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Abstract—A boundary-value problem with nonlocal integral condition of Samarskii—Ionkin type is
studied for a mixed-type equation with singular coefficients in a rectangular domain. A uniqueness
criterion for the problem is established by the method of spectral analysis.
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1. INTRODUCTION AND STATEMENT OF THE PROBLEM

The theory of boundary-value problems for singular and degenerate equations is one of the most
important sections of the modern theory of partial differential equations; this is due not only to its
numerous applications in various fields of science and technology and the need to solve applied problems,
but also to the intensive development of the theory of mixed-type equations. The first boundary-value
problem for such elliptic equations with variable coefficients was first studied in[1]. A special place in this
theory is occupied by the study of equations containing the Bessel differential operator. The study of this
class of equations was begun in the works of Euler, Poisson, and Darboux and continued in the theory of
the generalized axisymmetric potential [2]. The importance of this class of equations is due to their use in
applications to various problems of gas dynamics and acoustics, jet theory in hydrodynamics, linearized
Maxwell—Einstein equations, and elasticity-plasticity theory. An extensive study of boundary-value
problems for equations of three main classes with Bessel operator was presented in [3]—[6].

In the domain
D={(z,y)|[0<z <], —a<y<p}
of the coordinate plane Ozy, where [, «, and § are given positive real numbers, we consider the
elliptic-hyperbolic equation

Lu(z,y) = Ugs + (sgny)uyy + Zuw + 7 uy =0, (1.1)

where p and ¢ are given real numbers such that |p| < 1, p # 0, and |g| < 1, ¢ # 0. Let us introduce the
notation Dy = DN {y >0} and D_ = DN {y < 0}.

Statement of the problem. It is required to find a function u(z,y) that satisfies the following
conditions:

u(z,y) € C(D)NC* Dy UD_), (1.2)

Lu(z,y) =0, (x,y) €e Dy UD_, (1.3)

ygrg+ yluy(z,y) = ylgg_(—y)quy(ar,y), 0<x<l, (1.4)
u($76) = 90(33)7 U(ZL‘, —Oé) = 1/1(33)7 0<z<l, (15)
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lim zPu,(z,y) =0, —a<y<4g, (1.6)
z—0+
1
/ xPu(x,y) dx = A = const, —a<y<p, (1.7)
0

where A is a given real number and ¢(x) and v (z) are given sufficiently smooth functions that satisfy
the conditions lim, o4 2P¢’(z) = lim, 04 2P’ (x) = 0 and

l l
/ 2Po(x)dx = / 2P(z) de = A. (1.8)
0 0

The integral condition (1.7) previously appeared in the papers [7] and [8] dealing with the heat
equation and also in [8], for example, in the study of the stability of a rarefied plasma, where the nonlocal
condition means that the internal energy of the system is constant. At present, problems with integral
conditions for equations of various classes have been studied in great detail (see, e.g., [9]-{12] and the
bibliography given there). A nonlocal boundary-value problem for Eq. (1.1) with ¢ = 0 was investigated
in[13].

Let us represent Eq. (1.1) in the form

_, 0 ou
v p@x (xp 8m> ~ e T

_, 0 ou

L}

Uy = 07 Yy e (—Oé,O),

R

Let us multiply both equalities by P and integrate for fixed values y € (—a,0) and y € (0, 8) with
respect to the variable x over the interval from ¢ to | — &, where £ > 0 is a sufficiently small number. As
a result, we obtain

l—e l—e l—e
/8 ;m <a;p gz> dm—/8 xpuyydm—/a P Zuyda::O, y € (—a,0),

l—e l—e l—e
0 ou q
/8 P <a;p 8x> dm—k/8 a:puyyda:—l—/a mpyuyda::O, y € (0,5),

ou
p
(m ax)
l—¢ d2

aP Ou +
ox ) |. dy?

In the last equalities, we pass to the limit as € — 0. In view of conditions (1.6) and (1.7), we obtain the
following local boundary condition:

or
1—
€ d2

l—¢ l—e
d
Ty / 2Pu(z,y) dx — 1 / 2Pu(z,y)dx =0, y € (—a,0),
€ g

y dy

£

l—e q d l—e
/ 2Pu(z,y) dx + / 2Pu(z,y)dx =0, y € (0,5).
e y dy J.

In what follows, we will consider problem (1.2)—(1.6), (1.9).

2. UNIQUENESS OF THE SOLUTION OF THE PROBLEM

Substituting the function u(z,y) = X(2)Y (y) into Eq. (1.1) and conditions (1.6), (1.9), after
separating the variables, we obtain the spectral problem

X"(x) + iX’(a:) FA2X(@)=0, O<z<l (2.1)
wl_i}r& 2P X' (x) =0, X'(1) =0, (2.2)

where A2 is the split constant.

MATHEMATICALNOTES Vol. 109 No.4 2021



UNIQUENESS OF THE SOLUTION OF A NONLOCAL PROBLEM 565
The general solution of Eq. (2.1) for [p| < 1, p # 0, is given by the formula
X(l‘) = 01$(1_p)/2J(1_p)/2()\33) + OQZL‘(l_p)/zJ(p_l)/g()\l‘). (23)

Since (1 — p)/2 is not an integer, it follows that Ji;_py /2(Ax) and Ji,_1)/2(Az) are linearly independent
solutions of Eq. (2.1). Here Cy and C5 are arbitrary constants.

