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Abstract—The Banach Contraction Mapping Principle has many generalizations and extensions
in different directions. Here we define (e, ¢)-Uniformly Local Weak Contractions and show that
these mappings admit unique fixed points. We obtain a generalization of two existing results. We
construct an example which illustrates of our main result in which the mapping is neither a ¢)-weak
contraction nor a local contraction.
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1. INTRODUCTION

Metric fixed point theory is a vast and expanding branch of functional analysis. It is widely held that
the theory has its origin in Banach’s Contraction Principle [1],[2], which was established in the year of
1922. This result has served to establish several important results is different branches of mathematics
[2]—[4]. It has several generalizations and extensions which were advanced over the years and still are
being actively pursued [3],[5]—[10]. In this paper, we consider two such generalizations, one is the fixed
point result of local contraction due to Edelstein [11] and the other is the fixed point result for weak
contractions first proved by Alber et al. [12] in Hilbert spaces and subsequently established in the metric
spaces by Rhoades [13]. The result in [13] has itself become a source of an area of fixed point theory
where weak inequalities are considered [14]—[19]. Our result in this paper combines the above two ideas
to lead to a unique fixed point result for uniform local weak contraction mappings that we define here.

2. PRELIMINARIES

In this section we recall some definitions and introduce the notion of local weak contraction.

In what follows, we denote by B(z,r) the open ball of radius r centered at the point z, by N the set of
natural numbers, and by R the set of real numbers.

Definition 1 (local contraction). [11] A map T': X — X is said to be locally (Banach) contractive
if, for every x € X, there exist €, A (¢ R, with e >0, 0 < A < 1), which may depend on x, such that
Vp, q € B(z,¢),

d(T'(p),T(q)) < Ad(p,q).

Definition 2 (Uniform Local contraction). [11] A map T : X — X is said to be uniformly locally
contractive if it is locally contractive and both € and A do not depend on z.

[t is usually abbreviated as “(e, A\)—uniformly locally contractive" when the role of € and \ are to be
stressed down.

*The article was submitted by the authors for the English version of the journal.

" E-mail: priyam.math1230gmail.com
""E-mail: binayak@math.iiests.ac.in

859



860 CHAKRABORTY, CHOUDHURY

Definition 3 (e-chainable metric space[11]). A metric space X is said to be e-chainable (¢ € R, > 0)
if, forany x, y € X, there is an e-chain from z to y, that is, there are finite number of points ag, a1, ..., ay
in X, with x = ag, y = a,, such that d(a;,a;41) <e, Vi=0,1,....,n — 1.

Note that e-chainable metric spaces have appeared in the works like [11],[20]—[25].

Definition 4 (i)-weak contraction). Let ¢ : [0,00) — [0,00) be a given continuous function which is
nondecreasing and satisfies ¢ (¢) > 0 for t > 0 and ¥(0) = 0. A function T': X — X is said to be a
p-weak contractionitVe,y € X, d(Tz,Ty) < d(x,y) —¢¥(d(z,y)).

Definition 5 (weak contraction [13]). A map T : X — X is said to be a weak contraction if there is
a continuous function 1 : [0, 00) — [0, 00) which is nondecreasing and satisfies 1(¢) > 0 for ¢ > 0 and
¥(0) = 0 and tli)m ¥ (t) = oo, such that

T,y € X = d(T.’E,Ty) < d(fL’,y) - 1/1(d(957y))

Remark 1. There is a subtle difference between weak contraction and ¢)-weak contraction. While the
latter implies the former, it is possible that a weak contraction is not a y-weak contraction for a prior

given ¢. I we consider X = [0, 1], with the usual distance, T'(z) = = — J2% and ¢(t) = (1 — A\)t, where
0 < X < 1, then, although it is a weak contraction [15], but is not a ¢)-weak contraction, for this given

We now introduce a local version of the weak contraction.

