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Abstract—All the groups considered in this paper are finite, and G always denotes a finite group; σ
is a partition of the set P of all primes, i.e., σ = {σi | i ∈ I}, where P =

⋃
i∈I σi and σi ∩ σj = ∅

for all i �= j. A group G is said to be σ-primary if G is a σi-group for some i = i(G), and
σ-solvable if every chief factor of G is σ-primary. A set of subgroups H of a group G is called a
complete Hall σ-set of G if every element �= 1 of the set H is a Hall σi-subgroup G for some i,
and H contains exactly one Hall σi-subgroup of the group G for all i such that σi ∩ π(G) �= ∅. A
subgroup A of a group G is said to be K-Sσ-subnormal in G if G contains a series of subgroups
A = A0 ≤ A1 ≤ · · · ≤ At = G such that either Ai−1 � Ai or the group Ai/(Ai−1)Ai is σ-solvable
for all i = 1, . . . , t.
We say that a subgroup A of a group G is weakly K-Sσ-subnormal in G if G contains
K-Sσ-subnormal subgroups S and T such that G = AT and A∩ T ≤ S ≤ A. In the present paper,
we study conditions under which a group is σ-solvable. In particular, we prove that a group G is
σ-solvable if and only if at least one of the following two conditions is satisfied: (i) G has a complete
Hall σ-set H all of whose elements are weakly K-Sσ-subnormal in G; (ii) in every maximal chain of
subgroups · · · < M3 < M2 < M1 < M0 = G of the groups G, at least one of the subgroups M3, M2,
or M1 is weakly K-Sσ-subnormal in G.

DOI: 10.1134/S000143462203021X

Keywords: finite group, groups of equal order, σ-solvable group, K-Sσ-subnormal subgroup,
weakly K-Sσ-subnormal subgroup.

1. INTRODUCTION

All the groups considered in the paper are finite, and G always denotes a finite group. Moreover, P is
the set of all primes, and σ is some partition of P, i.e.,

σ = {σi | i ∈ I},
where P =

⋃
i∈I σi and σi ∩ σj = ∅ for all i �= j. The symbol π(G) denotes the set of all prime divisors

of |G|, and σ(G) = {σi | σi ∩ π(G) �= ∅}. We say that a chain of subgroups

· · · < M3 < M2 < M1 < M0 = G

of G is a maximal chain in G if Mi is a maximal subgroup in Mi−1 for all i. The groups A and B are
called groups of equal order if |A| = |B|. If A is a subgroup of a group G, then AG is the largest normal
subgroup of G contained in A.

Let F be a class of groups. Then a subgroup A of a group G is said to be F-subnormal in the sense
of Kegel [1] or K-F-subnormal in G [2] if G contains a series of subgroups

A = A0 ≤ A1 ≤ · · · ≤ At = G
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such that either Ai−1 � Ai or Ai/(Ai−1)Ai ∈ F for all i = 1, . . . , t.
Recall some notions of the theory of σ-properties of a group [3]–[6].
A group G is said to be σ-primary if G is a σi-group for some i = i(G); σ-solvable if every chief

factor of G is σ-primary. We use the symbols Sσ and S to denote the classes of all σ-solvable and all
solvable groups, respectively; GSσ stands for the intersection of all normal subgroups N of a group G
with G/N ∈ Sσ.

A set of subgroups H of a group G is called a complete Hall σ-set of G if every element �= 1 of the
set H is a Hall σi-subgroup of G for some i and H contains exactly one Hall σi-subgroup of G for every
σi ∈ σ(G).

Definition 1. We say that a subgroup A of a group G is weakly K-Sσ-subnormal in G if there are
K-Sσ-subnormal subgroups T and S such that G = AT and A ∩ T ≤ S ≤ A.

Remark 1. (i) Each K-Sσ-subnormal subgroup S = S ∩G is weakly K-Sσ-subnormal in the group
G, since G is a K-Sσ-subnormal subgroup of G.

(ii) A subgroup A of a group G is said to be σ-subnormal in G [3] if there is a series of subgroups
A = A0 ≤ A1 ≤ · · ·An = G such that either Ai−1 � Ai or the quotient Ai/(Ai−1)Ai is σ-primary for
all i = 1, . . . , n. Every subnormal subgroup is σ-subnormal, and every σ-subnormal subgroup is
K-Sσ-subnormal in the group.

(iii) A subgroup S of a group G is said to be σ-permutable in G [3] if G has a complete Hall σ-set H
such that SHx = HxS for all H ∈ H and all x ∈ G.

By Theorem B of [3], every σ-permutable subgroup is σ-subnormal and, therefore, K-Sσ-subnormal
in the group.

Now consider the following example.

Example 1. (i) A subgroup A of a group G is said to be weakly σ-permutable in G ([7], [8])
if G contains a σ-permutable subgroup S and a σ-subnormal subgroup T such that G = AT and
A∩ T ≤ S ≤ A. By Remark 1 (ii, iii), every weakly σ-permutable subgroup is weakly K-Sσ-subnormal
in the group.

