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1. HISTORICAL SURVEY. STATEMENT OF THE RESULTS

One of the directions in the study of algebraic differential equations is the description of their solutions
that are meromorphic or entire functions. At the same time, most of the results obtained so far relate to
linear equations (see, for example [1, Chap. 5]). For nonlinear equations, however, despite the fact that
the first results were obtained in the 19th century (Hermite’s theorem; see, for example [2, Chap. 2,
Sec. 8]), the results available to date are mainly related to the study of specific equations. There
are few statements describing meromorphic or entire solutions of any classes of nonlinear algebraic
differential equations. Thus, meromorphic solutions of autonomous equations of Briot—Bouquet type
P(y,y™) = 0 are described (for a large number of cases, although not for all; see [3]). In addition, there
exist a number of theorems that give conditions for the existence of solutions of algebraic differential
equations that are either polynomials or entire functions with finitely many zeros [4, Chaps. 4, 5].

More detailed information about the available results in this area can be found in the survey [3] of
Eremenko (relevant up to now) and in the monograph [4] of Gorbuzov. In recent years, in connection
with the study of the arithmetical properties of the values of entire functions, the author of this paper has
developed a certain technique [5][6], which turned out to be applicable to problems of analyzing entire
solutions of algebraic differential equations.

In the present paper, using this technique, possible entire solutions (solutions that are entire functions
of finite order) for a class of second-order algebraic differential equations with an explicit linear part are
described.

In what follows, by FElwy,...,w,] we will denote the annulus of polynomials over the field E of
variables [wy, .. .,wy,] and by C(z), the field of rational functions over the field of complex numbers C.

[fp(2): C € Cis an entire function, then we put M, (R) = max|.|<g |¢(2)[; by N,(R) we denote the

number of zeros (with their multiplicity taken into account) of the function ¢(z) on the disk |z| < R; the
order p of an entire function is determined by the equality

.. InlnM,(R)
PERI R
If p < 400, then the function o(2) is called an entire function of finite order.

The main result of this paper is the following statement.
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284 YANCHENKO

Theorem 1. Let, fori =0,1,2,b; € C[z] and by # 0. Let A € C[z,wq,w1,ws| and, at the same time,
A(z,0,wi, —(b1/b2)wr) does not lie in C(z). Let an entire [unction of finite order y = f(z) satisfy
the differential equation

boy + b1y’ + bay” +yA(z, 9,9, y") = 0.
Then there exist Ay, Ag € C[z] and By, By € C(z) such that

f(2) = B + Bye.

2. AUXILIARY STATEMENTS

Lemma 1 [5, Sec. 2, Corollary of Lemma 1]. For any number H > 0 and any complex numbers
i, ..., 0, it is possible to find, in the complex plane, a set of at most n disks whose sum of radii
is at most 2h such that, for each point z lying outside these disks, the following estimate holds:

z": 1 n(ln N + 1)
. 2 — ] ho
withJ=1

Lemma2 (5, Sec. 2, Lemma 2]. Let§ € (0;1); let R > 10'/9; and let By be a finite set of disks whose
sum of radii is at least 2R lying in the annulus
Cr ={2R < |z| < 3R}.

Then there exists a number Ry € (2R;3R) such that the circle g, = {z: /z/ = R1} does not
intersect the set Bp.

The following statement is a slight enhancement of Lemma 3 from [5, Sec. 2].

Proposition 1. Let h(z) be an entire function of finite order p. Then, for any € > 0, there exist
numbers Ry > 0 and o > 0 such that the following assertion is valid: for any R > Ry and H > 0,
in the annulus Cr = {2R < |z| < 3R}, one can choose a finite set Er of disks whose sum of radii
is at most 2H, so that, for any z € Cr \ ER, the following estimate holds:

B (z) .,  Rrte
< 1 p+e—1 )
hz) | S U< + R + I >

Proof. Without loss of generality, we assume that ~(0) = 1.

Indeed, if the assertion of the lemma is established for such functions, then, for hq(2) = Az h(z)
(A e C,m >1,h(0) #0), for the values of z specified in the assertion of the proposition, we have
hi(2)| _ |W(2) h'(z)
hi(z)| | h(2) h(z)
and the required inequality will also hold for the function h;(2).

