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Abstract—We study the existence of solutions to the Kantorovich optimal transportation problem
with a nonlinear cost functional generated by a cost function depending on the transport plan. We
also consider the case of a cost function depending on the conditional measures of the transport
plan. Broad sufficient conditions are obtained for the existence of optimal plans for Radon marginal
distributions on completely regular spaces and a lower semicontinuous cost function.
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1. INTRODUCTION

[t is well known that in the classical Kantorovich problem of minimizing the integral of a nonnegative
Borel cost function h on the product of completely regular topological spaces X and Y with Radon
probability measures p and v with respect to measures o from the set II(u,v) of Radon probability
measures on X x Y with projections p and v on the factors (such measures are called plans), a solution
exists if the function h is lower semicontinuous (or at least lower semicontinuous on compact sets). A
minimizing measure is called an optimal measure or an optimal Kantorovich plan, and the measures g
and v are called marginals or marginal distributions. About this problem see[1]—[5]. In the general case,
there exists an infimum

Kp(p,v) = inf / hdo.
e v) ocl(pv) J X xy
In the recent works [6]—[10] the Kantorovich problem has been considered with a more general,
nonlinear in ¢, cost functional given by a nonlocal cost function that depends on the plan. The cost
function considered in these papers has the form

hz,y,0) = H(z,0"), (1.1)

where o7 are the conditional measures on Y with respect to the projection of ¢ (which equals p) on X.
The existence of a solution is proved in [8] in the case of Polish spaces and a lower semicontinuous
function h on X x P(Y'), where the function o — h(z, o) is convex, and P(Y) is the space of Borel
probability measures on Y equipped with the weak topology. The goal of this paper is to extend this
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370 BOGACHEV, REZBAEV

existence theorem to a wider class of functionals and spaces. We consider nonlinear functionals of the
form

Jn(o) :/Xxyh(m,y,a)a(dmdy), (1.2)

where the cost function h: X XY x P(X xY) — [0,400) is lower semicontinuous. For Radon
marginal distributions, we prove the existence of an optimal plan minimizing this functional. However,
the very natural requirement of lower semicontinuity does not enable one to cover cost functions of the
form h(z,0"), since conditional measures can depend on o only in a Borel way. Therefore, functionals
of type (1.2) are considered separately and under the more restrictive condition that the cost function is
convex with respect to the measure argument.

2. EXISTENCE THEOREM FOR NONLINEAR FUNCTIONALS

For a completely regular space X we denote by P,.(X) the space of Radon probability measures on X,
i.e., Borel measures yu such that, for every Borel set B and every e > 0, there exists a compact set K C B
such that u(B \ K) < e. We equip P,(X) with the weak topology, which on the whole space of signed
measures is generated by the family of seminorms

pr(p) = ‘/X fdp

where f is a continuous bounded function on X. If X is a complete metrizable space, then so is P, (X),
and if X is a Souslin space, i.e., the image of a complete separable metric space under a continuous
mapping, then P,.(X) is also a Souslin space.

A family of measures M C P.(X) is said to be uniformly tight if, for every € > 0, there exists a
compact set K C B such that u(B\ K) < e forall u € M. By Prohorov’s theorem (see [11, Chap. 8])
such a set has compact closure in the weak topology. For Polish spaces, the converse is true, but in the
general case this is false (even for the set of rational numbers, see[12, Sec. 4.8]).

9

Lemma 1. Let X be a completely regular space, let 11 be a uniformly tight compact subset in
P.(X), and let a function h: X x II — [0, 400) be lower semicontinuous on all sets of the form
K x II, where K is compact in X. Then, the following function is lower semicontinuous:

Jn(o) = /X hdo, IT — [0, +00].

Proof. The values Jyi,(n)(0) are increasing to Jp(o). Therefore, we can consider only bounded
functions h. We can assume that h < 1.

