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We consider the following problem: What polygons can be cut into rectangles similar to a given
one?

The problem is very complicated and can hardly be solved in a reasonable sense in its general form.
However, there are interesting particular cases. We will show how the fact that a polygon can be cut
into equal rectangles allows one to determine whether the polygon can be cut into similar rectangles
with a prescribed aspect ratio. By a polygon we mean a closed connected bounded part of the plane
bounded by one or several nonintersecting and non-self-intersecting closed broken lines. In particular,
the polygon need not be simply connected. We denote Q[/p] = {a + b\/p : a,b € Q}.

Theorem. Let a,b,p € Q, p >0, and /p ¢ Q. Assume that a polygon all of whose sides belong
to Q[\/p] is cut into equal rectangles with aspect ratio y € R. The polygon can be cut into similar
rectangles with aspect ratio a + b./p if and only if the rectangle with aspect ratio y can be cut into
similar rectangles with aspect ratio a + by/p.

Corollary 1. Let the assumptions of the theorem be fulfilled. Then:

(1) if a—by/p > 0, then the polygon can be cut into rectangles with aspect ratio a + b\/p if and
only if

y6{6+f\/p:e,f€<@,e>0, /1 < |Z|};

e

(2) ifa—by/p <0, then the polygon can be cut into rectangles with aspect ratio a + b\/p if and
only if

le]

ye{e+f¢p:e,fe@,f>0, o< 'Z'}.

As another consequence, we consider the case of cutting a “square with a hole” (Fig. 1).

Corollary 2. Let a,b,p € Q, and let \/p ¢ Q. Consider a polygon between two homothetic
concentric squares with sides u > v. Then
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Fig. 1.

(1) ifa—0by/p >0, then this polygon can be cut into rectangles with aspect ratio a + b/p if and
only if

U+ v

u—v (&

E{e+f\/p:e,f€@,e>0, |f|§ |2|},

(2) ifa—0by/p <0, then this polygon can be cut into rectangles with aspect ratio a + b\/p if and
only if

U+ v
uU—"uv

€ {e+f\/p:e,f€@,f>0, |;| < |Z|}

We briefly consider the history of the problem of cutting rectangles into similar rectangles. For
details, see, e.g.,[1, “Survey of known results”]. One of the first nontrivial results was the fact proved by
M. Dehn in 1903 that only the rectangles with rational aspect ratio can be tiled by squares [2]. In 2016,
F. Sharov[1] generalized Dehn’s theorem determining all rectangles that can be cut into rectangles with
a given aspect ratio from Q[,/p]. Using Sharov’s theorem, we will obtain the theorem and Corollaries 1
and 2. In [3], Freiling, Laczkovich and Rinne found an algebraic criterion for the possibility of cutting a
rectangle into similar rectangles. However, this criterion does not provide an algorithm for verifying the
possibility of a given cutting.

We fix a number p € Q such that p > 0, \/p ¢ Q. A polygon is said to be good if its sides have the
form a + B,/p for some «, 8 € Q. Starting from that point, we assume that the sides of all polygons
under study are parallel to the coordinate axes, i.e., they are vertical and horizontal.

We will use the following notions similar to those introduced in [4], cf. [3].

Definition 1. A basis is an ordered set of real numbers linearly independent over the field Q[,/p]. We
will say that a number can be written in the basis (e, eo, . .., e ) if it is equal to a linear combination of
the numbers ey, e, .. ., e with coefficients from Q[,/p].

Definition 2. Let £ = (e, eq,...,¢e) be a basis, and let z € R. The z-area in the basis E (or the
Hamel area) of a rectangle

(a161 + ageg + - -+ + akek) X (b161 + boeg + -+ - + bkek),
is defined to be the number (a; 4+ az2)(b1 + b2z), Where ay, ag, ..., ag, by, ba, ... by € Q[\/p].

Lemma 1. /f a rectangle is cut into rectangles whose sides can be written in a basis FE, then the
z-area in the basis E of the considered rectangle is equal to the sum of z-areas in the basis E of
the rectangles into which it was cut.

Proof. The proof of this property of z-areas almost word for word repeats the proof of Lemma 8 in [1].

Lemma 2 (see Fig. 2). For any good polygon M whose angles are multiples of 90°, there are good
rectangles R, Ry, ..., R, such that R can be cut into M, Ry, ..., R,.
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Proof. The sought rectangle R was obtained as the intersection of continuations of the highest and
lowest horizontal sides of the polygon M with its leftmost and rightmost vertical sides. To obtain the
other sought rectangles Ry,..., R,, we extend each side of the polygon up to its intersection with the
boundary of the polygon M or the rectangle R. Thus, we obtain a good rectangle R together with the
cutting into good rectangles Ry, ..., R, and the original polygon M.

Lemma 3. /] a good polygon is cut into equal rectangles, then these equal rectangles are good.

