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Abstract—The sub-Laplacian plays a key role in CR geometry. In this paper, we investigate
eigenvalues of the sub-Laplacian on bounded domains of strictly pseudoconvex CR manifolds,
strictly pseudoconvex CR manifolds submersed in Riemannian manifolds. We establish some
Levitin—Parnovski-type inequalities and Cheng—Huang—Wei-type inequalities for their eigenval-
ues. As their applications, we derive some results for the standard CR sphere §?7+! in C"*!, the
Heisenberg group H", a strictly pseudoconvex CR manifold submersed in a minimal submanifold in
R™, domains of the standard sphere S? and the projective space FP™.
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1. INTRODUCTION

The study of eigenvalues of differential operators on manifolds is an important field in geometry
and analysis. In the past decades, some progress has been made. Let €2 be a bounded domain in a
Riemannian manifold M. The Dirichlet Laplacian problem is described by

— Au = pu, in €,
_ (1)
ulon =0,
where A is the Laplacian. It has a real and discrete spectrum: 0 < p1 < po < -+ < g < --- . When

M is R?, Payne, Polya and Weinberger [1] proved that the eigenvalues of problem (1) satisfy us < 3p1
and po + ps < 6pq. This led to the famous Payne—Polya—Weinberger’s conjecture on the lower order
eigenvalues of problem (1) on a bounded domain  C R™. Yau included this conjecture in his famous
problem lists (cf. [2]). In 1992, Ashbaugh and Benguria [3] gave the proof of the first part of this
conjecture. In 1993, they [4] proved that the second part of Payne—Pélya—Weinberger’s conjecture
holds under the assumption that € is invariant with respect to 90° rotations. In[4], they established a
universal inequality

> pin < (n+Hm (2)
i=1
for @ C R™. In 2008, Sun, Cheng and Yang [5] obtained some universal inequalities for eigenvalues
of problem (1) on bounded domains in the unit sphere, in complex projective space, and in compact
complex submanifolds of complex projective spaces. Chen and Cheng [6] proved that (2) still holds when
Q is a bounded domain in an n-dimensional complete Riemannian manifold isometrically minimally
immersed in a Euclidean space with mean curvature vector field H. In fact, they obtained

n 2

~ ~ ~ n
> fir1 < (n+ 4, where [i; =+ 4 Hi, Hy= rggg\H(az)L (3)
i—1
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Since R™ can be seen as a totally geodesic minimal hypersurface in R™*1, we know that the result (2) of
Ashbaugh and Benguria is included in (3). On the other hand, Levitin and Parnovski [7] generalized (2)
to

D pig < (n+4)py, (4)
i=1

where j is any positive integer. A remarkable point of (4) is that it gives some estimates for the upper
bounds of j41 + -+ + pjypn in terms of p;. Moreover, it covers (2) when j = 1. This inequality has
since then been referred to the Levitin—Parnovski inequality. On the other hand, for the clamped plate
problem:

{ A%y =Tu, in Q,
ulon =0

on a bounded domain €2 in an n-dimensional complete Riemannian manifold M, Cheng, Huang and Wei
[8] derived

n 1/2 1/2
S (i —T)2 < P2n+~@r¥2+4ﬂ£@} <4r¥2+4ﬁfﬁ> , (5)
i=1
where Hj is a nonnegative constant which only depends on M and 2. Observe that (5) also gives a
estimate for the lower eigenvalues in terms of the first eigenvalue.

In recent years, there is increasing interest in the research of the sub-Laplacian Ay on a strictly
pseudoconvex CR manifold. A CR manifold is a differentiable manifold together with a subbundle of
the complexified tangent bundle which is formally integrable and almost Lagrangian. The canonical
examples of CR manifolds include the real (2n + 1)-dimensional sphere as a submanifold of C**1, and
the Heisenberg group H™. Let (M, #) be a strictly pseudoconvex CR manifold, where 1-form 6 is called

pseudo-Hermitian structure on M. The sub-Laplacian Ay is a second order differential operator on
(M, 0), which is defined by

Apu = traceg, Vdu,

where V the Tanaka—Webster connection on the tangent bundle TM and Gy is the Levi form of
f. Similar to that played by the Laplacian in Riemannian geometry, the sub-Laplacian Ay plays a
fundamental role in CR geometry. For example, in the famous CR Yamabe problem.

