(Kq, ... ,K,) of n convex bodies K, ..., K,, which obeys the
classical basic properties. The new affine geometric quantity in a special case yields Petty’s
geominimal surface area G(K) of a convex body K, Lutwak’s p-geominimal surface area G, (K)
of K, and the newly established mixed geominimal surface area G(K7, ... , K,) of n convex bodies
Ky, ..., K,. We establish some L,-mixed geominimal surface area inequalities for the L,-mixed
geominimal surface area, whose some special cases are Petty’s geominimal surface area inequality,
Lutwak’s p-geominimal surface area inequality, and some new mixed geominimal surface area
inequalities.
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1. INTRODUCTION

The setting for this paper is the n-dimensional Euclidean space R™. Let K™ denote the set of the
convex bodies (compact, convex sets with nonempty interiors) of R™. For a compact set K, we write
V(K) for the (n-dimensional) Lebesgue measure of K and call V(K) the volume of K. Let B be the unit
ball centered at the origin, and let its volume be w,,. For the set of convex bodies containing the origin
in their interiors, write K7, and let 7 denote the set of convex bodies whose centroids lie at the origin.
The important concept of geominimal surface area was introduced by Petty [1]. The concept serves as
a bridge connecting a number of areas of geometry: affine differential geometry, relative geometry, and
Minkowski geometry. The geominimal surface area G(K) of K € K™ was defined by

wy/"G(K) = inf{nVi(K,Q)V(Q")'/" : Q € K3}, (1)

where Vi (K, Q) denotes the usual mixed volume of K and @, and @Q* is the polar of Q. Given Q € K7,
let @ denote the polar of the body @, defined by (see, e.g.[2])

Q" ={xeR": (z,y) <1 forall ye @},

where (z,y) denotes the usual inner product of 2 and y in R™.

The geominimal surface area of a body is invariant under the unimodular affine transformations of
the body. Petty [1] showed that the geominimal surface area G : K™ — (0, 00) is continuous and also
established the following fundamental inequality for the geominimal surface area:

Petty’s geominimal surface area inequality. /] K € K7, then
G(K)" < n"w,V(K)"! (2)
with equality if and only if K is an ellipsoid.

*The article was submitted by the author for the English version of the journal.
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Some extension of Petty’s geominimal surface area was presented by Lutwak [3]. The L,-mixed
geominimal surface area, G, (K) of K € K}, with p > 1, was defined by

WGy (K) = inf{nV,(K,Q)V(Q*)"/" : Q € K7}, (3)

where V,(K, Q) denotes the usual L,-mixed volume of K and Q. It was also shown that the L,-mixed
geominimal surface area of a body is invariant under the unimodular centro-affine transformations of
the body. He showed also that G}, : K — (0, 00) is continuous. Some extension of Petty’s geominimal
surface area inequality was also obtained:

Lutwak’s p-geominimal surface area inequality. /f p > 1 and K € K, then
Gp(K)" < n"wpV(K)"P (4)
with equality if and only if K is an ellipsoid.

Recently, the geominimal surface area, p-geominimal surface area, Orlicz geominimal surface area
and related inequalities have attracted extensive attention and research. The recent research on these
matters can be found in the references [4]—[14].

To the convex bodies Ki,---,K,_1 in R™ there is a unique positive Borel measure on S"~1,
S(Ky, ... ,Ku_1;-), called the mixed area measure of Ky, ... , K,_1, such that for every convex body
K,, we have the integral representation (see, e.g. [15], p. 280)

1
V(Ky, ..., Kp) = n/ h(Kp,u)dS(Ky,...,Ky_1;u), (5)
Snfl
where u € S, 87~ stands for the unit sphere, and h(K, ) is the support function of a convex body
K (simply denoted by hg).

The integration is with respect to the mixed area measure S(K7, ... , K, _1;-) on S"~1. The mixed
area measure S(Ky, ..., K,_1;-) is symmetric inits first n — 1 arguments. 1 K; = --- = K,,_;_1 = K
and K,,_; = --- = K,,_1 = B, the mixed area measure S(K, ... ,K, B, ..., B;-) with ¢ copies of B and
(n —i — 1) copies of K will be written as S;(K,-). f K1 =--- = K,_1 = K, then S(K1, ... ,K,_1;)

becomes the surface area measure S(K,-).

