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Abstract—1In this paper, by introducing the notion of y-convex set, we distinguish a wider class
of discrete control systems in which the global maximum principle holds. A new type of variation
of control for such classes of discrete control systems is proposed and stronger global maximum
principle and second-order optimality condition expressed in terms of a singular control of new type
are obtained. Generalizing the notion of the relative interior of sets, we obtain an optimality condition
for discrete systems in the form of an equality, which we call Pontryagin’s equation.

DOI: 10.1134/S0001434619090086

Keywords: discrete maximum principle, y-convex set, optimality conditions of second order.

1. INTRODUCTION

Historically, the study of the optimization problem for discrete systems began soon after the study of
the Pontryagin maximum principle [1]. The first discrete analog of the maximum principle for a linear
discrete optimal control problem was obtained by Rozonoér [2]. Doubts about the possibility of carrying
over the maximum principle to nonlinear discrete systems expressed in [2] were justified later by various
examples (see [3]-[5]).

Alfter Butkovskii's paper [3], the problem of deriving necessary optimality conditions for discrete
systems has been studied further mostly in the following directions.

1. In the papers of the first direction, on the basis of developed and generalized ideas of Rozonoér,
classes of discrete problems in which the global discrete maximum principle holds are determined (see,
e.g., [5]—[8]). The first results in this direction were obtained in [9] and [10] under the assumption of the
convexity of the set of admissible velocities.

2. In the papers of the second direction, various variants for weakening convexity requirements are
proposed. Only local discrete maximum principles have been obtained (see, e.g., [4], [11]-[17]). In all
of these papers, some parts (neighborhoods) of the admissible control domain in which a local discrete
maximum principle or its consequences hold are distinguished in explicit or implicit form. Note that such
a form of necessary optimality condition, is, in general, not constructive for applications to the solution
of concrete problems.

3. The third direction is related to the derivation of necessary optimality conditions of higher order
in terms of singular and quasisingular controls. The main results in this direction were obtained
in[14],[18]-22], etc.

An analysis of the now available results shows that the theory of necessary conditions in discrete
systems is far from its completion. Therefore, the derivation of constructive and strong optimality
conditions of the first and higher order is still important from the theoretical and the practical point
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of view. The present paper is devoted to the study of optimality conditions for admissible processes in
this setting.

In this paper, by introducing the notion of «y-convex set, we propose a new variant for weakening
convexity requirements for the set of admissible velocities. Using this notion and improving the
techniques from [23], we obtain a stronger global discrete maximum principle and a necessary optimality
condition of the second order in terms of singular (in the sense of Definition 3 in Sec. 5) controls. In
addition, generalizing the notion of the relative interior of a set introduced in [24], we prove the validity
of an optimality condition in the form of an equality, which we call Pontryagin’s equation.

2. STATEMENT OF THE PROBLEM, DEFINITIONS, AND STATEMENTS

Suppose that it is required to minimize the functional

S(u(-)) = @(x(t1)) — H%ir)l (2.1)

subject to the constraints
l‘(t—l—l) :f(x(t),u(t),t), ﬂj‘(to) = Zo, tel:= {t07t0+17---7t1 _1}7 (2.2)
u(t) e U(t) C R, tel. (2.3)

Here R" is r-dimensional Euclidean space, z(-) € R™ is the state vector, u(-) € R" is the control
vector, t is (discrete) time, tg, t1, xo are given points, ®(-) and f(-, - ,-) are given functions, and U (t),
t € I, are given sets.

Controls satisfying the constraint (2.3) will be called admissible. An admissible control wu(t),
t € I, minimizing the functional (2.1) subject to the constraint (2.2) will be called optimal, and the
corresponding solution z(t), t € I := I U {t1}, of system (2.2) will be called an optimal trajectory.
The pair (u(-),z(-)) will be called an optimal process.

Let us introduce some notions and present a statement that will be useful in the study of prob-
lem (2.1)—(2.3).

Definition 1. Let Z CR™, let 2o € Z, and let 2 € Z\ {20} # @. A point zy will be called a relative
interior point of the set Z along the line

l(20,2) ={z:Z2=20+7(Z—20), T € R}
if there exists a numbery = v(2) € (0, 1] such that, foralle € (=, ), the inclusion zo + (Z — 2z0) € Z
holds. A point zy will be called a relative interior point of the set Z in the wide sense if the point z
is a relative interior point of the set Z along any line from the set {¢(z9,2) : 2 € Z\ {20} }. The set of
such points will be called the relative interior of the set Z in the wide sense and will be denoted by the
symbol ZI%. A set Z will be called relatively open in the wide sense if ZI°! = Z.

Obviously, we have the inclusionri Z C ZI01 where 1i Z is the relative interior of the set Z. However,
the converse is not always valid. As an example, consider the set

Z1 ={(0,0)} U{(z1,22) € R?: 2125 > 0,2 € R, i = 1,2}.

[t is seen that ri Z; C Z‘lOI and zp = (0,0) € Z{O‘, but zp = (0,0) ¢ ri Z;. Note also that the set Z; is
relatively open in the wide sense; however, it is not a relatively open set, i.e., ri Z1 # Z;. Therefore, we
can say that Definition | is a generalization of the notion of the relative interior of a set given in [24].