We fix an arbitrary € > 0. Then there exists an Ry > 0 such that, for all R > Ry, the following
estimate holds:

m
+ S
2|

m

—i—R,

In M, (R) < RPFe/2, (1)
Let us put
Eyw)=1—-w, Em(w):(l—w)exp<z >, m €N
k=1
Then
En(w) W™
Enlw) w-1
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ON ENTIRE SOLUTIONS OF ALGEBRAIC DIFFERENTIAL EQUATIONS 285

Denote p = [p]. Let {a,} be all the zeros of the function h(z) (with their multiplicity taken into
account). By Hadamard’s theorem [7, Chap. 1], we have

<1
Z [P+ < 400 and —eQ(z H < >
n=1

where Q(z) € C[z] and deg @ < R. Then we obtain

W) _ oy N ()
ney ~9E =2 (2)

n=1

Let N(t) denote the number of zeros of h(z) on the disk |z| < t. Since h(0) # 0, it follows that, for
some 6 > 0, N(t) = 0foranyt € [0, d].

Let us arbitrary fix R > Ry and H > 0. By Lemma [, inside the disk |z| < 4R, there exists a finite set
Bp, of disks whose sum of radii is at most 2H, so that, for each z satisfying the conditions

2| < 4R,
z §§ BR,

1 N(4R)(In N(4R) + 1)
Z |2 — an| = H )

the following estimate holds:

lan|<4R

Let 45, j =0,1,..., denote constants depending only on ¢ and h(z), and independent of R and H.
Then, since N(z) < 7o ln My(z) [7, Chap. 1], taking into account estimate (1), we find that, for each =z

such that
|z| < 4R,
z ¢ BR,

the following inequality holds:

We set
p p p

S TR LU (ORI S O

lay, — z| — 2| la, — z

R<|an|<4R

Let us estimate X1, 29, 33.
a) The first of these sums can be estimated as follows:

5, < Z (BR)P < PP 1/0 dN (1)

tp

o ([0

Ro gN(t)  N(t)|® R N(t
§3pRp_1</ ()+ (t) +p/ (H)dt)
0 Ro Ry t*

tP tP
R R
< 3pRp—l </ 0 dN(t) +’YlRP+E/2_p _|_p/ ’Yltp+5/2_p_1 dt>
0

tP Ro

R
<3pRp—l </ 0 dN( ) + ™ Rp+5/2 p+’7 Rp+5/2 p> <,Y Rp+8/2 1
- tp

0

MATHEMATICALNOTES Vol. 110 No.2 2021



286 YANCHENKO

b) Let us estimate the second sum. Using (3), we obtain

. |2/ an|P 1 RPt2e/3
S < < <
gmag < Z _ z| S Y4 Z |a _ z| =75 H

|an n
R<|an|<4R lan|<4R
¢) The third sum can be estimated as follows:
|2/ an|? (3R)P
Y3 < < < v RP
Z lan| — |2] %:41% (lan| = (3/4)|an|)|an? |a§R |p+1

Without loss of generahty, we assume that € is quite small, so that p +¢/2 —p — 1 < 0. Then

1  AN(#)
Y5 < Y6 RP Z apH _%‘RP/A‘R 1

lan|>4R
N(t Feo > N{(t 00
= %Rp< tl’grl) +(p+ 1)/ tpiz) dt> < 77Rp/ tpte/2=p=2 g4 < ,)/SRp+8/2—1'
4R 4R 4R

Using the estimates for 31, 39, 33, from equality (2), we further find that, for any z ¢ Bkp,

W(2) . Rete
< p+8 1 .
hz) | =7 <R T >

Putting Er = Br N Cr, we finally obtain the proof of Proposition 1.

