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Abstract—Solvability and regularity of the solution of the Dirichlet problem for the Prandtl equation
u(z) 1 /1 u'(t)

plz) 27 ), t—xdt: /(@)

is studied. Here p(zx) is a positive function on (—1,1) such that sup(1 — 2?)/p(z) < co. We
introduce the scale of spaces f]s(—l, 1) in terms of the special integral transformation on the interval
(—1,1). We obtain theorems about the existence and uniqueness of the solution in the classes
H*(—1,1) with 0 < s < 1. In particular, for s = 1 the result is as follows: if 7}/2f € Ly, then

=Y 2u,r/2u’ € Ly, where r(z) = 1 — 22,
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INTRODUCTION
0.1. The Prandtl Equation: Physical Motivation
The Prandtl equation
1 bd(t)
uw) =pla)y [ ) de=p@p@). a1 = u(r) o (0.1)

is one of the universal equations of mathematical physics. It is used in almost all cases when thin plates
(shells with boundary) are studied. In aerodynamics and hydrodynamics [1], [2], this equation describes
the circulation (the load averaged along the chord ¢(x)) on a three-dimensional thin wing with span L
in a stream running at the angle of attack «a(z) with the speed Up. In this case, p(z) = age(x)/L and
f(x) = ag(z)Uy, where ag is some constant coefficient. In magnetostatics [3], equation (0.1) describes
the surface (averaged along the thickness §(z)) magnetization induced in a thin plate of width L of a
ferromagnetic material with susceptibility »r by a transverse external magnetic field with a tangential
component f(z). In this case, p(z) = »d(x)/L.

In two-dimensional mechanics [4], equation (0.1) is the main tool in the study of contact problems
and calculations of stiffeners. Equation (0.1) can be considered as the potential theory equation for the
following boundary-value problem:

A(I)(:L‘vy) =0, (:L‘vy) ERz\[_l’lL
8y(1)+($70) = 83;(1)_(35’0), T e [—1, 1], (02)
CI)+(‘T7O) - CI)_(‘T70) —|—p(m) 8yq)+(l’,0) = p(a:)f(m), T € [_17 1]7
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544 PETROV, SUSLINA

if the solution is found as a double layer potential with density w(¢):

1
O(x,y) = ! / u(t) 0 ln1

— — +)2 _ )2
on | MO g |t p= @t -7,

7=0

or for the adjoint problem (in the sense of the Cauchy—Riemann conditions)

A‘Il(xay) :O, (m,y) GRz\[—l,l],
Ut (z,0) = ¥ (z,0), ze[~1,1], (0.3)
3y 0t (2,0) — 9,0 (2,0) — 0y (p(x) 0, ¥(2,0)) = Ox(p(x) f(2)), =€ [-1,1],

if the solution is found as a single layer potential with density u/(¢):

I 1
U(z,y) = 2w/1u’(t)lnpdt, p=+(z—t)2+y2.

Boundary-value problems of the type (0.2), (0.3) arise from general three-dimensional problems, when
one of the parameters of the domain (or of the surface) becomes “thin”.

As a rule, we have p(x) > 0. This function can vanish only at the ends of the interval. In general,
the potential theory equations for boundary-value problems (0.2), (0.3) contain hypersingular operators.
In problem (0.2), this is the normal derivative of the double layer potential, and in problem (0.3), this
is the second tangential derivative of the single layer potential. However, the degeneracy at the ends
of the coefficient p(x) facing the integral operator smooths out such a singularity. In particular, if

p(z) = (1 — 2%)pg(x) and po(&1) # 0, then the operator that corresponds to the second term in (0.1)
is simply singular.

Usually, it is not possible to solve the Prandtl equation exactly!. That is why the main literature
concerning applications is devoted to the search for convenient numerical schemes. One of the most
popular schemes is the Multopp method. A significant part of the monograph [4] is devoted to the
justification of this method. However, the conditions under which the Multopp method is justified are

too restrictive (for example, the function v/1 — 22 /p(z) is required to be Hélder).

Thus, a rigorous functional study of the Prandtl equation under natural (from the point of view of
physical applications) conditions on the coefficient p(z) is very relevant.

0.2. Relation to the Theory of the Schridinger Equation with Fractional Laplacian

The integral operator in equation (0.1) can also be represented as

1Y () \/ 42
or /_1t—xdt_ a2 ().
The number of papers devoted to the study of equations with fractional Laplacian is huge. In particular,
generalized (or weak) solutions of boundary-value problems for equations of the form
(—A)u(z) + V(z)u(z) = f(x), reQCR", 0<o<l,

are constructed. A survey, some new results and extensive literature on this topic can be found in [5]
and [6]. Note that the one-dimensional case is usually not distinguished, although it has an important
feature: the boundary of the domain is disconnected (it consists of two points £1).