Definition 6 ((¢,)-uniform local weak contraction). Let ¢ : [0,00) — [0, 00) be a given continuous
function which is nondecreasing and satisfies ¥(¢) > 0 for ¢ > 0 and ¢(0) = 0. Let (X, d) be a metric
space. A function T : X — X is said to be an (e, v)-uniform local weak contraction i

d(z,y) <e = d(Tx,Ty) < d(z,y) — P(d(z,y)). (1)

3. MAIN RESULTS

Theorem 1. Lete > 0and X be a complete, e-chainable metric space. Suppose 1 : [0,00) — [0, 00)
be a continuous, nondecreasing function such that )(t) > 0 for t > 0 and ¢¥(0) = 0. Suppose also
that T : X — X is a self-map which is an (,)-uniform local weak contraction, that is, for each
x,y € Xifd(z,y) <e, then

Then T has a unique fixed point T in X.

Proof. Let z € X be an arbitrary element. We construct a sequence {x,} such that

T =, x; := T'x, Vi € N. (2)
As X is e-chainable, let x = ag, a1, ..., a, = Tz, be an an e-chain from x to Tz, where
d(aj,a;i41) <e, ¥Vi=0,1,..,n — 1. (3)

Since d(a;,a;+1) <&,Vi=0,1,..,n — 1, equation-(1) is also satisfied for every pair of consecutive
elements of the chain. Thus, we have
d(Tai, Tai+1) < d(ai,air1) — P(d(ai, air1)) < d(ai, air1) <e.
Inductively, we obtain d(7™a;, T™a;;+1) < €, forany m € N.
Let R!, := d(T™a;, T™a;,1). Then,
o1 = AT a;, T ai ) < d(T™a;, T™ais1) — P(d(T™a;, T ait1))
§ d(TmaZ-, Tmaiﬂ) = R:n,

MATHEMATICALNOTES Vol. 109 No.6 2021



LOCALLY WEAK VERSION OF THE CONTRACTION MAPPING PRINCIPLE 861
Thus, {R%,} is a nonincreasing sequence, and being bounded below (0 is a lower bound), it must be
convergent. Suppose lim R! = R' >0, foreachi=0,1,...,n — 1.
m—roo
Again, we have
i1 < By, = 0 (Ry,)
= o vt % 0 R = 0 V)

= R' < R'—¢(R") [since v is continuous]

= h(R') =0
= R' = 0. (4)
Now using triangle inequality, we have
n—1 n—1 4
d(Tm, Tig1) = ATz, T™(Tx)) < Y d(T™a;, T"ai1) = Y Ry ()
i=0 i=0
Taking limit m — oo, we obtain,
n—1 . n—1 '
i d(@, 2n41) < n;gnng R, = ZO lim R, =0. (6)

We will show that {x,,} is a Cauchy sequence.
Let €1 > 0 be chosen arbitrarily and take g = min{e,e1} > 0. As li_r)n d(xm, Tm+1) =0, Ik €N

such that
€0

We note that if d(y, 1) < €9 < ¢, then (1) holds for x = x,. Thus, it y € B(xg, %), we have,

d(Ty,xr) < d(Ty,Txy) + d(Txy, xr)
< d(y, x) — ¥(d(y, w)) + d(g, Ths1)

. E
d(zg, Tpe1) < min{ 20,¢(

<5 v+ [y e Blaw )l
<& — ¢(d(y,$k))
< €o. (8)

- Ty € B(xy,e0),Vy € B(xg, ).
Also, il § < d(y, zr) < €0, by monotonicity of 4, we have ¥(%) < ¥(d(y, z1)).
d(Ty,zy) < d(Ty, Tzy) + d(Tzy, x1)
< d(y,rx) — Y(d(y, zx)) + d(Tk, Tpey1)
€ €

< d(y.ar) = () +4()

< d(y,$k)

< &g. (9)

By the above two cases we have Ty € B(xy,e0), Yy € B(xg,£0), which implies z,, € B(xg,eo) for
all m > k. Hence d(xy,,z) <ep < e for all m >k, and thus {z,} is a Cauchy sequence. X
being complete, {x,} must converge to some z € X. Again for any 5 > 0 let § = min{e,e2}. Now,
if d(z,y) <4, then d(z,y) < e and thus d(Tz,Ty) < d(z,y) — ¥(d(x,y)) < d(z,y) < 6 < ez, which
means that T is continuous. Therefore, T = nh_lgo Tptl = nll_)IIOlo T(zy) = Tz. Therefore, Z is a fixed

point of T'.
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We now prove that z is unique. If not, let 3 ¢ (# &) € X such that y = Ty. Then d(z,y) > 0.
Now consider the e-chain from z to §. Let & = bg, b1, ...,b, = 7 be an an e-chain from z to g. Thus,
d(bi,biy1) < e,Yi=0,1,..,p — 1. By the same argument as we reached (5) we obtain that

|
—

p
d(z,y) =dT™"z, T™y) < » d(T"b;, T"biy1). (10)

7

Il
=)

Taking limit m — oo we obtain, d(z, y) = 0, which is a contradiction. Hence the fixed point would be
unique.