(ii) In the general case, the class of all weakly K-Sσ-subnormal subgroups is wider than the class
of all weakly σ-permutable subgroups. Let σ = {{2}, {3}, . . . }. In this case, every σ-subnormal
subgroup is subnormal, and any σ-permutable subgroup H is S-permutable in the group ([9], [10]),
i.e., HP = PH for all Sylow subgroups P of the group.

Now let A be a non-Abelian group of order p3 of a simple odd exponent p. Let G = A �C2 = B �C2,
where B is the base of the regular wreath product G. Let L = Φ(A1), where A1 is the first copy of
the group A in B. Then |L| = p, L ≤ Φ(B), and L is subnormal, and hence weakly K-S-subnormal
in G, considering Remark 1.2 (ii). It is also clear that L is a nonnormal subgroup of G. Now let us
show that L is not weakly S-permutable in G. Suppose that G contains a subnormal subgroup T and
an S-permutable subgroup S such that G = LT and L ∩ T ≤ S ≤ L. Then B = L(T ∩B), and thus
T ∩B = B, since L ≤ Φ(B). Hence L∩ T = L = S is S-permutable in G. Then L is normal in G by [9,
Lemma 1.2.16]. This contradiction shows that L is not weakly S-permutable in G.

(iii) A subgroup A of a group G is said to be c-normal in G [11] if AT = G and A ∩ T ≤ AG for
some normal subgroup T of G. Consequently, any c-normal subgroup is weakly K-Sσ-subnormal in
the group for every partition σ of P.

(iv) A subgroup M of a group G is said to be

(a) modular in G [12] if M is a modular element (in the sense of Kurosh [12, p. 43]) of the lattice of
all subgroups L(G) of G, i.e., the following conditions hold:

(1) 〈X,M ∩ Z〉 = 〈X,M〉 ∩ Z for all X ≤ G and Z ≤ G such that X ≤ Z;

(2) 〈M,Y ∩ Z〉 = 〈M,Y 〉 ∩ Z for all Y ≤ G and Z ≤ G such that M ≤ Z;

(b) submodular in G ([13], [14]) if G contains a series of subgroups A = A0 ≤ A1 ≤ · · · ≤ At = G
such that Ai−1 is a modular subgroup of Ai for all i = 1, . . . , t.
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It follows from the main result of the theory of modular subgroups [12, Theorem 5.1.14] that every
submodular subgroup is K-S-subnormal and, therefore, weakly K-S-subnormal in the group.

Although the concept of σ-solvable group was first introduced in a recent paper [3], this concept
proved to be very useful in the analysis of many open questions (see, for example, [3]–[8], [15]–[26]), and
thus the problem of finding conditions under which a group is σ-solvable is very interesting and relevant.
In this paper, we prove the following result.

Theorem 1. The following conditions are equivalent:

(i) a group G is σ-solvable;

(ii) every subgroup of G is K-Sσ-subnormal;

(iii) G has a complete Hall σ-set H all of whose elements are weakly K-Sσ-subnormal in G;

(iv) in every maximal chain · · · < M3 < M2 < M1 < M0 = G of G, at least one of the sub-
groups M3, M2 or M1 is weakly K-Sσ-subnormal in G;

(v) iK,Sσ(G) ≤ 2|σ(G)|, where iK,Sσ(G) is the number of classes of non-K-Sσ-subnormal
subgroups of G of equal order.

Theorem 1 covers many known results. In particular, taking into account Remark 1 and Example 1,
we see that the following well-known results are special cases of this theorem.

Corollary 1 (Guo, Skiba [19]). If, in every maximal chain · · · < M3 < M2 < M1 < M0 = G of a
group G, at least one of the subgroups M3, M2, or M1 is σ-subnormal in G, then G is σ-solvable.

Corollary 2 (Zhang, Wu, Guo [7]). If G has a complete Hall σ-set H all of whose elements are
weakly σ-permutable in G, then G is σ-solvable.

Corollary 3 (Zimmermann [14]). If, in every maximal chain · · · < M3 < M2 < M1 < M0 = G of a
group G, at least one of the subgroups M3, M2, or M1 is submodular in G, then G is solvable.

Corollary 4 (Spencer [27]). If, in every maximal chain · · · < M3 < M2 < M1 < M0 = G of a
group G, at least one of the subgroups M3, M2, or M1 is subnormal in G, then G is solvable.

Corollary 5 (Schmid [28]). A group G is solvable if each of its 3-maximal subgroups is modular.

Corollary 6 (Kovaleva [15]). If iσ(G) ≤ 2|σ(G)|, where iσ(G) stands for the number of classes of
non-σ-subnormal subgroups of equal order of a group G, then G is σ-solvable.

Corollary 7 (Lu, Meng [29]). If the number of conjugacy classes of nonsubnormal subgroups of a
group G does not exceed 2|π(G)|, then G is solvable.

2. PROOF OF THEOREM 1

Lemma 1. (1) The class Sσ is closed with respect to taking products of normal Sσ-subgroups,
homomorphic images, and subgroups. Moreover, any extension of a σ-solvable group with the
help of a σ-solvable group is σ-solvable.