Assume first that the function A is lower semicontinuous on the whole product X x II. Suppose
that a net o, converges weakly in II to a measure o. Then the Dirac measures d,, on II converge
weakly to the Dirac measure d,. Therefore, the products o, ® 05, on II x P,(II) converge weakly to

the product o ® d,, see [12, Theorem 4.3.18]. Hence, due to the lower semicontinuity of h we have
(see[11, Corollary 8.2.5] or[12, Corollary 4.3.5])

lim n /H /X Wz, p) 00 (d) 8o, (dp) > /H /X h(z, p) o(dz) 5, (dp);

in other words,

lim n /X W@, 00) 0a(dz) > /X Wz, o) o(dz),

which is equivalent to the lower semicontinuity of the function Jj,.

We now consider the general case, still assuming that h < 1. Fix ¢ > 0. By assumption, there exists
a compact set K C X such that o(K) > 1 — ¢ forall o € II. It is known (see[13, 1.7.15(c)]) that one
can find a family of continuous functions h, > 0, on K x II for which

h(z,0) = sup hq(x,0) Vee K, oell

MATHEMATICALNOTES Vol. 112 No.3 2022



EXISTENCE OF SOLUTIONS TO THE NONLINEAR KANTOROVICH PROBLEM 371

Each function h, extends to a continuous function g,: X x IT — [0,1]. The function g(z,0) =
sup,, ga(x, o) is lower semicontinuous on the entire product X x II and coincides with h on K x II and
the corresponding function Jy, according to what has been proved above, is also lower semicontinuous.
[t remains to note that

|Jg(0) — Jn(o)| <2 Voell,

since g = h on K x II, and the integrals of h(x, o) and g(z, o) over the complement of K with respect
to any measure o € II do not exceed . Thus, the function Jj, is uniformly approximated by lower
semicontinuous functions and therefore it is also lower semicontinuous.

Remark 1. It is seen from the proof that if the function h is bounded and continuous on the whole
product X x P,.(X), then the function Jj, is continuous on the space P,.(X).

Theorem 1. Let h be lower semicontinuous on all sets of the form K x Il(u,v), where K is compact
in X xY. Then there exists an optimal plan.

Proof. Since the set of plans II(u,v) is uniformly tight and weakly compact, by Lemma 1, the
function Jj is lower semicontinuous on II(u, ). Now the existence of an optimal plan follows from
the fact that a lower semicontinuous function on a compact set attains its minimum on this compact
set.

3. COST FUNCTIONS WITH CONDITIONAL MEASURES

In this section we assume that X and Y are completely regular spaces, u € P,.(X) and v € P.(Y).
Let B(T) denote the Borel o-algebra of a topological space T and let Ba(T') denote the Baire o-algebra
that is generated by all continuous functions on 7'. In the case of a completely regular Souslin space,
the equality Ba(T) = B(T) holds, see [11, Theorem 6.7.7]. If T'=P,(Y) with the weak topology,
then Ba(T') is generated by all functions on 7" of the form

pH/ysO(y)p(dy),

where ¢ is a continuous bounded function on Y, see[11, Theorem 6.10.6].

We additionally require from the set II(u, v) that, for every measure o € II(u, v), there exist unique
p-a.e. conditional measures o € P,(Y') with respect to the projection of o on X (that equals p).
This means that o has the form o(dx dy) = o®(dy)u(dzx), the function z — o®(B) is measurable with
respect to p for all B € B(Y') and, for every bounded function f on X x Y, measurable with respect to

B(X) ® B(Y), the equality
/X><Y Jdo = /X /Y f(z,y) o®(dy) p(dx)

holds. It is clear that it suffices to have this equality for all functions of the form I4(x)Ig(y), where
AeB(X),BeB(Y).

We assume in addition that the mapping « — o®, X — P.(Y) is measurable with respect to the
o-algebras B(X) and Ba(P,(Y')). Then the mapping

x = (z,0%), X = X xP.(Y)
is measurable with respect to the o-algebras B(X) and B(X) ® Ba(P,(Y)). Hence, for any function H
on X x P,(Y) that is measurable with respect to B(X) @ Ba(P,(Y)), the function
x— H(x,0%)

is Borel on X.