Some recent papers extended the results for the Laplacian to the sub-Laplacian on CR manifolds.
For example, [9]—[12]. Noticing that the determination of the eigenvalues of the sub-Laplacian on
the standard sphere is still an open problem, the research in this direction is significant. Let Q be
a bounded domain in a strictly pseudoconvex CR manifold (M, 8) of real dimension 2n + 1, V be a
nonnegative continuous function, and f : (M,0) — R™ be a semi-isometric C? map. Consider the

following Dirichlet eigenvalue problem of the sub-Laplacian
{ — Apu+ Vu = A, in Q,
ulpn = 0.

(6)

[t also has a real and discrete spectrum: 0 < Ay < Ay <-+- < A\ <--- = 00. In 2013, Aribi and El
Soufi [9]investigated eigenvalues of problem (6). For every £ > 1 and p € R, they obtained

~ max{2,p} r 1
Moyt — AP < ’ Mer1 — AP N+ Do |,
;(k—i—l )P < n ;(kﬂ ) ( +, >
where Do, = sup( |Hp(f)[Zm — 4V>. In this paper, we establish some Levitin—Parnovski-type in-
Q

equalities and Cheng—Huang—Wei-type inequalities for lower order eigenvalues of problem (6) for the
sub-Laplacian Ay on a strictly pseudoconvex CR manifold.

The paper is organized as follows: In Section 3, we first consider problem (6) for the sub-Laplacian
on a bounded domain Q in a strictly pseudoconvex CR manifold (M, #) of real dimension 2n + 1.
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Let f: (M,0) — R™ be a semi-isometric C? map. In Theorem 1, we derive the following Levitin—
Parnovski-type inequality

2n
> N < @n 44N+ sgp(le(f)lfgm —4V),
=1

where Hy(f) is the Levi tension of f and 5 € N. The Heisenberg group and real hypersurfaces of complex
manifolds are two important models for CR manifolds. In Corollaries 1 and 2, by using Theorem 1, we
obtain some Levitin—Parnovski-type inequalities for the standard CR sphere S?**1 in C"*! and the
Heisenberg group. In Section 4, we establish some Cheng—Huang—Wei-type inequalities (cf. [8] and
[13]) for lower order eigenvalues of problem (6). In Theorem 2, for a bounded domain 2 in a strictly
pseudoconvex CR manifold (M, 6) of real dimension 2n 4 1, we prove that the following inequality

2n 1/2
Z()\i+1 —A)V2 < Von|4n + sup (| Hy(f)[gm — 4V)
=1 Q

holds. We also obtain some results for the standard CR sphere S?**1 in C"*! and the Heisenberg group
in Corollaries 3 and 4. In Section 5, as applications of Theorems 1 and 2, we concern Riemannian sub-
mersions over submanifolds of the Euclidean space. Let (M, 6) be a strictly pseudoconvex CR manifold
of real dimension 2n + 1 and let f : (M, 6) — N be a Riemannian submersion over a Riemannian man-
ifold of dimension 2n such that df (§) = 0. In Theorem 3, we derive a Levitin—Parnovski-type inequality
and a Cheng—Huang—Wei-type inequality for the eigenvalues of problem (6) for the sub-Laplacian A,
on a bounded domain £2 C M by using Theorems | and 2. In Corollary 5, by using Theorem 3, we give
some results for a minimal submanifold in R™, the standard sphere S?" and the projective space FP™.

2. PRELIMINARIES

In this section, we give some definitions and basic facts about strictly pseudoconvex CR manifolds
and sub-Laplacians. For more details, we refer to [9], [14]—[16].