(2) A group is σ-solvable if and only if all its maximal subgroups are K-Sσ-subnormal.

Proof. (1) This assertion is obvious.

(2) It is clear that, in every σ-solvable group, all its maximal subgroups are K-Sσ-subnormal.
Suppose now that all maximal subgroups of a group G are K-Sσ-subnormal in G. Then

G/MG ∈ Sσ for every maximal subgroup M of G. Therefore, G/Φ(G) ∈ Sσ and, consequently,
G ∈ Sσ, by part (1).

This completes the proof of the lemma.
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From Lemma 1 and from the main result of [1], we obtain the following assertion.

Lemma 2. The set of all K-Sσ-subnormal subgroups of a groupG forms a sublattice of the lattice
of all subgroups of G.

Lemma 3. Let A, H , and N be subgroups of G, where A is K-Sσ-subnormal and N is normal
in G. Then

(1) A ∩H is K-Sσ-subnormal in H ;

(2) AN/N is K-Sσ-subnormal in G/N ;

(3) if N ≤ H and H/N is K-Sσ-subnormal in G/N , then H is K-Sσ-subnormal in G;

(4) the subgroup ASσ is subnormal in G;

(5) if A is σ-solvable and N is a non-σ-primary minimal normal subgroup of G, then
A ≤ CG(N).

Proof. (1)–(4). These assertions are corollaries of Lemmas 6.1.6, 6.1.7, and 6.1.9 in [2].
(5) Assume that this assertion fails to hold; let G be a counterexample of minimal order. Then A �= G.

By assumption, there is a series of subgroups

A = A0 ≤ A1 ≤ · · · ≤ Ar = G

such that either Ai−1 � Ai or Ai/(Ai−1)Ai is σ-solvable for all i = 1, . . . , r. Let M = Ar−1. Without
loss of generality, we can assume that M �= G.

Let E = NA. Let us first assume that E < G. It is clear that N = N1 × · · · ×Nn for some
minimal normal subgroups N1, . . . , Nn of E and Ni is not σ-primary for all i. By Lemma 3 (1), A is
K-Sσ-subnormal in E and, therefore, due to the choice of G, this means that A ≤ CE(Ni) for all i and,
therefore, A ≤ CE(N). Hence NA = E = G. Then N � M , and hence G/MG is not σ-solvable, since
N 	 NMG/MG is not σ-primary. This implies that M is normal in G, and hence N ∩M = 1. This
implies that [N,M ] = 1, and thus A ≤ CG(N).

This completes the proof of the lemma.

Lemma 4. Let A, H , and N be subgroups of a group G, where A is weakly K-Sσ-subnormal and
N is normal in G.

(1) If either N ≤ A or (|N |, |A|) = 1, then AN/N is weakly K-Sσ-subnormal in G/N .

(2) If N ≤ H and H/N is weakly K-Sσ-subnormal in G/N , then H is weakly K-Sσ-sub-
normal in G.

(3) If A ≤ E ≤ G, then A is weakly K-Sσ-subnormal in E.

Proof. Let T and S be K-Sσ-subnormal subgroups of G such that G = AT and A ∩ T ≤ S ≤ A.

(1) First, note that

(AN/N)(TN/N) = ATN/N = G/N, SN/N ≤ AN/N,

where the subgroups TN/N and SN/N are K-Sσ-subnormal in G/N by Lemma 3 (2). Thus, it
remains only to show that

(AN/N) ∩ (TN/N) ≤ SN/N.

If N ≤ A, then

(AN/N) ∩ (TN/N) = (A ∩ TN)/N = N(A ∩ T )/N ≤ SN/N.
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Suppose now that (|N |, |A|) = 1. Since G = AT , it follows that |G : T | divides |A|. Hence |NT : T |
divides |A|. However, |NT : T | = |N : N ∩ T | divides |N |. Thus, N ≤ T , and hence

(AN/N) ∩ (TN/N) = (AN/N) ∩ (T/N) = (AN ∩ T )/N = N(A ∩ T )/N ≤ SN/N.

Therefore, the subgroup AN/N is weakly K-Sσ-subnormal in G/N .

(2) By assumption, G/N contains K-Sσ-subnormal subgroups Z/N and D/N such that

G/N = (H/N)(Z/N), (H ∩ Z)/N = (H/N) ∩ (Z/N) ≤ D/N ≤ H/N.

Then G = HZ and H ∩ Z ≤ D ≤ H , where Z and D are K-Sσ-subnormal subgroups of G by
Lemma 3 (3) and, therefore, H is weakly K-Sσ-subnormal in G.

(3) Note that

E = E ∩AT = A(E ∩ T ), A ∩ (E ∩ T ) = A ∩ T ≤ S ≤ A,

where E ∩ T and S are weakly K-Sσ-subnormal in E by Lemma 3 (1). Hence A is weakly
K-Sσ-subnormal in E.

This completes the proof of the lemma.