Definition 2. A set Z C E™ will be called v-convex with respect to a point zy € Z if, for each
point z € Z, there exists a number v =~(z) € (0,1] such that, for all € € (0,7], the inclusion
20 +e(z — z9) € Z holds. If a set Z is y-convex with respect to each of its points, then we shall call
it v-convex.

It follows from Definition 2 that each convex, open, or even relatively open set in the wide
sense is y-convex. However, the converse, in general, is not true (it suffices to consider the set
Zy = [07 1) U (273] ).
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Proposition 1. Let Z CR", let zy € Z, and let F(z) = Az + b, where A is an n X r matrix and
be R" Then

(o) theset F(Z)isy-convex with respect to the point F(zy) if the set Z is v-convex with respect
to the point zy;

(B) F(z0) € [F(2)]% if 2 € 2101,

Proof. First, let us prove assertion («). Let y € F'(Z) be an arbitrary point. Then there exists a point
z € Z such that y = F(z). By Proposition 1 and Definition 2, there exists a number v = v(z) € (0, 1]
such that, for all e € (0,~], the inclusion zy + £(z — z9) € Z holds. Therefore,

F(zo+e(z—20)) € F(Z),
F(z0 +e(z — 20)) = Azo + b+ g[(Az + b) — (Azo + b)] = F(20) + £[F(2) — F(20)].
Hence, since F'(z) is arbitrary, we obtain assertion («).
Quite similarly, taking into account Definition 1, we prove assertion (). The proposition is proved.

Let (u%(-),2°(-)) be an admissible process. Just as in [25], we introduce the set
Ul°())(t) = {@ e Ut) : fa"(t),a,t) — f(a°(t),u’(t),8) =0},  tel. (24)
Remark 1. Obviously,
Ul’(-)](t) # 2,
because u0(t) € U[z°(-)](t), t € I; also, if u(t) € U(t), t € I, where @(t) € U[z°(-)](t), t € I C I, and
u(t) = uO(t), t € I\ I, where I is an arbitrary subset of the set I, then @( - ) is an admissible control and
the pair (u(-),z%(-)) is an admissible process.

[t should be noted that, in contrast to continuous control problems, in control problems for dis-
crete systems, the role of the set U[z%(-)](t), t € I, is substantial enough, because if at least one
set U[xz(-)](#) consists of no less than two elements, then it provides additional information about
the optimality of the control u%(t), t € I. Therefore, the set in question allows us to significantly narrow
down the set of controls potentially related to optimality [21]. Let us also stress that, in most cases, it is
relatively easy to find elements of the set U[2z°(-)](6). For example, in problem (2.1)—(2.3), if

fla@),u(t),t) = g(x(t)) + q(z@t), Hu(t),  tel,

then finding elements of the set U[z%(-)](#), where § € I, can be reduced to solving a linear algebraic
system of equations.

In the study of an admissible process (u°(-),z%(-)), we shall use the following assumptions:

(A1) the functional ®: R™ — R is continuously differentiable in X (z%(t; — 1)), where
X(2%(t; —1)) CR"
is an open set and contains the set
{z:z=f@ "t —1), 0 t1—1),a€U(t; —1)}

and, in addition, for each ¢ € I, the function f(-,-,¢): R®” x R" — R" and its partial deriva-
tive f.(-,-,t) are continuous with respect to (x,u) in Q(t), where Q(t) C R™ x R" is an open
set containing the set {z°(¢)} x U(¢);

(A2) the functional ®: R™ — R is twice continuously differentiable in X (2°(t; — 1)) and, in addi-
tion, for each ¢ € I, the function f(-,-,¢): R” x R" — R and its partial derivatives f.(-,-,%),
faz( -, -, t) are continuous with respect to (z,u) in Q(¢);

(A3) for each t € I_q, the set f(z%(t),U(t),t) is y-convex with respect to the point z°(¢ 4 1), where
I_q =1\ {t; — 1} (note that the set f(z°(t; — 1),U(¢t; — 1),#; — 1) can be arbitrary).
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3. FORMULAS FOR THE INCREMENT OF THE QUALITY FUNCTIONAL

Let (u%(-),2°(-)) be an admissible process, and let assumptions (A2) and (A3) hold.

We consider an arbitrary fixed vector parameter & := (6,v,u(-)), where § € I'\ {t; — 1} =:1_4,
v e U(h),and u(-)) is an admissible control such that

u(ty—1)=ueU(t1 — 1) and u(t) € Ulz2()](¢),
t € I_1. We define the variation of the control u®(t), t € I, as follows:
u, t=t —1,
u(t;€,e) = Cv(e), t=20, (3.1)
u(t), telI\{0,t; —1}.
Here the function v(e): (0,~v] — U(0) is defined (in implicit form) as a solution of the system

F@(0),0(e),0) = f(8) = eAuf(0), € (0], (3.2)
where (0,7] C (0, 1], the number v = ~y(v) is given by Definition 2, and

£(0) := £(2%(0),u°(0),0),  Auf(0):= f(2°(0),v,0) — f(z°(9),u°(6),0). (3.3)

In view of Definition 2, such a solution exists, because assumption (A3) holds.