Finally, we assume that, for every measure P € P,(X x P,(Y)) with the projection p on X, there
exist conditional measures P* € P,.(P.(Y)). This is automatically fulfilled if the set {(x,p,x): = € X,
p € P.(Y)}, which is closed, belongs to B(X x P.(Y)) ® B(X), see[11, Corollary 10.5.7].
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372 BOGACHEV, REZBAEV

These requirements are natural for a correct setting of the nonlinear Kantorovich problem and are
satisfied, for example, when the measures i and v are concentrated on Souslin sets (see[11, Sec. 10.4]).
Moreover, it is sufficient that only the space Y be Souslin, since for every topological space T" and every
completely regular Souslin space E, one has

B(T x E) = B(T) ® B(E)

(see[14],[15, Sec. 4A3X]), and the Borel o-algebra of any Souslin space is countably generated (see[11,
Corollary 6.7.5]).

For a Radon probability measure @ on the space of measures P,.(Y'), the barycenter is given by
fo= [ pQup)
Pr(Y)
where the vector integral with values in the space of measures is understood as the equality
fold)= | p(4) Q)
Pr(Y)

for all Borel sets A C Y. Itis a well known fact that the measure Bg is 7-additive (see [11, Corol-
lary 8.9.9]), but we are interested in Radon barycenters. The Radon property holds if all 7-additive
measures on Y are Radon (say, in the case of a Souslin space Y'), and also if the measure @ is
concentrated on the countable union of some uniformly tight compact set S,, C P,(Y). Indeed, the
barycenters of the measures Ig, - Q) converge in variation to 3¢, and for each e > 0 there exists a compact
set K. C Y suchthatp(K.) > 1—c¢cforallp € S,

Brs,-Q(Ke) > (1 —2)Q(Sy),

i.e., the measures Br, .q are tight, hence they are Radon. Below, barycenters will be considered for
measures concentrated on countable unions of uniformly tight compact sets and, therefore, they will
be Radon measures. It is worth noting that if all 7-additive measures are Radon on Y, then every

Radon measure on P,.(Y) is concentrated on a countable union of uniformly tight compact sets, see[11,
Theorem 8.10.6].

Lemma 2. (i) Suppose that E is a completely regular space, a net P, € P,(E) is uniformly tight
and converges weakly to a measure P € P,(E)and H: E — [0,1] is a function such that, for each
e > 0, there exists a compact set K. C E for which P,(E\ K.) < ¢ for all a and the restriction
of H to K. is lower semicontinuous. Then

/HdPgliminf/ HdP,. (3.1)
E « E

(ii) Suppose that Y is a completely regular space, a measure Q € P,.(P.(Y)) is concentrated
on a countable union of uniformly tight sets and a bounded function H on P,(Y) is convex and
lower semicontinuous on uniformly tight sets. Then

zﬂéwfmm>ngH@wa (3.2)

Proof. (i) Fix ¢ > 0. By assumption, there exists a compact set K C FE, such that P,(K)>1—¢
for all « and the restriction of H to K is lower semicontinuous. By weak convergence, we have
P(K)>1—¢. As above, one can find a family of continuous functions H, >0 on E, such that
H(x) =sup, Ho(z) for x € K. We can assume that H, <1 for all o passing to min(H,,1). The
function G(z) = sup, Ha(x) is lower semicontinuous on the whole space E and equal to H on K.
By weak convergence of the measures P, and the lower semicontinuity of G, we have (see [11,
Corollary 8.2.5])

liminf/ GdPaz/GdP.
o E E
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/HdPaz/HdP :/GdPaZ/GdPa—E,
E K K E

liminf/HdPaz/GdP—Ez/HdP—BE.
o E E E

Using the inequalities
we obtain the estimates

Since ¢ is arbitrary, we arrive at (3.1).