We will present some natural extension of Lutwak’s p-geominimal surface area in this paper. The
L,-mixed geominimal surface area G,(K, ..., Ky) ol K1, ... , K, € K} with p > 1 was defined by

WG (Ky, ... Ky) = if{nV,(Ky, ..., K, 1,Q, Kn)V(Q*)P™: Q € K'Y, (6)

where Vj,(K1, ... ,Kn—1,Q, Ky) denotes the L,-multiple mixed volume of n+1 convex bodies
Ky, ..., K, and @ and is defined by (see[16])

p
‘/P(Kb 7Kn—17Q7Kn) = Tll/gn—l (hh((.g;uzz)> h(Kn,’LL) dS(Klv 7Kn—1;u)' (7)

It will be shown that the L,-mixed geominimal surface area is invariant under unimodular
centro-affine transformations. It will also be shown that G, : K x ... x K}, — (0, 00) is unique and
~ ~ -

n
continuous. In Sec. 4, we also establish an affine isoperimetric inequality for the L,-mixed geominimal
surface area.

The L,-mixed geominimal surface area inequality. /] Ky, ... ,K,, € K} andp > 1, then

Gp(K1, ..., Kp)" <n"WbV(Ky, ..., Kp,)"/V(Ky,)P, (8)
with equality if and only if K1, ... ,K,_1 and K, = E are mixed p-self-minimal, where E is an
ellipsoid.

The equality conditions for this inequality involve "mixed p-self-minimal” bodies. These bodies are
defined in Sec. 4.
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1046 ZHAO

Obviously,if K1 = --- = K, = K, then (8) becomes (4). [ip =1and K1 =--- = K,, = K, then (8)
becomes (2).

It is worth mentioning here that other definitions of “L,-mixed geominimal surface area” have
recently been published. However, none of them is based on the newly established L,-multiple mixed
volume of (n + 1) convex bodies K7, ... , K, and L,, so neither of them is a natural extension. Because
the L,-multiple mixed volume was proposed which follows the spirit of introduction of Aleksandrov’s
mixed quermassintegrals and Lutwak’s p-mixed quermassintegrals. Thus, the concept of L,-mixed
geominimal surface area based on the L,-multiple mixed volume complies with the study line of Petty
and Lutwak’s geominimal surface area and the law of development.

2. NOTATION AND PRELIMINARIES
Let d denote the Hausdorff metric on K™; i.e., for K, L € K™, we have
d(K,L) = |h(K,u) — h(L,u) |00,

where | - |o denotes the sup-norm on the space C(S™~!) of continuous functions. The Minkowski
addition plays an important role in the Brunn—Minkowski theory. During the last few decades, the
theory has been extended to L,-Brunn—Minkowski theory. The well-known L,, addition is defined by
(see Firey [17])

hK +, L,x)P = h(K,z)? + h(L,x)? (9)

forallz € R", 1 < p < o0, and compact convex sets K and L in R™ containing the origin.

2. 1. Basics on Convex Bodies

Define the Santalo product of K € K as V(K )V (K™*). The Blaschke—Santalo inequality is one of
the fundamental affine isoperimetric inequalities (see [18]—[21]). It states that if K € K7, then

V(K)V(K") < wp, (10)

with equality if and only if K is an ellipsoid.

The radial function pg = p(K,-) : R"\{0} — [0, 00) of a compact star-shaped K C R™ (about the
origin) is defined for x € R™\{0} as

p(K,z) =max{\ > 0: \z € K}.

If p(K,u) (or simply pg) is positive and continuous, then K is called a star body (about the origin).
Write S for the set of star bodies in R™. For K € K7, it is easily seen that

h(K*,-):p(;") and p(K*,-):h(;"). (11)
For ¢ € GL(n), we write ¢! for the transpose of ¢ and ¢~ for the inverse of the transpose of ¢. It is
easy that (see[22])
h(¢K,x) = h(K, ¢'x), (12)
where K € K. Obviously,
(6Q)" = o7'Q". (13)
where @ € K7.
For K € K7, define the inner radius r(K') and outer radius R(K) by
r(K) =max{\ >0: A\B C K} and R(K)=min{\ >0: AB D K}. (14)
Obviously,
r(K)= min h(K,u) and R(K)= max h(K,u).

ueSn—1 ueSn—1
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2.2. L,-Mixed Volumes

The Brunn—Minkowski inequality is the best-known inequality concerning volumes of compact
convex sets. It states that if K and L are compact convex sets in R", then

V(K 4+ L)Y > V(E)Y™ + v (L)', (15)

with equality if and only if K and L are homothetic.
The mixed volume V3 (K, L) of compact convex sets K and L is defined by

V(K L) = lim VU FED) SV 1/ h(L,u) dS(K, u). (16)
gn—1

n e—0t+ 15 n

The Minkowski inequality for K and L states that
Vi(K, L) > V(K)" Dy (L)ye, (17)

with equality if and only if K and L are homothetic.
The L, Minkowski mixed volume inequality is as follows:

VoK, L) 2 V(E) 2y Ly, (18)
with equality if and only if K and L are homothetic, where

Vo(K,L) == lim VIE 4pe- L) = VIE) (19)

n e—0t €
and the L,-mixed volume has the integral representation (see [23])

Vo(K, L) = i/gn_l h(L,w)Ph(K,u)' P dS(K,u). (20)

In particular, in the L,-Brunn—Minkowski theory, S(K, ) is replaced by the p-surface area measure
Sp(K, -) given by

dSp(K,-) = h(K,u)' "PdS(K,u).

