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Abstract—In this paper, we define the Dirichlet series (,,;(s), 7 = 1,...,r, absolutely converging
in the half-plane Res > 1/2 and prove that the set of shifts ((u,p1(s 4+ ia17), ..., Cupr(s +ia,7))
approximating a given set of analytic functions has a positive density on the interval [T, T + H],
H =0(T)as T — co. Here ay, ..., a, € R are algebraic numbers linearly independent over Q and
ur — ooasT — oco.
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1. INTRODUCTION

Continuing the research of Bohr and Courant on the density of the set of values of the Riemann zeta
function ((s), s = o + it, S. M. Voronin discovered the universality property of this function in [1]. Let
0 < r < 1/4. He proved that if the function f(s) is analytic in a disk |s| < r, and it is continuous and
has no zeros up to the boundary of this disk, then, for every ¢ > 0, there exists a 7 = 7(¢) € R such that

3
C(s—i— 4 +z’7‘> — f(s)
Since the space of analytic functions is infinite-dimensional, Voronin’s theorem is an infinite-dimen-

sional generalization of the result due to Bohr and Courant [2] that, for 1/2 < o < 1, states that the
set

max
js/<r

<e.

{C(oc+it): t e R}
is everywhere dense in C.

Voronin’s theorem has a more general form. Let D = {s € C:1/2 < o < 1}, let K be the class of
compact subsets of the strip D having connected complements, and let Hy(K), K € K, be the class of
continuous functions without zeros in K and analytic inside K. In that case (see, for example, [3]) if
K € K and f(s) € Hy(K), then, for every e > 0,

lim inf ! meas{T €10,T] : sup |((s +iT) — f(s)] < 5} > 0. (1.1)
T—oo T sEK

Here meas A denotes the Lebesgue measure of a measurable set A C R. The last inequality shows that

there exists infinitely many shifts {(s + i7) approximating this function from the class Hy(K).

Several modifications of Voronin’s theorem are known. Universality theorems on the approximation
of analytic functions by generalized shifts {(s + iy(7)) with some function v(7) are known [4], [5], and
proofs were given for discrete universality theorems with shifts ((s 4+ ikh), h > 0, k € Ng = NU {0}, [6],
and ((s+iy(k)) [4], [7]-[9], or even with ((s + i) [10] and ((s + itx) [11], where {7 > 0} is the
sequence of imaginary parts of nontrivial zeros of the function ((s), and {tx} is the sequence of Gram
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14 GARBALIAUSKIENE, SIAUCIUNAS

points. Also known are universality theorems with weights [12], [13]. In [14], “liminf” in (1.1) was
replaced by “lim”.

More complicated are joint universality theorems when several analytic functions are approached
simultaneously by shifts of the same zeta function. The first joint universality theorem was also obtained
by Voronin for Dirichlet L-functions[15].

[t is clear that, in joint universality theorems, the approximating shifts must be independent in some
sense. So, in [15], shifts with pairwise nonequivalent Dirichlet characters were used. In [16], the
following theorem was obtained.

Theorem 1. Suppose that ay,...,a, arereal algebraic numbers linearly independent over the field
of rational numbers Q and

@(Ta)?(logTa)®/"> < H < T,
where

a = max |a;| ™! and @ = max |a;|.
1<5<r 1<5<r

Let Kj € I, and let fj(s) € Hy(K;),j=1,...,r. Then, for every ¢ > 0,

1
lim inf meas{v' € [T, T+ H]: sup sup |[((s+ia;T7)— fi(s)] < E} > 0.
T—oo H 1<j<r sekK;

Also, “liminf” can be replaced by “lim” with the exception of at most a countable set of values
e>0.

The purpose of this paper is to replace the function {(s) in Theorem 1 by an absolutely convergent
Dirichlet series.

