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Abstract—We give a proof of the boundedness of the Bergman projection in generalized
variable-exponent vanishing Morrey spaces over the unit disc and the upper hali-plane. To this end,
we prove the boundedness of the Calderon—Zygmund operators on generalized variable-exponent
vanishing Morrey spaces. We give the proof of the latter in the general context of real functions on
R"™, since it is new in such a setting and is of independent interest. We also study the approximation
by mollified dilations and estimate the growth of functions near the boundary.
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1. INTRODUCTION

Let dA(z) denote the normalized area measure on D, so that the area of D is 1. As usual, AP(D)
stands for the Bergman space of functions holomorphic in D that belong to LP(D) = LP(D; dA(z)). The
Bergman projection Bp,

f(w)

BDf(z):/DK(z,w)f(w)dA(w) :/D(l—zw)2

is well defined on L'(D) and bounded as an operator from LP(D) to AP(D) for 1 < p < co. Let
R? stand for the upper hali-plane, and let dA(z) = dzdy be the Lebesgue area measure. The
symbol AP(R?%) stands for the Bergman space of functions f holomorphic in R% and belonging
to LP(R%) = LP(R%;dA(z)). The corresponding Bergman projection BR?N which is defined on
feLY(R2)as

dA(w), zeD, (1.1)

By 1) = [ K(zw)f(waaw) == [ (fowlg)z dAw),  zcR2,

is bounded as an operator from LP(R?) to AP(R2) for 1 < p < oo.

A boundedness result for more general weighted projections on weighted Bergman spaces is also well
known. For references, see [1]—[4]. The existence of a bounded projection is very useful in the theory of
Bergman-type spaces. There exist many extensions of the boundedness result to mixed-norm spaces,
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728 KARAPETYANTS et al.

general weights satisfying Bekolle—Bonami conditions, etc. Without any claim of completeness, we
refer to the papers [5]—[7]; see also references therein. In general, most of the results on boundedness
were proved by essentially using the holomorphic nature of the Bergman kernel function.

In the paper[14], a different approach was used, based on reducing the Bergman projection operator
to a particular case of the Calderon—Zygmund operator, namely, the Riesz transforms, and then applying
facts known for such operators.

This approach was further developed in the papers [10], [11] for the cases of variable-exponent
Lebesgue space, Orlicz space, and generalized variable-exponent Morrey space on the unit disc and
the half-plane (and also for the corresponding harmonic Bergman-type spaces). Note that, in the case

of LP()(D), a boundedness result was obtained in [17]. Our proof via singular operators is simpler in a
sense.

The main idea of our paper is to show that the approach of [14] can be used to prove the boundedness
of the Bergman projection in the case of vanishing Morrey space. As is known, variable-exponent spaces
have become very popular in analysis during the last two decades. Following that approach, one can
prove similar results for many other function spaces.

We also study the rate of growth of functions near the boundary in generalized Morrey-Bergman
and generalized vanishing Morrey-Bergman spaces with variable exponent and their approximation
by the so-called mollified dilations. In general, functions from the variable-exponent generalized
Morrey-Bergman space cannot be approximated by continuous functions because of the nature of the
function space equipped with the supremum norm. In the case of the unit disc, such an approximation
is possible in the vanishing Morrey-Bergman space. In the case of domains of infinite measure, for
example, a half-plane, a narrower subspace should be used (see Sec. 5).

2. BOUNDEDNESS OF THE CALDERON—ZYGMUND SINGULAR OPERATORS
ON A GENERALIZED VARIABLE-EXPONENT VANISHING MORREY SPACE

In this section, both the Calderon—Zygmund operators and the generalized variable-exponent
vanishing Morrey spaces are considered in a setting more general than in the rest of the paper.

Let D C R™ be an open set, and let d = diam D and x, y, z stand for points in R™. Let p = p(x) be a

measurable function on D with values in [1,00]. For details on the variable-exponent spaces LP()(D),

we refer the reader to [27], [28], [20], [21]. Recall that ||f||Lp(.)(D) is defined by
p(z)
T e <1y sup 5@, 1< () < 400
wGDoo

||f||Lp(-)(D) =inf{\ > 0: /

D\ Do

where Do, = {z : p(x) = o0}.