From this formula we calculate
X'(a:) = Cl)\a:(l_p)/2J_(p+1)/2()\x) - CQ)\:L’(l_p)/QJ(p+1)/2()\x).

Since, as x — 0+, the equality 2P X'(x) = O(Cy + CoxP*!) holds, it follows that, for the func-
tion (2.3) to satisly the first condition in (2.2), we must put C; = 0. Let Cy = 1.

Then the solution of Eq. (2.1) satisfying the first condition of (2.2) is defined by the equality
X(z) =2 P2 T, 4 n(A2).

We now require that this function satisfy the second boundary condition from (2.2). Calculating

dX(x _ _
ds(c ) o (@202 (A)) |,y = = NP2 0 (M) = 0,
we obtain
Ao =0,
J(p+1)/2(un) = O, M = )\nl. (2.4)
Thus, the system of eigenfunctions of problem (2.1), (2.2) has the form
Xo(z)=1, X =0, (2.5)

Xn(z) = 2P0, 0 (H?x

where the eigenvalues \,, are defined as the zeros of Eq. (2.4).

Note that the system of eigenfunctions (2.5) and (2.6) of problem (2.1), (2.2) is orthogonal in the
space Lo[0, ] with weight 2P; moreover, it constitutes a complete system in this space [14, c. 343].

> = aj(l_p)/zJ(p_l)/g()\naj), n €N, (2.6)

In further calculations, we will use the orthonormal system of functions

1 ~
Xo(z)= - Xu(z), —0,1,2,..., 9.7
0= 12y @ (2.7)
where
o~ l o~
IZa@)P = [ 2 Xew) o (2.8)
0

Let u(z,y) be a solution of problem (1.2)—(1.6), (1.9). Following [13], we consider the functions

1
un(y) = /0 u(z,y)zP X, (x) dz, n=0,1,2,..., (2.9)

where X, () is defined by (2.7).
On the basis of (2.9), we introduce auxiliary functions of the form

l—e
Une(y) = / u(z,y)zP X, (x) dz, n=0,1,2,..., (2.10)
€

where € > 0 is a sufficiently small number. Let us differentiate equality (2.10) twice with respect to the
variable y fory € (—a,0) U (0, 8). Taking into account Eq. (1.1), we obtain the equalities
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l—e
i (y) = / gy (@, y)? X () di
IS

l—e
p q P
- - TT x| — Xn d
/8 < (u —i—xu) yuy>x (z)dz

= _/l—e 0 (2Puy) Xy (x) de — ¢ d /l_au(m VP x, (z) dz
- - 8"];‘ X n y dy . 7y n

_ <;L«Puxxn(a;)|l€‘f _ / T X (@) dac)

ydy

l—e
L (y) = / gy (@, 97 X (1) d

l—e
/ u(z,y)rPa,(x) d, y >0, (2.11)
€

€

l—e
= 2Pu, X, (z)|L8 — / 2Pu, X, (z) dx
15
ydy
By virtue of Eq. (2.1), from (2.10) we obtain

ey == g, [ wteat |2+ x| o

l—e
/ u(z,y)al e, () de, y < 0. (2.12)

! /l_su(az )4 X (1) da
o2 Y g "

1 l—e
—— g e i~ [ ) o),
n e
whence we have

l—e
/ xpuwXq/m(:L‘) de = )‘%un,s(y) + u(z, y)l‘qu/m(:L‘”le_e
e

Substituting this expression into (2.11) and (2.12), we obtain

() = — <:cpumxn<az> b Xy (y) — ule, y)a? X (@) l)

q d l—e
- ydy/ u(aj7y)$p$n($) dl‘, Yy > 07

U e(y) = 2Pup X ()| = Mun,e(y) — ulz, y)a? X, () |5

l—e
u(z,y)xPx,(x) dz, y < 0.
Y ERCRI RN

Since we have —1 < k < 1 and k # 0, it follows by virtue of (1.2) that, in the last two equalities, we
can pass to the limit as € — 0, which yields, due to conditions (1.6), (1.9), and (2.2), the differential
equation

up (y) + Z%(y) — (sgny)X\oun(y) =0,  y € (—a,0)U(0,B), (2.13)
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from which we find the functions (2.9). For |¢| < 1 and ¢ # 0, the general solution of Eq. (2.13) is of the
form

wn(y) = 3 @Y g () + buy 02y 2 (M), y>0, (2.14)
(=) D201 g 2 (= Any) + dn(—y) D2 (1) o (< Any), ¥ <0,
where J,,(§) and J_, (§) are the Bessel functions of the first kind, v = (1 — k)/2, I,,(¢) and I_,(§) are
the modified Bessel functions, and a,,, by, ¢,, and d,, are arbitrary constants.