Let M be an orientable CR manifold of CR dimension n. That is to say, M is an orientable manifold
of real dimension 2n + 1 equipped with a pair (H (M), J), where H(M) is a subbundle of the tangent
bundle T'M of real rank 2n and J is an integrable complex structure on H(M). H(M) is called a Levi
distribution.

Since M is orientable, there exists a nonzero 1-form 6 € T'(T* M) such that Kerf = H(M). Such
1-form @ is called a pseudo-Hermitian structure on M. To each pseudo-Hermitian structure § we
associate its Levi form Gy defined on H(M) by Gog(X,Y) = 0([JX,Y]) forany X,Y € I'(H(M)). The
CR manifold is said to be strictly pseudoconvex if the Levi form Gy of a compatible pseudo-Hermitian
structure 6 is positive definite for the pseudo-Hermitian structure §. The Reeb vector field of 0 is the
unique tangent vector field determined by the pseudo-Hermitian structure 6, which satisfies 9(§) = 1
and £.df = 0. [t is also called characteristic direction of 6.

The Tanaka—Webster connection of a strictly pseudoconvex CR manifold (M, €) is the unique affine
connection V on T'M satisfying:

(1)Ve=0,Vdfd =0,and VJ = 0.

(2) The torsion Ty of V is such that, forall X, Y € H(M),

To(X,Y) = —0(X,Y])E  and  Ty(&,JX) = —JT(¢, X) € H(M).
Take a local Gy-orthonormal frame {X7,-- - , Xa,} of Levi distribution H(M). Then one has

om 2n
Apu = Z{XZXZU - (VXZXZ)U} = Z(invHu’Xi>G6’
i=1 =1

where V7u € H(M) is the horizontal gradient of u defined by
Xu = Gg(X, Vu) forany X e I'(H(M)).
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The contact form € induces the volume form 99 = 1/(2"n!)0 A (df)™ on M. For every compactly
supported smooth function w, integration by parts yields

/ ulyudy = —/ IV ulg, 9. (7)
M M

Let f: (M,0) = (IV, () be a smooth map, where (IV, () is a Riemannian manifold. Let 7 be a vector
valued 2-form on H (M) given by
np(X,Y) = VEdf (Y) - df (VxY),

where V/ is the connection induced on the bundle f~'TN by the Levi-Civita connection of (N,¢).
Hy(f) = traceg,ny is said to be the Levi tension of f. Infact, Hy(f) is a vector field defined similarly to
the tension vector field in the Riemannian case. Then one has

2n
=NV df(X:) - df (Vx, X))
2

The map f: (M,0) — (N,() is said to be semi-isometric if it preserve lengths in the horizontal
directions as well as the orthogonality between H (M) and Reeb vector field £ of . That is to say,
VX € H(M), we have

|df (X)|¢ = |X]g, and (df (X), df (£))¢ = 0.
When (N, ¢) is the standard space R™, we have
Hy(f) = (Apfr,- Dpfm). (8)

3. LEVITIN-PARNOVSKI-TYPE INEQUALITIES FOR THE SUB-LAPLACIAN

In this section, we establish some Levitin—Parnovski-type inequalities for problem (6) for the
sub-Laplacian Ay on some strictly pseudoconvex CR manifolds. We first state the following theorem:

Theorem 1. Let (M,0) be a strictly pseudoconvex CR manifold of real dimension 2n + 1 and let
f:(M,0) = R™ be a semi-isometric C? map. Let V be a nonnegative continuous function on a
bounded domain Q2 C M. Denote by \; the ith eigenvalue of problem (6) for the sub-Laplacian A,
on ). Then we have

ZAJH_ (20 +4X; + sup(|Hy(f) o — 4V), (9)

where Hy(f) is the Levi tension of f and j € N.

In order to prove Theorem 1, we need the following abstract formula established by Levitin and
Parnovski (see Theorem 2.2 of [7]).