Remark 2. The above result generalizes the result of Edelstein[11] and the result of Rhoades [13] in the
context of e-chainable metric spaces.

The next result shows that instead of assuming the whole space X to be e-chainable, if T'(X) only is
assumed to be so, the conclusion of the previous result still remains valid.

Theorem 2. Let € >0, and let X be a complete metric space. Suppose 1 :[0,00) — [0, 00)
be a continuous, nondecreasing function such that (t) >0 for t >0 and (0) =0. Also let
T:X — X beaself-map whichis (e,)-uniform local weak contraction, that is, foreach z,y € X
if d(z,y) < e, then

I T(X) is closed and e-chainable, then T' has a unique fixed point.

Proof. Let z € X be arbitrary, then Tz € T(X). We write xg =2 =Tz and set z,, = T"x, for
n=1,2,.... Then repeating the same argument as in Theorem 1, we assure the existence of a fixed
point in T'(X) and hence in X. For the uniqueness part, we note that if z is any fixed point of 7', then
z=T(z) € T(X). Then following the same argument for the uniqueness part as in Theorem 1, we
assure the uniqueness of the fixed point.

4. ILLUSTRATIVE EXAMPLE

In this section we present an example to show that our theorem is applicable to a function which
is neither a uniform local (Banach) contraction nor a i)-weak contraction on the whole space, for a
preassigned 1.

Example 1. Let X = AU B, where A= {(z(t),y(t)) : =z(t)=1/2—t,y(t) =0, 0<t<1/2} and
B ={(x(s),y(s)) : #(s) =0, y(s) =s+1/4, 0 < s < 1/4}.

X is clearly a complete subspace of the metric space R? with the usual distance d. Further we note
that, X is n-chainable for any n > 1/4.

Let v : [0,00) — [0,00) be defined by 1 (u) = u?/2. Clearly, ¢ is a continuous, nondecreasing
function such that ¢(¢) > 0 for¢ > 0 and ¢(0) = 0.
Let T : X — X be defined by

x(u u)) = (l_(u_luz)’o) Zf(mvy)EA

First, we show that T is not a uniform local (Banach) contraction. If possible, let T' be a uniform local
contraction. Then there exist e, A (withe > 0,0 < A < 1) such that, forall U,V € X,

i dU,V)<e,  then d(T(U),T(V))<\dU,V). (11)
Let ¢ = min{e, (1 — A)/2}. Now if we consider the points U(1/2,0) and V' (1/2 —¢,0) then d(U,V) =t

" oy =a (L), (1 (- Jeh o)) =L
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Since d(U, V') =t < ¢, relation-(11) is satisfied. Thus, we obtain

Lo
t— _t° <At
2 )
1
or t— 2t2 <(1—=2t)t [becauset < (1—X)/2 = X <1-2t],
1
or — 2t2 < — 262 (12)

Relation (12) is absurd. So we arrive at a contradiction, and thus 7" is not a uniform local contraction.

Now, we show that 7" is not a 1)-weak contraction. For this, consider a pair of points U(1/2,0) and
V(0,1/2) of X corresponding tot = 0 and s = 1/4, respectively. Then

¢22’ d(U’V)_¢(d(U7V)):¢2_1 1:2\/2—1'

(9)-(-6-3+)9)- ()
) RO

1, 2v2-1
ATW),LTV) =, £,
Hence relation (1) is not satisfied for this pair of points, which shows that it is not a ¢)-weak contraction.
We now show that T is a (1, ¢)-uniformly local weak contraction map, for some n > 0.

Let us now consider the following cases.
Case I: Let us consider two points P(x(t),y(t)) € A and Q((x(s),y(s)) € B, where 0 <t < 1/2 and

0 <s<1/4. Then
2 2
d(p,@):m_t) (1Y

dU, V) =

Again,

Thus,

= d(U,V) — (d(U,V)).