Obviously, for all € € (0,~], the function u(¢; €, €) is an admissible control. Note that, apparently, a
variation of the form (3.1) is considered here for the first time. This constitutes one of the main aspects
of the scheme of study of problem (2.1)—(2.3).

Along with the process (u®(-),z%(-)), we consider the admissible process (u(-;&,¢),z(-;&,¢)).
Obviously, the increment z(; €, ¢) — 2%(t) =: Ax(t; €, ¢), t € Iy, is a solution of the system

Ax(t+1;€,¢) = f(2°(t) + Ax(t; €, ¢),ut; €, ), 1) — f(20t), u0(t), 1), (3.4)
Ax(tg;€,e) =0, €€ (0,7]. '

Since u(t) € Uz°(-)](t), t € I_y, it follows that, taking into account (2.4), (3.1), and (3.2), we can
write system (3.4) as

0, to—1<t<0,
Aat+1:¢,2) = { E80F0): - t=9, (3.5)
Ayree)f(@7(t),ult), ), 0<t<t]—1,

Agflti— 1) + Ayt —160f (@ (01 — 1),0, 0 — 1), t=1t—1,
where € € (0,7], A, f(0) and Az f(t1 — 1) are determined from (3.3), and
Ageaf (@), u(t), ) = f(x(t;€,),u(t), t) — f(2°(t), u(t), 1), (3.6)
Ay 1) f (@t = 1), 0t — 1) = f(a(ty = L e), Uty — 1) = f(@(t — 1), @t — 1) (3.7)

Using Taylor’s formula from (3.5), taking into account (3.6), and applying the method of steps, we
can show the validity of the inequality
|Az(t; €, e)|| < Ke, tel, e€(0,7], K =const>D0, (3.8)
where || - || is the Euclidean norm.
[t follows from (3.5) that the solution Ax(¢;&,¢) at the point ¢t =t¢; is finite with respect to

e: ||Az(t;€,€)| ~ €% Moreover, taking into account (3.5) and (3.8), we see that it is the second term
in the representation Ax(t1;&,¢), i.e., the increment (3.7), which is of the order of e:

1A 1 f (@0t — it — 1)|| < Ke,  e€(0,9], K = const > 0. (3.9)

Now, on the basis of (3.5) and estimates (3.8) and (3.9), we shall pass to the calculation of the
increment of the second order of the quality functional (2.1).
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Employing Taylor’s expansion at the point f(z%(t; — 1),%,t; — 1) and using (3.5), (3.7)—(3.9), we
can write the increment

®(2°(t1) + Azt € ) — D(2°(t1)) = Ag S (w’(-))
of the functional (2.1) caused by (3.1), in the following form:
AeeS?(-)) = @(f(2°(t), @, 1) 1=ty -1 — Pf(@°(8), u”(8), ) 1=t 1

+ A0S + ) ALSEO() + o), (3.10)

where ¢ € (0,7], e 20(?) — 0ase — 0, and
ANSWO()) = ST(F(@(t), 1) Apirse.o (@ (0), Ty )=ty -1 (3.11)
AP (W0(+)) = Ay f (20 (8), T )P (F(2°(), T 1) Aoy F (2°(8) T )=y 1. (3.12)

Consider auxiliary vectors ¥(¢t; — 1;u) and ¥(¢;u(t + 1)), t € I_1, and matrices ¥U(¢; — 1;u) and
U(t;u(t+1)),t € I_1, being a solution of linear discrete systems of the form [21]

Pt —Lat) = fF(@00), ), )t ult +1)), tel,
Pty — 20ty — 1)) = f (2%t — 1),0, 61 — D)t — 1; 1), (3.13)
Yty — 1;0) = =D, (f(2O(t1 — 1), 0, t1 — 1)),

U(t—La(t) = f7 (2°1), (1), ) U (Ut + 1)) fo(2°(2), u(t), 1)

+ Hop (P(t:0(t +1))),2°(1), (1), 1), t €I,
U(ty = 230t — 1)) = [ (@), @, )W 0) fo (2°(1), Uy )=ty 1 (3.14)
+Hm(1/1(t1—1u)x(1—1)ut1—1)

W(ty — 1;0) i= =Py (f(2"(t1 — 1),0, 81 — 1)),
where u(t), t € I, is an admissible control such that
ut,—1)=aeU(t;—1), ult)eU()]E), tel_y,
and H(y, z,u,t) = ¢ f(x,u,t) is the Hamilton—Pontryagin function.
By (3.7),(3.8),(3.11), (3.13) and by Taylor’s formula, for Agg)S(uo( -)), we have the representation
ALIS@WO(-)) = —H] ((t:), 2 (), 8, ) A(t; §,2)] ity 1
T (t:€, &) How (1), 2°(t), 0, ) Az (€, €) ety -1 + 0(?). (3.15)

Similarly, in view of (3.7), (3.8), and (3.14), using (3.12), we obtain
APIS(WO()) = — AT (t:€,€) FT (1), @, )W (1) fo (1), T, ) A (€, €) 1=, -1 + 0(€?). (3.16)
Substituting (3.15) and (3.16) into (3.10) and using (3.13) and (3.14), we can write
AeeSWd(+)) = Ag®(f(t1 — 1)) — 9" (tr — 2a(t — 1)) Az(ts — 1;,¢)
AT~ LEOU( — 2 — 1)A(h - L&) +os(R).  (317)

Here and in what follows, the symbol ox(£2?) denotes the total remainder.