Proof of Theorem 1. (i) ⇒ (ii) Let H ≤ M < G, where M is a maximal subgroup of G. Then M is
K-Sσ-subnormal in G by Lemma 1 (2). On the other hand, H is K-Sσ-subnormal in M by induction.
Hence H is K-Sσ-subnormal in G.

The implication (ii) ⇒ (i) follows from Lemma 1 (2).
Since a σ-solvable group is σi-separable, and hence has a Hall σi-subgroup for all i, it follows from

the implication (ii) ⇒ (i) and from Remark 1 (i) that (ii) ⇒ (iii), (iv), (v).

(iii) ⇒ (i) Suppose that this assertion fails to hold; let G be a counterexample of minimal order. Let
H = {H1, . . . ,Ht}. Then t > 1. Without loss of generality, we can assume that Hi is a nonidentity
σi-group for all i = 1, . . . , t. According to the condition, for any i, the group G has K-Sσ-subnormal
subgroups Ti and Si such that G = HiTi and Hi ∩ Ti ≤ Si ≤ Hi.

Let us first show that G/L is σ-solvable for every nontrivial σ-primary normal subgroup L of G and,
therefore, there is no σ-primary normal subgroup in G. Indeed, suppose that G contains a minimal
normal subgroup L which is a σi-group for some i. It can readily be seen that {H1L/L, . . . ,HtL/L}
is a complete Hall σ-set of G/L. Moreover, L ≤ Hi and (|L|, |Hj |) = 1 for all j �= i. However, then
HkL/L is weakly K-Sσ-subnormal in G/L for all k = 1, . . . , t by Lemma 4 (1). Then condition (iii)
holds for G/L, and hence G/L is σ-solvable due to the choice of G. Thus, G is σ-solvable, which
contradicts the choice of G. Hence every minimal normal subgroup G is not σ-primary.

This implies that SSσ �= 1 for any nontrivial K-Sσ-subnormal subgroup S of G by Lemma 3 (5) and,
therefore, Si = 1 for all i, and T1 is not a σ2-group. Hence t > 2, and Ti is a supplement to Hi to G.
Therefore, Ti is a Hall σ′

i-subgroup in G. Then T2 ∩ · · · ∩ Tt is a nonidentity Hall σ1-subgroup of G
according to [31, A, 1.6 (b)], and this subgroup is K-Sσ-subnormal in G by Lemma 2, a contradiction.
Therefore, the implication (iii) ⇒ (i) holds.

(iv) ⇒ (i) Assume that this assertion fails to hold; let G be a counterexample of minimal order.

(1) If N is a minimal normal subgroup of G, then G/N is a σ-solvable group. Thus, N is not
a σ-primary group. Moreover, N is a unique minimal normal subgroup of G, CG(N) = 1, and
L ≤ N for any minimal subnormal subgroup L of G.

By Lemma 4 (1), the hypothesis is true for G/N , which means that G/N is σ-solvable by the choice
of G. Consequently, N is not σ-primary.

If G contains a minimal normal subgroup R �= N , then G/N and G/R are σ-solvable groups, and
hence it follows from the isomorphisms R 	 R/1 = R/(R ∩N) 	 RN/N that R is a σ-primary group,
which contradicts the fact proved above. Hence N is a unique minimal normal subgroup of G and
CG(N) = 1, since the subgroup N is non-Abelian.

It follows from [31, A, 13.4] that N ≤ NG(L). Moreover, L � CG(N) = 1 and, therefore, L ≤ N .
Hence assertion (1) holds.
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(2) If p is an arbitrary odd prime dividing |N | and Np is the Sylow p-subgroup of N ,
then Np = N ∩Gp, Gp ≤ NG(Np) ≤ M , and G = NM for some Sylow p-subgroup Gp and some
maximal subgroup M of G. Hence p does not divide |G : M |, and MG = 1.

By Frattini’s argument, G = NNG(Np). Since N is not an Abelian group, it follows that
NG(Np) �= G. Then N � M for a maximal subgroup M of G containing NG(Np). Hence G = NM
and MG = 1. Moreover, if Np ≤ Gp, where Gp is a Sylow p-subgroup of G, then Np = N ∩Gp, and
hence Gp ≤ NG(Np) ≤ M .

(3) The intersection D := M ∩N is not nilpotent. In particular, D � Φ(M).
Assume that D is nilpotent; let Np be the Sylow p-subgroup of D. Then Np is normal in M , because

Np is a characteristic subgroup of D, and D is normal in M . Therefore, the subgroup Z(J(Np)) is
normal in M . Since MG = 1, it follows that NG(Z(J(Np))) = M . Then NN (Z(J(Np))) = D is a
nilpotent group. This implies that N has a normal p-complement by the Glauberman–Thompson
theorem, since p is odd. However, then N is an p-group, which contradicts assertion (1). Therefore, (3)
holds.

(4) V Sσ �= 1 for every nontrivial K-Sσ-subnormal subgroup V of G.

Indeed, V Sσ = 1 implies that V is σ-solvable and, therefore, 1 < V ≤ CG(N) = 1 by Lemma 3 (5).
Hence (4) holds.