2.3. Mixed p-Quermassintegrals

The mixed quermassintegrals are, of course, the first variation of the ordinary quermassintegrals
with respect to the Minkowski addition. The p-mixed quermassintegrals W), o(K, L), Wy 1(K,L) ...
Wy n—1(K, L), are the first variation of the ordinary quermassintegrals with respect to the Firey addition;
i.e.,,for K, L € K} and real p > 1, we have (see e.g. [24])

(K +,2- L) — Wi(K
P Wi +pe L) = WilK).

’I’L—Z€—>O+ g

Wpi(K,L) = (21)
Forp>1,0<i < n,and each K € K7, there exists a regular Borel measure S, ;(K;u) on S"~! such

that the p-mixed quermassintegral W), ;(K, L) has the integral representation

WoilK, L) = | /S B(Lw) Sy (K w) (22)

for all L € K7. Obviously, for p =1, W, ;(K, L) becomes the well-known mixed quermassintegral
Wi(K, L) of K and L. The measure S, ;(k,-) is absolutely continuous with respect to S;(K,-) and
has the Radon—Nikodym derivative
dSyi(K,-)
ds;(K,-)
The measure S,,_1 (K, -) is independent of the body K, presenting just the ordinary Lebesgue measure
S(K,-)on S"~ 1. S;(B,) denotes the ith surface area measure of the unit ball in R”. In fact, S;(B,-) = S

= h(K, )P, (23)
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for all 7. The surface area measure Sy(K,-) will frequently be written simply as S(K,-). When ¢ =0,
Sp,i(K,-) is just the p-surface area measure Sy,(K,-) (see [25]). Obviously, putting i =0 in (22),
the mixed p-quermassintegral W), ;(K, L) becomes the L,-mixed volume V,, (K, L). The fundamental
inequality for mixed p-quermassintegrals states that (see [24])for K, L € K, p > 1,and 0 < i < n,

Wai (K, L)"™" > Wi(K)" ™ PW(L)P, (24)

with equality if and only if K and L are homothetic.

Obviously, when p = 1, inequality (24) becomes the well-known Minkowski inequality for mixed
quermassintegrals.

2.4. Mixed Projection Body

For K € K™ and u € S"~!, let (K |u) denote the (n — 1)-dimensional volume of K|ut, the image
of the orthogonal projection of K onto the (n — 1)-dimensional subspace of R™ that is orthogonal to w.
The projection body ITK € K of K € K" is the body whose support function is given by
1
MK u) = oK) = 5 [ ) dS(E. o), (25)
Sn—1

where u € S, Let II(K, ... , K,_1) be the mixed projection body of convex bodies K7, ... , K,_1.
[t is defined by (see, e.g.[26])

1

MIL(K L, .. Koo1),u) =

/ ) dS(K, . Kl (26)
Sn—

One of the fundamental inequalities for the mixed projection body is the following Aleksandrov—Fenchel
inequality for mixed projection bodies: If Kj, ..., K,_1 are compact convex subsets and 1 <r < n,
then (see [26])

VALK, ... Ky) > [[VOUE;, ... K K, o K1) (27)
j=1

If K1, ... ,K,—1 € K™, then the mixed projection body of convex bodies Ky, ..., K,,_1 is denoted
by II(K1, ..., K, 1), and its support function is given for u € S"~! as (see [26])

h(H(Kla 7Kn—1)7u) = U(K1|UJ—7 7Kn—1|ul)7 (28)

where v(Kq|ut, ..., K, _i|ut)is the (n — 1)-dimensional mixed volume of K1|u™, ..., K, 1|u*.

3. L,-Multiple Mixed Volume

Let us introduce the L,-multiple mixed volume of n + 1 convex bodies K1, ... , K, and Lj,.

Definition 3.1. (see [16]) For Ky, ... ,K,,L, € K7, and p > 1, the L,-multiple mixed volume,
denoted by V,,(K1,- - , Ky, Ly), is defined by

i W)\ |
Vop(K1,-++ , Kp, Ly) = " /Sn_1 (h(Ln,u)> h(Ly,u)dS(Ky, ..., Ky_1;u). (29)
Zhao [16] shown also that the L,-multiple mixed volume has the limit representation; i.e.,
d
‘/p(Kly"' 7Kn7Ln) = V(Kb 7Kn—17Ln +p5'Kn)- (30)
de e=0+
Obviously, the classical mixed volume V (K, ... ,K,) of Ky, ... ,K,, the L,-mixed volume
Vp(K, L) of convex bodies K and L, and the p-mixed quermassintegral W), ;(K, L) of K and L are
all special cases of the L,-multiple mixed volume V,,(K1, ... , Kn—1,Q, Ky).
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The fundamental inequality for L,-multiple mixed volume of Ki,---,K,, L, is the follow-
ing L,-Aleksandrov—Fenchel inequality for L,-multiple mixed volume: If Ky,---,K,, L, € K7,
1 <r<mn,andp > 1, then (see[16])