'The only widely known case is the elliptic wing. If p(z) = pov/1 — 22 and f(x) = 1, then u(z) = 2po(po + 2)"*v1 — 2.
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REGULARITY OF THE SOLUTION OF THE PRANDTL EQUATION o945

0.3. Main Results

We study problem (0.1) assuming that the coefficient p(z) is a positive function on (—1,1), it may
vanish for x = +1, but the order of zeros is not higher than the first degree below (see condition (1.2) on
V(x) = p(x)~1). This case includes interesting from the practical point of view examples of triangular
wing of an airplane and a composite wing with a chord break of first kind.

In Sec. 1, using the Fourier transform approach, we define the weak solution of problem (0.1) in
the class HéO/Q(—l, 1) (consisting of functions u on the interval (—1, 1) that can be extended by zero to
functions of the Sobolev class H'/2(R)). The equation is replaced by appropriate integral identity, and it

is assumed that f(z) belongs to the class dual to Holéz(—l, 1) (with respect to the pairing in La(—1,1)).

We prove theorem about the existence and uniqueness of the solution. (Of course, analogs of these
results are known; see [5].)

However, the obtained solution u € Holéz(—l, 1) does not even have to be continuous. And from the
physical point of view, one is interested in continuous solutions. Therefore, we need to investigate the
question of additional regularity of the solution (under the previous assumptions on the coefficient p(x)
by strengthening the assumptions on the function f(z)).

In the authors opinion, the Fourier transformation on the axis is not the most convenient tool for
studying the problem on a finite interval. Therefore, investigating regularity of the solution, we use a
special integral transformation &2 on the interval, which was introduced and studied in [7]. Earlier,
application of the transform &2 made it possible to solve many problems on the interval, which were
previously either solved in a much more laborious way [8] or remained open [9], [10]. The definition
and the main properties of &7 are described in Sec. 2. We introduce the interpolational scale of spaces

H*(—1,1), s > 0, in terms of the transform 2.
In Sec. 3, we give an independent definition of the weak solution

we HY?(=1,1) = HY*(~1,1)
of problem (0.1) in terms of the transiorm &, and then establish a theorem about additional regularity
of the solution. Namely, under the assumption that f_ll(l — 22)|f(z)|? dz < oo it is proved that the
solution belongs to the class H'(—1,1) (which is distinguished by condition (2.6)) and satisfies the

estimate
Y u(x)? — a2 (o2 de ! — 2\ ()12 da
[ (M - dw@p)wse [ a-i@pa

—1 1—x2

We obtain the solvability of problem (0.1) in H*(—1,1), where 1/2 < s < 1, by interpolation (under

the assumption that f belongs to the class dual to H'~$(—1,1)). For s> 1/2, the solution is
continuous on the closed interval [—1,1] and satisfies the boundary conditions w(+1) = 0. Finally, by

duality arguments, we prove solvability of problem (0.1) in ﬁs(—l, 1), where 0 < s < 1/2 (under the
assumption that f belongs to the class dual to fIl_s(—l, 1)). In particular, for s = 0 we obtain existence
and uniqueness of the so called “very weak” solution from the class ﬁo(—l, 1) (which is distinguished
by the condition [, (1 — 22)~'u(z)|? dz < o0).

Thus, the application of an adequate apparatus allowed us to introduce a suitable scale of spaces

and prove additional regularity of the solution under wide assumptions on the coefficient p(z) and the
function f(x) on the right-hand side.

1. WEAK SOLUTION OF THE PRANDTL EQUATION
1.1. Statement of the Problem

[t is convenient to denote V' (x) := p(x)~! and rewrite the Prandtl equation (0.1) with the Dirichlet
conditions as

1 !
V(@) 1/ YO g2 pw), (1) = u(1) = 0. (1.1)

Com qt—x
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546 PETROV, SUSLINA

Here and below, singular integrals are understood in the mean value sense. We assume that V(z) is a
measurable function on (—1, 1) satisfying the following conditions:

V(z) >0 forae ze(—1,1), (1—2*)V(z) <M < . (1.2)

The assumptions on the right-hand side f will be formulated later.

Our first goal is to define the weak solution of equation (1.1) and to prove theorem about existence
and uniqueness of the solution.

1.2. Definition of Weak Solutions. Approach via the Fourier Transform

As usual in the theory of weak solutions of boundary-value problems, we will first present formal
considerations that will tell us how to define the solution correctly. Due to the boundary conditions, it
is natural to consider the function u(x) on the real axis extending it by zero. Let g(x) be a function

supported on [—1, 1], but also defined on the whole axis. Multiply equation (1.1) by g(x) and integrate:

1 1 0 o u’(t) B 1
/_1 V(z)u(x)g(z) dx + - /_OO g(x) /_OO o dtdr = /_1 f(z)g(z) dx. (1.3)

Next, we use the Fourier transform, which is taken in the form
Iy o » 1 [~ _ .
60 = [ ule)e dn, )=, [ w0
e T ) oo
Let us transform the second term in the left-hand side of (1.3) with the help of the Parseval identity
o 1 o . R
| vg@ar=, [ 5050 (1.4)

o 27

Observe that the internal integral in (1.3) is the Fourier-convolution? «/(t) * t~'. The Fourier-image
of u'(t) is given by iCu(¢), and the Fourier-image of the function t=! equals —imsign¢. Thus,
equation (1.3) can be written as

1
| ven@owars | [ idaoscac= [ s (15)
Denote the sesquilinear form in the left-hand side of (1.5) by
1 1 00
wel = [ V@@ de+ [ I dc (16)

1

A natural class to look for the weak solution is the class? Hl/2 : Hl/Q( 1,1), defined as the

subspace in the Sobolev space H/2(R) consisting of functions equal to zero almost everywhere outside
the interval [—1, 1]. Concerning the properties of this class of functions, see [11, Chap. 1, Sec. 11.5].