(5) If H is K-Sσ-subnormal in G and is contained in M , then H = 1. (5)

Let W = HSσ be the σ-solvable residual of H . Then W is subnormal in G by Lemma 3 (4) and,
therefore,

WG = WNM = WM ≤ MG = 1

by [31, A, 14.3]. Hence W = 1. Thus, H is σ-solvable and, therefore, H = 1 by part (4).

(6) If H is a weakly K-Sσ-subnormal subgroup of G and is contained in M , then G = HT
and H ∩ T = 1 for some K-Sσ-subnormal subgroup T of G (this follows from part (5) and from the
definition of weakly K-Sσ-subnormal subgroup).

(7) M is not weakly K-Sσ-subnormal in G. In particular, M is σ-solvable.
Suppose that M is weakly K-Sσ-subnormal in G. Then G = MT and M ∩ T = 1 for some

K-Sσ-subnormal subgroup T of G by assertion (6). Moreover, W := TSσ �= 1 according to part (4),
and W is a subnormal subgroup of G according to Lemma 3 (4).

Let now L be a minimal subnormal subgroup of G contained in W . Then L is a minimal normal
subgroup of N by part (1). Hence p divides |L|, where |L| divides |T | = |G : M |. However, p does not
divide |G : M | by part (2). This contradiction completes the proof of the first part of (7). Then, in any
maximal chain

· · · < M3 < M2 < M1 = M < G

of G, one of the subgroups M3 and M2 is weakly K-Sσ-subnormal in G by assumption. Hence this
subgroup is weakly K-Sσ-subnormal in M by Lemma 4 (3). Thus, the conjecture holds for M , and
thus M is σ-solvable by the choice of G.

(8) The relation N < G holds.
Suppose that N = G is a non-Abelian simple group; let H be an arbitrary proper K-Sσ-subnormal

subgroup of G. Suppose that H �= 1.
Then G has a proper nonidentity subgroup V such what H ≤ V and either V is normal in G or G/VG

is a σ-solvable group. However, the first condition is impossible, since the group G is simple. Hence
VG = 1, and then G/VG = G/1 	 G is a σ-solvable group, which contradicts the choice of G. Thus,
any proper K-Sσ-subnormal subgroup of G is trivial.

Let Q be a Sylow q-subgroup of G, where q is the least prime dividing |G|, and let L be a maximal
subgroup of G containing Q. Then, taking into account [32, IV, 2.8], we obtain |Q| > q. Let V be a
maximal subgroup of Q and S be a maximal subgroup of V . Then there is a 3-maximal subgroup 1 < W
of G such that W ≤ Q. Indeed, if S �= 1, then this is obvious. On the other hand, if S = 1, then Q is an

MATHEMATICAL NOTES Vol. 111 No. 4 2022



540 GUO et al.

Abelian group and, therefore, Q < L by [32, IV, 7.4]. Therefore, in this case, there exists a 3-maximal
subgroup W of G such that V ≤ W ≤ Q.

Due to condition (iv), G has a weakly K-Sσ-subnormal subgroup U such what W ≤ U < G. Hence
G contains K-Sσ-subnormal subgroups T and R such that G = UT and U ∩ T ≤ R ≤ U . Then
T = G, and thus U = U ∩ T ≤ R ≤ U .

Hence U = R is K-Sσ-subnormal in G. Then U = 1, a contradiction. Thus, assertion (8) holds.

(9) If Gp ≤ V ≤ M , then V is not weakly K-Sσ-subnormal in G.

Assume that V is weakly K-Sσ-subnormal in G. Then G = V T and V ∩ T = 1 for some
K-Sσ-subnormal subgroup T of G by assertion (6). Then 1 < T < G, and the subgroup TSσ is
nontrivial by part (4). Moreover, this subgroup is subnormal in G by Lemma 3 (4). Hence Z ≤ T for
a minimal subnormal subgroup Z of G contained in TSσ . Then Z is a p′-group, because V ∩ T = 1
and Gp ≤ V . On the other hand, Z is a minimal normal subgroup of N by part (1) and, therefore, p
divides |Z|. This contradiction completes the proof of (9).

(10) The group M = D � L is solvable, where L is a group of prime order.
By [32, IV, 7.4], Gp ≤ L for some maximal subgroup L of M , since p > 2 and G is unsolvable. Let

us first show that Gp = L. Indeed, suppose that Gp ≤ V for some maximal subgroup V of L. Then, in
every maximal chain

· · · < V = Mi < · · · < M3 < M2 < M1 = M < M0 = G

of G that contains V below M3, all subgroups M3, M2, and M1 are not weakly K-Sσ-subnormal
in G by part (9), which contradicts the condition. Hence Gp = L is a maximal subgroup of M and,
therefore, M is solvable according to [32, IV, 7.4]. If Gp ≤ D, then D = M ∩N = M , since Gp �= D by
part (2), whence it follows that N = G, which contradicts part (8). Hence Gp � D, and thus DL = M .
Therefore, D ∩L = 1 in the case of |Gp| = p, whence it follows that M = D�L, and thus assertion (10)
holds because M is solvable.