Let §; > 1/2 be a fixed number, let u > 0, and let

0;
vuj(m):exp{—<7z> }, meN, j=1,...,n

Cuj(s)zzvuj(m), j=1,...r

mS

We define

m=1

Then these series absolutely converge in the plane o > o for any fixed 0. Inequality §; > 1/2 is related
to representation (3.2) and its application to the proof of Lemma 3, because the inequality Re(s 4+ z) > 1
must hold for s € K. Let us define another probability space. Let B(X) denote the Borel o-field of the

space X. We put
Q= H Yp»

where P is the set of all primes and 7, = {s € C: |s| = 1} for all p € P. With the product topology
and pointwise multiplication, the set €2 is a compact topological Abelian group by Tikhonov’s theorem.
Therefore, Haar probability measure can be defined on (€2, B(2)). Further, let

Q=0 x---xQ,

where €; = Q forall j =1,...,r. Then Q is again a compact topological group and there is a Haar
measure my on (£2,B(€2)). We obtain the probability space (Q2,B(2),mp). Let w(p) be the pth
component of an element w; € Q4,7 =1,...,7,p € P. Let H(D) denote the space of analytic functions

in the strip D, functions equipped with the topology of uniform convergence on compact sets. Let
H"(D)=H(D)x ---x H(D), w=(wi,...,wp) €Q,

~~ -
T
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JOINT UNIVERSALITY OF CERTAIN DIRICHLET SERIES 15

and, on the probability space (2, B(2), my), we define the H"(D)-valued random element
C(S,UJ) = (C(S,Wl), s 7C(S7WT))7
where
wi(p)\ ™
((s,wj):H<1— - > , j=1...,r
peP p
For almost all wj, this product converges uniformly on compact subsets of the strip D. Then the

following statement holds.

Theorem 2. Lef ay,...,a, and H be the same as in Theorem 1; let up — oo and up < exp{o(T)}
as T — oco. Let Kj € K; let fij(s) € Hy(Kj), j=1,...,r. Then, with the exception of at most a
countable set of values ey > 0,...,e. > 0, the following limit exists:

1
lim meas{T € [T, T+ H]: sup |Cupi(s+iar17) — fi(s)| <er,...,
T—oo T

seK
SUp [Gurr (s +ia,7) = fo(s)| < & }
SGKT
- mH{w €Q: sup [C(s,w1) — fi(s)] < ey, sup |C(s,w,) — fu(s)] < sr} > 0.
seKy seK,

Theorem 2 is derived by a slight modification of Theorem 1 and from the proximity of functions {(s)
and (,;(s) by using the method of characteristic functions. For absolutely convergent Dirichlet series,
one-dimensional universality theorems were obtained in [17]-[20].

2. JOINT UNIVERSALITY OF THE FUNCTION ((s)
For brevity, let
((s+iar) = (¢(s+ia1,7),...,( (s +ia,7)), a=ay,...,a,
and, forsets A € B(H" (D)), let

Pru(A) = I:;meas{v' €T, T+ H]:{(s+iar) € A}.

Lemma 1[16]. Suppose that a1, ...,a,, and let H be the same as in Theorem 1. Then, as T — oo,
Pr i converges weakly to the distribution of the random element ((s,w), i.e., to the measure

P(A) Y mplweQ:((s,w) € A},  Ae B(H(D)).
In addition, the set
({g€ H(D):g(s) #0 or g(s)=0})"

is the support of the measure P.

Lemma 2. Suppose that ai,...,a, and H are the same as in Theorem 1. Let K; € K and
fi(s) € Hy(K;), j=1,...,r. Then, with the exception of at most a countable set of values
e1>0,...,e. >0, the following limit exists:

1
lim meas{T €T, T+ H]: sup |[C(s+iar1T) — f1(s)] < e1,..., sup |((s +ia,7) — fr-(s)| < ET}
T—oo T seKq seK,

—my{we Qi sup [¢(s,01) = fils) < er,onssup [C(s,00) = fols) <& f >0,
seKq seK,
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16 GARBALIAUSKIENE, SIAUCIUNAS
Proof. Let the mapping h: H"(D) — R" be defined by the formula

Bgts- o s90) = (50 |91(5) = Fi(s)]s - sup [gr () = Fr(s)]), (gns--0) € H'(D).
seKy seK,
Then h is continuous. Therefore, from the properties of the weak convergence of probability measures
and from Lemma 1, we find that, as T — oo, PT,Hh_1 converges weakly to Pch_l, where
Pruh ™ (A) = Pru(h™tA), Ph ' (A)=P(h'A) forall AeB(R").