T
[V . .. KK, . Ky)P
=1

%(Klf o 7Kn7Ln) >

31
N V(Kh 7Kn—1aLn)p_1 ( )

The classical Aleksandrov—Fenchel inequality of Ki,---, K, is an important special case of the
L,-Aleksandrov—Fenchel inequality. The Minkowski inequality (24) for mixed p-quermassintegrals is
also a special case of the L,-Aleksandrov—Fenchel inequality.

Lemmal. /Ky, ... K, € K} andp > 1, then, for A € SL(n), we have
%(AKla o AKn—17 Kn7 ALn) = %(Kla o 7Kn—17 A_lKna Ln) (32)
Proof. From (12)and (29), we obtain

1 K, P
Sn= n

1 hKp,u) \P . o
T /Sn_l <h(Ln,Atu)> h(Ln,A u) dS(Kl, LKy 1A u)

1 h(K,, A~tu)\?

LTL) K""7K1’L—;

n /s < WL, w) > lLn, ) dS(EQ )

1 h(A_lKn,u) p
= LTL7 K""7KTL—;

n /Snl < h(Ly,u) > h(Ln, u) dS(K, 1;U)
:‘/p(Kl, 7Kn_1,A_1Kn,Ln)‘

This completes the proof.

Lemma?2. Let Ki1, ... ,Kin, Lin, € K} andp > 1. I K;j — Koj, j =1, ... ,n, and Ly, — Loy, then
‘/p(K’ila"' 7KinaLin) — ‘/p(KO].a"' 7K0naL0n) (33)

as ¢ — oo.

Proof. To see this, let K;; € K7, i € NU{0}, j =1, ... ,n, be such that K;; — Ko; as i — oo and
Lin — Lo, as i — oo. The mixed area measure is weakly continuous; i.e.,

dS(Kﬂ, ce 7Ki(n—1); u) — dS(KOl, c 7K0(n—1); u) Weakly on Sn_l.
Since h(Kipn,u) — h(Kon,u) and h(Li,,u) — h(Loy,,u) uniformly on S™~1 it follows that, for p > 1,

() = Chre)

Further,
h(L’Lnau) P ]
/gn_l <h(K7,n, u)> h(Kzn, U) dS(KZl, . 7Ki(n—l); u)
gn-1 h(KOn,U) On 01y - -+ s B2o(n—-1);U)-
Hence

hm %(Kila Tt 7Kin7 LG) = %(KO]J e 7K0n7 LOn)

1—>00

This shows that V,,(Ky,- -+ , Ky, Ly,) is continuous.
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Lemma3. Let Ky, ... ,K,,L, € K! and p;,p > 1. If p; — p, then
Vi (K1, -+, K, Ly) = Vp (K, -+, Ky, Ly). (34)

Proof. Note that p; — p implies that

(rire) = Giem)

Further,
(L, u) \ "
Kn7 K)"'yKn—;
/Sn_l (h(Kmu)> h(K ) dS(K 1)
(L, u) \?
K,, Ky, ..., K,_1;u).
— i <h(Kn,u)> h( u)dS( 1 1 u)
Hence

hm VZDZ(Klv 7Kn7Ln) = VZD(Kla 7Kn7Ln)-

11— 00

This completes the proof.

Lemmad4 (see[16]). If Ky, ... , Ky, L, € KI'and p > 1, then, for A € SL(n), we have
%(AK17 7AKTL7ALTL) :%(K17 7KnaLn) (35)

4. L,-Mixed Geominimal Surface Area

Definition 4.1. Forp > 1 and Ky, --- , K,, € K}, the L,-mixed geominimal surface area of convex
bodies K1, - , Ky, denoted by G, (K1, - -+ , K;), is defined by
WG (K, - Ky) = inf{nVy (K1, ..., Kno1,Q, Kn)V(Q)P™: Q € K7} (36)

If p=1, then G,(K, ..., K,) will be written G(K1, ..., K,) and called the mixed geominimal
surface area of K1, ..., K,, and

w/"G(K, ... Ky) = inf{(nVi(Ky, ..., Koo1,Q, K)V(Q")Y™ - Q € K1) (37)
This is exactly another generalization of mixed angle of Petty’s geominimal surface area.
Ilezz n—i—lzK,Kn—i:"': n_lzB,andKn:K,thenGp(Kl,...,Kn)willbe
written G, ;(K') and called the ith L,-mixed geominimal surface area of K, and
WG, (K) = inf{nW,;(K,Q)V(Q*)Y": Q € KI}. (38)