In view of (3.5) and (3.13), we can prove the validity of the following equality for the second term of
formula (3.17):

pi(e) =T (t, — 2;0(t; — 1)) Azt — 1;€,¢)
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t1—2

=T (0:0(0 + 1)AF(O) + > T (&t + 1) Aye o) f(2°(1), U(t), 1)
t=60,
t1—2
—Zszt—lu ))Ax(t; €, €).
t=01

Hence, taking into account (3.6), (3.8), and (3.13), by Taylor’s formula for p;(g), we obtain a
representation of the following form:

pi(e) = e (6;u(6 + 1)) Ay £(0)
t1 —2

+ Z AxT(t; €, 6)Hpp (b (t;u(t + 1)), 20 (), 0(t), t) Ax(t; €, &) + ox(e?), e € (0,7].
25

(3.18)

Let us now calculate the third term in (3.17). Using (3.5) and (3.14), it is easy to verify the validity of
the identity

pa(e) == Azt (ty — 1;€,6)V(ty — 250ty — 1)) Ax(ty — 1;€,¢)
t1—2

= 2A, T ()W (0;u(0 + 1)) A, f(O ZAI‘ (t:€,e)U(t — 1;a(t)) Az (t, &, €)

t1—2

+ Z Az(t;g,a)fT(mO(t)7 ﬁ(t% t)\ll(t; ﬂ(t + 1))A:c(t;§7a)f(m0(t)7 ﬁ(t% t)‘

t=601
In view of (3.6) and (3.14), again by Taylor’s formula for p2(¢), we have
pa(e) = A, f1(0) U (0;u(0 + 1)) A, £(6)
t1—2

= ALT(t56,€) Hua (Y (4 (6 + 1), 2°(8), u(t), ) Ax(t, &, €) + ox(e?). (3.19)

t=01
Substituting (3.18) and (3.19) into (3.17), we obtain

AgS(u’(+))
= O(f(2°(t), 0, 1))t=t, — P(F(0(1), 1’ (£),))t=tsy — €T (6;0(0 + 1)) Au £(6)

— ASTOVOTO DAO) +os(), £ (0] (3.20)

where A, f(0), ¥(0;u(0 +1)), and ¥(0;u(f@+ 1)) for # € I_; are determined from (3.3), (3.13),
and (3.14), respectively.
Therefore, the following proposition holds.

Proposition 2. Let (u°(-),2%(-)) be an admissible process, and let assumptions (A2) and (A3)
hold. Then, for each vector parameter £ = (8,v,u(-)), where 6 € I_1, v e U(#), u(-) € U(-),
u(ty — 1) =u € U(ty — 1), and u(t) € U[z°(-)](t) fort € I_1, equality (3.20) holds.

In exactly the same way as in the scheme of derivation of formula (3.20), we also prove the following
proposition.

Proposition 3. Let (u°(-),2°(-)) be an admissible process and assumptions (Al) and (A3)
hold. Then, for each vector parameter £ = (6,v,u(-)), where 6 € I_1, v e U(0), u(-) e U(-),
u(ty — 1) =u €Uty — 1), and u(t) € U[z°(-)](t) fort € I_y, the following expansion is valid:
AgSu’()) = D(f(2°(), @, )=ty -1 — ©(F (2" (1), u" (1), ) |e=ts 1
— et (6;u(0 + 1))Au f(0) +ox(e), €€ (0,7], (3.21)
where A, f(0) and ¥(0;u(0 + 1)) are defined by (3.3) and (3.13), respectively.
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In the following sections, using the obtained expansions (3.20) and (3.21), we obtain optimality
conditions of the first and second order.

4. NECESSARY OPTIMALITY CONDITION OF THE FIRST ORDER
Let (u%(-),2%(-)) be an admissible process. We introduce the following sets:
Up(t1 — 1) = {a e Uty — 1) : ®(f(@° (1), @, t))emts -1 — (f(2°(t),u°(£),1))|t=ty—1 = 0},  (4.1)
Q"()](t1 —2)
= {¥(t1 = 2) s (1 — 2) = = £ (@), U, )@ (f (2" (1), Uy 1)) 1=t 1, T € Up(t1 — 1)},
Q’())(t) = {w(t) : v(t) = w(t;u(t + 1)),
ut+1) e Ut +1), a4t —1) =7 € Up(t; — 1),
Y(-;u(t+ 1)) is a solution of system (3.13)}, te{ty—3,t1 —4,...,t},
()]t — 2)
= {A(tl -2): A<t1 — 2) = —fy (@°(t), @, )@ (f(2°(t), @, 1)) 1=, 1, U € Up(t1 — 1)},
Alz = {\(t) = PO+ 1),a,t + DA+ 1), w e Ulz())(t + 1),
A(H—l)EA[ (-)](t+1)}, te{ty —3,t1 —4,...,t}, (4.2)
where the sets U[2(-)](t), t € I, are defined by (2.4).

