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1. INTRODUCTION

Recently, the study of double phase problems is very active in the field of Harmonic Analysis, Variable
Exponent Analysis and PDE’s. The double phase functional was introduced by Zhikov [2]. Regarding
regularity theory of differential equations, Mingione and collaborators [3]—[5]investigated a double phase
functional

O(z,t) =t + a(x)t?, zeRN, t>0,

where 1 < p < ¢, a is nonnegative, bounded and Holder continuous of order § € (0,1]. Regularity
properties for general functionals was studied, under the condition ¢ < (1 +6/N)p, in [6]. We refer
to, e.g., [7] and [8] for Calderon-Zygmund estimates, [9] for the eigenvalue problem, and [10] for the
boundedness of the maximal operator.

In[11], relaxing the continuity of a(-), we considered the double phase functional
O(z,t) = 7@ 4 (b(z)t)1®),

where p, ¢ are log-Holder continuous and b is nonnegative, bounded and Hoélder continuous of order
0 € (0,1]. We showed the boundedness of the maximal operator and Sobolev’s inequality for double
phase functionals with variable exponents. See also [12]. For other recent works, see [13], [16], etc.

Let B(z,r) denote the open ball centered at z of radius » > 0. The volume of a measurable set
E c RY is written as | E|.

For a measurable function f on R, we define the symmetric decreasing rearrangement of f by
f*(@) = /0 XE, ) (@) db,
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730 MIZUTA, OHNO, SHIMOMURA
where E* = {z : |B(0, |z|)| < |E|} and E¢(t) = {y : |f(y)| > t} (see[l]). Note here that
(B, [z)]) = £ (=),

where f* is the usual decreasing rearrangement of f. The fundamental fact of the symmetric decreasing
rearrangement of f is that

[Ep(t)] = [Ep=(1)]
forall ¢ > 0. This readily gives the rearrangement preserving LP-norm property such as
1 fllze@yy = (£l Lo @)

for 1 < p < oo. For fundamental properties of the symmetric decreasing rearrangement, see Almut[1].
We also refer to his papers [17],[18] and [19, Chap. 4].

For variable exponents p and s, the Lorentz space £L5P(R”) is defined as the set of all measurable
functions f on RY with

I1f1l o (ravy = inf{)\ >0: /RN | £ (2) A [P@ || N P@)/s@)=1) gy < 1} < 0.

See the paper by Ephremidze, Kokilashvili and Samko [20] when p and ¢ are radial. In [21], the
boundedness of the maximal operator and Sobolev’s inequality in the Lorentz space of variable exponents
were studied.

Our first aim in this note is to establish the boundedness of the maximal operator in double-phase
Lorentz spaces of variable exponents (Theorem 3 and Corollary 3), as an extension of [21]. We also give
Sobolev’s inequality in double-phase Lorentz spaces of variable exponents (Theorem 4 and Corollary 4).

Throughout this paper, let C' denote various constants independent of the variables in question.

2. SYMMETRIC DECREASING REARRANGEMENT AND LORENTZ SPACES
OF VARIABLE EXPONENTS

The (centered) maximal function M f of a measurable function f on R is defined by

1
MpE =sup oo [5Gl

r>0
Lemma 1[21, Lemma 2.2]. For all measurable functions f on RYN,
1
(Mf)(@)<C [ rwiscrpw),
B0, |z)] J/B(0,]2)
where C'is a positive constant independent of f.

For f € L} (RY), we define the Riesz potential of order a (0 < a < N) by

loc

Inf@ = [ o3l ) dy.
Lemma 2[21, Lemma 2.4]. For all nonnegative measurable functions f on RN,
(Taf)"(2) < C/RN(\HCI +yN N () dy < OLaf)(2),
where C'is a positive constant independent of f.

For the fundamental properties of symmetric decreasing rearrangements, see Almut [1].

A function p on RV is said to be log-Hdlder continuous if
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(P1) pislocally log-Holder continuous, namely,
Co

1
< for |z —y| <
< log(1/]z — o) rovls

Ip(z) — p(y)
with a constant Cy > 0;

(P2) pislog-Holder continuous at infinity, namely,
Co

Ip(z) — p(oo)| < log(e + |z

with constants Cs > 0 and p(o0).

Let P(RY) be the class of all log-Hélder continuous functions p on RY. If in addition p satisfies
(P3) 1 <p~ = inf,crn p(z) < sup,crn p(z) =1 p* < oo,
then we write p € Py (RY).

Definition 1. For p € P;(RY) and 7 € P(RY), L7P(R"N) denotes the weighted LP() space of all
functions f with

1oy = inf{A >0 /R @A el e < 1} <.

We write LOP(RY) = LPO(RN) and
[l or@ny = Ifll o) @y

Definition 2. For s,p € P;(RY), denote by £L5P(RY) the set of all measurable functions f such that

£l o rovy = inf{)\ >0: /RN |5 (2) JAP@) |z |V P@)/3@)=1) g < 1} < 0.

3. THE BOUNDEDNESS OF MAXIMAL AND POTENTIAL OPERATORS
IN LORENTZ SPACES OF VARIABLE EXPONENTS

We know the following boundedness of the maximal operator in the weighted LP(*) space, which is an
extension of Diening [22] and Cruz-Uribe, Fiorenza and Neugebauer [23].

Theorem 1[21, Theorem 4.1]. Let p € P1(RY) and 7 € P(RY). Suppose
(T1) =N <7(0) < N(p(0) — 1) and —N < 7(00) < N(p(o0) — 1).