Proof. Assume that a good polygon is cutinto N equal rectangles ¢ x d. Assume the converse, namely,
assume that one of the numbers ¢ or d does not belong to Q[,/p]. The area of a good polygon is

Necd € Q[/p]; hence if d € Q[/p], then also ¢ € Q[/p]. This means that ¢ ¢ Q[,/p] and d ¢ Q[\/p].
Consider the basis

o (c,d,1) ifthetriple (c,d, 1) is linearly independent over Q[\/p]; (1)
(1,¢) if the triple (c, d, 1) is linearly dependent over Q[,/p]. (2)

In the case (2), let d = a1 + agc for some ay, az € Q[y/p]. Then ay # 0, because otherwise, d would
belong to the set Q[,/p].

By Lemma 2, we complement the polygon to the good rectangle R. We thus cut the good rectangle R
into good rectangles and the rectangles ¢ x d. Then the z-area in the basis F of any good rectangle is
independent of z. This means that the z-area of the rectangle R is independent of z. The sum of the
z-areas of the rectangles into which is was cut is equal to Nz in the case (1) and to C + Naiz + Nagz?,
where C' is a number independent of z, in the case (2). By Lemma 1, we obtain that the z-area of the
rectangle R depends on z, because ay # 0 and N # 0. This is a contradiction.

Lemma 4. /[ a good polygon is cut into rectangles whose aspect ratios belong to the set Q[\/p],
then these rectangles are good.

Proof. Assume the converse; namely, assume that, in the cutting, there is a rectangle ¢ x k¢, where
k€ Qly/p], k>0, c¢ Q[/p]. We complement the set (1,c) to a basis as follows. Let us consider
the set of all sides of the rectangles in the cutting and, one by one, complement our set with the
lengths of the sides that leave the set linearly independent over Q[,/p]. As a result, we obtain a basis
E = (1,c,e3,...,e,). Then the z-area of an arbitrary rectangle in the cutting

(a1 + agc+ azes + - - + apey) X b(ag + azc + ages + -+ - + anen),

where b € Q[,/p], b > 0, is equal to ba? + 2bajasz + ba3z? in the basis E. The coefficient of 22 is
nonnegative for any rectangle in the cutting and positive for the rectangle ¢ x kc. This means that
the sum of the z-areas of all rectangles in the cutting nontrivially depends on z. By Lemma 2, we
complement the polygon to a good rectangle. Then the z-area of the obtained rectangle, as well as of the
added rectangles, is independent of z. Thus, by Lemma 1, we arrive at a contradiction.

We will need another notion introduced in [1].
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Definition 3 [1, Definition 5]. Let A,B,C € R, o, 3,7, 6,p € Q, and /p ¢ Q. Then the ABC-area of
the rectangle (a + 8,/p) X (v + 6,/p) is the number S := ayA + adéB + ByB + 36C.

Example. Letp =2, A= —1, B =1,and C € R. Then the ABC-area of the rectangle (v/2 4+ 1) x 11is
equal to 0, and the ABC-area of the similar rectangle (v/2 — 1) x 1 is equal to 2.

Lemma 5 [1, Lemma 8]. If a rectangle is cut into good rectangles, then the ABC-area of the cut
rectangle is equal to the sum of the ABC-areas of the obtained rectangles.

Definition 4. Assume that there is at least one cutting of a given good polygon into good rectangles.
Then we let the ABC-area of the polygon be equal to the sum of the ABC'-areas of all rectangles in
any such a cutting.

Now we prove that the ABC-area of a polygon is well defined.

Lemma 6. /] a polygon is cut into good rectangles in two ways, then the sum of the ABC-areas
of the rectangles is the same in both cases.

Proof. By Lemma 2, we complement the polygon to a good rectangle. By Lemma 5, for the obtained
cutting of a good rectangle, the ABC'-area is equal to the sum of the ABC-areas of the added good
rectangles and the ABC'-areas of the rectangles into which the polygon was cut. Thus, the sum of
the ABC'-areas of the rectangles in the cutting is equal to the difference between the ABC-areas of
the rectangle and of the added good rectangles, and for them, the ABC'-area is defined uniquely and is
independent of the cutting. Thus, the ABC'-area of the polygon is also independent of the cutting.

Now we formulate a lemma which we use to derive the theorem.

Lemma 7. Let a,b,e, f,p€Q, \/n ¢ Q, e+ f\/p>0, and a+by/p > 0. Assume that one of the
following two conditions is satisfied:

flje>1bl/a;
el/f > lal/b.

In the definition of ABC-area, we put A = f, B = —e, and C = (2fa®/b?) — pf. Then

(a) a—by/p>0,
(b) a—b\/p <0,

(1) the ABC-area of the rectangle with sides e + f/p and 1 is zero;

(2) the ABC-areas of all rectangles with aspect ratio a+ b\/p and sides from Q[,/p] are
different from zero and have the same sign.

