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Abstract—The paper examines the following question: Under what orders of monotonicity are the
upper and lower bounds of the sum of a cosine series near zero valid if they are obtained using the

function ng:/g] (n+1)A(a),?
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1. INTRODUCTION

One of the classical problems of the theory of trigonometric series is to obtain asymptotic estimates
near zero of sums of trigonometric series with monotone coefficients. The first of the works in this
direction, apparently, is the paper [1] of Salem; see also [2, pp. 668—676]. The research was
later continued in the works of Telyakovsky [3], Popov and Solodov [4], Popov]5] and many other
mathematicians.

However, in this problem, the properties of sine and cosine series differ significantly. If sums of sine
series with monotone decreasing coefficients

[o¢]
E an sinne,
n=1

where z € (0, 7), are usually estimated using the expression
[m/]

hiz)=x Z nay,
n=1

then, for a cosine series with monotone decreasing coefficients

ag >
n Y 1
5 + nz::la cos nx (1)
a similar role is played by
[7/z]
q(z) = Z (n+1)Aay,
n=0

where Aa,, = a, — ap11,n=0,1,....
In this note, we will focus our attention on cosine series.
The classical version for an upper bound is as follows.

"E-mail: dyach@mail.ru

894



ASYMPTOTICS OF SUMS OF COSINE SERIES 895
Theorem A. et the coefficients of the series (1) satisfy the conditions a, — 0 as n — oo and
AQ(a)n = A(Aa), = ap — 2ap41 + Gpyo >0

for n=0,1,.... Then if f(x) is the sum of the series (1), then, for x € (0,7), the following
estimates hold:

0 < f(x) < 5q(x). (2)

Of course, the constant 5 is not optimal, but questions about best constants in inequalities are not
discussed in this paper.

For lower bounds, a greater ‘degree” of monotonicity is usually required. The following statement is
known.

Theorem B. Let the coefficients of the series (1) satisfy the conditions a, — 0 as n — oo and
A*(a), = AA(A(@)))n = an — 3an+1 + 3an42 — Gnyg > 0

forn=0,1,.... Then, for some constant C > 0, if f(z) is the sum of the series (1), then, for
€ (0,1], the following estimate holds:

f(x) > Cq(x). (3)

Unfortunately, the authorship of Theorems A and B is, apparently, unknown, but, for many years,
these theorems have been included in special courses for students. It is also known that estimates (2)
(even with another constant on the right-hand side) is, generally speaking, no longer valid if only the
monotonicity of the coefficients a,, is required, while estimate (3) does not hold under the conditions
of their convexity. In this connection, it is of interest to consider the problem on classes of fractional
monotonicity, which were previously introduced by the author in [6].

Let us give the corresponding definitions.

Definition 1. Let —oo < a < oco. By Cesaro numbers {AS}22, we mean the coefficients of the
expansion

1—az) =) A%"
n=0
forz € (0,1).
The following properties of these numbers are known (see [7]):

1) AS =1forn=0,1,... and AS = 1 for any «;

2) ifa# —1,-2,..., then there are constants C; > 0 and C3 > 0 depending only on « such that
Con® < |AS| < Cin®

foralln > 0;

3) for @ > —1 and any n, AY > 0; for a > 0, AS T o0 as n — oo; and, for —1 < a <0, AY | 0 as
n — oo;

4) the following equality holds:

n
D an Ay = Ayt
k=0

forall ¢ and 8, and n = 0,1,... . In particular, AY — AY | = A%~1,
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896 D’YACHENKO

If a number sequence a = {a, }°2, and a real « are given, then we denote

o
Aa(a)n — ZA];a_lan+k
k=0
forn =0,1,... inthe case where such a sum exists, for example, if &« > 0 and the sequence a is bounded.

Definition 2. Let a > 0, and let a be a sequence of real numbers. Then we say that a € M, ii
lim,, o a, = 0and A%*(a), > 0forn=0,1,....

[t follows from Definition 2 that the class M coincides with the class of zero-tending sequences of
nonnegative numbers, and M is the class of monotone nonincreasing sequences tending to zero, etc.
In addition, the author found that, fora > 8 > 0, the inclusion M,, C Mg is valid (see [6, Lemma I, item

b)]).
It should be noted that many important auxiliary results needed for the study of monotonicity of
fractional order were established by Andersen [8].