Taking into account Remark 1 and the definitions of the sets Q[#°(-)](¢), t € I_1, and A[z°(-)](?),
t € I_1, and using the method of steps (successively with respect to t: t =t —2,t; — 3,...,t9), we
prove the validity of the following lemma.

Lemma 1. Foreacht € I, the following equality holds:
QLz°()(t) = Afz°()](®).

Theorem 1. Let assumptions (Al) and (A3) hold, and let, for each t € I_1, A[z°(-)](t) be the
set defined by (4.2). Then, for the process (u°(-),2%(-)) to be optimal, it is necessary that the
following inequalities hold:

O(f(22(1), 4, 1) li=ty—1 — D(f(2°(t),u° (), 1))}t=ts -1 20 Jorall weU(ti—1),  (43)
A H((t), 2°(t),u°(t),t) <0 forall (t,u,\(t)) € I_1 x U(t) x Alz°()](2). (4.4)

where Ay H(A(t),20(),ul(t),t) = AT (t)A, f(t) and A, f(t) are defined by (3.3).
Proof. Let (u%(-),2°(-)) be an optimal process. Then, taking into account (Al) and (A3) and
using Proposition 3, for each vector parameter £ = (6, v,u(-)), where§ € I_1,v € U(0),u(-) € U(-),

u(ty —1)=u €Uty — 1), and u(t) € U[z°(-)](¢t) fort € I_, for sufficiently small e > 0, the following
inequality holds:

AeSWO(+)) = @(f(2°(t), 0, 1) 1=t -1 — (@), u’(t), 1)) 1=tr -1
—epT(0;7(0 + 1)) Ay f(6) + ox(e) > 0. (4.5)

Hence, setting v = u%(#) and taking into account the fact that @ € U(t; — 1) is arbitrary, we
immediately see that inequality (4.3) holds. Further, letu(ty — 1) = u € Uy(t; — 1) be an arbitrary point.
Then, taking into account (4.1) and the fact that € > 0 is sufficiently small and using (4.5), for each
vector parameter £ = (6;v,u(-)), we obtain

W (0:(0 + 1)) Auf (6) < 0, (4.6)
where @ € I_1,v € U(f), and u(f + 1) € U[z°(-)](0 + 1) are arbitrary point such that

Y(0;u(0 + 1)) € Q"(-)](0).
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Therefore, by Lemma 1, using the Hamilton—Pontryagin function and (4.6), we obtain
A H(AB),2°(6),u°(6),0) <0
for all (8,v,A(0)) € I_1 x U(8) x A[z°(-)](#). Therefore, inequality (4.4) is proved, and so is the
theorem.

Let us give more effective (in the sense of verification and computation) corollaries of Theorem 1.

Corollary 1. Let assumption (Al) hold, and let, for each t € 1_4, the following inclusion hold:
F@Ot),u0(t),t) € [f(°(t),U(t),t)]°l. Then, for the process (u°(-),z°(-)) to be optimal, it is
necessary that the following equality be valid:

A HA(),20(t),u°(t),t) =0  forall (t,u,\(t)) € I_1 xU(t)x Alz°()]®).  (4.7)
Proof. Let (u%(-),z°(-)) be an optimal process. Since the inclusion

2t +1) = f01),u° @), 1) € [ @), U@®),)]°, tel,
holds, in view of Definition 1, we see that assumption (A3) is valid. Combining this with the validity
of (A1), by Theorem 1, we have (4.4). In addition, in view of Definition 1, forany ¢t € I_; and v € U(¢),
there exists a number v > 0 such that, for all ¢ € (—~, ), the following inclusion holds:
F@&) +e(f(2°(),0,0) = f(t) € f(2°(1), U),1),
where f(t) is defined by (3.3).
Therefore, for each € € (—v,7), there exists a vector u(e) € U(t) such that

F@(t),ule),t) = f(t) + (£ (2°(t), v, t) — f(t)

and inequality (4.4) holds for all u(e) € U(t), € € (—7,v). Then, taking into account the fact that
e € (—~,7) is arbitrary, we see that (4.7) holds. The corollary is proved.

Note that, in most cases, it is easy to verify the y-convexity condition for the set f(z%(¢), U(t),1),
t € I_1, and the validity of the inclusion z°(t + 1) € [f(z°(¢), U(t),t)]° t € I_;.

The following result shows that this verification can be reduced to that of the y-convexity of the
sets U(t), t € I_1, and the inclusion u%(¢) € [U(t)]1), t € I_,.