Then the maximal operator M : f — M f is bounded [rom L™P(RN) into itself, namely, there is
a constant C > 0 such that

IMfllzro@nyy < Cllf L@y
forall f € L™P(RN).

This is a special case of [24, Theorem 1.1]. We also refer to [25].
In view of Lemma 1, we obtain the following result.

Corollary 1[21, Corollary 4.2]. Let s,p € Py(RY). Then the maximal operator M : f —s M f is
bounded from L5P(RN) into itself, namely, there is a constant C > 0 such that

M fllzsrmny < Cllf |l gswmny

forall f € LSP(RN).
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As an application of Theorem 1, we can obtain a Sobolev type inequality for Riesz potentials by using
Hedberg’s method ([26]).

Forp € P1(RY), set
1/p*(z) = 1/p(z) —a/N.

Theorem 2[21, Theorem 6.1]. Let p € P1(RY) and 7 € P(RYN). Suppose pt < n/a and
(T2) ap(0) = N <7(0) < N(p(0) — 1) and ap(cc) = N < 7(c0) < N(p(o0) —1).

Then there is a constant C > 0 such that
HIOCf”L-rpﬁ/p,pﬁ(RN) < CHfHLT»P(RN)
forall f € LTP(RN).
Using Lemma 2, we obtain the following result.

Corollary 2 [21, Corollary 6.2]. Let p,s € Py(RYN), If p* < N/a and st < N/a, then there is a
constant C > 0 such that

Mo gt ey < O Lo
forall f € L¥P(RN).

4. THE BOUNDEDNESS OF MAXIMAL OPERATOR IN DOUBLE-PHASE
LORENTZ SPACES OF VARIABLE EXPONENTS

As an extension of [21], we obtain the boundedness of maximal operator in double-phase Lorentz
spaces of variable exponents, in view of Theorems 1 and 2.

Recall that b is nonnegative, bounded and Holder continuous of order 6 € (0, 1].

Theorem 3. Let p,q € P1(RN) and 7,k € P(RY). Suppose

(D1) 1/q(x) = 1/p(x) — 0/N;
(D2) k(z) = (x)q(z)/p(2);
(T3) 0p(0) = N < 7(0) < N(p(0) — 1) and Op(o0) — N < 7(c0) < N(p(cc) —1);
(T4) —N < k(0) < N(q(0) — 1) and —N < k(o0) < N(g(oc0) —1).
Then there is a constant C' > 0 such that
I ey + 1035 oy < (16l + 107 o)

forall f € L (RYN).

When 7 = k = 0, we refer the reader to[11] and [12].
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Proof of Theorem 3. In view of Theorem 1, it suffices to show that

[bM f||Lra@yy < C (4.1)

when f is a nonnegative measurable function f on RV with I fllze@ny + [1bf | Lra(rvy < 1. Note that

1
) 1) T
1

1
= B fo, @ U+ [ ) dy

1
<C )Iﬂc—yl(’f(y)dy+|

=B, Joes b(y)f(y) dy

B(:Ev T)| B(z,r)

forz € RN and r > 0. Hence
b(z)Mf(z) < Clf(x) + M[bf](x)
forz € RN. In view of Theorem 2, we have
1o fllLra@mny < CllfllLre@ny)-
Moreover, we obtain, by Theorem 1,
MBIl Lramny < ClBL N Lra@ys
which gives (4.1).

Corollary 3. Let s,p,t,q € P1(RN). Suppose 1/t(x) = 1/s(x) —0/N and 1/q(x) = 1/p(x) — §/N.
Then there is a constant C > 0 such that

M fllzom@ny + 10M fll zamny < C(”f”csyv(RN) + Hbf”ﬁ’f»‘I(RN)>

forall f € L} (RN).

loc

5. SOBOLEV’S INEQUALITY IN DOUBLE-PHASE LORENTZ SPACES OF VARIABLE
EXPONENTS

By Theorem 2, we obtain the following Sobolev inequality.

Theorem 4. Let p,q € P1(RY) and k,7 € P(RN). Suppose pt < N/(a + ). Moreover, suppose

(D1) 1/q(x) = 1/p(x) — 0/N;
(D2) k(z) = 7(x)q(z)/p(z);
(T5) (a+0)p(0) — N < 7(0) < N(p(0) — 1) and (o + 8)p(oc) — N < r(o¢) < N(p(oc) — 1
(T6) aq(0) — N < k(0) < N(g(0) — 1) and ag(oc) — N < k(o0) < N(g(o0) — 1).
Then there is a constant C > 0 such that

oty + 10y, < € (18 + 107 o)
jorall f € L1 (RN).
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Proof. By Theorem 2, it suffices to show

”bIOCfHLmqﬁ/q,qu(RN) < C (51)

when f is a nonnegative measurable function f on RY with [ fllzre@ny + [1Bf | Lrarvy < 1. Note that

o) (@) = [

R

N
<c / & — | N f(y) dy + /
RN

R

o=yl b(e) — b} @) dy+ [ o=y ) dy

e =y Vb F(y) dy

forz € RY. Therefore,

(@)l f(x) < Clayof (x) + La[bf](z)

forz € RY. In view of Theorem 2, we have

and

”Ia—i-GfHLmqﬁ/q,qﬁ (RN) < CHJCHLW(RN)

HalOf Mt aat vy < CIOFlpraqmay,

which proves (5.1).

Corollary 4. Let s,p,t,q € P1(RN), 1/t(x) = 1/s(x) — /N and 1/q(x) = 1/p(z) — §/N. Suppose
st < N/(a+0)and pt < N/(a+ ). Then there is a constant C > 0 such that

o Pl gy + 10l gy < C (1ot + 10 v

forall f € L, (RY).
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