The purpose of this paper is to obtain additions to Theorem A and to strengthen Theorem B in terms
of fractional monotonicity. More precisely, the following statements will be established.

Theorem 1. For any a € (1,2), there exists a sequence a € M, and a monotone zero-tending
sequence {t;}7°, such that

—0asl — oo,

where f(x) and q(x) were defined abouve.

Theorem 2. Let o> 2. Then there exists a constant C' = C(«) > 0 such that if the sequence
a is contained in M,, then, for x € (0,7/6), the sum of the series (1) satisfies the inequality

f(z) = Cla)q().

It should be noted that the interval (0,7/6) in Theorem 2 is not definitive, and the question of how
much it can be extended remains open.

In the section “Additions”, some related problems will be discussed and also, for completeness, we
will prove that, in Theorem 2, we cannot take oo = 2.

2. AUXILIARY RESULTS
The following results were established by the author in [6].

Lemma 1. Let, for the numbers a, v and the sequence a, one of the following conditions holds:
a) a<0,7<0,anda e My;
b) a>0,v<0,anda € M,;
c) v>0, = —v,a€ My, and there exists a bounded sequence {A“(a),} 2.

Then
0 < A7(A%(a)), = A'T*(a), forn=0,1,....

Note that, in items a) and b) of Lemma 1, infinite values are not excluded.
For o > 0, denote

Ac-1 n
Ko (z) = ”2 + Z A" coskx
k=1

forn=0,1,....
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ASYMPTOTICS OF SUMS OF COSINE SERIES 897

Lemma?2. let 1l < a < 2,andleta € M. Then, forn=0,1,... and x € (0,7),

+Zakcoskx—ZAa K5 () +o(1)

asn — oQ.

Corollary 1. Let1 < a < 2, and let a € M. Then, for x € (0, ),
Z AY(a), K (x

We will need another auxiliary statement.

Lemma3. Let o € (0,1). Then there exists a constant Cs = Cs(«) > 0 such that, for any sequence
a € M, and for any natural numbers ki < ko < ks for which ko — k1 > (ks — k1) /4, the [ollowing
inequality holds:

Proof. Let us define the sequence b = {b,}>2, where b,, = A%(a),, forn =0,1,... . By assumption,
this is a sequence of nonnegative numbers and, by Lemma 1, b), we have

an = A7%(b), = i A, = Z A lp,,.
r=0

But then
ko 00 ko v 00
Zan:ZZAalby—Zbl,ZA —|—ZbZAO‘1:ZbeV. (4)
n=k1 n=ky v=n v=k1 n=ki v=ko+1 n=ki v=k1

Similarly,

k k v [e9) k 0
ORI DI PP =Pl SIS ST SEN ) 5)

n=k1 v=k1 n=k1 v=k3+1 n=ky v=k1
Note that, for k1 < v < ko,
fv =1 (6)
Ifhy +1 < v < ks, then

1 C
fo > Co(v — k) kg — k1 +1) > Cy(ks — kl)a‘14(k3 — k) = 42 (ks — k),

where the constants €'y and C given below are taken from property 2) of the Cesaro numbers, while

v—k1 v—k1
f = Z AY Z APTL <G> (r+ D) < Cyla) (ks — F)®
n=ki r=0

Thus, for ks + 1 < v < k3, we have

fo = C5(a)fy, (7)
where the constant Cs5(«) > 0 depends only on a.
Further, let k3 + 1 < v < 2ks — k. Then, since v — k; < 2(ks — k1), we obtain