Proof of the theorem (under the assumption that Lemma 7 is proved). We will prove the “only if”
part. We consider two cuttings of a polygon: the first, into equal rectangles, and the second, into similar
good rectangles. Then by Lemmas 3 and 4, the sides of all these rectangles belong to the set Q[,/p].
Without loss of generality, we assume that the sides of equal rectangles in the first cutting are equal to
e+ f./p and 1 (this can be achieved with appropriate homothety). If the numbers a, b, p are such that
both conditions (a) and (b) of Lemma 7 are not satisfied, then, by the “if” part in Theorem 1 in[1], we
obtain the required cutting of the rectangle with aspect ratio y (for the direct construction of the cutting,
see [5, Sec. 1]). Otherwise, by assertion (1) in Lemma 7, the ABC-area of the polygon is equal to zero
(as the sum of the ABC'-areas of equal rectangles). But by assertion (2) in Lemma 7, the sum of the
ABC(C'-areas of the rectangles with aspect ratios a + b,/p is always different from zero. Therefore, the
ABC'-area of the polygon is not equal to zero. This is a contradiction.

[t remains to prove Lemma 7. In fact, it was proved in [1, pp. 209—211, see “Proof of the main

theorem forn = 17], but it was not explicitly formulated there. We here present its proof, which is actually
borrowed from [1].

MATHEMATICALNOTES Vol. 110 No.5 2021



730 NOVIKOV
Proof of Lemma 7. (1) The ABC'-area of the rectangle (e 4 f,/p) x 1is equal to

2
S:e-l-f+e'0-(—e)+f-1-(—e)+f'0'<2€; —pf>:0.

(2) Let us consider the rectangle (oo 4+ 8/p) x (v + d/p ), where

v+ dyp
a+ By/p

Then v +6/p = aa + pBb+ \/p (Ba + ab), and hence v = aa + pBb, § = fa + ab. Therelore, the
ABC'-area of the rectangle can be written as

=a+by/p.

2
Szavf—ﬁve—aée—l—ﬁd(zzs —pf)

2fa?

= af(aa + pBb) — fe(aa + ppb) — ae(fa + ab) + ,6’< B2

- pf> (Ba + ab)

= a2(fa— eb) +204,3<f22 — ea> +52<2£§3 _pfa—peb>.

We note that if condition (a) is satisfied, then we have a —b,/p > 0 and a + b,/p > 0, and hence
a > 0. Since |f|/e > |b|/a in this case, it follows that e > 0. We have

If1, 10l f
(&

=+ <—

e a
If condition (b) is satisfied, we similarly obtain fa — eb # 0. Thus, fa — eb # 0 in both cases (a) and
(b). Therefore, the expression S/3? is a square trinomial in o/3. We show that its discriminant D is

negative. Thus, we prove that, for fixed numbers a, b, e, f the quantity S is either always positive or
always negative.

#'b' s fa Al = fatbe.

Indeed,
D 204 92fead 9 244 9 feq3
_f ;l _ 2fea 4 e?a? f2a 4 pf2a® + pfach+ fea® Dfach — et
4 b b b b
2.4 2,2
- J;za +e%a? + pfia® - pe'd? = (a® — pb?) <62 - fbg > <0,

because, under condition (a), it follows from the statement of the lemma that the first bracket is positive
and the second bracket is negative, and conversely, under condition (b).

Thus, assertion (2) is proved, as well as the assertion of the theorem.
Now we prove the above-formulated corollaries.
Proof of Corollary 1. The proof immediately follows from the theorem and [1, Theorem 1].

Proof of Corollary 2. We cut the square with a hole into four equal rectangles (u + v)/2 x (u — v)/2;
see Fig. 3. We put w = 1 without loss of generality.

If (u+v)/(u—v) € Q[/p], then the square with a hole is a good polygon and, by Corollary 1, we
obtain Corollary 2.

If (u+v)/(u—v) ¢ Q[/p], then Corollary 1 cannot be applied, because the polygon is not good.
We will prove that, in this case, the square with a hole cannot be cut into rectangles with aspect
ratio a + b,/p. Assume that there exists a cutting into rectangles with aspect ratio a + by/p. Adding
the square v x v to the cutting, we obtain a cutting of the square u x u. By Lemma 4, the sides of
all rectangles in the cutting (including the square v x v) lie in the set Q[,/p]. Then v € Q[\/p] and
(u+v)/(u—v) € Q[/p]. Thisis a contradiction.
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u—v

U+
2

Fig. 3.

The theorem does not imply any universal method for solving the problem formulated at the beginning
of the paper. For example, there is a good polygon which can be cut into similar good rectangles, but it
cannot be cut into equal ones. Figure 4 shows such a polygon and its cutting into similar rectangles.
The proof of the fact that it cannot be cut into equal rectangles is omitted.

In conclusion, we formulate several open questions related to the theorem in the form of problem.

V241

V2+1
V242

[ I

V2
Fig. 4.

Problem. Does the theorem remain true if “a +b\/p” is replaced in it by:

(1) thesetay +bi\/p,...,an+bny/p € Q[/p](to which the aspect ratios of the rectangles must
belong);

(2) the root r of a polynomial of degree 3 with integer coefficients (and Q[,/p] is replaced
by Q[r]);

(3) anarbitrary r € R (and Q[\/p] is replaced by R)?
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