In case i = 0in (38), Gp,i(K) becomes the p-geominimal surface area G,(K). If p =1, then G, ;(K)
will be written G;(K) and called the ith geominimal surface area of K, and

wy/ "Gy (K) = it {(nWi(K,QV(Q")'" : Q € K}
Lemmab. /Ky, ... K, € KI,p>1,and A € SL(n), then
Gp(AKy, - AK,) = Gp(Ky, -+, Ky). (39)
Proof. From (13),(29)and Lemma 1, we have
WPMGL(AKY, - AK,) = inf{nV,(AKy, ..., AK, 1,Q, AK,) - V(Q*)P/" : Q € K"}
= inf{nV,(K1, ..., K, 1,A71Q, K,,) - V((A71Q)*)P/" : A71Q e K7}
= WGy (K1, Ky).

This completes the proof.
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Lemma6 ([3]). Let K; € K}y and K; — L € S". If the sequence V(K}) is bounded, then L € K.

Lutwak [3] introduced the L,-compact convex set P, K whose support function for x € R" is given
by

WPy = [ (] + ) dSy (K., (40)

where K € K and p > 1. Since h(P,K,-) : R" — [0,00) is convex, it is the support function of a
compact convex set. Lutwak was the first to give a lower bound estimate of h(P,K, -) and prove the
following important result for L,-mixed geominimal surface area G,(K): If K € K, p > 1, then there
exists a unique body K € K such that

Go(K) =nV,(K,K) and  V(K*) = w,.

For the L,-mixed geominimal surface area G, (K1, ..., K,,), the introduction of such a compact
convex set is difficult but can also be done. However, here we will prove the following result on the
L,,-mixed geominimal surface area not introducing the compact convex set but using a new technique.

Theorem 1. If Ky, ... , K, € K7, p > 1, then there exists a unique body K € K" such that
Gp(Ky, -, Kyp) =nV,(Ky,--- Ko 1, K, Ky) and V(K*) = wy. (41)

Proof. From (36), there exists a sequence M; € K} such that V(M) = w,, with

Vp(K1, -, Kn1, B, Ky,) > Vp (K1, -+, Kp—1, M;, Ky,)
for all 7, and

nVp(Ky, -, Kn_1, M;, Kp) = Gp(Kq, -+, Ky).
Suppose that R; = R(M;) = p(M;,u;) = max{p(M;,u) : u € S"~1}. The convex set

ei={ ;0 <A< RYCM;,  where w; €S

is such that p(M;,u;) = R;, whence

1
h(ei, u) = 2RZ(‘<’U/“ u>\ + (Ui, u>)
From the well-known Jensen’s inequality, and choosing ¢ such that A(TX( K7, - -+ , Kp—1),u) > ¢ >0

on S™~ 1, we obtain
‘/p(Klv"' 7Kn—17B7Kn) > VZD(Kla 7Kn—17Mi7Kn)
1 h(MZ,U) P
- WK, u)dS(Ky, ... Ko 1:
o Lo () 0 dst 15%)

1

2 V(K17 Tt 7Kn)1_p <n

p
/ h(MZ,U)dS(Kly 7Kn—1;u)>
Sn—1

1 p

2 V(K17 Tt 7Kn)1_p <n

/ h(ei,u) dS(Kl, ,Kn_l;u)>
Sn—l
= V(Kh . ,Kn)l_P
R; g
X <2Z/ ([{wg, w)| + (ug,w)) dS(Kq, - - - ,Kn_l;u)) .
mn Sn—l

Note that the mixed area measure, when considered as defining a mass distribution on the sphere,
always has centroid at the origin (see[15, p. 281]),

/ udS(Kq,-+ ,Kp_1;u) = o.
Sn—l
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Hence
R-v(Kqlut. -« K. 1lut p
‘/p(Kly"' ,Kn—laBaKn) > V(Kl, ,Kn)l_p‘ < ) 'U( 1|U 7n s LAm 1|U )>
>nPPV(Ky, -, K,)' PR

Noting that M; are uniformly bounded, the Blaschke selection theorem guarantees the existence of a
subsequence of the M;, which will also denote by M;, and a compact convex L € 8™ such that M; — L.
In view of V(M}) = wy,, Lemma 6 gives L € K. Hence M; — L implies that M* — L*, and since
V(M) = wy, it follows that V/(L*) = w,,. Lemma 2 can now be used to conclude that L will serve as
the desired body K.