1
fz/ > 02(1/ — k‘l)a_l(k‘Q — k1 + 1) > 2a_102(k3 — k‘l)a_14(k‘3 — k‘l)
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898 D’YACHENKO
= 2a_302(k3 — k‘l)a 2 022_3(1/ — k‘l)a,

and, further,

v—k1
fL<C (r+ 1) < Cula) (v — k)™,
r=0
Therefore, also for k3 + 1 < v < 2k3 — k1, we have
fo > Co(a)fy, (8)

where the constant Cg(a«) > 0 depends only on a.
Finally, let v > 2ks — k1. Then

fo = Co(v— k) Hky — k1 + 1),
and, further,
f, < C1(v —k3)* (ks — k1 + 1).
Note that ko — k1 + 1> (ks — k1 +1)/4dandv — k1 = v — ks + ks — k1 < 2(v — k3), whence
(v — k)t > 207y — kz)o L,
Therefore, in this case, we have
fo = Cr(a)f), (9)

where the constant C7(«) > 0 depends only on .. Let us put C5 = min(1, C5, Cg, C7). Now the result
of Lemma 3 follows from (4)—(9) and the nonnegativity of the numbers b,,.

3. MAIN RESULTS

Proof of Theorem 1. Because of the embedding of the classes M,, we assume without loss of
generality that o € (3/2,2). Let {m;}{°, be an increasing sequence of natural numbers that satisfies
the following conditions:

1) all the my are fourth powers of natural numbers;

2) myp1 >milorl=1,2,...;

3) my 1% > 100tmy forl = 1,2,

4) mq > 100.
Let us define the sequence b as follows:
1 -l
0_1 fOFT:ml, l:1,2,...,
b, = ¢ Am,
0 for the other r.

Note that, for any n > 0,

iAg—lbn+k = Z Ag;injlg:ll < Z 10~
k=0

m;>n my mp>n

Thus, there exists a sequence tending to zero, {A~%*(b),}2%,. Let us put a, = A~%b), for
n =0,1,... and consider the series

a >
n . 10
9 —l—nz_:la coS Nx (10)

MATHEMATICALNOTES Vol. 110 No.6 2021



ASYMPTOTICS OF SUMS OF COSINE SERIES 899

By Lemma 1 ¢), for all n we have A%(a),, = b, >0, i.e., a € M, C M;. Therefore, the series (10)
converges for z € (0, 7) to some function f(z). By Corollary 1, for x € (0, 7) we have

[e.e]

ZA a) K2( —ZAa_l K2 (2). (11)

=1 """

In Zygmund’s book [7], the following estimates were established:
K2 (x)

Aot <r-+1 (12)
forr =0,1,... and all «,
f;( D < Ce(apretia (13)
forr =1,2,... and z € (0,7), where the constant Cg(«) depends only on «;
K2(x) 1 sin((r+a/2)z —m(a—1)/2) 20(a—1)
Aol T ga-t (2sin(z/2))° T (25in(z/2))? (14

forxz € (0, ), where |0] < 1.
Forall I, we put n; = /my. Obviously, there exists a ¢; € (7/(2n;), 2m/n;) such that

) o' m(a—1)
t — =1
sin < (ml + 2> i 9 >
Hence, using (14), we obtain

Ky, (t) _ Cola)nf _ Cro(a)nf
Apt T o omp my

= Cy(a)m, /2 — Cio(a),

where the positive constants Cy(c) and Cig(a) depend only on . Combining this with formu-
las (11)—(13), we see that, for any [,

o0

it > 107Gl — Cuale - X 0 e 0l = 30 10 i o

A%T1| myr

r=1 r=[+1
> 1074 (Co(a)ym; " = Cio(a 210 (me +1) = > 107" Cs(a)m, *Fng
r=Il+1
> 107 (Cy(a)m; ~*? — Cro(a)) — 2my_1 — Y 107" Cs(a)
r=Il+1
> 092( ) 10-tm 1=ef2 (15)

where [ is sufficiently large.
Let us now estimate ¢(¢;). Obviously, if > 1 > 1 and k < 2ny, then m,, — k > m,. /2, and hence

AL Ze _ Ci@)(my — k)2 _2270Ci(a) 1 _ Cula) _ Ci(a)

A?nrl — Cylamt T Col) me omy Ty
Therefore,
2ny mp—1 2ny
gt) <) (k+DA@)r = > (k+DA@E+ > (k+1)AA (b))
k=0 k=0 k=mj_1+1
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900 D’YACHENKO
2ny
<(mia+Dag+ Y, (k+DAATHA (b))
k=m;_1+1
2ny
<(mii+Dag+ Y (k+ 1A (b),
k=m;_1+1
2ny

—-T
< (mis+Dag+ 2 +1) > ZAmT—k Aa 1
k=m;_1+1 r=I

< (my_1 + ag + (2n; +1)2n 210— (my_1 + 1ag + Cra(a). (16)

Formulas (9), (10) and Condition 3) imposed on the sequence {my;};°, imply the result of Theorem 1.

