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Abstract—A problem posed by J. R. Holub is solved. In particular, it is proved that if {fn} i
the normalized Franklin system in L'[0,1], {a,} is a monotone sequence converging to zero, and

suppen 1> reo ax fxll1 < 400, then the series > an fr converges in L0, 1]. A similar result is
also obtained for o, 1].
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A basis {e,}5°, in a Banach space X is said to be boundedly complete if, for any number
sequence {ay }22, satisfying the condition

sup
neN

< +00, (1)

E apeg

k=0

the series ) °  aney converges. If a space contains a boundedly complete basis, then it is isomorphic

to its dual space (see [1, p. 70]). In particular, the spaces C[0,1] and L'[0,1] have no boundedly
complete bases. Holub [2] introduced the notion of a monotonically bounded basis, which is weaker
than the notion of a bounded basis. Let us recall that a basis {en} ° o in a Banach space X is said to be
seminormalized if there exists a constant C > 0 such that O~ < ||e,,|| < C,n € N.

Definition 1. A seminormalized basis {e,}2°, in a Banach space X is said to be is monotonically
boundedly complete if, for any monotone number sequence {a, }72, converging to zero and satisfying
condition (1), the series >~>°  ane, converges.

Holub [2] proved that the Schauder basis in C[0, 1] is monotonically boundedly complete. He posed
the following question: Are the Haar and Franklin systems monotonically boundedly complete bases
in L'[0,1]? In [3], Kadets proved that the Haar system is a monotonically boundedly complete basis
in L]0, 1]. In the present paper, we prove that the Franklin system is monotonically boundedly complete

in L'[0, 1] and €0, 1]; moreover, in the case of L[0, 1], we prove an even stronger property than the fact
that the Franklin system is monotonically boundedly complete.

Let us recall the definition of the Franklin system.
Letn =2+ v, where y =0,1,2,... and 1 < v < 2*, We denote

We also set s,, _1 = 5,0 = 0 and s, 41 = Spn = 1.
By S, we denote the space of continuous piecewise linear functions on [0, 1] with nodes {s; i} ;
in other words, f € S, if f € C[0,1] and f is linear on each of the intervals [s,, ;—1, sni], i = 1,2,...,n.
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Obviously, dim S,, = n + 1 and the set {s,;}1, is obtained by adding s, 2,1 to the set {sn_l,i}?z_ol.
Therefore, there exists a unique (up to sign) function f,, € S,, orthogonal to S,_1 with ||f,|2 = 1.
Setting fo(z) = 1 and f1(x) = v/3(2z — 1), = € [0, 1], we obtain the orthonormal system {f,(z)}52,,
which was defined in an equivalent way by Franklin in [4].

It is well known that the Franklin system is a basis in C[0, 1], L'[0, 1] (see [4]) and an unconditional
basis in LP[0,1], 1 < p < oo (see[5]).
By C1, Ca, ..., C), we denote positive constants depending only on their subscripts.

In studying the properties of the Franklin system, the following Ciesielski exponential estimates play
an important role:

Lemma 1 (see [6]). Letn=2"+1i, u e NU{0},i=1,2,...,2". Then there exists a q € (0,1) such
that, forall k € {0,1,...,n},

O 21/ 2gh=@=Dl < (L)LY, (50 1) < 0y 2k i1,

Corollary 1. Foralln > 1, the following estimates hold:
C3
vn

< |lfull1 <

Cy
vn
The following theorem holds.

Theorem 1. Let {a,}22, be a sequence of real numbers such that

‘an‘ < C |CLk| n > k

ne — U ke’ -

or some a > 0. If sup oapfrlll < oo, then the series Y °° | a, fn converges in LP[0,1] for
neN k=0 n=0 g
alll < p< .

[t is easy to see that Theorem 1 implies the following theorem.

Theorem 2. The Franklin system in L'[0,1] is a monotonically boundedly complete basis.