(i) By the convexity of H the indicated inequality holds for any convex combinations of Dirac
measures. Let us extend it to measures @ with compact uniformly tight supports. Since the convex
hull of a uniformly tight set is uniformly tight, we can assume that the measure @ is concentrated on
aset C C P,(Y) that is convex, compact, and uniformly tight. Let us find a net of discrete probability
measures Q¢ on C' that converges weakly to () and has the property

/ HdQ, — HdQ.
Pr(Y) Pr(Y)

This can be done similarly to the standard proof of the density of discrete measures in the space of Baire
measures (see [11, Example 8.1.6]). Let us recall the construction. The indices ¢ of the directed set
indexing the selected measures are taken in the form of collections f1,..., fx,r, where f; are bounded
continuous functions on P,.(Y') and r € N, and the partial order on collections is introduced as follows:

(fla"'vfk)r) < (917"'7gm78)7

it {fi,..., fe} C{o1,...,9m} and r < s. A discrete measure Qy,, ¢, » with support in C'is found in
such a way that the difference between the integrals of f1, ..., fix, H with respect to Qy, ., »and Q is
not greater than 1/r. The barycenters of the measures @Q; belong to C'. The following equality holds:

| patn =tim [ pautan),

because by the definition of the weak topology this equality is equivalent to the fact that, for every
bounded continuous function f on Y, we have

//f p(dy) Q(dp) —hm//f p(dy) Qu(dp),

but the latter is true by weak convergence of Q; to @ and the continuity of the inner integral in p. Thus,
by the lower semicontinuity of H on C', we have

1( [ v <tmintn( [ paian)

<timint [ 1) Qudp) = [ 1) Q).

In the general case, the measure () is concentrated on the union of increasing sets C,, of the considered
form. This measure is the limit in variation of the normalized restrictions Q,, = Q(C,,)™'Q|¢,. The
barycenters Bq, of these measures converge in variation to the barycenter 8¢ of the measure @, because

/ P(A) Q(dp) < Q(P,(Y)\ Cn)
r(Y)\Chn

for any Borel set A C P,.(Y). Therefore, the sequence Bg, is uniformly tight, and due to the lower
semicontinuity of H on uniformly tight sets we have the estimate

H(fq) < liminf H(fq,).

For the measure @,, the required inequality has already been established, so it holds for the measure @,
since by convergence in variation the integral of H with respect to the measure @,, tends to the integral
with respect to the measure Q.
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374 BOGACHEV, REZBAEV

Note that this step of justification is omitted in [8], but it is also necessary in the case of lower
semicontinuity on the whole space considered there.

Lemma 3. Suppose that a function H: X x P.(Y) — [0,+00) is measurable with respect to
B(X)® Ba(P.(Y)) and lower semicontinuous on the sets of the form K x S, where K is a compact
setin X and S C P.(Y) is uniformly tight and convex in the second argument. Then the function

Tu(o) = [ Hiw.o®) u(da) (33)
b's
is lower semicontinuous on I(u, v).

Proof. 1. We use slightly modified and partially simplified arguments from [8], in which we consider
nets instead of sequences. For every measure o € II(p, v) we introduce the mapping

Fo(z) = (2,0%), X — X x Pu(Y).

By our assumption, this mapping is p-measurable if the space X x P,(Y") is equipped with the product
of the o-algebras B(X) and Ba(P,(Y')) on the factors. Therefore, on Ba(X) ® Ba(P,(Y)) C B(X) ®
Ba(P,(Y)) the measure

Fr=po Fa_l
is defined, i.e., the image of the measure p under the indicated mapping given by the formula
(o Fy)(B) = plx : (x,07) € B).