We suppose that 1 < p~ < p(z) < p* < oo, where the standard definitions p™ = esssup, pp(z) and
p~ = essinfcpp(x) are used. We say that the exponent p satisfies the log-condition on D if

p@) - p) < . C

D 2.1
__ln|x_y‘7 nye Y ( )

1
— <
lz —y| < o

where C' > 0 depends on p but not on = and y. The function p is said to satisly the decay condition if
there exists a number p,, denoted by the same symbol p(o0), such that

Ip(z) — poo] < |z] = o0, x€D. (2.2)

In(e + |z|)’

To introduce the generalized variable-exponent Morrey space LP()«()(D) and its subspace, the
generalized variable-exponent vanishing Morrey space VLP()«()(D), we define the modular

1
M) w() (fi2,7) = w(a,7) Il 2r) (D)D)
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ON SINGULAR OPERATORS IN VANISHING GENERALIZED MORREY SPACES 729

where w(z,r) is a nonnegative measurable function on D x [0,d]. The generalized Morrey space
LrO)«() (D) over the open set D is defined as the set of functions f measurable on D and such that

[l eerwepy = sup My iy (fiz,71) < 0.
z€D,re(0,d)

For more details, we refer the reader to [21]. It is known that the space LP()«()(D) is nontrivial if

inf inf w(z,r) >0 forany ¢ > 0.
r>§ z€D

The vanishing Morrey space VLP()«() (D) is introduced as
VLPOO(D):={f € LPO“ON(D) : lim sup My o) (f52,7) = O}
r—0 ’

zeD

We set

pe(x,7) = {

2/p(x), r<1, and  pla.r) — {p(:n), r<1,
2/p(c0), 7 >1

By K we denote the Calderon—Zygmund singular operator
Kfle) = [ K)faaw)

with so-called “standard” kernel K (x,y) (see, e.g., [39, p. 99]) i.e., a continuous function defined on
(z,y) € R™ x R", x # y, and satisfying the estimates

(a) |K(z,w)| < Clz—w| " forall z # w;

y—=z|7 .
O 1K) - KAl <0\ V7 o> 0t =yl > 20y - 2|
2 2lf

(@lK@w%—K@wﬂécu_ymw

yo>0,if |z —y| > 2|z — z|.

Everywhere in what follows we shall assume that the operator K is bounded on L?(R"); then it is
bounded on LP(R™), 1 < p < oo ([39]).

The classical Calderon—Zygmund kernels Q((z — y)/|x — y|)/|z — y|™, where Q(z') satisfies Holder
condition of order & > 0 on the unit sphere S*~!, satisfy the above conditions (a)—(c¢).

In the theorem below, we use the notation

vlar) = o)

= n/p(er)”

Theorem 1. Suppose that p~ > 1, p* < oo, and p satisfies the log-condition (2.1) and the decay
condition (2.2) (when D is unbounded). Suppose also that

[ e i), 2
where C'is independent of x and r,
/%M?”ﬁgcw@m (2.4)
for some 6y > 0, where C is independent of x,r,
Amwfjﬂﬁgcg (2.5)
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730 KARAPETYANTS et al.

for every 6 > 0, where Cs is independent of x, and

1
lim su =0. 2.6
r—0 meg 1/1(95,7“) ( )

Then the Calderén—Zygmund singular operator K is bounded on VLP()*() (D).

Proof. Note that (2.3) already guarantees boundedness in the LP()«()_space:
1K fll Loy < ellfllpperwe- (2.7)

Clearly, (2.7) holds on the subspace VLPO)«() ¢ LP()«() hut this does not yet mean the boundedness
of K on VLP()-) je. the preservation of the property
lim sup M,y () (f32,7) =0

r—0 xeD

by the operator K. This is a known problem for spaces of vanishing type; see [9] for singular operators on
vanishing Morrey spaces and [29] for fractional maximal operators on vanishing Orlicz—Morrey spaces.