Corollary 2. Let assumption (Al) hold, and let, in problem (2.1)—(2.3),
flz,u,t) = g(z,t) + B(z,t)u, zreR", uwelR", tel,
where g(-) is an n-vector and B(-) is an n x r matrix. Also let (u°(-),z%(-)) be an optimal

process. Then

(o) inequality (4.4) holds if, for eacht € 1_4, the set U(t) is y-convex with respect to the points
u’(t);

(B) equality (4.7) holds if, for each t € I_y, the inclusion u®(t) € [U(t)]!° is valid.

Proof. The proof of assertion («) follows from Theorem 1 in view of Proposition 1, and the proof of
assertion (3) follows from Corollary 1 in view of Proposition 1.

In the conclusion of Sec. 4, we note that the assertion of Theorem 1 is a new discrete analog of the
Pontryagin maximum principle. [t is easy to verify that it generalizes and strengthens the corresponding
result from [9] and [10] (see Example 1 below). The optimality condition (4.3) was first obtained in [23];
condition (4.4), in contrast to the earlier known conditions (see, e.g., [8]-[10], [22]), is obtained in

terms of the set A[z0(-)](t), t € I_1 (i.e., the set of linearly independent Lagrange multipliers). The
effectiveness of the set A[z°(-)](t), t € I_1, is shown by the following example.
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Example 1. Consider S(u(-)) = 23(2) — 22(2) — min,.),
{wl(tﬂ) = a1 () — w3 (1), {m(O) =0,
zo(t +1) = =31 (t)|u(t) — 1] + 23(#)u?(t) — 1, =
w(t) eUW), tel={0:1},  U©O)=U®1)=[-1,1].

Let us study the optimality of the admissible control u°(¢), ¢t € {0;1}, defined by u°(0) = 0 and
u®(1) = 1. Let us apply Theorem 1. By (4.1) and (4.2), we have

20(t) = (29(t), 251) T, te{0,1,2}, where  29(0) = 29(1) =0,
29(2) = -1, 25(0) = a5(1) = —1, 29(2) =0,

FE0W), 1), 1) = (LT, fE)an) = (5" ) ,

fewan= () RN eren.an) - e2@ -0 -7,

®(f(2°(1),w,1)) — @(f(2°(1),u"(1),1)) = (@ - 1)(@* - 2),  Uo(1) = {1;-1},

oo ={(%) ()} avo- (5,

F0.00).0) = 10U ={ (7)) et}

Ve —

Obviously, the sets f(z%(¢),U(t),t), t € {0;1} are convex. This fact and the above calculations
imply inequality (4.3):
—D@?-2)>0 dorall @we[-1,1].

(
2)T' inequality (4.4)takes the form 4u? < 0, v € [~1,1], i.e., it does not hold.
t € {0;1}, with u®(0) = 0 and u°(1) = 1 cannot be optimal by Theorem 1.

However, for A\(0) = (_ _
Therefore, the control u ( ),

Note that the results of [9]—[12], [14], [22] leave the control u®(t), t € {0;1}, among the canditates for
being optimal. Moreover, other known results (see [4], [21], [23]) do not apply to this example, because
the function f is not differentiable with respect to the variable u at the point u = 1.

5. NECESSARY OPTIMALITY CONDITION OF THE SECOND ORDER

Note that Theorem 1 may turn out to be insufficiently informative, i.e., there exist problems in which
an admissible process (u%(-),2%(-)) is not optimal; however, as a necessary optimality condition, the
assertion of Theorem 1 holds and even degenerates (see Example 2).

Definition 3. Let an admissible process (u’(-),2%(-)) satisfy conditions (4.2) and (4.3). A con-
trol u®(t), t € I, will be called singular at a point 0 € I_1 with respect to an admissible control u(t)
t € I, where u(t; — 1) € Up(t; — 1) and u(t) € U[z%(-)](¢), t € I_1, over a set Uy(#) C U(#) if, for all
v € Uy(0), the following equality holds:

¥! (0500 + 1) Au f(6) = 0, (5.1)
where Up(0) \ U[2°(-)]() # @ and ¢(0;u(0 + 1)) is the value of the solution of system (3.13).

Remark 2. If u(t) = u°(t), t € I, then a singular (in the sense of Definition 3) control u%(-) will be
called singular at the point 6 over the set Uy(6).

Remark 3. Definition 3 defines a new class of singular controls. In other words, a singular control in the
sense of Definition 3 is not necessarily singular in the sense of [12], [14], [18]-[21] (see Example 2).

MATHEMATICALNOTES Vol. 106 No.3 2019



OPTIMAL PROCESSES IN DISCRETE SYSTEMS 399

Theorem 2. Let (u%(-),z°(-)) be an optimal process, and let assumptions (A2) and (A3) hold.
Also, let a control u°(t), t € I, be singular at a point § € I_y, with respect to an admissible
control u(t), t € I, where u(t; — 1) € Up(ty — 1) and u(t) € U[z"(-)](¢), t € I_1, over a set Uy(0).
Then the following inequality holds:

A fT(O)T(0;u(0 +1))Auf(0) <0 forall v e Uy(0), (5.2)
where A, f(0) is defined by (3.3) and ¥(0;u(0 + 1)) is the value of the solution of system (3.14) at
the point 6.