In the case of Souslin spaces, the measures P, are automatically Radon. But in the general case, the
existence of their Radon extensions requires verification. We will keep the same notation for these
extensions. It is known (see [11, Corollary 7.3.5]) that a Radon extension exists if each measure P,
is tight on Ba(X) ® Ba(P,(Y)), i.e., for every € > 0 here exists a compact set C' in X x P.(Y) such
that P,(D) < e, whenever a set D € Ba(X) ® Ba(P,(Y)) is disjoint C. Since the projection of the
measure P, on X equals p on Baire sets and hence is tight, it suffices to verify that the projection of P,
on P,(Y) is tight. We will show that in fact the set of measures {P,: o € II(u,v)} on X x Pp(Y) is
uniformly tight. Moreover, the set A of their projections on P,(Y') not only is uniformly tight, but is
concentrated on a countable union of compact uniformly tight sets from P,.(Y") in the sense that there
exists a sequence of uniformly tight compact sets M,, C P,.(Y"), for which supycp A*(M;,) > 1 —1/n,
where the outer measure is taken with respect to Ba(P,.(Y)) (recall that compact sets in P,(Y) are
not necessarily uniformly tight). It suffices to verify the latter. Indeed, let ¢ > 0. For every 6 > 0 there
exists a compact set C5 C Y such that v(Cs) > 1 — §2. By the Chebyshev inequality, for every measure
o € II(u, v), we obtain

wx: o%(Cs) <1—=0)=p(z: 1 —0"(Cs) >9) < 5_1/ (1 —0%(Cs)) p(dx)
X
= 5_1(1 —o(X xCs)) = 5_1(1 —v(Cs)) <.
For § we take the numbers e27". Let
Se={peP(Y):p(Cy-n.) >1—-2""cVn>1}.

The set S. is closed in the weak topology and uniformly tight by definition. Hence it is compact in P,.(Y).
Moreover, for every measure o € II(u,v), we have

p(r:o®€S:) >1—¢,
since
w(x 0% (Cy-n,) <1 —=27"e) < 27",

Now for the required sets M,, we can take S ,. Indeed, suppose that a set E' € Ba(P,(Y)) is disjoint
with Sy /,,. Let 7, be the projection of the measure P, on P.(Y'). Then by definition

To(E) = p(x: 0" € E) < p(x: 0" € Pr(Y)\ Si/m) < 1/n.

MATHEMATICALNOTES Vol. 112 No.3 2022



EXISTENCE OF SOLUTIONS TO THE NONLINEAR KANTOROVICH PROBLEM 375

Hence 7} (51/,) > 1 —1/n. The necessity to use the outer measure is explained by the fact that the

measure P, is initially defined not on the whole Borel o-algebra, but only on Ba(X) ® Ba(P,(Y)). By
the established tightness, it has an extension, but its values on compact sets need not be calculated
according to the formula by which they are defined on Ba(X) ® Ba(P,(Y)).

2. Note that so far we have not used the function H. Since the quantities Jyi (g7, (o) increase
to Jy (o), the assertion reduces to the case of a bounded function H, so one can assume that H < 1.
Suppose that a net of measures o,, converges weakly to a measure II(u, ). We prove the inequality

limainf/XH(:r,ag)u(da:) E/XH(:E,Uw)u(dx), (3.4)

which implies the lower semicontinuity of the cost functional in (3.3).

We set P, :=puo FU_O}, where the Radon extensions mentioned above are used. According to what
has been proved above, the family of measures P, is uniformly tight, therefore, by the Prokhorov
theorem, it has compact closure (see [11, Theorem 8.6.7]). Passing to a subnet, we can assume that
the measures P, converge weakly to a measure P € P,.(X x P,(Y)). Moreover, one can assume that

lim n / H(z, %) pld) = lim /X H(z,0) u(d).

Note that by the definition of the image of the measure and due to the measurability of H with respect to
Ba(X) ® Ba(P,(Y)), the following equality holds:

/ H(x dz) = /X oy ) Pt )

According to the previous lemma

liminf/ H(z,p) P,(dx dp) 2/ H(z,p) P(dx dp).
XxXPr(Y) XxPr(Y)

67

3. The projection of the measure P on X equals the limit of the projections of the measures P, which
are equal to u, hence it also coincides with p. The conditional measures P* with respect to this projection
belong to P.(P-(Y)). The barycenter of the measure P* (as explained above, it is p-almost everywhere
included in P.(Y") namely for those x for which the measure P? is concentrated on the countable union
of compact uniformly tight sets) is defined by the equality

e = P*(dp).
5 /7’7-(Y)p (dp)