The norm in Hy/? is defined as the standard norm in HY/2(R):
1 [ ~ 1/2
Il e = Wl = o [ A+ KPHROR G, we HY
Note that the set C§°(—1,1) is dense in Hééz.
We need the following property of the functions from Holéz (for the sake of completeness, we provide
the proof).

?In what follows, we will also consider convolution for another integral transform.
3In the literature, various notations are used for this class and its dual; we accept the notation from [11].

MATHEMATICALNOTES Vol. 110 No.4 2021



REGULARITY OF THE SOLUTION OF THE PRANDTL EQUATION o47

Lemma 1. Any function u € Héf(—l, 1) satisfies

1 2
J <) [ iR ac (17)

Proof. We extend u € HY/? by zero, keeping the same notation. Let us use the following identity valid
00 g g

on the class HY/?(R):
% fule) —uP [
/_oo/_oo o — yl? dmd?f—/_m\dluw d¢. (1.8)

To check (1.8), denote the left-hand side by J[u] and substitute y = x 4 z:

> dz *® dz [ L ~
J[u]:/oo IzP/ u(z +2) —u(e)Pdr = /OO it /_Oo|e C_ ARO[ de

B 1 2 o) ‘ezzc
= [P [ 1700

Here we have used the Parseval identity (1.4) and the Fubini theorem. The internal integral is equal to
27|¢|. This implies (1.8).
Since u(y) = 0fory € R\ [—1, 1], from (1.8) it follows that

00 1 -1 dy 1 o] dy
gag%zgz/ ua:de/ +/ uxQdm/
| oras [ pera [ [ e [ Y
b lu(a)?
—2/_1 1 22 dx,
which proves (1.7).

Let us check that the relation u € Hy)) /2 i equivalent to the condition [u, u] < oo.
Suppose that [u, u] < co. Then by(1.7)

1 1 2
[ wwpar< [ 1 <] igaopac (19)

From (1.6) and (1.9), by the Parseval identity (1.4), it follows that
1 1 o] R
full2ps < [ u@Pdo+ o [ IGEQPAC < 2m -+ 2)fu.al (1.10)
00 —1 T J_—c0
On the other hand, by (1.2) and (1.7),
1 1
/ V(@)u(e )|2dx<M/ ul dm<M7rHuH2 "
~1

Together with (1.6) this implies that

1
[u,u] < <M7T+2>|yuu§{1/2, we HY?. (1.11)
00

From (1.10) and (1.11) it follows that the form [u, u]'/? determines the norm in Hoé equivalent to
the standard one. Then the sesquilinear form [u, g] given by (1.6) can be taken as the inner product in
this space.

Let us write identity (1.5) in the form
[u, 9] = (f,9), (1.12)
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where (f,g) := (f, ) . The natural class for f is the space (H,, 1/ )* dual to HO/ with respect to
the pairing in Lo(—1 ) Ir1 other words, a distribution f that is an antl linear continuous functional

over Cg°(—1,1) belongs to (HO/Q) if

sup [(f, )] < o00. (1.13)
0#ueCse (~1,1) HUHHSf
Then the pairing (f,u) in Ly(—1, 1) extends to the pairs f € (H, 1/2) u € Hééz, and the left-hand side
of (1.13) is taken as the norm of f in (H, 1/2) Note that

fru
00 0u EHl/z u 1/2

Now, we give a definition of weak solution of problem (1.1).

Definition 1. Let f € (H, 1/2) An element u € Ho/ satisfying integral identity (1.5) for any g € Héé2
is called the weak solution of problem (1.1).

Theorem 1. Suppose that V(x) satisfies (1.2). Then for any f € (H0162)* there exists a unique
weak solution u € Holéz of problem (1.1). The solution satisfies the estimate

el e < @+ DIl gz (1.15)

Proof. We write identity (1.5) in the form (1.12). By (1.14), the right-hand side i;(g) = (f,g) is an

anti-linear continuous functional over g € H,, / satisfying the estimate
0] < 171 ooy Dol (1.16)

We consider Héo/z as the Hilbert space with the inner product [u, g]. By the Riesz theorem about the
general form of an anti-linear continuous functional in a Hilbert space, there exists a unique element
u € Ho/ such that [¢(g) = [u,g] forall g € Hééz, i.e., identity (1.12) holds. This proves the existence
and uniqueness of the solution.