Lemma 1. Let H be a complex Hilbert space with a given inner product {,). Let E: D CH — H
be a self-adjoint operator defined on a dense domain D which is semibounded below and has a
discrete spectrum py < pg < pz < --- . Let {Go: E(D) — H}N_, be a collection of symmetric
operators which leave D invariant. Denote by u; the normalized eigenvectors of E and u;
corresponding to the ith eigenvalue ;. Moreover, this family of eigenvectors is further assumed
to be an orthonormal basis for H. For any positive integer j, we have

Z " _L] = =, {[[B: Gal; Galujs uj), (10)

where [E,G,| := EG, — G, E is the commutator of E and G,. Here we have ([E, G, |uj, u) = 0 if
pr = pj for k # j.
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The proof of Theorem 1 is based on the observation that estimates in the proof of Lemma | can
be sharpened. Using Lemma 1, the properties of the sub-Laplacian and a strictly pseudoconvex CR
manifold, we can give the proof of Theorem 1.

Proofof Thereom 1 Let f : (M,6) — R™ be a semi-isometric map and let fi,- - , f,,, beits Euclidean
components. For each a =1,--- ,m, we still use f, to denote the multiplication operator naturally
associated with f,. Let u; be the orthonormal eigenfunction corresponding to the ith eigenvalue \; of
problem (6). We know that u; satisfies

/ wgjdg = ;. (11)
Q

For each j fixed, we consider a m x m matrix @ = (¢a8)mxm, Where go5 = ([=Ap + V, faluj, ujip).
According to the QR-factorization theorem, we know that there exists an orthogonal m x m matrix
P = (pag)mxm such that B = PQ = (bag)mxm is an upper triangular matrix. That is to say, for
1< B < a<m,wehave

bap = Zpa’yq'yﬁ =([-Ap+V, Zpa’yf’y]uj7uj+6> = 0. (12)
= y=1
Define the functions ¢, by @, = Z,T’Zl Par f+- Therefore, we can choose the functions ¢q,--- , ¢, as
the standard coordinates functions of R™ such that
([=Ap+ V paluj,ujpp) =0, for 1 < g <a<m. (13)
Rewriting the summation index k, and using (13), we find that
+a—1
]—i_z: [ {(— Ab+V90a UJ’Uk ||L2 Z Ab+V90a]uJ,U]+B>||L2 -0 (14)
kg1 A — Aj+s = A
Taking F = —Ay + V and G, = ¢, in (10), we have
2 =26 + Vi alug, ug) I3 1
> I = ([~ A+ Vol Galug ). (15)
Ak — Aj 2

k=1
Utilizing (14), we can deduce an inequality. In fact, rewriting the summation index, one can obtain

i I{[=As + V, pau;, ug HLz Z H Ay +V, @a]ujauk>”%2

Ak — Aj Ak — Aj
o =2 + Vi palug, ) 1
n Z b PallUj, Uk)||T2
. Ak — Aj
k=j+1
= ”([ Ab+v90a]ujvuk>HL2
+ Z Y (16)
k=j+a
Moreover, noticing that the spectrum of problem (6) is non-decreasing, one can find that
J=1 ) 2
k=1 kA
Combining (14), (16) and (17), we derive
f: (=20 + Vi alujy w7 _ i {[=Ap + V, aluj, ur) |17
k=1 Ak = A k=j+a Ak = A
< S =0 + Vi gl ) 2. (18)
Jta J k=1
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Furthermore, Parseval’s identity implies
D =20+ Vi paluj, ur)llZ2 = =25 + V, galu; 72 (19)

Combining (18) and (19), we obtain

i I{[=Ap + V, @alug, ug)| 3 - 1

—A V,va 12, 20
Ak = Aj _/\j+a—>\j”[ b+ V. paluyllze (20)

k=1

Substituting (20) into (15), and taking sum on « from 1 to m, we derive

1 m m
=5 2 Nita = M= + Vi pal paluj ) < D lI[=20 + V palugl|Ze. (21)
a=1 a=1
Because
Ap(paty) = ujAppa + palpu; + 2(V 00, V7)) G,
we have
[~ Ay + V, 0aluj = —Appar; — 20V 00, VHu)) g, (22)
From (22), we derive
([[=Ap + V, val, 0aluj, uj) = —2/Qu?|VHg0a|é6199. (23)