Consider the function F : R x R — R, defined by

o= {f- =3 (™)
IR GO
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Now F(1/2,0) > 0 and F is continuous at (1/2,0). Thus, by the Neighborhood property of Continuous
functions, there is a § — neighborhood of the point (1/2,0) where the function assumes only positive
values.

Thus, fort = 1/2 and s = 0, the corresponding pair of points (0,0) € A and (0,1/4) € B satisfies
the relation (1) and there is some § with 1/4 > ¢ > 0, such that, for all pair of points R(z(t),y(t)) € A
and S((z(s),y(s)) € B),wheret € (1/2 —0,1/2] and s € [0, ¢), relation (1) remains satisfied.

Now let us consider a > 0 be such that a« < 4. The points corresponding to parametric values
t=1/2—«aand s = «aare P(«a,0) and Q(0,1/4 4+ «), respectively, and the distance between them is

d(P,Q) :d<(a,0),<0,i—|—a>> = \/a2+ <i +a>2.

L d(P,Q) — ¢ (d(P,Q)) = \/a2 + <i +a>2 - ; {a2 + <i —|—a>2} = g(a)(say).

d(P,Q) — 3(d(P,Q))? = g(«) is a strictly increasing function of d(P, Q) when d(P, Q) < 1. Thus, g(a)
is increasing with respect to a, for 0 < o < 1/4. Hence the minimum value of g(«) in [0,1/4) is 7/32,
corresponding to & = 0. Now,

sy -{(3+a) -3 (+a) -{(-a) -3 (3-0) } -+ dem st

(say), which is clearly a continuous and increasing function of «. In particular, for a = 0.1, we
have d (T'(P),T(Q)) = 27/160 < 7/32, the minimum value of the R. H. S of (1) in this case. Thus,
fla) < f(0.1) =27/160 < 7/32 = ¢g(0) < g(a). Thus, for & < 0.1 the inequality (1) is satisfied. Hence
we can choose § = 0.1

Thus, in this case we see that the pair of points P, @ (where P € A, Q € B), whose distance is less

than
1 2
n=1/0.1%+ <4 + 0.1> ~ 0.3640,
satisfies relation (1).

Case Il P(x(s1),y(s1)), Q((z(s2), y(s2)) € B

—
o
IN
VA
flary
IA
W
[N}
IA
[
~
o~

Now, d(P, Q) = s3 — s1. Therefore,

2

LA(P.Q))? = (53— s1) — ~(s2 — 1)

2 3
Since 0 < 51 < 59, we note that 592 — 512 = (s 4+ 51) (82 — 51) > (52 — 51)(82 — 51) = (52 — 51)2. Thus,
we have

d(P,Q) = P(d(P,Q)) = d(P,Q)

2

1 1 1
s2=51) = {59 — 512} < (s2—51) — _ (52— s1)%

4( 2
Therefore, (1) is satisfied. In particular, if d(P, Q) < n, then (1) is also satisfied.

MATHEMATICALNOTES Vol. 109 No.6 2021



LOCALLY WEAK VERSION OF THE CONTRACTION MAPPING PRINCIPLE 865

Caselll: P(l‘(tl),y(tl)),Q((:L‘(tz),y(tQ)) c A), 0 < t1 < to < % Then

are).1@) = {2yt - for = Jn?} = -0 - | {1 - 02},

Also, d(P, Q) = to — t1. Therefore,

A(P,Q) ~ w(d(P,Q)) = d(P,Q) —  (d(P,Q))* = (1 —11) — (12— 1a)".

Since 0 < t; < tq9, we note that

to? —t12 = (ty +t1)(ta —t1) > (ta — t1)(ta — 1) = (L2 — t1)%

Thus, we have

1
(ty — )%

(ta —t1) — {752 —t12} (ta —t1) — 9

Thus, (1) is satisfied. In particular, if d(P, Q) < n, then (1) also holds.

Hence, from the above cases we can conclude that the function 7' is an (7, ¢)- uniformly locally weak

contraction for n = 0.36. The space X is 0.36-chainable. Thus, all the conditions of Theorem 1 are
satisfied. The point (1/2,0) is a fixed point of T'.
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