We follow the scheme of argument in [9] (see Theorem 5.1). Assume that f € VLPO)«()(D). We use
formula (3.13) from [8]:

1 [ (a,t
imp(.),w(.)(Kf;a:,r)SC’QZJ(ZE’T)/T (j )mtp(.),w(.)(f;x,t)dt. (2.8)

We split the integral on the right-hand side of (2.8) in two integrals over the intervals (r, §) and (4, c0)
with some 6 > 0, which may be taken arbitrarily small, since we are interested in the behaviour of the
left-hand side of (2.8) as r — 0.

To estimate the first integral, we observe that, for f € VLPO«()(D), the expression M, o) (2, t)

can be made arbitrarily small uniformly in € D and ¢ € (r, ) by an appropriate choice of §; then we
use (2.4).

Now fix §. To estimate the second integral, we replace the expression DM, o) (f;z,t) with a
constant and then use (2.5) and (2.6) to see that the second term goes to zero as » — 0.

In what follows, we shall consider generalized variable-exponent Morrey and vanishing Morrey
spaces with w given by
yn/p()
o(x,r)

Here and everywhere in what follows, the function ¢(z, ) is a nonnegative increasing function on (0, d)
such that

w(x,r) = , O<r<d, ze€lD.

igf o(x,r) >0 forall v € (0,d)

and

lim sup ¢(z,r) = 0. (2.9)

r—=0,eD

We find it convenient to change the notation for such variable-exponent Morrey spaces in the
following way:

L{;(')(D) = LPOwO(D) (2.10)

yn/p()’
w(x,r)= w(fn-)

with VLEY (D) defined similarly.

In the case where the function w is w(z,r) = /P /p(z, ), the condition (2.6) follows from the
condition (2.9) imposed on ¢.
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ON SINGULAR OPERATORS IN VANISHING GENERALIZED MORREY SPACES 731

Corollary 1. Let D be a bounded open set in R™. Suppose that p~ > 1, p* < oo, and p satisfies the
log-condition (2.1). Suppose that
d
[ (2.11)
r to(z,t) = o)

where C'is independent of r and x. Then the Calderon—Zygmund singular operator K is bounded
on VLX) (D).

Corollary 2. Let D =R". Suppose that p~ > 1, p* < oo, and p satisfies the log-condition (2.1)
and the decay condition (2.2). Suppose also that

. n/p(z)
00 essinfic s« oo s@(x 5) yn/p@)—n/p(z,r)
/7: tl+n/p(z,t) =0 o(z,r) ’ (2.12)
where C is independent of x and r,
b0 yn/p(x)—n/p(z;t) n/p(z)—n/p(z,r)
/ t dt < r (2.13)
. o(x,t) t o(x,r)
for some 6y > 0, where C is independent of x and r, and
oo yn/p(x)—n/p(z,t)
/ t di < Cs (2.14)
o SO(‘T7 t) t

for every 6 > 0, where Cy is independent of x. Then the Calderon—Zygmund singular operator K
is bounded on VLZ(')(R’}F).

Observe that, in Corollary 1, we replaced essinfs~ .1 (z,t) by
ba) tn/p(@)=n/p(z,r) 1 .
x7 = = b r < b
p(,1) o(z,r)
to obtain a simpler condition, while in Corollary 2, we prefer to keep essinfs~; because of integration over
an infinite interval; note that, under a similar replacement, condition (2.12) would turn into (2.11) with
d = oo only if p* = p(0).

The classical variable-exponent Morrey space LP()A(R™) is usually defined by the norm

1
p sup 2p(z) HXB(:C,T)fHLP(')(B(x,r))’ (215)

f ()2 = su
” ”Lp (R") z€R" r>0 T

[t is also reasonable to consider the modification of such a space denoted by Zp(')’)‘(R”) and defined by

I zner A gny = sup sup T,A/pl(x,,n) IXB(@r) o) (Bar)- (2.16)
The spaces LPOA(R™) and LPO)A(R™) correspond to the cases

oz, r) = rn=N/p) and oz, r) = rON/p@n),
respectively.