On the other hand, we have
[ — A4+ V, @a]uj = — uj Ao — 2(V7 00, V),

From this, we derive

I[=2p + V, aluj|32 = /Q [U?(Ab%)z + 4V 00, VIu)Z, + 4uj Aypa (VT @a, VHU]'>G9]190~

(24)
Therefore, substituting (23) and (24) into (21), we derive
> (o =) [ 197 g0l 00
a=1

<Z/[ (Appa) +4(VHg0a,VHuj>ée—I—4ujAbg0a(VH90a,VHuj>G9]199. (25)

Now we calculate the terms in (25) by using the geometric properties of a strictly pseudoconvex
CR manifold. According to the isometry property of f with respect to horizontal directions and the
orthogonal property of the matrix @, one can obtain

Z<VHSOO" VH'LL]'>%16 = Z<vao“ VHU’J G9 Z Vfa, vHu] G9
a=1 a=1 a=1
= ‘df(vHUj)‘I%&m = ‘VHU]'\GQ. (26)
This yields
Yo | (Vo0 VTupg, 0 = | IV uilE,00 = | wi(=0 +V)ugde — | Vuiiy
a=1"% Q Q Q J
= )\j - /QVU?ﬁ@ (27)
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Noticing that Levi tension of f satisfies (8), we have

2 Au?(Abm?ﬁe:; /Q uj(Anfa) 05 = /Q [Ho(f) [ 95 (28)

Denote by {E,, } the standard basis of R™. Using Lemma 2.1 in [9], we obtain

ZAbSOa V Qoouv u] ZAbfoev fomvHu]>

a=1 a=1
< Z Abfoz s Z Vfa, VH’LLj>G9Ea>
a= a=1 R™

Therefore, using (27)—(29), we can write

Z/ [ (Appa)? + 4V 00, VHuy)E, +4UjAbsDa<VHs0a,VHUj>Ge]199

=4\ Jr/Q(|Hb(f)|§w — AV)u30,. (30)

Furthermore, since @ is an orthogonal matrix and f preserves the Levi form with respect to a
Gp-orthonormal frame {e; } of H,(M), one has

m m m  2n
Z ‘VHQOOAQG@ = Z |vaOC|2G@ = Z Z<vaOl7 €i>2G0
a=1 a=1 a=1i=1
2n 2n
= _ldf(enlim =) _leil&, =2n. (31)
i=1 i=1
The inequality [V# fo |3, < 1 implies that
Vo oalg, <1, fora=1,---,m. (32)
According to (31) and (32), we deduce
m 2n m
D> Nra = )V @ald, 2D N = MIVI@ile, + Nrzn = X)) D IV 0slE,
a=1 =1 B=2n+1
2n
= Z i = MIVTilG, + Nran — ) Z(l - V7%ilg,)
i=1
> Z j+i T ‘V WZ‘GQ + Z i — A1 = ‘VH(Pi%‘Q)
=1
= Z(Ajﬂ- =) (33)
i=1
Substituting (30) and (33) into (25), we derive
ZAW < (2n+4)\ + /Q (IHp(f)|m — 4V )uidy. (34)

Taking the supremum of |Hy(f)[Zm —4V on Q in (34), we obtain (9). This concludes the proof of
Theorem 1.
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Using Theorem 1, we can obtain some results for two important models of CR manifolds: real
hypersurfaces of complex manifolds and the Heisenberg group. Denote by S?**! the standard CR sphere
in C" 1. As well known, the standard embedding j : $*"** — C"*! satisfies |Hy(j)|2.+1 = 4n?. Hence
we obtain the following corollary by using Theorem 1.

Corollary 1. Let Q ba a domain in the standard CR sphere S>"1 c C"*1. Let V be a nonnegative

continuous function on a bounded domain Q C S*"*1. Denote by \; the ith eigenvalue of problem
(6) for the sub-Laplacian Ay on Q. Then we have

ZAJH_ (2n + 4\, + 4n? — 4V,

where j € Nand Vy = igf V.