The uniqueness of the minimizing body is proved as follows: let Ly, Ly € K7} satisfy V(L7) =
V(L3) = wy, and let

V(K1 Ko, Ly, KV (EDP™ = inf{V, (K1, -+ K1, Q, Kn)V(QH)P/™ 1 Q € KI'}
= Vo(Ky1, -, Kp_1, Lo, Kn)V(L3)P/™.
Let L € K7 be defined by

1 1
L= _-L - Lo.
9 1+p2 2

Using (9) and (29) and noticing that ¢ is convex and strictly increasing on [0, o), we have

1 h(L,u
‘/;D(Kla"' 7Kn—17L7K1’L) = n /gn—l <h((_[{ 3)
1 h(Ll,u) P
= Kn7 K)"'aKn—;
on /s <h<Kn,u>> W En ) A3 1)

1 h(L2,u) \" |
+ on, /Sn_l <h(Kn,u)> h(Kp,u)dS(Ky, -, Ky 1;u)

p
> h(Kp,u)dS(Ky, -, Ky_1;u)

1 1

2‘/p(K17 t 7Kn—17LlaKn) + 2%(‘[{17 7Kn—17L27Kn)
= %(Kla : 7Kn—17L17Kn)
= V(K17 : 7Kn—17L27Kn)'

Ii K,L eS8} and A\, u >0 (not both zero), then, for p > 1, the harmonic p-combination Ao
K?—p,u oL € 87 is defined as (see [10]{11])

p(Ao KtppoL,-) P = Ap(K, )P + pp(L,-)P.

Hence

L* = ; oL’{J?p; o L3,
and V(L7}) = wy, = V(L3).

Suppose that K, L € 8} and A\, u > 0. If p > 1, then (see[3])
V(Ao K0 L)P/" > AV(K) P/ 4 uV (L) ¥/n,
with equality if and only if K and L are dilates. This yields that
V(L") < wn,
with equality if and only if Ly = Ls. Thus,
Vio(Ki, - K1, LK)V (L) < Vi(Ky, - K1, Ly, Kn) V(L™

This is a contradiction if Ly # L.
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The unique body whose existence is guaranteed by Theorem 1 will be denoted by T},(K1, ... , K5)
and called the L,-mixed Petty body of K1, ... ,K,. Thus, for Ky, ... , K, € K} and p > 1, the body
Tp(Ki, ..., K,) is defined so as

Gp(Kl, ,Kn) = an(Kl, ,Kn_l,Tp(Kl, ,Kn),Kn),V(T;(Kl, ,Kn)) = Wn,
where T (K7, ... , K;) denotes the polar body of T),(K1, ... , Ky). Thatis,

Tp(Kl, ,Kn) = {K S ]Cg : Gp(Kl, ,Kn) = an(Kl, ,Kn_l,K,Kn),V(K*) = wn}.
(42)
Lemma?7. I Ky, ... K, € KI',p>1,then, for A € SL(n),
To(AKy, - ,AK,) = T,(Ky, - , K,). (43)

Proof. Let K € Tp(K1,-- -, Ky); from the definition of T,,(K1, ..., K,), Lemma 4, Lemma 5 and
Theorem 1, we have

Gp(AKy,- - AK,) = Gp(K1, -+, Ky)
=nV,(Kq, ... , Kn_1, K, Ky)
=nV,(AKy, ... ,AK, 1, AK, AK,).
Observe that
V(AK)*) = V(K*) = wy.
So
AK € Ty(AKy, -+, AKy).
On the other hand, let K € T,(AKy,--- ,AKy); from Lemma 1, Lemma 5, and Theorem 1, we obtain
Gp(Ky, -, Ky) =Gp(AKy, - ,AK,)
=nV,(AKy, ... ,AK,_1, K, AK,,)
=nV,(Ky, ..., K, 1,A7' K, K,,).
Note that
V((AT'K)*) = V(K*) = w,.
Hence

ATYK € Ty (Ky, -+, Ky).

This completes the proof.

In much the same way as before, here we do not introduce the compact convex set P,K and do not
estimate the relevant lower boundary either. By using a new technique, we will prove the following bound
on the size of L,-mixed geominimal surface area T),( K1, ... , Ky).

Lemma 8. Suppose thatp > 1and Ky, ... ,K, € K!. Ifr,R > 0 are such that
rB C K; C RB, 1=1,2, ... ,n,

then, for allu € S™1,

W, (K, ... Ky u) < (R/r)". (44)
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Proof. It follows from (29) that

%(K17' t 7Kn—17B7Kn) S T_pV(Kh' t 7Kn) S r_pwan- (45)
Let K = T,(Ki, ..., K,). Then
%(Kla"' 7Kn—17K7Kn) S %(Kla 7Kn—17B7Kn)- (46)

Let ug be a point in S”~! such that
p(K,ug) = max{p(K,u) : u € S" '} = R(K).