Corollary 3. Suppose that p satisfies the conditions p~ > 1, pt < oo, and p satisfies the
log-condition (2.1) and the decay condition (2.2). Then the Calderon—Zygmund singular
operator K is bounded on the spaces

LPONRY) and VIPOANR®Y  if 0<i< P

P

and on
ZM')A(]RH) and VZP(')’)‘(]R”) if 0<A<n.
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Proof. The corollary follows from the fact that

SIPE) M) _ @)

essinf
lo(n,s) s>t

thus, condition (2.12) turns into

oo n/p(x)—A/p(z,r
/ t /p( ) /P( )dt S Crn/p(ﬁl?)_)‘/p(xvr)’

T

and it remains to consider the cases wherer < 1 and r > 1.

3. THE GENERALIZED VARIABLE-EXPONENT VANISHING MORREY SPACE VAZ(')(]D))
OF HOLOMORPHIC FUNCTIONS

By VAZ(') (D) we denote the space of functions holomorphic in D that belong to VL{Q,(')(]D)).

Here and in what follows, we identify R? = C, so that z stands for (z1,22) = z = 21 + izy and
w = (y1,92) = Y1 + iy2.

We denote Dp ={z€C:|z|<1/2}, Di={z€C:1/2<|2| <1}, Da={z€C:1<|z| <2}
Let @ denote the inversion operator with respect to the unit circle, i.e., Qf(z) = f(1/z). Given a
function ¢ defined on (0,1), we say that it satisfies the doubling condition on (0,1) if its extension
by ¢(1) to t > 1 satisfies the doubling condition for ¢ > 0, i.e., if there exists a Cg) > 0 such that
¢(2t) < Cray(t), t > 0.

The authors of [14] used a certain representation of the Bergman projection. We find it important to
formulate it as the following theorem, where K (z,w) stands for the Bergman kernel given in (1.1).

Theorem 2. The Bergman projection Bp has the following representation in terms of the
Calderon—Zygmund singular operator: Bpf(z) = K1 f(z) + Kaof (2), where K is the integral
operator with bounded kernel K1(z,w) = (xp,(2) + xp,(2)xD, (w))K (2, w) and

O~
Kaf(5) =xou(2) [ C('j‘;P)g(c)dA(o = Tg(2), (3.1)
where Q(z) = 22, g(¢) = Qf(C)¢?/|¢|*, and ¢ € Ds.

Note that the boundedness of the kernel K7(z,w) is obvious; the operator K5 in the form (3.1) is
obtained by the change of variables w — 1 /¢, which takes Dy to Ds.

The above representation allows one to prove the boundedness of the Bergman projection in a variety
of Banach spaces with the lattice property for which the boundedness of the operators T" and @ (in the
corresponding setting) is known.

In the following theorem, we consider the spaces VIZ) (D) and VA% (D) with the function ¢
depending only on 7 : ¢ = o(r). This restriction is required to justify the implication (3.3) in the proof
of the theorem, which involves a change of variables in the integrals with respect to the corresponding
norms and the passage from the domain D; to the domain Ds.

Theorem 3. Suppose that p satisfies the log-condition (2.1) on D, p~ > 1, and p* < co. Let
v = (r) satisfy the condition (2.11) with d =1, the doubling condition on the interval (0,1),
and the condition lim,_,o ¢(r) = 0. Then the Bergman projection By is bounded as an operator

from VIR (D) to VAR (D).
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Proof. The proof is based on the representation of the Bergman projection provided by Theorem 2 and
on the boundedness result provided by Corollary 1.

Evidently, the operator K is bounded on VL{Q,(')(]D), that is, it is bounded on LZ(')(]D)) and preserves

the vanishing property, which follows directly from the definition of VLZ(') (D).

To handle the operator Ko, we must first make some arrangements. Since p is bounded and uniformly
continuous on I, it extends to a continuous function up to the boundary. We extend the exponent p to

the set Dy by the rule p(¢) = p(1/¢), ¢ € Da. We shall use the same symbol p for the function thus
extended. It can be directly verified that p satisfies the log-condition (2.1) on D U Ds.

In our estimates, we deal with the norm on LZ(')(D), where D is one of the domains Dy, D2, and D.