The estimate (1.15) follows from the identity [u, u] = I(u) and relations (1.10) and (1.16).

Example. Denote r(z) := 1 — 22 and assume that f € La,(—1,1) =: Lo, i.e.,

1
1, = [ (=) f@)P de < . (1.17)
-1
Then, by (1.7),
: ) >/< " g(a)l? >1/2
(ol < ([ r@iwpar) ([ 10 6
<Vl lra gl e 9 € Hop' (1.18)

It follows that Ly, C (Ho/z) , and HfH(Hl/2)* < V7| fllr,,- Together with (1.15) this yields the
00

following estimate of the solution:
lull 72 < 27 + 2V | fll Lo, - (1.19)
00

Note that, in general, functions of class Hoé may be discontinuous. However, under the condition

f € Lo, we can expect that the solution is more regular. It turns out that it is inconvenient to study
this question via the Fourier transform approach. We will study this problem using another integral
transform.

MATHEMATICALNOTES Vol. 110 No.4 2021



REGULARITY OF THE SOLUTION OF THE PRANDTL EQUATION 549
2. THE INTEGRAL TRANSFORMATION &

We need the integral transform & on the interval which was studied in detail in [7], [8]. Now we
provide the basic information that will be needed below. In terms of &2, we introduce the scale of the

Hilbert spaces H*(—1,1); this material is new.

2. 1. Definition of the Transform &

Consider the space Ly(—1, 1) consisting of all measurable functions on the interval (—1, 1) such that

b lu(a)?
lul2, = /1 AN

For functions u € La(—1,1) the transform 2 is defined as follows*:

1 —_a\ %
v =2u©= [ () Y. eer

w(@) = 2 U)(2) = © /oo U(£)<1 ”“’)ﬂg de, we(—1,1).

T J_so 14z

(2.1)

Here U € Ly(R). The exact explanation of the meaning of relations (2.1) can be found in [7], [8]. In
what follows, by default, the originals are denoted by lowercase letters, and the &?-images, by the
corresponding uppercase letters.

2.2. The Parseval Identity

We have the following Parseval identity for the transform &7:

1 [e’9)
/ o) Y, =] / U()G(¢) d. (22)

—1 1 —y2 T™J_co

By the Parseval identity, the relation u € Ly(—1,1) is equivalent to the relation U € Ly(R). Thus, the

operator 7~ /2.2 is a unitary mapping of the space zg(—l, 1) onto Ly(R).

2.3. Relationship between &2 and the Fourier Transform

The transform &7 is related to the Fourier transform by the following change of variables:

1. 1
x = tanhw, w= 21][114_‘%, w € R, u(z) = uy(w). (2.3)
-z

Then the &#2-image of the function u(x) and the Fourier-image of u; (w) satisly
U(§) = u1(28). (2.4)

It is easily seen that the linear mapping A: Ly(—1,1) — La(R), defined by the rule (Au)(w) = uq (w), is
an isometric isomorphism:

ez, 1.0y = Al o).
*In[7],[8], & was defined as the transform from the interval to the imaginary axis.
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2.4. The & -Transformation of Derivatives. The Spaces H" ne 7y

Now we define the space H"(—1,1) =: H" of measurable functions u(z) having generalized deriva-
tives up to order n on the interval (—1,1) and satisfying

L& m. (m dx
llull%,, r=/1 > (1= )™ (z)? < o0.
“~m=0

1 — 22

Then H%(—1,1) = Ly(—1,1). Obviously, H"(~1,1) C H (=1,1).
Ifue ﬁ”, then, integrating by parts, we obtain

d\" .
|-y ) ut]© = eigroe. (25)
Let us explain this in details for n = 1. The condition u € H' means that
1 2
2 _ |u()] 2N 1, ()12
iy = [ (V9 + =@ ) do < . (26)

Since H' € HL_(—1,1), it follows that, by the Sobolev embedding theorem, any function u € H' is
absolutely continuous inside the interval (—1, 1). We will show that it is continuous on the closed interval
[—1,1]. Indeed, for any z,y € (—1, 1), we have

[[u()P? ~ Ju(2)| = '2Re [t dt‘ < /y<

Ju(t)?

L T (1-— t2)|u’(t)|2> dt,

and from condition (2.6) it follows that ||u(y)|? — |u(z)|?| — 0 as  — 1 and y — 1. Then, applying the

Cauchy criterion, we conclude that there exists a finite limit lim, 1o [u(y)|?. This limit is equal to zero,

since otherwise the integral f_11(|u(t)|2/(1 — t2)) dt would be divergent. Hence u(y) converges to zero
asy — 1 — 0 and we can put

u(l) := lim wu(y)=0.
y—1-0

In a similar fashion, we check that the following limit exists:

u(—1) := li_r111+0u(y) =0.

y—r
Using the fact that u is continuous inside the interval (-1, 1), we obtain v € C[—1, 1].