Indeed, let {ﬁ > o be the normalized Franklin system in L[0,1], and let a,, decrease, tending to
zero. Then, by Corollary 1, the assumptions of Theorem 1 hold for o = 1/2. Therefore, the series

>0 o anfn converges in L1[0, 1].

Proof of Theorem 1. In [7], it was proved that if the estimate sup, ey [|>5_q arfilli < 400 holds,
then the series Y >° ; a, f, converges almost everywhere on [0,1]. And it was shown in [8] that a
series > % janfy in the Franklin system converges almost everywhere on E C [0,1] if and only if
S0 paZ fA(x) < 4oo foralmost all z € E. Therefore, Y-0° a2 f2(x) < oo for almost all z € [0,1]. We

n=0

choose a point zp € [0, 1] so that
> a2 f2(xo) < oo. 2)
n=0

We note that if 22# < n < 22412 then

«
\a ‘ > L " |a 2u+2| > C \a 2u+2‘
n 05 22N+2 2 6142 )

where Cg = 1/(C54%). Hence, (2) and the estimate

on+2

S i)y =208 peNu{o}, welo1],
n=2»+1
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which was derived in [8], imply

22#-‘—2

_ 32
Z a2, 2% < 32 Z iz Y. falwo) £ Ly > anfi(wo) < oo
6 n=0

=22r41
Thus, >207, a22M22“ < 0o. We now note that, for all x € N U {0},

22u+1

‘a2zu+1‘ < C5< 22M

(0%
> |agzn| = Crlagaul,
where C7 = C52%. Therefore,
o o o o
D a5 2t = a5, 2% + ) a1 221 < (14202))  a3,,2% < 0. (3)
n=2 n=1 n=1 pn=1

In the same way, we prove that |a,| < C7|agu| for all n € {2#,2# +1,..., 2"} and p e NU {0}. It
follows that, for z € [0, 1] and any natural number & > 2,

[e%S) [e'e) outl
doanfa@) <CE Y ad Y file) (4)
n=k p=[logy(k—1)]  n=2¢+1
[t follows from (4) and the inequality (see [8])
ou+1
> i) <Cs2',  peNU{0}, zelo1],
n=2+H+41
that
darfi@)<Co . az2t (5)
n=k p=[logy (k—1)]

where Cy = C’?Cg.

It was proved in [9] that, for all p > 1 and any number sequence {b,}5°, the following inequality

holds:
1| P 1, p/2
/ da;gcp/ (Zbifﬁ(@) dz.
0 n=0 0 n=0

Therefore, from (3) and (5) we obtain

nfn(2)

1] p 00 p/2
/ Z anfn(z)| dz < C, <C’9 Z a%,ﬂ“) — 0
0 Tn=k llogy (k—1)]

as k — oo. The theorem is proved.

Theorem 3. The Franklin system in C|0,1] is a monotonically boundedly complete basis.

Proof. Let {f, }°°, be the normalized Franklin system in C|0, 1], let {a,, }2° , be a monotone sequence
of numbers tendmg to zero, and let

sup
neN

Z arfr

< +00. (6)
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2k+l

It follows from Lemma 1 that 37" ox | | fu(z)] < Cioforall k € NU {0} and £,,(0) < Oforalln € N. It
was proved in [10] that | fo._;(0)] = 1. Combining this with (6), we see that

D azi1 <Y anlf,(0)] < oo (7)
n=0 n=0
Now letn >m, 2P +1 <m < 2Pt andlet 27 + 1 < n < 29t! We note that
n 2q+1 q 2l+1 q
doarfr@)| < D alfe@ =] D alfil@)] < Co) g (8)
k=m k=2r+1 l=p k=2!+1 l=p

[t follows from (7) and (8) that

n

Z ak f1 ()

k=m

—0 as n,m — Q.
c

The theorem is proved.

[t should be noted that, by the same method, it can be proved that Theorem 1 holds for a Haar basis
in L1[0,1].
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