It is well known that the weak convergence of probability measures on (R", B(R")) is equivalent to the
weak convergence of distribution functions. Let us define the distribution functions

1
Fru(el,...,e) = meas{T € [T, T+ H]: sup [((s+ia17) — f1(s)| < e1,y...,
H seK
sup [C(s +ia,7) = fo(s)] < .
SEKT
F(Ela v 757“) = mH{w € sup ‘C(Sawl) - fl(s)‘ <é€1,..., Sup |<(S7w7“) - fT(S)‘ < ET}'
seKy seK,
Then we see that, for T'— oo, Fr pg(e1,...,¢e,) converges weakly to F(eq,...,¢,), i.e., converges for
€1,...,&r, such that the one-dimensional distribution functions F'(¢1,00,...,00),..., F(co,...,00,&;)
are continuous. Since the distribution function has at most a countable set of points of discontinuity, the
lemma will be proved if we show the positivity of F'(e1,...,&.).

By Mergelyan’s theorem on the approximation of analytic functions [21], here exist polynomials
p1(8), ..., pr(s) such that

sup |f1(s) —ep1(8)| <! , ,sup |fr(s) —ep’“(s)| <o (2.1)
seK, 2 s€K, 2
By Lemma 1, the collection (eP*(*) ... ePr(*)) is an element of the support of the measure P;; hence
Pe(Gey,..e) > 0, (2.2)

where

Gey,ooep = {(gl, .. gr) € H'(D)

g g
: sup [91(s) — O] < 5L sup Jgn(s) — 79| < }
seK 2 seK, 2

However, it follows from inequalities (2.1) that the set G, .. ., lies in the set

{(gl,...,gr) € H"(D) : sup |g1(s) — f1(s)| <e1,..., sup |g-(s) — fr(s)| < Er},
seKy seK,

which, together with (2.2), proves that F'(eq,...,&,) > 0.

3. PROXIMITY OF ((s) AND (y,.(s)
Letd >1/2,u >0,

Let us prove the following statement.
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JOINT UNIVERSALITY OF CERTAIN DIRICHLET SERIES 17

Lemma 3. Suppose that ai,...,a. and H are the same as in Theorem 1. lLet up — oo and
up < exp{o(T)} as T — oo. Then, for every a € R\ {0} and any compact set K C D,

T+H
lim / sup |((s + tat) — Cup (s +daT)|drT = 0.
T—o00 H seK

Proof. It was found in[16]that, for a fixed o € (1/2,1) and for every 7 € R,

T+H
/ (o + dar + iv) 2 dr <p0 1+ o). 3.1)
H Jr
For (. (s) in the strip D, we have the following representation [3]:
1 [oiee dz 2 (z\ ,
Cup(8) = o /e_ioo C(s+ 2)ly,(2) L where 1,,.(z) = 9F<9>uT. (3.2)

Let K C D be a fixed compact set. Then there will be an € > 0 such that, for every s = o + it € K,

the inequalities 1/2 + 2¢e < o < 1 — ¢ will hold. For such o we have = 1/2+4 e — o0 < 0. Therefore,
representation (3.2) and the residue theorem lead to the equality

0+ico . .
Cur(s) = C(s) = ! , /@‘ C(s 4 2)luy(2) d + lup (1= s) '