Integrating by parts and using the boundary conditions u(—1) = u(1) = 0, we obtain relation (2.5)
withn = 1:

1 _ o\ ¥ -
A=l = [ vo(y])) w-zewe.  ued 27)

Next, from (2.2), (2.6) and (2.7) it follows that

1 [ ~
Il =, [ aau©Pd,  ue

—0o0

Relation (2.5) for w € H™ with arbitrary n € N is proved similarly. It turns out that |Hu||]%n admits
two-sided estimates by means of

lully, = [ U de (28)

—00
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Remark 1. The above arguments allow us to give another definition of the spaces H™ (foranyn € Z ) in
terms of the transform 22: H"(—1,1) is the class of functions u € La(—1, 1), for which the norm 1wl 7
given by (2.8) is finite. By (2.4), it is obvious that the mapping A (see Sec. 2.3) restricted to H"(—1,1)
is an isometric isomorphism of the space H™(—1, 1) onto the Sobolev space H™(R):

el o = N Aullgn gy, we H™(=1,1).

2.5. The Spaces H*

We now introduce the space ﬁs(—l,l) —: H® with an arbitrary index s > 0 as the subspace
of Ly(—1,1) = H° consisting of functions u such that

2 1 > 2\s 2
lullz. = _ /_00(1 +4£2)°|U (€)% d¢ < 0.

Automatically, for n € Z., this agrees with the previous definition (see Remark 1). For any s > 0, the

mapping A restricted to ﬁs(—l, 1) is an isometric isomorphism of the space fIS(—l, 1) onto the Sobolev
space H*(R):

lull go = lAull gy, w € H(=1,1).

Since H*(R), s > 0, forms an interpolational scale of Hilbert spaces, the same is true for the spaces
H*(-1,1),s > 0.

Remark 2. Recall that in the space H*(R) with s # [s] =: k, the following norm given in the internal
terms is equivalent to the standard norm:

0 'LL —u 2
. Z/ |2dw+/ / ) |w_7|1+12{§ W ogwdr,  {sh=s—k

Using the isomorphism A, we see that the following norm given in the internal terms is equivalent to
the standard norm in the space H*(—1, 1) with s # [s] =

b dx
2 _ AV G 2
ul —Z/_l -2 @p

/ / (1= 2 M (@) — (1= ?) u® (y) do  dy

0245 0+ 1 a1y
However, below we will not use this norm.

Using the isomorphism A, from the density of C§°(R) in H*(R), we deduce the following statement.
Proposition 1. Forany s > 0, the set C§°(—1,1) is dense in the space H*(-1,1).

We need the following statement, which is an analogue of the Sobolev embedding theorem.
Proposition 2. Let s > 1/2. Then

H*(—1,1) c C[-1,1].
Any function u € ﬁs(—l, 1) satisfies the boundary conditions
u(=1)=u(1)=0 (2.9)

and the estimate

. 1/2
e < C@lalg C= (55 (2.10)
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Proof. We rely on the relation between &2 and the Fourier transform (see Sec. 2.3).

By the Sobolev embedding theorem, for s > 1/2, the space H*(R) is continuously embedded in the
space of uniformly continuous functions. Next, a function u;(w) of class H*(R) satisfies u; € L;(R),
because

) ) 1/2 0o 1/2
/ ml(s)\dsg(/ <1+£2>—Sds) (/ (1+§2)8|ﬂ1(€)|2d§> — Cullurlgo ) < 0.

- - - (2.11)
Here C, = (273/2T'(s — 1/2)/T(s))'/2. Then, from the inversion formula
1 [ ..
) =, [ dm©
it follows by the Riemann—Lebesgue lemma that
lim w;(w)=0. (2.12)

w—Foo

Thus, uy(w) belongs to the class Cy(R) of uniformly continuous functions on R satisfying condi-
tions (2.12). By (2.11) and the inversion formula, we have the estimate

1 [ 1
maxlu@)| <, [ @O, Cululng, (2.13)

Now let u € H5(—1,1), s > 1/2. Substituting (2.3), we see that the function (Au)(w) = u;(w)
belongs to H*(R), and ||u1 | gs®) = |lull7,. Then, from the properties of the function u;(w) proved

above, it follows that w(x) is uniformly continuous on the closed interval [—1,1] and satisfies the
boundary conditions (2.9). The identities

u _ = Ina u(r) = max |uy(w
1 = masx [u(z)| = mas o (o)

and inequality (2.13) imply the estimate (2.10).