Proof of Theorem 2. Without loss of generality, we can assume that o € (2,3). Since, in particular,
a € My, forz € (0,7), it follows that

1 —cos(n+ 1)z

=2 M@nKa(@),  where Kn(@)=" ) Cho o

For brevity, we denote b, = A%(a),, forn = 0,1,... . Then we have the sequence b = {b,,}°; € M,_o.
Further,

[/z] 00
= bKp(@)+ D buKn(z) =51+ So.
n=0 n=[m/z]+1

[i0 <n < [r/z], then

2sin?((n + 1)35/2)

Kn(z) > 22 = (" +1)%
Hence, applying the Abel transformation, we obtain
1 [/l 1 [/ [r/z]
> 2 A2 _ _ 2
S1_1OZ(n—|—1)A(a) 102(71—1—1 n? ZA
n=0
1 1712,

Note that, forany = € (0,7/6) and for any natural k, the interval [[(2k — 1)7r/2] 4+ 1, [(2k — 1/3)7/x]]
will contain at least a quarter of integer points from the segment [[(2k — 1)7 /] + 1, [(2k + 1)7/z]].
Hence, taking into account the nonnegativity of the Fejér kernels and Lemma 3, we obtain

oo [(2k+1)m/x] oo [(2k—1/3)m/z]
=y 3 bnFn(z) > > > b K ()
k=1n=[(2k—1)7/x]+1 k=1n=[(2k—1)7/z]+1
oo [(2k—1/3)m/x] 0o [(2k—1/3)7/x]
22 Z Z bn(1 —cos(n+ 1)z 8:L‘2 Z Z by,
k=1n=[(2k—1)7/x]+1 k=1n=[(2k—1)7/x]+1
o [(2k+1)m/x]
CS 1
Z Y. b= Al@a (18)

k=1 n=[(2k—1)7/x]+1
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ASYMPTOTICS OF SUMS OF COSINE SERIES 901

Now if
7] 1 1
A @)/ < al@),

x

then the result of Theorem 2 follows from (17) and, otherwise, from formula (18).

4. ADDITIONS

1. Let us give an example showing that the condition a € My does not guarantee the validity of the
lower bound in terms of g(z). Let n, = 22 _ 1,k=1,2,...,and let

- k222" forr=mny, k=1,2,...,
" 0 for the other r.

Let

o
Cp = E b,
r=n

formn=0,1,... . Note that, forany & > 1, for ny < n < ngy1, we have ¢, < 2b
that the numbers

nis1» Whence it is clear

an:icl < Z ny2by, < Z 2k 2
l=n

k:ng>n k:ng>n

are defined and tend to zero as n — oo. It is also obvious that

A%(a), = b,
for all n. Thus, a € M. Let f(z) be the sum of the series (1).
Obviously,
2 l—cos(n+ 1)z o= o oml—cos2?"z
-\ ", — 2 :
/(@) 1;) 4sin?(x/2) mz::lm 4sin?(x/2)
Lett, = 2m/2% fork =1,2,... . Then
A 1 —cos 22" tr " +1 k—1
flty) =Y m 272" <) m2272"2" m~222" < 2(k —1)7222" . (19)
mz::l 4sin?(ty,/2) Z Z
At the same time,
[7/ts] 92k -1 92k 1 )
gt) =Y (+DA@), = DY (n+1DA@), > > (n+ 1)k 227 > o 924 (90)
n=0 n=0 n—2o2k—2
[t follows from (19)—(20) that
a(te) — 00
f (k)

as k — oo, which was required to verify.

2. Ifa € M, then an elementary estimate involving the Abel transformation shows that

m
‘f((l))‘ < Q(x) + T Al /z]+1

forz € (0, ).

3. It would be of interest to obtain results similar to Theorems 1 and 2 for sine series.
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