Corollary 1. Under the assumptions of Proposition 1, for any natural n, for any e >0,
there exist numbers Ry > 0 and d > 0 such that, for any R > Ry and H > 0, in the annulus
Cr ={2R < |z| < 3R}, we can choose a [inite set of disks Br whose sum of radii is less than
2nH, so that, for any z € Cp \ Brand k =1,...,n, the following inequality holds:

i W)

< d(l + Rl 4

Proof. Note that, forany k = 0,1, ..., n, the order of the entire function h(*¥)(z) is p [7, Chap. 1]. We fix

arbitrary e > 0 and H > 0. Let us apply Proposition 1 to each h¥) (2) (fork = 0,1,...,n — 1). Then, for
any k =0,1,...,n — 1, there exist positive Ry j, 0}, such that, for any R > Ro7k, there exists a set Ep,
of disks whose sum of radii is less than 2H and, for any z € Cg \ Eg,, the following estimate holds:

hk+1) (Z) RPte
< p+e—1 )
‘ h(k)(z) Uk<1+R + H >

Now let R > maxy, Ro . Set B = Uz:é Epry. Then forany z € Cp\ Bgandanyk=1,...,n

‘h:() (;) < H O‘l) (1 + Retely R;€>k.

By putting d = H?z_ol(max{l, o1}), we obtain the proof of Corollaryl.

k—

hU+1
h®(z

N

=0

Lemma 3. Let f(z) be an entire function of finite order; let P € C|z,w] be a polynomial such that
OP/0w #0; P(z, f(2)) =0 forany z € C. Then f(z) is a polynomial from the annulus C[z].

Proof. Let
P =an(z)w™ 4+ + ap(2)0",

where all the a;(z) belong to C(z), let 0 < m < n, and let a,,(2), an(2) be nonzero polynomials. If f(z)
is nonzero, then m < n and

am(z) + f(2)(ams1(2) + -+ an(2)f"™(2) =0 in C.
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ON ENTIRE SOLUTIONS OF ALGEBRAIC DIFFERENTIAL EQUATIONS 287

Therefore, all the zeros of f(z) are included among the zeros of the polynomial a,,(z); therefore, by
Hadamard’s theorem, there exist polynomials by (z), by(z) € C[2] such that f(z) = by (z)e?2(?).
Suppose that ba(2) is not a constant. We have

an(2) (b (2)e2EN ™ 4 a1 ()b (2)e2P) 4 am(2) =0 in C. (4)

Let R > 0 be large enough for all the zeros of all the polynomials {a;(2)}, b1(2), b2(2) to lie inside the
disk |z| < R. Let zg € C be a point such that |zg| = R and

ba(2) — ba2(zRr)
‘Izr‘lg)ybl(z)e | = [b1(2r)e |
Ifbg(z) = adzd + -4 ag,aq #0,d>1, then
by (z) e (R)| > €7 (5)

for some constant ; > 0 independent of R. But then it follows from (4) that

—1 1 CLm(ZR)
1= e ... ,
an(zR) “ 1(ZR)b1(zR)eb2(ZR) oo (b1 (zR)eb2(zr))n—m

whence, by virtue of (5), we have
1
1 < |(I (ZR)| (|an—1(zR)|€_71Rd 4.+ |am(zR)|e—~/1(n_m)Rd) < 6_72Rd

for a constant 49 > 0 independent of R; but this is impossible, because R — +o00. Therefore, bs(z) does
not depend on z and, therefore, f(z) is a polynomial from C[z]. Thus, Lemma 3 is proved.

Remark 1. Note that the assertion of Lemma 3 is also valid for entire functions of infinite order. This
can be deduced from the fact that a univalent algebraic function must be rational (see, for example [8,
pp. 215, 224]).

Lemma4. Let an entire functiony = f(z), other than a constant, satisfy the differential equation
y' = R(2)y, where R(z) € C(z). Then there exist zy € C and Q1, Q2 € Cl[z] such that

1) el MM = 9y (2)02);
2) f(2) = vQ1(2)e?2® for some ~ € C.

Lemma 4 (in stronger form) was proved by Shidlovskii [8, Chap. 5, Lemma 11].

Lemma 5. Let P € (Clz,wo,w1] \ Clz]) be a nonzero homogeneous (with respect to the variables
wo, w1) polynomial. Let f(z) be an entire function of finite order such that P(z, f(z), f'(z)) =0in

C. Then f(z) = Q1(2)e?*®) for some Q1(z), Qa2(z) € C[z].

Proof. If 9P/0wy =0, then P € C[z,w;] and P(z, f'(z)) =0 in C. Then, by Lemma 3, f/(z) is a
polynomial from C[z], and hence f(z) is also a polynomial.