2.6. Transformation of Distributions

The transform &2 for distributions is defined by duality, similarly to the definition of the Fourier
transform for distributions. Consider the space 2" consisting of functions ¢ € C*°[—1, 1] such that

the seminorms
sup (1 — 22)" ™ (2)| <1 +In? (1 - "”>>k
xz€[—1,1] 1+x

are finite for all n, k € Z. Convergence in 2" is understood as convergence with respect to this set of

seminorms. Let 2" be the class of distributions dual to 2~ with respect to the pairing in zg(—l, 1). The
transformation & takes the class 2" onto the Schwartz class .(R). Let u € 2”. Then Zu € .'(R)
is defined by

(gzuv SO)LQ(]R) = (’LL, @*SO)E 11 :ﬂ-(u7 gz_lgp)f —1.1) 2 Ey(R)
2( ) ) 2( ) )

Below we need the result of calculation of the &2-image of the distribution v(y) = 1/y (understood
in the mean value sense); see [7, (1.9)]:

oy [P1(1=9\® dy
L@[y](f)—/_ly<1+y> |2 = —im coth ¢, (2.14)

where the integral is understood in the mean value sense both at the point y = 0, and at the ends of the
interval.
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2.7. The Convolution Formulas

The following convolution formulas are valid for the transform 27:

2| [ wwe(172) 20 =veve. (2.15)
P [ /_ 11 u/(m)v<1y__;y> daz] (&) = 2EV(E)V (€). (2.16)

In (2.15) it is assumed that u € Ly(—1,1) and v € L1(—1,1) N Ly(—1,1). The class Li(—1,1) is
distinguished by the condition f_ll lo(t)|(1 —t2)~1dt < oo. Identity (2.16) is valid under the same
conditions on v and for u € H'. However, as in the case of the Fourier transform, the conditions of
applicability of relations (2.15), (2.16) can be expanded significantly. In particular, one can relax the

requirements on v, assuming v to be a distribution and, if necessary, imposing more restrictive conditions
on u. We will not go into details here.

3. THE WEAK SOLUTION OF THE PRANDTL EQUATION.
APPROACH VIA THE TRANSFORM &

3.1. “Another” Definition of a Weak Solution

Now, we apply the transform &2 to the study of problem (1.1). As above, we start from formal consid-
erations. Using the boundary conditions u(—1) = u(1) = 0 and the identity 1 — 2% = 1 — 2t + z(t — 2),
we transform the expressionin (1.1):

1 7 1
42 u'(t) / ;o1 —at
(1 x)/_lt—a;dt_ _lu(t)x_tdt. (3.1)
1

The form of the right-hand side allows us to apply the convolution formula (2.16) with v(t) =¢~" in
order to calculate the #2-image of the function (3.1). Taking (2.14) into account, we obtain

1 !
@[—(1—3;2) ! / w(t) dt] (€) = € coth wE U (€). (3.2)

2 J_4t—x

Multiplying (1.1) by some function g(z), integrating over the interval, and using (2.2) and (3.2), we
arrive at

1 1 00 1
| Ve d+ | [ ccomnev©c© = [ j@g@dn (33
-1 T J—c0 -1
The sesquilinear form in the left-hand side of (3.3) is denoted by
1 00
woh = [ V@@ do+ [~ coothre U©G(E) e (3:4)

The natural class to look for the weak solution is the space H/2(—1,1); see Sec. 2.5. The form
[u, u]}/2 defines the norm in H'/2 equivalent to the standard norm. Indeed, by the estimates

! +2£2§£200th27r£§ ! +&2, ¢eR, (3.5)
2 3 w2
1 1 ulz 2 M 00 ~
[ velu@ra <y [ O [ u@pde < sl e
-1 -1 1= T J-c

we see that

1 1 -
Ul < By < (4 Il we EV2
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Then the sesquilinear form [u, g]; given by (3.4) can be taken as the inner product in HY/2. By
Proposition 1, the set C§°(—1,1) is dense in H'/2.
Relation (3.3) can be written as

[uvg]l = (fv g)
A natural class for f is the space (ﬁl/z) dual to H'/2 with respect to the pairing in La(—1,1). (It is
defined similarly to the space (HOO )*.) The norm in (H1/2) is given by

1l gz = sup ”‘%@' |
0AucH1/2 H1/2
Remark 3. Foru,g € C§°(—1,1), we have [u, g]1 = [u, g], where [u, g] is given by (1.6). Indeed, both
expressions [u, g] and [u, g]; are equal to the integral of the left-hand side of (1.1) multiplied by g(x).
Using the fact that C8°(—1, 1) is dense in Hy/”, as well as in H'/2, we see that [u,u]'/2 defines a norm
in Hééz equivalent to the standard one and [u, u]1/2 defines a norm in H'/2 equivalent to the standard

one, so we conclude that H1/2 = Héé2 and [u, g]; = [u, g] forany u, g € Hééz. Hence the space (H'/2)*
coincides with (H, 1/2) :

Now, on the basis of identity (3.3), we can give a definition of the weak solution of problem (1.1),
which is independent of Definition 1.

Definition 2. Let f € (HY2)*. An element u € H'/? satisfying the integral identity (3.3) for any
g € H'Y?is called the weak solution of problem (1.1).

The following theorem is equivalent to Theorem 1 and is proved in a similar way (with the help of the
Riesz theorem).