[t is easily seen that

By =0 p-ae.
Indeed, for any bounded continuous functions f on X and g on Y, the following equalities hold:

/ / F(2)9(y) Bady) p(de) / / ) / F(2)9(y) pldy) P*(dp) p(dz)
/X . / F(2)g(y) pldy) P(da dp)

_hén P /f ) p(dy) Py (dx dp) —hm/ /f dy) p(dx)
~tim [ pag)oaldody) = [ f@)glw) olda dy).
XxY XxY

By virtue of the supposed uniqueness of conditional measures for o € II(u,v) this implies that g,
coincides with o*.

MATHEMATICALNOTES Vol. 112 No.3 2022



376 BOGACHEV, REZBAEV

4. According to the previous lemma, due to the convexity of the function H in the second argument,
for each z for which there also is the lower semicontinuity in the second argument on uniformly tight
sets from P, (Y'), and the measure P* is concentrated on a countable union of compact uniformly tight
sets, the following inequality holds:

H<x,/7)r(y)pr(dp)> < /7;7-(3/) H(z,p) P*(dp).

5. Finally, we find a compact set K C X such that u(K) > 1 — ¢ and for each 2 € K the functions
p+— H(x,p) are lower semicontinuous on uniformly tight sets from P,(Y'), while the measure P* is
concentrated on a countable union of uniformly tight sets. The latter can be achieved according to what
has been proved at the first step.

Applying the above inequality, we obtain

/Xxpr(y) H(ZL',p) P(dl‘,dp) = /X /r(y) H(l‘,p) Pz(dp) ,U(dl‘)

> /KH<33,/PT(Y>pPI(dp)> wu(dz) > /XH<33,/PT(Y>pPI(dp)> wu(dz) —e.

Since ¢ is arbitrary, we have

/xm«(y) H(z,p) Plde,dp) 2 /X H<"” /PT(Y)PP‘T(CZP)> p(dz),

which completes the proof.

The following fact follows from what has been proved and the weak compactness of the set of
plans IT(u, v).

Theorem 2. Suppose that the cost function H: X x P.(Y) — [0,400) is measurable with respect
to Ba(X) @ Ba(P,(Y)), lower semicontinuous on all sets of the form K x S, where K is a compact
setin X and S C Pr(Y) is uniformly tight, and convex in the second argument. Then

inf H(z,0") u(dx
it /X (3, 0%) pu(dz)

is attained, that is, an optimal plan exists.

Remark 2. (i) The statements obtained above remain valid in the situation where the functions H
and h take values in [0, +00]. It suffices to apply the established facts to the functions min(h, N') and
min(H, N).

(ii) It is clear from the proof that it suffices to impose the measurability condition on the function H on
the sets of the form K x S with compact factors. For a broad class of spaces, the lower semicontinuity on
such sets implies the B(K') ® Ba(S)-measurability. For example, this is trueif Y is Souslin and the Borel
and Baire o-algebras coincide on compact sets in X. In the case of general spaces (even Souslin spaces),
the condition of lower semicontinuity on compact sets is weaker than the global lower semicontinuity
(in the theorem, the condition is even slightly weaker, since we are speaking of uniformly tight compact
sets). In Souslin spaces, compact sets are metrizable, therefore, this condition can be verified by using
countable sequences.. Moreover, for such spaces, the lower semicontinuity on compact sets implies
the Borel measurability on compact sets, which coincides with the Ba(X) ® Ba(P,(Y))-measurability,
therefore, it need not be required additionally. On some sequential properties of spaces of measures,
see [16].

Nonlinear cost functionals can be also considered for the transport problem with constraints on the
densities of optimal plans in the spirit of the papers [17], [18]. This will be done in a separate paper. In

addition, the role of convexity of the cost function depending on conditional measures will be studied.
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