In this case, for p satisfying the log-condition (2.1), the norm on the space Lfo(')(D) defined by (2.10) is
equivalent to the norm

; _ ()
”f”LZ(')(D) - Drsélgso r2/p~(DrND) ”f”Lp(')(DrﬂDy (3-2)

where D, is the set of discs D, of radius r < gg and p~ (D, N D) = min,ep,np p(z). We also have
f € VLEY(Dy) implies g € VLED (D) (3.3)
and

To obtain the first inequality, we used the fact that ¢ satisfies the doubling condition on (0, 1) and also
the fact that p({) = p(z) for( = 1/z, z € D1, € Ds.
By Corollary 1, we obtain

K>f €VIEID)  and (1Ko f | o ) < Cllgll oo, (3.4)
which, in view of the equivalence of the norms || - HLf;(')(D) and || - ”L’;(')(D)’ completes the proof.

Corollary 4. Under the conditions of Theorem 3, the space VAZ(')(]D)) is a closed subspace in
VLAY (D).

Theorem 4. Suppose that p satisfies (2.1)and 1 < p~ <p(z) <pt < co. [ f € Aﬂ(')(]D)), then, for
z e D,

FEl M ke 0 =l sy (35)

s0 that n(2) < C|| ]| o ) and n(z) = 0 as 2] = 1if f € VAL (D).

Proof. Let f € .Af;(')(]D)). Forall0 < p <1 — |z|, we have

<!
2T

Integration in the variable p over (0, §) for some ¢ < 1 — |z| with respect to the measure 2pdp gives

2
f@<,, [ e+ zeD.
0
1 2
FR < 5 /D( 5 [fw)|dA(w) < o Iflro ey IXpEolleo pee), 2 €D (3.6)

Here we applied the Hélder inequality for variable-exponent Lebesgue spaces to the functions f and
XD(z,5)- Since p satisfies the log-condition (2.1), it follows that (cf. [20, Lemma 1.4]) we obtain

IXD(z5) | i) (D(z.sy) < CalD(z,8))|792) < Cp6%/4¢F), 2 eD.
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734 KARAPETYANTS et al.

From this inequality and (3.6) it follows that
C C
IS g Lo 00y < go(z,lé) Ifllrorepizsy: 2 €D

which proves (3.5). It remains to note that n(z) — 0 as |z| — 1for f € VLZ(')(]D)) by the definition of the
vanishing space.

Remark 1. In the case p(z) = p = const, the value p = 1 is allowed in Theorem 4. We assume that
p~ > 1{or simplicity.

4. THE GENERALIZED VARIABLE-EXPONENT VANISHING MORREY SPACE VA% (R?)
OF HOLOMORPHIC FUNCTIONS

By VA2 (R%) we denote the space of functions holomorphic in R% that belong to VLﬁ(')(Ri).
Theorem 5. Suppose that p satisfies the log-condition (2.1) and the decay condition (2.2),
p~ > 1,and p* < oo, and let conditions (2.12)—(2.14) be satisfied for x € ]R%r. Then the Bergman
projection Bz is bounded as an operator from VLZ(')(Ri) to VAﬁ(')(Ri).

Proof. Our proof is based on the following representation for the Bergman projection BRz+ obtained in

[10]. Let @ denote the operator of reflection with respect to the real line Qf(z) = f(z). Let R? denote
the lower hali-plane, and let E> denote the operator of extension by zero from R? to the whole space

R?. The Bergman projection BRi has the following representation in terms of the Calderon—Zygmund
singular operator:
B f(2) = — / ) g(w)dA(w),  z€R2, g=EpQf. Q) =22  (4.1)
+ 7 Jr2 |2 — wl|? ’ + S

By representation (4.1) and Corollary 2, the proof is completed by an argument similar to that in
Theorem 3.

Corollary 5. Under the conditions of Theorem 5, the space VAZ(')(Ri) is a closed subspace in
VLG (R3).