Theorem 2. Suppose that V(z) satisfies (1.2). Then, for any f € (HY?)*, there exists a unique
weak solution w € H'Y? of problem (1.1). The solution satisfies the estimate

ullgae < 7l fll g2y (3.6)
Example. Suppose that f € Ly, (—1,1), see(1.17). Then

() < Wl gl s g€ HY?,
cf. (1.18). Hence Ly, C (HY/2)* and 11l 12y < 1 1lLs,, Together with (3.6), this implies that

lell gz < 7l fllLas

cf. (1.19). In what follows, we will also need the estimate

1
| v@h@P < IR, (37)

which follows from the identity [u, u]; = (f,u). Indeed, we have

1
/ V(@) u(z) dr + / ¢ cothn€ [U(€)? dé

| oo 1/2
/f 2o < [ flua, bz, = 1, (1 [ 0P e)

—00

vz 1 [
<18l ([ geommeierra)” < s, + L [ ccomme ioPas

Here we have used the Parseval identity (2.2), the lower estimate (3.5), and the elementary inequality
ab < aa® + (1/4a)b? (Tor positive numbers a, b with arbitrary o > 0).

In the next subsection, we will show that, for f € Lo, the solution is more regular.
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3.2. Improvement of Regularity of the Solution

In this subsection, it is assumed that f € Ly ,(—1,1), i.e., (1.17) is satisfied. Obviously, the
space Lo ,(—1,1) is dual to Lo(—1,1) with respect to the pairing in Ly(—1,1). In other words,
Lo, (—1,1) = (H°)* and

1l oy = 1Fl1za,
The integral identity (3.3) can be written as

0o 1 ~
L[ ccommev©c©d = [ (@ -Vuads, g B (38

Denote

1 - i
Q&) = 2[(1 — 2)(f(x) — V(2)u(x))](€) = /_ (f(z) = V(l’)“(w))c + a:) -

It is easily seen that the function (1 — 22)(f(x) — V (z)u(z)) belongs to Ly(—1,1), whence Q € Ly(R).
Indeed, by (1.2),(2.2) and (3.7),

0 1
L epd= [ - -V s

™ J)_
1

1
2 2 5 )
SQ/_l(l—x )W ()] dm+2/_1(1—a; Wi(z) - V(@) |u@)? de

<o /11(1 _ )| f(2) ] da, (3.9)

where Cy =2+ (7/2)M.
Now, using (2.2), we represent identity (3.8) as

| ceommcv©c©d- [ Qo ce i, (3.10)
For N > 0, we define the cut-off function
1, €] <N,
w(E, N) = 0, €] > N + 1,
—E+N+1, N<E<N+1,
E+ N +1, —N-1< &< —N,

and take the test function of the form
Gn(§) = EeothmE U(§w(, N). (3.11)
Let us check that Gy € 2[HY?]. Let gy = 21(Gy). Then it follows from (3.5) that

1 o0
vl = 5 [ (@ +4€)2IGx () de

N1
< [ @y omt rU©PdE < Ol (312)
“N-1

where C(N) = 1/72 4+ (N + 1)2. Thus, gy € HY/2, and we can substitute Gy € 2[H'/?] as a test
function in identity (3.10). We obtain

| & ot mu©Pule, Ny ds = | cothme QUe)ule, MU de. (3.13)
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Next, by analogy with (3.12), it is easily seen that the function G (€) = Q(€)w(&, N) belongs to the
class Z[H'/?]. From identity (3.10) with G(&) = G n(€) it follows that

| goothne@uie MU©) s = [ 1@e)Pute N de. (3.14)
Together with (3.13) this yields
| @otireU©Puie. Nds = [ Q) Pule V) de (3.15)
Consequently,
| ot nguue v < [P de (3.16)
Letting N tend to infinity and applying the Fatou theorem, we conclude that the integral
| ¢ comt el ag
converges and satisfies the estimate h
| gotrguera < [P (3.17)

From (3.9) and (3.17) it follows that
00 1
| @wntnguPic<ac [ (-l
o -1
Combining this with (2.8) and (3.5), we obtain that w € H* and

1
HUH%_jl < 02 / 1(1 - $2)‘f(l')‘2 dx, 02 = 71'201 = 7'(2 <2 + g M> .

By Proposition 2, the solution is continuous on [—1,1] and satisfies the boundary conditions

u(—1) = u(1) = 0. Note that the solution v € H?! satisfies identity (3.3) for any test function g € H°.
Moreover, for this solution, the initial statement of problem (1.1) can be used (the equation is satisfied
almost everywhere, the boundary conditions are fulfilled and, therefore, there is no need to replace the
problem by the integral identity). Such a solution is called a strong solution.

As a result, we arrive at the following theorem about regularity of the solution.

Theorem 3. Suppose that V(x) satisfies conditions (1.2). Suppose that f(z) is subject to

condition (1.17). Then the weak solution u(z) of problem (1.1) belongs to the class H*(—1,1)
and satisfies the estimate

[ (M a-wor) < a [ a-aiser

2
—1 1—2z _1

The constant Cy = 72(2 + (/2)M) depends only on the constant M from condition (1.2).