Denote by H" =2 C™ x R the Heisenberg group endowed with its standard CR structure. The
corresponding sub-Laplacian on H" is

1
Aun =, ) (X7 +Y7).
Jj<n
Noticing that the standard projection H" is semi-isometric with zero Levi tension, we obtain the
following corollary.

Corollary 2. let Q ba a domain in the Heisenberg group H". Let V be a nonnegative continuous
function on a bounded domain Q2 C H". Denote by \; the ith eigenvalue of problem (6) for the
sub-Laplacian Ay on Q. Then we have

Z N < (2n 4+ 4)N; — 4V,

where j € Nand Vy = igf V.

4. CHENG—HUANG—-WEI-TYPE INEQUALITIES FOR THE SUB-LAPLACIAN

In this section, we establish some Cheng—Huang—Wei-type inequalities for lower order eigenvalues
of problem (6) for the sub-Laplacian Ay.
Theorem 2. Under the same assumptions as Theorem 1,

2n 1/2

> (Aipr =AY < V2n 4 + sup(|Ho(f)[m —4V) | (35)
i—1 @
where Hy(f) is the Levi tension of f.

In order to prove Theorem 2, we need the following abstract formula established by Sun and Zeng
[17].

Lemma 2. Let H be a complex Hilbert space with a given inner product (,) and corresponding
norm|| -||. Welet A: D C H — H be a self-adjoint operator defined on a dense domain D which
is semibounded below and has a discrete spectrum py < pg < ---. Let {Ty, : D — H}', be a
collection of skew-symmetric operators and {B, : A(D) — H}2'_, be a collection of symmetric
operators which leave D invariant. Denote by u; the normalized eigenvectors corresponding to
theith eigenvalues p; of A. This family of eigenvectors are further assumed to be an orthonormal
basis for H. If the operators { By} satisfy

(Baui,ugq1) =0, for 1<p<a<m, (36)
then

m m 1/2
Z (a1 — 1) "/*( [Ty BaJua, ur) < 2{2 A, Ba]ulyBaul>Z HTaul”z} : (37)
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Proofof Thereom2 Let f : (M, 6) — R™ be a semi-isometric map and let fi,--- , f,,, beits Euclidean
components. In order to make use of Lemma 2, we construct some functions satisfying (36) from f,,.
Similar to the proof of Theorem 1, we can prove that there exists a series of functions h,, which satisfy

(haui,ugs1) =0, for 1 < B <a<m.

In fact, we consider an m x m matrix S = <fQ fau1u5+1199>
mXxXm

According to the QR-factorization theorem, we know that there exists an orthogonal m x m matrix
T = (taﬁ)me such that U = T'S is an upper triangular matrix. Namely we have

m

th/ frurugg19g =0, for 1< B <a<m.
Q

y=1

Defining the functions v, by ¥, = Z:q’zl tavy fy- Thus we infer

(Yaur,ugy1) = / Yaurugy1¥g =0, for 1< <a<m. (38)
Q

In other words, the functions v, satisfy (36). Hence, taking
A:_Ab“‘Va Ba:¢aa Ta:[Ab_Vﬂl)a]
in (37), we have

m

Aat1 — <[[Ab_ Va"ﬁa]v"ﬁa]ulyuﬁ

a:l

m 1/2
_2{2 Ab"i_vwa ulawaul Z Ab_vwa ul”LQ} : (39)

Now we calculate the terms of (39). Similar to (27)—(29), according to the isometry property of f
with respect to horizontal directions and the orthogonal property of the matrix 7", we obtain

)3 /Q (Vs V), 99 = Ay — /Q e (40)

)3 /Q W2 (Aytba) 20 = /Q Hy(f) B39, (41)
D AthalV 0, Vug)G, = (Hy(f), df (Vuj))rm = 0. (42)
a=1

Then, using (40)—(42), we have
Z 1[4 = V; ta]un |72
— Z /Q [uf(abwaﬁ + 4V Mo, V), + dus Apha (VT 0, VTur) g, | 90