Theorem 6. Suppose that p satisfies the log-condition (2.1) and the decay condition (2.2) and
1<p <pk)<pt<olIffe AZ(')(R%F), then

C . .
PO o s Wlopeyy =t +ieR} z=rtiyeRl y>1

I}, moreover, f € VAZ(')(Ri), then

1
f(z :0< >, where y—0, z=ux+iyecR2.
) (2,9) i

Proof. The line of reasoning is the same as in the proof of Theorem 4. The only thing to explain is the
following. Direct estimation gives

C
|f(Z)| S SO(ij) HfHLf;(‘)(D(z,y))

fory < 1and
- CyQ/p(Z)—Q/p(OO)
|f(Z)| — SO(ij) ||f||L$(‘)(D(Z7y))

for y > 1. The factor y?/P(*)=2/P(>°) can be omitted, which is obvious when 2/p(z) — 2/p(c0) < 0.
Otherwise, y2/P(:)=2/P(%0) < | z|2/P(2)=2/p() "and it suffices to use the decay condition.
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Remark 2. In the case p(z) = p = const, the value p =1 is allowed in Theorem 6. We assume that
p~ > 1{or simplicity.

Remark 3. We use this opportunity to correct a misprint in the paper [10]. In Theorems 4.1 and 6.1,
the condition 1 < p(z) < p™ < oo should be replaced by 1 <p~ < p(z) <pt <oo. In the case
p(z) = p = const, the value p = 1 is allowed in these theorems. Further, in Remarks 4.1 and 6.1, the
third formula is true for f in the corresponding vanishing Morrey space.

By APOA(R™) and AP0 (R™) we denote the corresponding subspaces in LPOA(R™) and LPO-A (R™)
of holomorphic functions.

Corollary 6. Under the assumptions of Theorem 6 on the exponent function p,

C .
|f(2)] < y(g_)\)/p(z) ”f”LP(')vA(D(;y)) Jor fe AP )7>\(R3-)

and
VCTERRNN T Jor | e AONEY)
— y(2=N/p(zy) LPO)A(D(2,y)) +7
In the next theorem, we show how the estimate should be changed for p~ =1 for the case of
APONRZ),

Theorem 7. Suppose that 1 < p(z) < p™ < oo Jor z € R% and p(z) satisfies the log-condition (2.1)
and the decay condition (2.2) with 0 < X\ < 2. Then

yA-D/p(0) iy > 1
(D] < Clfllarera(Dzgyy - § YP2/PEif  |B(z,y) N E| =0 and y < 1,
y N p(z)=2 if |B(z,y)NE)>0andy<1,

where By = {z : p(z) = 1}.

Proof. The line of reasoning is the same as in the proof of Theorem 4. The main difference is that now
we have to use an estimate for || x p(z,r) ||Lq(.>(R2+) when ¢(z) is not bounded. In this case,

. dy
. = 1n : < -+ su
HXB(x,r)HLq( (RZ) =1 f{n >0 /(w) na) — 1} yse Epl XB(ar),

where the first term is estimated, in the familiar way, by r2/P(®) while the second one is equal to 1 when
|B(xz,r) N E1| > 0. For the case y > 1, we use the decay condition (2.2), from which it follows that

11/p(2) — 1/p(00)|Iny < C and, consequently, y1/P(2) ~ ¢1/P(>2)

5. ON MOLLIFIERS IN THE SPACES AP¥(D) AND AP¥(R2), 1< p < oo

In this section, we shall define the space LP¥(Q) as the space of measurable functions on Q equipped
with the norm

1
£l ooy == sup My (f;2,7)/P, where M, (f52,7) = / |f(y)[Pdy.
TEQ ¢(7’) B(z,r)

r>0

The corresponding subspace of holomorphic functions will be denoted by AP¥(Q).
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5. 1. Mollifiers in the Case of the Disk

The standard approximation of the functions f(z) by the dilated function f(, 7 ), which is well known

for the Bergman spaces, works also for the Morrey spaces in the case where p is constant, as can be
seen from the proof of the next theorem. We wish to show that mollifiers which use both translation and

dilation can also be applied for this purpose. Let n(z) be any C§°(IR?) function supported on B(0,1/2)
and such that fB(O 1/2) M(2)dA(z) = 1. Consider a mollifier of the form

wi) =5 [ ()P 2 e = [ s () ac

where f € APY(D).

Clearly, if f is holomorphic in {z : |z| < 1}, then H.f is holomorphic in {z : |2| <1+ ¢} and H.f
converges to f forall z € D.

We say that a measurable function ¢ : (0,00) — (0, 00) belongs to the class & if

(a) ¢ is almost increasing;
(b) ©(t)/t? is almost decreasing;
(¢) infys5p(t) > 0forevery 6 > 0.