Finally, suppose that |Gp| > p. First of all, note what L is not weakly σ-subnormal in G by part (9).
However, on the other hand, M is also not weakly K-Sσ-subnormal in G by (7). Therefore, every
maximal subgroup of L = Gp is weakly K-Sσ-subnormal in G.

It follows from Gp � D that Np = N ∩Gp ≤ V for some maximal subgroups V of Gp. Since V is
weakly K-Sσ-subnormal in G, it follows that V has a K-Sσ-subnormal complement T in G by part
(7). Hence T ∩Np = 1. Lemma 3 (4) and part (4) imply that Z ≤ TSσ ≤ T for some minimal subnormal
subgroup Z of G. Then Z ∩Np = 1 and, therefore, Z � N , which contradicts part (1). Therefore,
assertion (10) holds.

A concluding contradiction for (iv) ⇒ (i). It follows from part (10) that |D| is a power of a prime,
which contradicts part (2). Therefore, the implication (iv) ⇒ (i) holds.

(v) ⇒ (i) Suppose that this assertion fails to hold; let G be a counterexample of minimal order.
First, note that, if H ≤ A ≤ G, where H is not K-Sσ-subnormal in A, then H is not K-Sσ-sub-

normal in G by Lemma 3 (1). Hence iK,Sσ(A) ≤ iK,Sσ(G) for every subgroup A of G. Moreover, if
H/N ≤ G/N , where H/N is not K-Sσ-subnormal in G/N , then H is not K-Sσ-subnormal in G by
Lemma 3 (2). Hence iK,Sσ(G/N) ≤ iK,Sσ(G).

(1) If N is a nonidentity normal subgroup of G such that |σ(G/N)| = |σ(G)|, then G/N is
σ-solvable. Moreover, if L is a proper subgroup of G such that |σ(L)| = |σ(G)|, then L is
σ-solvable.

Since

iK,Sσ(G/N) ≤ iK,Sσ(G) ≤ 2|σ(G)| = 2|σ(G/N)|,
it follows that the conjecture holds for G/N and, therefore, G/N is σ-solvable by the choice of G.
Similarly, it follows from iK,Sσ(L) ≤ iK,Sσ(G) that L is σ-solvable.

(2) The equality Oσi(G) = 1 holds for every σi ∈ σ(G).
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Suppose that O := Oσi(G) �= 1 for some i. Let us first show that O � Φ(G). Indeed, if O ≤ Φ(G),
then π(G/O) = π(G) and, therefore, σ(G/O) = σ(G), and thus G/O is σ-solvable by part (1). Conse-
quently, G is σ-solvable; a contradiction. Hence O � Φ(G), and thus there is a maximal subgroup M
of G such that G = OM . Then M is not a σ-solvable group and, therefore, |σ(M)| �= |σ(G)| by part (1).
On the other hand, |G : M | = |O : Q ∩M | is a σi-number and, therefore, |σ(M)| = |σ(G)| − 1. This
implies that M ∩O = 1 and, therefore, O is a Hall σi-subgroup of G.

The inequality iσ(M) ≥ 2|σ(M)| + 1 holds by the choice of G. Let iK,Sσ(M) = k. If k = 0, then all
subgroups of M are K-Sσ-subnormal in M and, therefore, M is σ-solvable by implication (ii) ⇒ (i).
Thus, k �= 0. Let T1, . . . , Tk be representatives of the classes of non-K-Sσ-subnormal subgroups of M
of equal order. Since Tj = Tj(O ∩M) = OTj ∩M is not a K-Sσ-subnormal subgroup of M , it follows
that OTj is not K-Sσ-subnormal in G by Lemma 3 (1). Moreover, since M ∩O = 1 and |Tj1 | �= |Tj2 |
for j1 �= j2, it follows that |OTj1 | �= |OTj2 | for all j1 �= j2.

Thus, taking into account the inequality iK,Sσ(G) ≥ iK,Sσ(M) and counting the subgroups OTi, we
obtain

iK,Sσ(G) ≥ 2iK,Sσ(M) ≥ 2(2|σ(M)| + 1).

However, since 2 ≤ |σ(M)| = |σ(G)| − 1, it follows that

iK,Sσ(G) ≥ 2(|σ(G)| − 1) + 2|σ(M)| + 2 ≥ 2|σ(G)| + 4.

This contradiction completes the proof of assertion (2).

(3) If H is a nonidentity σ-solvable subgroup of G, then H is not K-Sσ-subnormal in G (this
follows from part (2) and Lemma 3 (5)).

(4) The equality Oσi(G) = G holds for every σi ∈ σ(G).
Suppose that O = Oσi(G) < G for some i. Since G/O is a σi-group, it follows that G/O is

σ-solvable. Hence

iK,Sσ(O) ≥ 2|σ(O)| + 1

by the choice of G.
By assertion (1), |σ(O)| = |σ(G)| − 1 and, therefore, O is a Hall σ′

i-subgroup of G. Therefore, by the
Schur–Zassenhaus theorem, there is a complement H for O in G, H is a Hall σi-subgroup of G, and
every Hall σi-subgroup of G is conjugate to H .