Now let 9P/dwg # 0. Taking out the maximum possible power w(w(™* (mg, m; are nonnegative
integers), we find that P = wyw(" @, where @ € C(2)[wo,w1] is homogeneous in wy, wy and either
Q € Clwo, or Q € Clwy], or

Q =anw) + -+ agwl,
and ag,an € Clz] is nonzero. Then either f(2) =0, or f'(2) =0, or
an(f(2)N +-+ao(f(z))N =0 in C.
In the first two cases, f(z) € C[z]. Let us consider the third case. We assume that f(z) is not a con-

stant. Suppose that there exists a zg € C such that f(z9) = 0; ag(z) # 0. Then f(2) = (2 — 20)%p(2)
for a natural number d > 1 and ¢(zg) # 0.
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288 YANCHENKO

Then the function

AT )
M= b T de(z) 4 (2 - 20) ¢ (2)

is holomorphic in some Os(z2p), h(29) = 0, and

an(2)(h(2)N + -+ a1(2)h(2) + ap(z) =0
in this neighborhood Os(zp). But then, for z = zy, we have ay(zy) = 0.

The resulting contradiction with the choice of zy means that any zero of the function f(z) is a
zero of the polynomial ag(z). Therefore (because f(z) is an entire function of finite order), there exist

polynomials Q1, Qs € C[z] such that f(z) = Q1(2)e®2(*). Thus, Lemma 5 is proved.

Remark 2. Lemma 5 can be proved without the assumption that the order of the entire function f(z) is
finite (using arguments similar to those of Shidlovskii in his proof of Lemma 1 [8, Chap. 6]).

Lemma6. Let T € C(z)[wo,w1], T ¢ C(z), and let T be irreducible in C(z)wo,wn]. Let y = f(z) be
an entire function of finite order satisfying the system of equations

y —
T(Z7y7y) _07 (6)
y" = a1y’ + apy,

where ag, o € C(2). Then there exist Ay, Ay € C[z] and By, Bs € C(z) such that
f(2) = B + Bye™.

Proof. Let A be the differential operator (in C(z)[wg, w1]) defined by the equality

0
A= . + w1 apwo + ajwi)

9z T oy T By’
Then, for any solution y of the equation y” — a1y’ — apy = 0 and any polynomial B € C(2)[wq,w1], the
following equality holds:

LBy,

[f the polynomial T from the assertion of Lemma 6 does not depend on wy or on wi, then, applying
Lemma 3, we obtain f(z) € Clz].

Now let 0T /0wy # 0, 0T /0wy # 0. 1f T and AT are coprime, then, consideannulus the resultant
B = Res,, (T, AT), we obtain B € C(z)[wo], B # 0 and B(f(z)) =0 in C, whence, by Lemma 3, we
see that f(z) € C[z].

Suppose that T and AT are not coprime. Then, by virtue of the irreducibility of 7', there exists a
A(z) € C(z) such that AT = A\(2)T (if AT = 0, then A(z) = 0).

LetT = Zf\io P;, where each of the P; is a homogeneous (in wg, wy ) polynomial of degree i.

Note that the operator A takes any homogeneous (with respect to the variables wg, wy) polynomial
from C(z)[wp,w1] to a homogeneous polynomial of the same degree or to zero. Since T' ¢ C(z), it follows
that there exists a number iy > 1 such that P;, is a nonzero polynomial. Then AP;, = AP;,.

Suppose that f(z) has infinitely many zeros. By assumption, y = f(z) satisfies the equation
y" — a1y’ — agy = 0, where g, a; are rational functions of z. Let us choose the point zy so that
f(20) = 0 and 2y will not be a singular point of ag(z), a1(2), A(z). By the properties of solutions of
a linear homogeneous equation, there exists a neighborhood Og(zg) of the point zy and a holomorphic
function g(z) in it such that the following conditions hold in Os(2):

AB(z,y,y') =

a) ap(z), a1(z), A(z) are holomorphic;
b) g(z) and f(z) are linearly independent over C;
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ON ENTIRE SOLUTIONS OF ALGEBRAIC DIFFERENTIAL EQUATIONS 289
¢) y=C1f(2) 4+ Cag(2) is a solution in Og(zp) of the equation y” — a1y’ — apy =0 for any
C,CreC
For each C' = (C1,Cs) € C?, we set
P (2) = Piy(2,C1f + Cag, Cif' + Caf'). (7)
Then (from the condition AP,; = A\P;,) we find that <I>’C(z) = A(2)®,(2) forany z € Os(29). Hence

Bo(z) = A(Cy,Co)h(z),  where h(z) = el 2%,

A(Cq, C9) depends only on Cy, Cy and does not depend on z.