Since the support function of K majorizes that of the convex set eg = {\ug : 0 < A < R(K)} C K, from
the proof of Theorem 1, it follows that
_ K) - vo(Kilud, - Kp_q|ud)\?
%(Klg"'7Kn—lngKn)2V(Klg"'7Kn)1_p’<R( ) U( 1|u07 B 1|U0)> ]
n
Hence
r"w, <V(Ky, - ,K,) < R'w, and U(K1|’LL(J)‘, e ,Kn_1|ué) >l .
So
R(K)P(R™w,) P (r"tw,_1)P

‘/p(Kly"' 7Kn—17K7Kn)2 np

(47)

From (45), (46) and (47), (44), the desired result easily follows.
This completes the proof.

Lemma 9. Let p>1. I K;; € K} (=1,2,...,n) is a [amily of bodies for which there exist
r, R > 0 such that
rBc K;1,-+ ,K;, C RB forall 1,
then there existr’', R’ > 0 such that
"B C Ty(K1, - ,Kin) C R'B forall . (48)

Proof. Let K; = Tp(Ki1, - ,Kin). The existence of R > 0, implying that the K; are uniformly
bounded, is contained in Lemma 8. Let r; = r(K;) denote the inner radius of K;. Thus,

r, = min h(KZ,U) = h(KZ,UZ),
ueSn—1

where u; € S"1is any point where this minimum is attained. Suppose that inf{r;} = 0. Thus, there
exists a subsequence of the K;, which will not be relabeled, such that

h(KZ, ’LLZ) — 0.

The Blaschke selection theorem, in conjunction with Lemma 6, demonstrates the existence of M € K7
such that, for a subsequence of the K;, which will also not be relabeled,

But h(K;,u;) — 0, and max |k, — har| — 0, so that h(M,u;) — 0, which is impossible, because the
continuous function hyy is positive.
This completes the proof.
Theorem 2. /[p > 1, then G : K x --- x K} = (0,00) is continuous.
- -

~
n
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Proof. First, we show that G, is upper semicontinuous. Ifp > 1 and K;; € K7, 7 = 1,2, ... ,n, such
that K;; — Ko; € K, then S(Ki1, ..., Kin;+) = S(Kot, ... , Kon; ), weakly on 5™~ Hence for
L € 8] we have

Vp(ey ooy, LY, ) 1 IC) < - x KK — (0,00) s continuous.

~
n

Therefore, the L,-mixed geominimal surface area wﬁ/nGp (KD X - x K — (0,00) is defined by the
- ~ -

infimum of the continuous functions nV, (K7, ... , Ky_1, Q% ) V(Q)P/™ : K x --- x K — (0,00) as
~ ~ -~

() ranges over K.

To see that G, is lower semicontinuous at Koi, ... , Ko, € K, let K;; € K7 be a sequence of
bodies such that K;; = Ko; (j =1,2, ... ,n) with G,(Kj1, ..., Ki) = 1 € R, We will show that
> Gp(Ko, ..., Kon), and thus

lim inf Gp(Kil, ‘o ,Km) > Gp(Kol, NN ,Kon).

k—ooi>k

By Lemma 9, the K; = Ty(Ki1, ... , Kiy) are uniformly bounded. The Blaschke selection theorem, in
conjunction with Lemma 6, yields the existence of a body M € K7 and a subsequence of the K;, which
will not be relabeled, such that K; — M and V(M*) = w,,. By Lemma 2 and the facts that K;; — Ko;
and K; — M, we have

Gp(Kit, ..., Kin) =nVy(Kit, ..., Kin-1, Ki, Kin) = nV,(Kot, ... , Kop—1, M, Kop).

Since Gp(Ki1, ..., Kin) — 1, we have nV,(Ko1, ... ,Kon—1,M, Ko,) =1. But it follows from the
definition of G, (Ko1, ... , Kop) that

WP/ = nVy (Ko, - Kon_1, M, Kon)V(M*P/" > W0P/"G (Ko, ... , Kon)-
This completes the proof.

Lemma 10. /fp > 1, then T, : Iy x --- x K}, — (0, 00) is continuous.
~ ~ -~
n

Proof. Suppose that K;; € K2 (j = 1,2, ... ,n) such that K;; — Ko;. Let K; = T,(Ks, ... , Kin)
denote a subsequence of K;. Lemma 9 shows that the K; are uniformly bounded. The Blaschke selection
theorem, in conjunction with Lemma 6, yields the existence of a body M € K7 and a subsequence of
the K;, which will not be relabeled, such that K; — M and V(M*) = w,,. Lemma 2 and the fact that
K;; — Ky; and K; — M may be used to conclude that

Gp(Ki, ..., Kin) =nVp(Ki, ..., Kipn_1, K, Ki) — nVp(Kor, . s Kojn—1, M, Koy).
But, by Theorem 2,
Gp(Kit, ..., Kin) = Gp(Kot, ..., Kon).
Hence
Gp(Kot, ..., Kon) =nV,(Kot, ... , Kopn—1,M, Kop),

and the uniqueness part of Theorem 1 shows that Ky = M.