Note that H is simple. Indeed, suppose what N �= 1 is a proper normal subgroup of H . Then ON is a
proper normal subgroup of G, and |σ(ON)| = |σ(G)|. Hence ON is σ-solvable by assertion (1), which
implies that G is σ-solvable, since G/ON is a σi-group, a contradiction. Thus, H is a simple group.

Since O and H are Hall subgroups of G, it follows that either O or H is solvable by the
Feit–Thompson theorem on the solvability of groups of odd order. However, if O is solvable, then O
is σ-solvable and, therefore, G is σ-solvable. Hence H is solvable, and thus |H| = q for some q ∈ π(G).
Consequently, H is not K-Sσ-subnormal in G by part (3). Moreover, every nonidentity Sylow subgroup
of O is not K-Sσ-subnormal in O. Let P be some Sylow p-subgroup of O, p ∈ π(O). According to
Frattini’s argument, G = ONG(P ). Since q does not divide |O|, it follows that q divides |NG(P )|. Hence
there is an x ∈ G such that Hx ≤ NG(P ) and, therefore, HxP is a subgroup of G. Since

P = P (Hx ∩O) = HxP ∩O

is not K-Sσ-subnormal in O, it follows that HxP is not K-Sσ-subnormal in G by Lemma 3 (1). We
also note that |π(O)| ≥ 2 by the paqb-Burnside theorem. Therefore, the number of subgroups of the
form HxP is not less than 2. Thus, taking into account that

iK,Sσ(G) ≥ iK,Sσ(O) ≥ 2|σ(O)| + 1 = 2(|σ(G)| − 1) + 1 = 2(|σ(G)| − 1

and taking into account the subgroups HxP and H , we obtain

iK,Sσ(G) ≥ iK,Sσ(O) + 2 + 1 ≥ 2|σ(G)| + 2.

This contradiction completes the proof of assertion (4).
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A concluding contradiction for (v) ⇒ (i). Since G is unsolvable, it follows that G has a
noncyclic Sylow subgroup P by [32, VI, 10.3]. Then a maximal subgroup V of P is not identity and,
therefore, V is not K-Sσ-subnormal in G by part (3). Moreover, every nonidentity Sylow subgroup
of G is not K-Sσ-subnormal in G. Therefore, m ≥ |π(G)| + 1 for the number m of all classes of
non-K-Sσ-subnormal primary subgroups of equal order.

By assertion (4), G is not p-nilpotent for any p ∈ π(G). Therefore, taking into account [32, III, 5.2],
we see that there is a p-closed Schmidt subgroup E of G with p ∈ π(E) for every p ∈ π(G).

Now let p > q be distinct prime divisors of |G|. Let V be a p-closed Schmidt subgroup with p ∈ π(V ),
and let W be a q-closed Schmidt subgroup with q ∈ π(W ). By [32, IV, 5.4], V = Vp � Vr and
W = Wq �Wt, where Vp is a Sylow p-subgroup and Vr is a cyclic Sylow r-subgroup of V (r �= p);
Wq is a Sylow q-subgroup and Wt is a cyclic Sylow t-subgroup of W (t �= q). By part (4), V and W are
not K-Sσ-subnormal in G. If |V | �= |W |, then V and W are representatives of two distinct classes of
non-K-Sσ-subnormal subgroups in G of equal order.

Now suppose that |V | = |W |. In this case, r = q and t = p. Let T be a maximal subgroup of V
such that Vp ≤ T . If Vp = T , then |Vq| = q, and thus, taking into account that |V | = |W |, we see that
|Wq| = q. Hence W is supersolvable. As is well known, every supersolvable group is Ore dispersive.
Therefore, W is Ore dispersive, which implies that q > p, a contradiction. Thus, Vp < T . Moreover, T is
not K-Sσ-subnormal in G by part (4), and T is not a primary group. Thus, for every p ∈ π(G), there is
a class of non-K-Sσ-subnormal subgroups in G of equal order, and each representative of any of these
classes is not a primary group. It is also clear that r ≥ π(G)| for the number r of such classes. Hence

iK,Sσ(G) ≥ |π(G)| + 1 + |π(G)| ≥ 2|σ(G)| + 1.

This contradiction completes the proof of the implication (v) ⇒ (i).
This completes the proof of the theorem.

ACKNOWLEDGMENTS

The authors are deeply grateful to the referee for useful remarks and suggestions.

FUNDING

The research was supported by grants of the National Natural Science Foundation of China (grants
no. 12171126 and 12101165). The work of the third author was supported by the Ministry of Education
of the Republic of Belarus (under the project 20211328). The work the fourth author was supported by
the Belarusian Republican Foundation for Fundamental Research (grant F20R-291).