Proof. Since assumptions (A2) and (A3) hold, it follows from Proposition 2 that the formula for the
expansion (3.20) is valid. Then, by Definition 3, in view of w(t; — 1) = u € Uy(t; — 1) and (5.1), for all
v € Up(#), from (3.20) we obtain

Ao ) = =, Auf OO0 + )ASE) +on(), <€ (0,1]

where £ = (0, v,u(-)).
This implies the validity of inequality (5.2), because, for a sufficiently small ¢ > 0, the inequality
A¢S(uP(+)) > 0 holds along the optimal process (u%(-),2°(+)). The theorem is proved.

Consider an example illustrating the meaningfulness of Theorem 2.
Example 2. Consider S(u(-)) = 23(2) — 22(2) — min,.),

)
{ L+ 1) = a1 (t) — w2(t),
2(t+1) = $1(t)IU()—1I+$2() 2(t) — 1, t € {0;1},
21(0) =0, 22(0) = u(t) e U(t), te{0;1},
U(0) = [—1,1], U(1) = [£1; +2].

Let us study the optimality of the admissible control u°(t), t € {0;1}, defined by u"(0) = 0 and
u®(1) = 1. It follows from (2.4), (4.1), and (4.2) that

20(t) = (29(t),29)T, te{0;1;2}, where  29(0) =z

23(0) = 23(1) = =1, a3(2) =0,  f(z°(1),u’(1),

f@(),a,1) = (=a*,a® =T, UR°())0) ={0}, UE"()I(1)={-1;1},
®(f(a°(1),4,1)) = D(f(2°(1),u(1),1)) = (@* — 1)(@* — 2),

Uo(1) = {~1;1},  f7 (2°(1), @, 1)@x(f(2°(1), 4, 1)) |a=x1 = {(0, ) ,(2,2)7},
Al®())(0) = {(0,-2)";(=2,-2)"},  ALf(0 ) (%0t vel-1,1],
F(@°(0),U(0),0) = {(—=v*,v* = 1) 1w € [-1,1]}

(obviously, this set is convex).
Taking into account the above calculations, we can readily see that the assertion of Theorem 1 holds:

@ -1)@2—-2)>0 forall @el[-1,1],
2% <0, wel[-1,1 for A0)=(0,-2)T, 0<0 for X0)=(-2,-2).

1) =0, 92 =1,
1) = ( 10)

Therefore, Theorem 1 leaves the control u®(t), t € {0, 1}, among the candidates for being optimal.

In addition, the control u°(t), t € {0, 1}, is singular at the point # = 0 with respect to the admissible
control u(t), t € {0,1}, defined by u(0) = 0 and u(1) = —1, over the set Uy(0) = [—1, 1], because the
process (u’(-),z°(-)) satisfies conditions (4.2), (4.3) and

¢(07ﬁ(1)) = (_272)T7 Auf(o) = (_U27U2)T’ vE [_1’ 1]'
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Note that the control u%( -) is not singular in the sense of [12], [14], [18]21]. Let us apply Theorem 2.
From system (3.14), we obtain

W(0;u(l)) = (¥iz),  where 11 =1P1g =921 = =8, tho2 = —6;

therefore, inequality (5.2) is of the form 2v* < 0 for all v € [~1,1], which is not true. Therefore, the
process (u®(-),z°(-)) is not optimal.

Note that the known results of [26]—[28] do not apply to this example, because the function f(-) is
not differentiable with respect to the variable w at the point w = 1 and the set U(1) is neither convex nor
open. Note also that the optimality conditions given in [12], [14]-[22] leave the control u°( - ) among the
candidates for being optimal.

6. CONCLUSIONS

As can be seen, problem (2.1)—(2.3) is not the most general one among discrete optimization
problems. We chose it solely in order to demonstrate the main aspects of the approach proposed in
the paper. However, the assertions of Theorems 1 and 2 can also be generalized to the case of more
general discrete control problems.

In addition, on the basis of our scheme of study, we note the following.

1. The necessary optimality conditions in the form of the assertions of Theorem 1 and 2 are
characteristic for discrete control systems.

2. In obtaining a number of well-known necessary optimality conditions of the first and higher order
(see, e.g.,[5],[7],[18],[21],[29],[30]), the assumption on the convexity of the set of admissible velocities
or the set of admissible controls can be replaced by the weaker condition of the «y-convexity of the set.

3. The notion of y-convex set (as well as the notion of the interior of a set in the wide sense) can also
be very effective in the study of continuous-time optimal control problems.