Hence every subsequence of K; has a subsequence converging to Kj.
This completes the proof.

Petty [1] called a body K € K" self-minimal if TK and K are homothetic. Lutwak [3] called
a body K € K p-self-minimal if T,K and K are dilates of each other, and showed that the class
of p-self-minimal bodies is a centro-affine invariant class of bodies. In this article, for some bodies
Ky, ... K, € K}, wewill say that K, ... , K,—1 and K, are mixed p-self-minimal if T),( K71, ... , K;)
and K, are dilates of each other.
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Lemmall. /fp>1,and Ky, ... ,K, € K, then

V(Kn)PGy(Ky, ... Kpy)"
"\ V(K LK)

with equality if and only if K+, ... , K, 1 and K, are mixed p-self-minimal.

1/
> D V)V (KD, (49)

Proof. Putting @ = K, in the definition of L,-mixed geominimal surface area, we have
WG (Ky, - Ky) = inf{nVy(Ky, ..., Kno1,Q, K,)V(QY)P/™ . Q € K7}
<nVp(K1, .o K1, Kn, Kn)V (KZ)P/M
=nV(Ky, ..., K,)V(K:)P/™
To obtain the equality conditions, let K =Ty(Ki, ... ,K,) and assume first that K7, ..., K,, are
mixed p-self-minimal. From K = T,,(Ky, ..., K,) = dK,,§ > 0, we have
Gp(K1, -, Kp) =nVp(Ky, ... ,Kn1,K,Kp)
=nVp(K1, ... , Kp_1,0K,, Ky)
=ndPV(Ky, -, K,).
Moreover, K = 0K, implies that SK* = K. Since V(K*) = wy, this yields § = (V(K}) /w,)"/™. This

shows that there is equality in the inequality.
Conversely, suppose that there is equality in the inequality

* p
Gp(K17”’ 7Kn)n —n" <V(Kn)> V(Kl, 7Kn)n

Wn
But
Gp(Kl,--- ,Kn) = an(Kl, ,Kn_l,K,Kn).
Hence
_ V(K*)\?
Vp(Kq, oo Ky, KGO K™ = < Eu ”)> V(K- Kp)"
_ Vp<K1, Ko, [(VEE) Juon) Y™ Kn],Kn> .
Since

VIV ) fwn) " K]) = wn,
it follows from the uniqueness of K that
Tp(K1, oK) = (V(KE) Jon) " K.
Thus, K1, ..., K,_1 and K,, are mixed p-self-minimal.
This completes the proof.
Theorem 3. Ifp>1land Ky, ... , K, € K, then
Gp(K1, ..., Kp)" <n"WbV(Ky, ..., K,)"/V(K,)P, (50)
with equality if and only if K1, ... ,K,_1 and K, = F are mixed p-self-minimal.

Proof. Theinequality is immediate from Lemma 11 and the Blaschke—Santalo inequality.

From the equalities of Lemma 11 and the Blaschke—Santalé inequality, it follows that equality in (50)
holds if and only if K3, ..., K,,_1 and K,, are mixed p-self-minimal and K, is an ellipsoid. This yields
that the equality in (50) holds if and only if K7, ... , K,—1 and an ellipsoid £ are mixed p-self-minimal.

This completes the proof.

MATHEMATICALNOTES Vol. 112 No.6 2022



THE L,-MIXED GEOMINIMAL SURFACE AREAS 1057

Remark 1. When K} = --- = K,, = K, (50) becomes Lutwak’s p-geominimal surface area inequality:
[ip>1,and K € K7, then

Gp(K)" < n"wpV(K)"P,

with equality if and only if K is an ellipsoid.
The following mixed geominimal surface area inequality of K1, ... , K, is also derived.
The mixed geominimal surface area inequality. /f K1, ... , K, € K, then

G(Ky, ..., Kp)" <n""w,V(Kq, ..., Kp)"V(Ky), (o1)

with equality if and only if K1, ... ,K,_1 and K, = E are mixed p-self-minimal.
The following ith L,-mixed geominimal surface area inequality is a special case of (50). If p > 1,
0<i<mn,and K € K7, then

Gpi(K)" < n"wpWi(K)"/V(K)?, (52)

with equality if and only if K is an ellipsoid.

The following ith mixed geominimal surface area inequality is also a special case of (52). [f0 < i < n
and K € K7, then

Gi(K)" < n"w,Wi(K)"/V(K), (53)
with equality if and only if K is an ellipsoid.
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