REFERENCES
1. O. H. Kegel, “Untergruppenverbande endlicher Gruppen, die den subnormalteilerverband echt enthalten,”

Arch. Math. 30 (3), 225–228 (1978).
2. A. Ballester-Bolinches and L. M. Ezquerro, Classes of Finite Groups (Springer, Dordrecht, 2006).
3. A. N. Skiba, “On σ-subnormal and σ-permutable subgroups of finite groups,” J. Algebra 436, 1–16 (2015).
4. A. N. Skiba, “Some characterizations of finite σ-soluble PσT -groups,” J. Algebra 495, 114–129 (2018).
5. W. Guo and A. N. Skiba, “On σ-supersoluble groups and one generalization of CLT -groups,” J. Algebra

512, 92–108 (2018).
6. A. N. Skiba, “On sublattices of the subgroup lattice defined by formation Fitting sets,” J. Algebra 550, 69–85

(2020).
7. C. Zhang, Z. Wu, and W. Guo, “On weakly σ-permutable subgroups of finite groups,” Publ. Math. Debrecen

91 (3–4), 489–502 (2017).
8. J. Huang, B. Hu, and A. N. Skiba, “On weakly s-quasinormal subgroups of finite groups,” Publ. Math.

Debrecen 92 (1–2), 201–216 (2018).
9. A. Ballester-Bolinches, R. Esteban-Romero, and M. Asaad, Products of Finite Groups (Walter de Gruyter,

Berlin, 2010).
10. A. Ballester-Bolinches, J. C. Beidleman, and H. Heineken, “Groups in which Sylow subgroups and

subnormal subgroups permute,” Illinois J. Math. 47 (1–2), 63–69 (2003).
11. Y. Wang, “c-Normality of groups and its properties,” J. Algebra 180, 954–965 (1996).

MATHEMATICAL NOTES Vol. 111 No. 4 2022



CHARACTERIZATIONS OF σ-SOLVABLE FINITE GROUPS 543

12. R. Schmidt, Subgroup Lattices of Groups (Walter de Gruyter, Berlin, 1994).
13. I. Zimmermann, “Submodular subgroups in finite group,” Math. Z. 202, 545–557 (1989).
14. I. Zimmermann, “On a theorem of Deskins,” Proc. Amer. Math. Soc. 107 (4), 895–899 (1989).
15. V. A. Kovaleva, “A criterion for a finite group to be σ-soluble,” Comm. Algebra 46 (12), 5410–5415 (2018).
16. K. A Al-Sharo and A. N. Skiba, “On finite groups with σ-subnormal Schmidt subgroups,” Comm. Algebra

45, 4158–4165 (2017).
17. J. C. Beidleman and A. N. Skiba, “On τσ-quasinormal subgroups of finite groups,” J. Group Theory 20 (5),

955–969 (2017).
18. J. Huang, B. Hu, and X. Wu, “Finite groups all of whose subgroups are σ-subnormal or σ-abnormal,”

Comm. Algebra 45 (1), 4542–4549 (2017).
19. W. Guo and A. N. Skiba, “Finite groups whose n-maximal subgroups are σ-subnormal,” Sci. China. Math.

62, 1355–1372 (2019).
20. Abd El-Rahman Heliel, M. Al-Shomrani, and A. Ballester-Bolinches, “On the σ-length of maximal

subgroups of finite σ-soluble groups,” Mathematics 8 (12), 2165 (2020).
21. A. Ballester-Bolinches, S. F. Kamornikov, M. C. Pedraza-Aguilera, and V. Perez-Calabuig, “On σ-

subnormality criteria in finite σ-soluble groups,” Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat.
RACSAM 114, 94 (2020).

22. S. F. Kamornikov and V. N. Tyutyanov, “On σ-subnormal subgroups of finite groups,” Sib. Math. J. 61 (2),
266–270 (2020).

23. X. Yi and S. F. Kamornikov, “Finite groups with σ-subnormal Schmidt subgroups,” J. Algebra 560 (15),
181–191 (2020).

24. S. F. Kamornikov and V. N. Tyutyanov, “On σ-subnormal subgroups of finite 3′-groups,” Ukrainian Math. J.
72 (6), 935–941 (2020).

25. M. M. Al-Shomrani, A. A. Heliel, and A. Ballester-Bolinches, “On σ-subnormal closure,” Comm. Algebra
48 (8), 3624–3627 (2020).

26. A-Ming Liu, W. Guo, I. N. Safonova, and A. N. Skiba, “G-covering subgroup systems for some classes of
σ-soluble groups,” J. Algebra 585, 280–293 (2021).

27. A. E. Spencer, “Maximal nonnormal chains in finite groups,” Pacific J. Math. 27, 167–173 (1968).
28. R. Schmid, “Endliche Gruppen mit vielen modularen Untergruppen,” Abhan. Math. Sem. Univ. Hamburg.

34, 115–125 (1969).
29. J. Lu and W. Meng, “Finite groups with non-subnormal subgroups,” Comm. Algebra 45 (5), 2043–2046

(2017).
30. W. Guo, Structure Theory for Canonical Classes of Finite Groups (Springer, Heidelberg, 2015).
31. K. Doerk and T. Hawkes, Finite Soluble Groups (Walter de Gruyter, Berlin, 1992).
32. B. Huppert, Endliche Gruppen. I (Springer-Verlag, Berlin, 1967).

MATHEMATICAL NOTES Vol. 111 No. 4 2022