211 —ioo

After elementary transformations, this formula can be written as

T+H
/ sup [((s +iat) — Cup (s +daT)|dr
H seK

1 T+H 1
<</ < / C( +€+ia7+iv>
—oo\H JT 2

1 T+H
+ su
H /T ek
©1(T) + I(T). (3.3)

The gamma function I'(o + it) satisfies the estimate

dv

d7'> sup lup(1/24 ¢ — sfiv)
sck| 1/24e—s+iv

lyp (1 — s —iar) dr

1—s—1ar

I'(o +it) < exp{—c|t|}, c>0,
which is uniform in any strip o1 < o < 09. Hence
lup (1/2 4+ € — s+ iv) 1/2+5 - c _
UT1/2+€—s+z'v < exp —0|v—t| <o,k up” exp{—cy|vl}, c1 > 0.

From this and estimate (3.1), we obtain

oo

L(T) €enor us® / (14 [o])2 exp{—cilo]} dv €enp i uz®. (3.4)

—00

Similarly, we find that, for all s € K,

lypn(1—5—1
R e L
Therefore,
1/2-2
L(T) <o.x uT/ “ exp{—cz|a|T}.

Since up < exp{erT} as ep — 0, in view of (3.4) and (3.3), we obtain the assertion of the lemma.
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18 GARBALIAUSKIENE, SIAUCIUNAS
4. PROOF OF THEOREM 2

Theorem 2 readily follows from Lemmas 2 and 3.

Proof of Theorem 2. It suffices to show that the distribution function

~ 1
Fru(el,....e) = meas{T €T, T+ H]: sup |Cup(s+ia17) — fi(s)] <eq,...,
H seKq
sup [Cuy (s +iar7) — fr(s)] < 57"}
SEK'!'
as T' — oo converges weakly to the distribution function F'(e1, ..., ;). To do this, we use the method of
characteristic functions. Let o7 g (vi,...,v), @r.u(v1,...,v.), and p(vy,...,v), v1,..., 0. € R, be
the characteristic functions, respectively, of the distribution functions Frr g (e1, ..., &r), ﬁTﬂ(sl, CesEr),
and F(eq,...,er). It is well known that the weak convergence of distribution functions implies the

convergence of the corresponding characteristic functions. Therefore, from the proof of Lemma 2, we
obtain

or (i, ...,v) =@(v1,...,v) +0(1) (4.1)

uniformly over |v;| < Cj for any 0 < Cj < o0, j =1,...,r. From the definition of the characteristic
function, we obtain

o0 o0
Gra(vr,... v) :/ / expli(e1vr + -+ ervn) Y dBpu(er, .. 2)
— 00 — 00

1 T+H
= I / exp{ (211 sup |CuT1(S + 2(117') (3)| +oe

T seEK1
+ vy sup |Cupr (s +ia,7) — fr(s)|)}dr
SGKT
T+H
= v,...,v ex v; su upi(s +1a;
o1 (v H/ < P{ 3221 JSG}? [e T]( 3T T) — f]( )|}

~ e Sy sup [C(s + fagr) — Hlf) ar

=1 scK;

1 T+H r
~raoncoon)+ [ exp{z' e sup €(0 + i)~ £(5)]

seEK;

(o o 2p sto 7)o

j=1 s€K;

— sup |¢(s +ia;7) — fj(s)|)} - 1> dr.

SEKj

Thus, by virtue of the inequality le®” — 1| < |v|, v € R, and the triangle inequality, we have

o1 (v1s- s vr) — o (ve, .- 0p)]
T+H r
< H/ 2 s o+ i) = 500 = 3 s+ 57) = 500
s€K; seK;
T+H
< HZ|’U]|/ Sseup IC(s +ia;T) — Cuj(s + ta;T)| dr.
.7

Hence, from Lemma 3 and (4.1), we obtain

orH(vL, - vr) = @(v, ..., vp) +0(1)
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JOINT UNIVERSALITY OF CERTAIN DIRICHLET SERIES 19

uniformly over |v;| < Cj, for any C; < oo, j = 1,...,r. Therefore, F\Tﬂ(sl, ..., &) converges weakly
to F'(e1,...,&,), and the theorem is proved.
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