Now, bearing in mind (1.2), we choose the constants a,, b,, ¢,, and d,, in (2.14) so that the following
matching conditions hold:

U (04) = up(0-),  up,(0+) = ul,(0—). (2.15)
Calculate
o (y) _ an)\ny(l_q)/2—[—(q+l)/2()\ny) + bn)\ny(l—Q)/z_[(q+1)/2()\ny), y > 0, (2 16)
Cn)‘ﬂ(_y)(l_q)/zJ—(q—i-l)ﬂ(_Any) - dn)‘n(_y)(l_q)/QJ(q—i-l)ﬂ(_Any)a y <0.

Taking into account the formula I,,(z) = e~¥™/2.J,(iz)[15] and using (2.14) and (2.16), we obtain
ane((q_l)ﬂ/4)iy(1_q)/2 J(l—q)/2 (Z)\ny)
up(y) = +bne((l_q)”/4)iy(1_q)/2J(q_l)/g(Mny), y >0, (2.17)
(=) D20 2 (= Any) + dn(—y) D21y p(Any), ¥ <0,
ane((q+1)7r/4)i)\ny(1—q)/2J_(qH)/Q(i)\ny)
up(y) = e TDTDIN G A=D/2 ] o (iAnY), y >0,
Cn)‘n(_y)(l_q)/zj—(q+1)/2(_)‘ny) - dn}‘n(_y)(l_q)/zj(q—i-l)ﬂ(_)‘ny)a y <0.
This implies that conditions (2.15) hold for
an = e~ at)m/ i b, = ella=Dm/Dig n=0,1,2,....
Substituting the expressions for a,, and b,, into (2.17), we obtain
n(y) = Cne” TRy D/2 ] o (idny) + dny D2 41y 2 (iAny), ¥ >0,
en(W) D200 g 2 (= Any) + dn (=) D2 T 1) 0 (—Any), ¥ <0,
or

wn(y) = —Cniy(l_q)/zJ(l_q)/g(i)\ny) + dny(l—q)/QJ(q_l)/Q(i)xny), y >0, (2.18)
(=) D201 g 2 (= Any) + dn(—y) D21y p (—Any), Y <O

Now we substitute (2.9) into the boundary conditions (1.5):
1 !
() = [ @ Xo(a)ds =g un(-0) = [G@ Xa@)dr = (219)
0 0

From (2.18) and (2.19) we obtain the following system for finding the constants ¢,, and d,,:

CnZJ(l_q)/Q(ZAnﬁ) — dnJ(q—l)/Q(ZAnﬁ) = _Spnﬁ(q_l)/2, (220)
CnJ(l—q)/2()\na) + dn'](q—l)/2()\na) = ¢na(q_1)/2,

If, forall n € Ny = N U {0}, the determinant of system (2.20) satisfies
Ap(a, B) = i g1y 2(An) J(1_g)j2(iAnB) + J1-q) j2(An ) J(g—1) 2 (1AnB) # 0, (2.21)

then the system has a unique solution, which is given by
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C =enBOI 2 1y (M) + Pl TD 2y o (i, B)

"o A(n) |
i = enBYUI2 T 00 2 (Ane) + nic D2 Ty 1 (1A 8)
" A(n) '

Substituting the obtained values of ¢,, and d,, into (2.18), we find the final form of the functions:

ony/ () =1 Ap(a,y) + ¥ny/ (By)' = An(y, B)
Un(y) = An(a,ﬁ)\/(aﬁ)l—q
" @n\/(_ay)l_q Bn(aa _y) +1/}n\/(_/8y)l_q An(_wa)
An(a, B)/ ()11

; y >0,
(2.22)
, Y <0,

where
An(yvﬁ) ( J(q 1 /2(2)\n5)J(1 q) /2(2)\ny) +J(1 q/2(Z>\nﬁ) (g—1 /2(2)\ny))
By(a, —y) = —=Jg-1)/2(Mn) J1—g) /2 (= 2ny) + J1—q)/2(An) J(g—1) /2 (= AnY)-

Using the obtained partial solutions, we write the solution of problem (1.2)—(1.6), (1.9) formally as
the Fourier—Bessel series

)= un(t)X
n=0

where the functions u,,(t) are defined by (2.22) and X,,(x), n =
which it is not difficult to show the equivalence of problems (1.2)—
that conditions (1.8) are fulfilled.

If condition (2.21) holds, then problem (1.2)—(1.6), (1.9) has a unique solution. Indeed, let
o(x) = 1(x) = 0. Then it follows from (2.19) and (2.22) that u,(y) = 0 for all n € Ny = NU {0}. By
virtue of (2.9), we have

0,1,2,..., are defined by (2.7), after
(1.6),(1.9), and (1.2)—(1.7), provided

l
/ u(z,y)z? X, (x) de = 0.
0

Hence the completeness of the system X, (x) in the space Ly [0, {] with weight 2P implies that u(z,y) = 0
almost everywhere on the interval = € [0,(] for any y € [—a, 8]. Since, in view of (1.2), the function
u(z,y) belongs to C(D), we have u(z,y) = 0in D.

Thus, we have proved the following theorem.

Theorem (uniqueness criterion for solutions). If there exists a solution of problem (1.2)—(1.6), (1.9),
then it is unique if and only if condition (2.21) holds for all n € N.
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