3.3. Interpolation

Let R be the operator taking f into the solution of problem (1.1). Theorems 2 and 3 show that the
operator R is continuous from (H/2)* to H'/? and from (H°)* to H'. We have

”RH([}1/2)*_>[~{1/2 <m, (3.18)
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Denote by (H#)* the space dual to H® with respect to the pairing in Ly(—1,1). Interpolating
between (3.18) and (3.19), we obtain

||R||(ﬁ1/2—9)*_>ﬁ1/2+e < 06 = 7T1_260§, 0<o< 9

We arrive at the following result.

Theorem 4. Suppose that V(z) satisfies conditions (1.2). Let 0< 6 <1/2 and f € (HY/>70)*,

Then the weak solution u(z) of problem (1.1) belongs to the class HY**%(—1,1) and satisfies
the estimate

||U||ﬁ1/2+e < C@Hf”(ﬁl/z_g)*.

The constant Cy depends only on the constant M from condition (1.2) and on 6.
Theorem 4 and Proposition 2 imply the following corollary.

Corollary 1. Under the condition f € (HY/2~9)*, where 0 < 6 < 1/2, the solution u(z) of prob-
lem (1.1) is continuous on the closed interval [—1,1] and satisfies conditions u(—1) = u(1) = 0.
We have

1
HUHC[—l,l] < C<2 + 9) CHHfH(ﬁl/z—e)*~

Here C(1/2 4 0) is the constant C(s) from (2.10) with s = 1/2 + 6.

3.4. Duality
For completeness, we consider the so-called “very weak” solution from the class Zg(—l, 1), assum-

ing that f € (H')*.

Definition 3. Let f € (H')*. A function u € Ly(—1,1) satisfying identity (3.3) for any test function
g € H'(—1,1) is called a very weak solution of problem (1.1).

Theorem 5. Suppose that V (z) satisfies conditions (1.2). Forany f € (ﬁl)*, there exists a unique
very weak solution uw € Lo(—1,1) of problem (1.1). We have

lullz, < VC2 I fll gy (3.20)

Proof. Let R: (ﬁo)* — H' be the resolving operator from Theorem 3. Then the continuous adjoint
operator R*: (H')* — HY is correctly defined by the relation

(Rg, f) = (9, R*f), g (H®", fe(HY" (3.21)

Fix f € (H')*. Let us check that u = R*f € HO is the very weak solution of problem (1.1).
Let g € (H%)*. Thenv := Rg € H' satisfies the identity

[v,uly = (g,u) forall e HP.

Here the sesquilinear form [v, u]; (see (3.4)) is extended to the pairs v € H' u e H°. In other words,

[Rg,ul1 = (g,u) forall g e (HY*, wue H. (3.22)
Substituting the functionu = R*f € HCin (3.22), we obtain
[Rg,uli = (9, R"f) = (Rg,f)  forall ge (H")". (3.23)
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Here we have used (3.21). Note that, if g runs over (H°)*, then v = Rg runs over H'. Therefore,
identity (3.23) can be written as

[v,uly = (v, f) forall ve H'.
Since the form (3.4) is Hermitian, this is equivalent to the identity

[u,v]1 = (f,v) forall ve H'.
This means that u = R*f € H® is the very weak solution of problem (1.1).

To prove uniqueness, assume that u € Lo(—1,1) is the very weak solution of problem (1.1) with
f = 0. By analogy with (3.8)—(3.10), we represent the identity for w in the form

/_ " coth nE U(E)G(E) dé = / T Qe d,  Ge P, (3.24)

We have @ € Ly(R) and [|Q|lz,®) < v7M|[ull7,. Substituting the test function Gn(§) of the

form (3.11) (which belongs to Z2[H]) in (3.24), by analogy with (3.13)—(3.17) we prove that u € H".
Now Theorem 2 (the uniqueness part) implies that u = 0.

The estimate (3.20) follows from (3.19) and the relation ||R*||(1§1)*_>ﬁo = ||R||(ﬁ0)*_>ﬁ1.

From the uniqueness of the very weak solution it follows that the resolving operator R*: (H)* — H°

is an extension of the operator R: (H'/2)* — H'Y/2. Keeping the same notation R for the extended
operator, we rewrite (3.20) as

IRl g1y r0 < VCo. (3.25)
Interpolating between (3.25) and (3.19), we obtain

||R||(ﬁ1—s)*_)ﬁs S \/02, 0 S S S 1
We arrive at the following final result, which combines the statements of all the previous theorems.

Theorem 6. Suppose that V(z) satisfies conditions (1.2). Let 0 < s <1. For any f € (H'%)*,
there exists a unique solution v € H*(—1,1) of problem (1.1). We have

lull 7+ < V/Ca Il gnmsye-

In Theorem 6, for 0 < s < 1/2, the solution is understood as the very weak solution in the sense of
Definition 3, for 1/2 < s < 1, the solution is understood as the weak solution in the sense of Definition 2
and, for s = 1, the solution is understood as the strong solution.
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