Note that (due to the holomorphy in Os(zp) of the function A(2)) h(zo) # 0 (if A(z) = 0, then we
consider h(z) = 1).

Thus,
Piy(2,C1f(2) + Cag(2), C1f'(2) + Cag'(2)) = A(C1, C2)h(2). (8)
For g(z) we can take the function g(z) = f(2)h(z), where
/ _ 1 R2
h(z) = £2(2) Rie

with some rational functions Ry, Rs of z; to do this, it is enough to consider the following differential
equation for the Wronskian

1&g
f'(z) 4'(2)
[t follows from equality (8) that A(C1, C5) is a polynomial.
If A(C1,C5) = ~yis a constant, then (putting Co = 0 in (8)) we obtain
O Pz, £(2), /() = ¥h(2)
for any complex C1, whence v =0. In that case, Py(z, f(2), f'(2)) =0, whence (by Lemma 5)
f(2) = Q1e?2 for some Q1, Q2 € Clz].

But if the polynomial A(Cy,Cs) is not a constant, then there exist complex numbers C?, C’S, not all
equal to zero, such that A(CY, C9) = 0. Then, from (8), we obtain

Pyo(2,C1 f(2) + C39(2), CL f'(2) + Cag/ (2)) = 0.

If C9 = 0, then, by Lemma 5, we obtain the required form for f(z). If C9 # 0, then (dividing the last
equality, by OV f + Cg), we see that

W =

T(z,¢(2)) =0
for some polynomial T' € C[z, w], other than a constant, where
CYf'(2) + C39'(2) 0 0 /
= = (In(C C. .

Also note that
olz) = CYf'(2) + C3(f(2)(2)) _ CYf(2)['(2) + C3f'(2)g(2) + C3Rae™™
CYf(2) + CPg(2) (CYf(2) + CPg(2) £(2)
Thus, the function ¢(z) is an algebraic function.
In view of the equalities
1

9(z) = f(2)h(z)  and  N(z) = £2(2) Rpe'®,
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290 YANCHENKO

if g(z) has critical points, then these points can only be singular points for the rational functions R
and Ry. But, in that case (integrating the corresponding Laurent series for h/(z)), we find that all the
branch points from C of the function ¢(z) will necessarily be logarithmic, i.e., ¢(z) in C does not have
any branch points of finite order. Therefore, (2) is a rational function, i.e.,

(In(CYf(2) + Cg(2))) € C(2).

Then, decomposing the rational function into the sum of polynomials and simple partial fractions, we
obtain

CUf(2) + CPg(z) = Q1e®?,  where Q1,Q2 € C(2).
Hence Q€% is also a solution of the linear equation from (6).

Since CY # 0, it follows that, taking the function Q%2 for g(z) and repeating the above arguments,
we find that

f(2) = D1Q1e9? + DyQ3e%*  undersome Di,D; € C, Q3,Q4 € C(2).

Consider the following system of equations (for @2, e@4):

(D1Q1€92) + (D9Q3e%4) = f(2),
D1Q1e%? 4+ DyQse%t = f(2).

If the determinant A of this system is identically zero, then we have the equation f/(z) = \f(z) (for
some A € C(z)), whence (by Lemma 4) f(z) = Ryef2 with Ry, Ry € C[z]. IT A # 0, then

e = ay f'(2) + aa f(2), e = Bif'(2) + Baf(2)

for some ay, ag, f1, B2 € C(z). But then e?2, ¢?4 cannot have finite essentially singular points, whence
Q27 Q4 € (C[Z]

Thus, Lemma 6 is proved.

Remark 3. Note that the proof of Lemma 6 uses ideas expressed earlier by K. Siegel and A. B.
Shidlovskii (see, for example [2, pp. 192, 213, 214, 222]).