REFERENCES

l. L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, and E. F. Mishchenko, Mathematical Theory of
Optimal Processes (Nauka, Moscow, 1969)[in Russian].
2. L. I. Rozonoér, “Pontryagin maximum principle in the theory of optimal systems. III,” Avtomat. Telemekh.
20 (12), 1561—1578 (1959) [Automat. Remote Control 20 (12), 1517—1532 (1959)].
3. A. G. Butkovskii, “Necessary and sufficient optimality conditions for sampled-data control systems,”
Avtomat. Telemekh. 24 (8), 1056—1064 (1963).
4. B.K.Jordan and E. Polak, “Theory of class of discrete optimal control system,” J. Electronics Control 17 (6),
697711 (1964).
5. R. F. Gabasov and F. M. Kirillova, Qualitative Theory of Optimal Processes (Nauka, Moscow, 1971) [in
Russian].
B. N. Pshenichnyi, Necessary Conditions for an Extremum (Nauka, Moscow, 1969)[in Russian].
A. L. Propoi, Elements of the Theory of Optimal Discrete Processes (Nauka, Moscow, 1973) [in Russian].
B. Sh. Mordukhovich, “Optimal control of discrete systems,” Differ. Uravn. 9 (4), 727—734 (1973).
A. L. Propoi, “The maximum principle for discrete control systems,” Avtomat. Telemekh. 26 (7), 1177—1187
(1965) [Automat. Remote Control 26 (7), 1167—1177 (1965)].
10. H. Halkin, “A maximum principle of Pontryagin maximum principle type for systems described by nonlinear
difference equations,” SIAM J. Control 4 (1), 90—111 (1966).
11. J. M. Holtzman, “Convexity and the maximum principle for discrete systems,” IEEE Trans. Automatic
Control AC-11, 30—35 (1966).
12. R. F Gabasov and F. M. Kirillova, “Necessary optimality conditions of equality type in discrete systems,”
Differ. Uravn. 9 (3), 542—546 (1973).
13. V. G. Boltyanskii, Optimal Control of Discrete Systems (Nauka, Moscow, 1973) [in Russian].
14. L. I. Minchenko, “Necessary optimality conditions for certain classes of discrete control systems,” Differ.
Uravn. 12(7), 1211-1218 (1976).
15. A. Ya. Dubovitskii, “The discrete principle of the maximum,” Avtomat. Telemekh., No. 10, 55—=71 (1978)
[Automat. Remote Control 39 (10), 1450—1465 (1979)].
16. R. B. Vinter, “Optimality and Sensitivity of Discrete Time Processes,” Control Cybernet. 17 (2-3), 191-211
(1988).

LN

MATHEMATICALNOTES Vol. 106 No.3 2019



17

18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.

OPTIMAL PROCESSES IN DISCRETE SYSTEMS 401

A. J. Zazlovski, Stability of the Turnpike Phenomenon in Discrete-Time Optimal Control Problems
(Springer, Cham, 2014).

R. Gabasov and F. M. Kirillova, “Theory of necessary conditions for optimality for discrete systems,” Avtomat.
Telemekh., No. 12, 39—47 (1969) [Automat. Remote Control, No. 12, 1921—-1928 (1969)].

L. T. Ashchepkov, “On necessary conditions for high-order optimality for singular controls of discrete
systems,” Differ. Uravn. 8 (10), 1857—1867 (1972).

S. Ya. Gorokhovik, “Necessary conditions for optimality of singular controls in discrete systems with terminal
constraints,” Vestsi Akad. Navuk BSSR Ser. Fiz.-Mat. Navuk, No. 3, 35—40 (1985).

M. J. Mardanov, T. K. Melikov, and N. I. Mahmudov, “On necessary optimality conditions in discrete control
systems,” Internat. J. Control 88 (10), 2097—2106 (2015).

Z.T. Mingaleeva and I. A. Shvartsman, “Second-order necessary optimality conditions for a discrete optimal
control problem,” Differ. Uravn. 50 (12), 1640—1646 (2014) [Differ. Equations 50 (12), 1643—1649 (2014)].
M. J. Mardanov and T. K. Melikov, “A method for studying the optimality of controls in discrete systems,”
Proc. Inst. Math. Mech. Natl. Acad. Sci. Azerb. 40 (2), 5—13 (2014).

E. Steinitz, “Bedingt konvergente Reihen und konvexe Systeme,” J. Reine Angew. Math. 143, 128—176
(1913).

T. K. Melikov, Necessary Optimality Conditions for Distributed-Parameter Systems, Available from
VINITI, No. 2637-79 (1979) [in Russian].

A. V. Arutyunov and B. Marinkovich, “The necessary optimality conditions in the discrete optimal control
problem,” Vestnik Moskov. Univ. Ser. XV Vychisl. Mat. Kibernet., No. 1, 43—48 (2005).

R. Hilscher and V. Zeidan, “Discrete optimal control: second order optimality conditions,” J. Difference Equ.
Appl. 8 (10), 875—896 (2002).

B. Marinkovic, “Optimality conditions for discrete optimal control problems,” Optim. Methods Softw. 22 (6),
959-969 (2007).

K. B. Mansimoyv, “Optimality of quasisingular controls in Goursat-Darboux systems,” Differ. Uravn. 22 (11),
1952—1960 (1986). [ Differ. Equations textbi22 (11), 1358—1365 (1986)].

M. J. Mardanov, K. B. Mansimov, and T. K. Melikov, Study of Singular Controls and Necessary

Optimality Conditions of Second Order in Delay Systems (Izd. Elm, Baku, 2013)[in Russian].

MATHEMATICALNOTES Vol. 106 No.3 2019