=it [ (H() e — 4V} (13)
Moreover, just as (23), we can write
(1A = Vi, Yalur, ur) = 2 /Q Ui [V 4palE, Do. (44)
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Furthermore, since
[ = Ay + Vo tha|ur = —u1 Aghq — 2(V e, V8 uy) g,

we obtain
1
([ = 2+ Vo] ur, o) = — /Q Vo Aptbally — /Q (VA3 VHul)a, v (45)

Then, using (45) and

/Q (V2 VU)o, 09 = —2 /Q Vot Apiha g — 2 /Q W3 |V a g, Yo,

we derive
i([ — Ay + Vo] ur, aun) = i /Q ui| Vo E, 00 = 2n. (46)
a=1 a=1
Substituting (43), (44) and (46) into (39), we obtain
i(xaﬂ =02 [ Il 00 < Vo [4A1 + [ 1 = V)t o

It follows from fact that f preserves the Levi form with respect to the Gy-orthonormal frame {e;} of
H, (M) that

m
> [V palg, = 2n.
a=1

Then, similar to the proof of (33), we deduce

m 2n m
D Qart = A2V GalE, =3 i = M)AV 0iZ, + Qo =AY Y V0,
a=1 =1 B=2n+1

2n 2n
> (i = A)VAVIE, ) (i — A2 = [V,
i=1 =1

2n
=Y (i1 — A2 (48)
=1

Combining (47) with (48), we obtain (35). This finishes the proof of Theorem 2.

From Theorem 2, we can derive the following corollaries for problem (6) of the sub-Laplacian on a

bounded domain Q in the standard C'R sphere S?**! ¢ C"*!, a bounded domain Q2 in the Heisenberg
group H".

Corollary 3. Under the same assumptions as in Corollary 1, the following result for problem (6)

for the sub-Laplacian Ay on a bounded domain 2 in the standard CR sphere S***t1 ¢ C"*! holds:

2n

Z()\Z'_H — )\1)1/2 < 2\/2’1%()\1 + n?— Vo)1/2.

i=1
Corollary 4. Under the same assumptions as in Corollary 2, the following result for problem (6)
for the sub-Laplacian Ay on a bounded domain Q) in the Heisenberg group H" hods:

2n
Z()\H_l — )\1)1/2 < 2\/277,()\1 — %)1/2.
=1
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5. APPLICATIONS OF THEOREMS 1 AND 2: RIEMANNIAN SUBMERSIONS
OVER SUBMANIFOLDS OF THE EUCLIDEAN SPACE

Let f: (M,0) — N be a Riemannian submersion over a Riemannian manifold N of dimension 2n.
The manifold NV admits infinitely many isometric immersions into Euclidean spaces. As applications of
Theorems 1 and 2, we can derive the following results for Riemannian submersions.

Theorem 3. Let (M, 6) be a strictly pseudoconvex CR manifold of real dimension 2n + 1, and
let f:(M,0) — N be a Riemannian submersion over a Riemannian manifold of dimension 2n
such that df (&) = 0. Denote by Z(N,R™) the set of all C*-isometric immersions from N to the
m-dimensional Euclidean space R™, where m > 2n. Set

HEY(N) = inf H 2 ,

(N) ¢€Um€1§I(N’Rm)II (9%

where H(¢p) stands for the mean curvature vector field of ¢. Denote by \; the ith eigenvalue of
problem (6) for the sub-Laplacian Ay on a bounded domain 2 C M. Then

2n
D Aji < (2n 4 4)\; + sup(H(N) — 4V), (49)
i=1 L
2n 1/2
D (ipr = A2 < Van [4>\1 +sup(H(N) —4V)| . (50)
Q

=1

Proof. According Nash’s famous embedding theorem [18], we know that each complete Riemannian
manifold can be isometrically immersed into a Euclidean space. Let ¢ : N — R™ be any isometric
immersion. We can know that themap ¢ o f : (M, 60) — R™ is semi-isometric. Denote by By the second
fundamental form of ¢. Then according to Corollary 2.1 of [9], we know that 3y = 0 and Hy(f) = 0.
Thus, we have

Boor(X,Y) = dp(Bs(X,Y)) + By(df (X), df (Y)) = By (df (X), df (V).