3. PROOF OF THEOREM 1
Let p be the order of the function f(z). Let us put e = 1/2. Then, by the Corollary of Proposition 1,
there exists an Ry > 0 such that, for any R > Ry, from the annulus Cr = {2R < |z| < 3R} we can

throw out a set By, of finitely many disks whose sum of radii is at most 4R'~¢ (we assume H = R'~¢),
so that, forany z € Cr \ Br and k = 1, 2, the following estimate holds:

*) (4 £\ 2
e ) =
where 7; does not depend on R.

Let us fix an arbitrary sufficiently large R > 0. Applying Lemma 2 (for § = 2¢/3), we find that, for
some R; € (2R;3R), the circle Bgr, = {2z : /2/ = R1} does not intersect the set of discarded disks Bp,
whence, for k = 1, 2,

p+
H

< 5(1 + Rrtel 4 r

F®(2)
f(z)
By assumption, the function y = f(z) satisfies the equation
boy + b1y’ +bay” + yA(z,y.9,y") = 0.

Then, for z € BR,, we can write

< R, (9)

max
2€BR,

Yy y//_ ron
b0+bly +b2 y - _A(Z7y7y7y )7
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ON ENTIRE SOLUTIONS OF ALGEBRAIC DIFFERENTIAL EQUATIONS 291

whence, in view of (9), we have

max |A(z, 5,9, y")| < max |A(z,y,y,4")| < R,
|z|<R 2€PBR,

where @ > 0 is a constant independent of R. But, in that case, by Liouville’s theorem (see, for
example [2, Chap. 1, Sec. 1]), the entire function A(z, f(z), f'(2), f”(2)) is a polynomial, i.e., there
exists a ¢(z) € Clz] such that, for y = f(z), the following equalities hold:

boy + biy' + bay” = q(2)y,
A(Z, Y, y/7 y”) = —q(Z)
We put

bo — b
T = A(z,wo,wl,—< 0b2 qwo+ b;w1>> +q(2).

Then T € C(2)[wo,w1] and T' ¢ C(z) (because, otherwise, for wy = 0, we have
A(z,0,w1, —(b1/b2)wr) € C(2),

which contradicts the assumptions of the theorem).

Let us put
ao:_bo—q’ Oq:_bl.
b2 by
Then, fory = f(z), the following equalities hold:
T(zy,y) =0,
{y” = agy + oy’

At the same time (replacing, if necessary, the polynomial T by its divisor), we can assume that 7" is
irreducible in C(2)[wo,w1]. But then, applying Lemma 6, we see that the assertion of Theorem 1 is valid.

4. CONCLUSIONS
In conclusion, we give a few remarks.

Remark 4. Itis not difficult to give examples of differential equations of the kind described in Theorem 1,
such as the following ones:

a) 2zy" — (422 + 2)y + y((422 + 2)y2 — (")) = 0;y = €7 is an entire solution of this equation;

b) (29)" —3(zy) + 22y + (2 + )y (3((2y)' — 22y)* — (2)" + 2y) = O0;y = (e** —€7)/z is an en-
tire solution of this equation.

Remark 5. When proving Theorem 1, we essentially use the fact that f(z) is an entire function of finite
order. In general, the solutions of algebraic differential equations can also be entire functions of infinite
order (for example, f = e is the solution of the equation y"y — (') — yy’ = 0). Nevertheless, it seems
to be a fair hypothesis that the possible solutions of equations with an explicit linear part (considered in
Theorem 1) will necessarily be of finite order if they are entire functions.

Remark 6. Statements similar to Theorem 1 proved in this paper can be obtained for some other classes
differential equations, for example, for equations of the form

(Bay" + B1y’ + Boy)" + y" Az, 4,9, y") =0

with an arbitrary natural number n (the proof of such a statement practically repeats the proof of the
theorem in the paper).
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Remark 7. The paper dealt with equations with a selected linear part forn = 2:

> By +yA(z,y,y, -y ™) = 0.
=0

The description of entire solutions of such equations for an arbitrary n is not known to the author.
(At present, it is possible to do this only for some special cases, for example, for equations of the form

S o By + Az, y™) = 0.)
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