The conditions defining the class ® are standard in the theory of generalized Morrey spaces; see [26],
[23]. For ) € ®, we see that the space L% (R™) is nontrivial.

Theorem 8. Let 1 < p < oo, and let f € VAPV (D), where ) € ®. Then
lim HHEf - f ‘Lp,w(D) =0. (51)
e—0

Proof. By Minkowski’s integral inequality for Morrey spaces, we have

1Hef = fllimomy < [ meu( >—ﬂ@hw®MAWL

lw|<1/2
where the norm of the right-hand side is taken with respect to z. This norm is uniformly bounded in
w € B(0,1/2) and € < 1; hence, by the Lebesgue dominated convergence theorem, it suffices to check
that this norm tends to zero as € tends to zero for all w € B(0,1/2). We have

z—ew z —ew
17(* 57 ) = £@lnsier <17 (57 ) = £ = cwllansrmy + 16 = 20) = Flans o
[t is known that the translation operator approximates functions in vanishing Morrey spaces in the
Morrey norm (see[38], [12]for the case ¢(r) = r* and [13]for the general case), which gives the required
convergence of the second term. The same property of the vanishing space with respect to dilation is also
true and can be proved in the same way as for translation, namely, by using the splitting

Zz— Ew
1+4+¢

1 1
D, = ImMaX su T 5 su T.r 5
I £1 2o oy {O<T56¢(T)||f||m(3( D), SUp ¢(T)||f||LP(B( : )nD)}

zeD zeD

which gives the convergence of the first term after an evident change of variables and completes the proof
of the theorem.

Let T,,(f) denote the Taylor polynomial of degree m of a function f.

Corollary 7. Let 1 < p < oo, and let ¢ € ®. Then the set of holomorphic polynomials is dense
in the space VAPY (D). More precisely, the two-parameter family {T,(H.f)}, f € VAPY(D) of
polynomials is dense in VAPV (D).
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Proof. Indeed, we have
T (He f) = fllzew ) < N1 Tm(Hef) = Hef |l ow ) + [[Hef = fllzro o)

[t suffices to choose ¢ sufficiently small, so that the second term is less than 6/2 by Theorem 8. Since
H._ f is holomorphic in the bigger disc D(0,1 + ¢), we have

sup [T (HLf)(z) ~ Hof ()] < 3,
zeD

for sufficiently large m. This completes the proof of the theorem.

5.2. Mollifiers in the Case of the Upper Half-Plane
We consider the standard mollifier
V1) = [ nw)f(z — cw)dAw), (52)
where 7 is an infinitely differentiable function supported on e such that

enNR2 =2 and /n(w)dA(w) =1

e

We take e = {w : |w + 2i| < 1} for simplicity. The function U, f is holomorphic in S(z) > —e.

Let %(’sz’w(Ri) denote the subset of VLP¥(R?) of functions which satisfy the vanishing type
condition at infinity (5.3) and the vanishing type condition (5.4):

im L sup / | (w)[PdA(w) = 0, (5.3)
B(z,r)ﬁR2+

r—00 1[)(7") -€R?

lim sup /B( ) [f W) X2\ B0, (¥)dy =0, (5.4)

N—oo IERE_
as introduced in [12], [13]. The corresponding subspaces of holomorphic functions will be denoted by
Voop APV (R2).
Theorem 9. /[1 <p< oo, € ®,and f € ‘/0(72./41””’”(1&1), then

i [Uzf = fllzove2) = 0.

Proof. By Minkowski’s integral inequality, we have

WUf = fllprw@z)y < /lﬁ(w)lllf(z —ew) = f(2)l[ Lo g2 )dA(w).

[t is easy to check that || f(z — Ew)HLw(Ri) < HfHLp,w({z:g(z)x}) < HfHLp,w(Ri), so that we can apply
the Lebesgue dominated convergence theorem. Then it remains to use the fact that the functions in

VO(ZLPW(R%F) have the property
}llli% ”f(z + h) - f(Z)HLva(]Ri) =0

(see[13, Theorem 5.10]). This completes the proof of the theorem.
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