For any x € M, the differential of f induces an isometry between H,(M) and Ty N. Hence if

X1, -+, X9, is a local orthonormal frame of H(M), then df (X1),--- ,df(X2,) is also an orthonormal
frame of TIN. This yields

Hy(¢o f) = H(9).

Therefore, applying Theorem 1 and Theorem 2 to ¢ o f, and taking the infimum with respect to ¢, we
obtain (49) and (50). This finishes the proof of Theorem 3.

By using Theorem 3, we can now state the following results for a minimal submanifold in R™, the
standard sphere S?" and the projective space FP™.

Corollary 5. Let (M, 0) be a strictly pseudoconvex CR manifold of real dimension 2n + 1 and let
f:(M,0) — N be a Riemannian submersion over a Riemannian manifold of dimension 2n such
that df(§) = 0. Denote by \; the ith eigenvalue of problem (6) for the sub-Laplacian Ay on a
bounded domain Q C M. Set Vy = ing. Then:

(1)I[ N is an open set of R*", or a minimal submanifold in R™, then

2n
Y A < (2n+4)N; — 4%, (51)
=1
n 1/2
S (i — A2 < 2020 (Al - V0> . (52)
=1
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(2)I] N is a domain D of the standard sphere S*", then

2n
D N < @n A 4N +4(n? = W), (53)
=1
2n 1/2
D (g = M)V <2van [Al + (n? — VO)} . (54)
=1

(3) Denote by FP™ the projective space of dimension m over F (or real dimension 2n, i.e.,
m = 2n/dr). That is to say, if F =R, then FP™ is the m-dimensional real projective space; if
F = C, then FP™ is the complex real projective space of real dimension 2m; if F = Q, then FP™
is the quanternionic projective space of real dimension 4m. If N is a domain D of the projective
space FP™ of real dimension 2n, then

2n
D X < (244N +4n(2n + dg) — 4V5, (55)
=1
2n 1/2
> (s = A2 < 2920 | + (2t do) < Vo (56)
=1
where
1 if F=R,
dp = dimgF = {2 if F=C,
4 ifF=Q.

Proof. (1)If N is an open set of R??, or a minimal submanifold in R™, then
He“(N) =0. (57)
Substituting (57) into (49) and (50), we obtain (51) and (52).
(2)If N is a domain of the standard sphere S?”, then
H(N) = 4n?, (58)

which follows from the fact that |H(7’)|]%§2n+1 = 4n?, where 7 : $?" — R?"*l is the natural embedding of
the standard sphere into the Euclidean space. Substituting (58) into (49) and (50), we obtain (53) and
(54).

(3) As we know, the projective space FP™ carries a natural metric such that the Hopf fibration
72 See(m+1)=1 — pmt+l _y Rpm is g Riemannian fibration. Let

Hm+1(F) = {A S Mm+1(F)|A* =t A= A}

be the vector space of (m 4+ 1) x (m + 1) Hermitian matrices with coefficients in F, endowed with the
inner product (A, B) = Jtrace(AB). The map ¥ : Stmin =t c Frtl 3¢ (F) given by

120/ 2021+ 20%m

b= | Al e
2

Zm20 ZmZ1 - |Zm]

induces through the Hopf fibration an isometric embedding ¢ from FP™ into H,,+1(F). Moreover,

¢(FP™) is a minimal submanifold of the hypersurfaces S(mﬂrl, \/277’;11) of Hpn41(F) of radius \/27511
centered at m{i-l' One deduces that the mean curvature H (¢) satisfies
|H(¢)|* = 2m(m + 1)dz.
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Hence we know that

H(FP™) < 2m(m + 1)dz. (59)

Therefore, we can obtain (55) and (56) by using (49), (50) and (59). This completes the proof of
Corollary 5.
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