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Abstract—Sufficient conditions for the compactness in generalized Morrey spaces of the composi-
tion of a convolution operator and the operator of multiplication by an essentially bounded function
are obtained. Very weak conditions on the function are also obtained under which the commutator
of the operator of multiplication by such a function and a convolution operator is compact. The
compactness of convolution operators in domains of cone type is investigated.
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1. INTRODUCTION

In the past three decades, many authors have investigated Morrey-type spaces and operators acting
on these spaces (see, e.g., the survey papers [1] and [2] by Burenkov and the references cited therein).
The study of these spaces goes back to the work of Morrey [3] and is extensively continued at present.
Along with the theory of Morrey-type spaces themselves, much attention has been paid to classical
operators of analysis on these spaces, including the maximum operator, the Riesz potential, and a
certain singular integral operator (see [2]). However, the important class of integral operators formed
by convolution operators on Morrey spaces has been little studied. In this connection, first of all, it is
worth to mention the papers [4] and [5], in which convolution operators on general Morrey-type spaces
were considered and an analog of Young’s inequality for convolutions in these spaces was obtained.
In[6], the compactness of some operators of convolution type on the Morrey space was studied.

This paper is a continuation and generalization of [6]. In the paper, we consider products of the
convolution operator with integrable kernel and the operator of multiplication by a function a € Lo (R"),
on generalized Morrey spaces. Using results of [7], we show that, if the function a vanishes at infinity,
then the product is a compact operator. We alo obtain weak conditions on a function a ensuring
the compactness of the commutator of a convolution operator and the operator of multiplication by
this function. In the concluding part of the paper, convolution operators on cone-type domains are
considered.

We use the following notation:

e R" is n-dimensional Euclidean space;
o r=(x1,...,2,) €ERY

o x| =22+ ... +a2;
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Ry = (0, 00);

B(x,r) is the open ball in R™ of radius r centered at x;

o CB(z,r) =R"\ B(x,r);

x p is the characteristic function of a measurable set D C R™;

Pp is the operator of multiplication by the characteristic function xp;

C§°(R™) is the class of compactly supported infinitely differentiable functions.

2. PRELIMINARIES

Let 1 <p < oo, and let D C R™ be a measurable set. Then L,(D) is the space of (classes of)
measurable complex-valued functions with norm

1/p
||f||Lp(D):</D If(ar)l”da:> . 1<p<oo,

[ fll Lo (D) = esssup|f(z)]-
zeD

In the case D =R", we use the notation || - ||
[ € L,(K) for any compact set K C R™.

p instead of || -[[; ). We say that f € Lp°(R™) if

Definition 1. Let 1 < p < o0, and let w be a nonnegative Lebesgue measurable function on Ry not
equivalent to zero. The generalized Morrey space L, ,,(R™) is the space of all functions f € L;,OC(R”)
such that

AN ) = 1 Fllpw = sup ()l fllz, @@m) | e @) < oo (2.1)

zeR

If w(r) = r=*, where 0 < X\ < n/p, then the space L, ,,(R") coincides with the classical Morrey
space Ly, z(R™). Forw(r) = 1, the space L, ,,(R") coincides with the ordinary space L,(R").

Definition 2 (see[8]). Let 1 < p < oo. The set €2}, is the family of all functions w that are nonnegative,
Lebesgue measurable on R, and not equivalent to zero which satisfy the conditions

()Pl o <00y [[0()]|La(t00) < 00

for some t > 0.

As is known (see [9] and [10]), the generalized Morrey space L, ,,(R™) is nontrivial, i.e., contains
functions not equivalent to zero on R", if and only if w € €.

Below we present conditions for the precompactness of a set contained in a generalized Morrey space.

Proposition 1 ([7]). Given 1 <p < oo and w € Qpo0, let ¥ be a set of functions in Ly, (R")
satisfying the following conditions:

i) supyey [[¢[lpw < 003
i) limso supyey V(- +6) = (-)llpw = 0;
iii) Himp—oo SUPyew VX s ) llpsw = 0.
Then the set W is precompact in the space Ly, ,,(R"™).
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COMPACTNESS OF SOME OPERATORS OF CONVOLUTION TYPE 333

Consider the following convolution operator on Ly, ,,(R™):

/ h(x — y) dy, x € R, (2.2)

where h € L1(R™). The papers [4] and [5] devoted to convolutions in Morrey-type spaces contain, in
particular, the following assertion.

Proposition 2 ([4]). /[ 1 <p < o0, w € Qpe, and h € L1(R™), then the operator H is bounded on
the space L, ,,(R™) and

[HPllpw < [[2l[1]l@]lpw (2.3)
for every function ¢ € L, ,(R™).

3. MAIN RESULTS

3.1. In this section, we study the compactness of the product of a convolution operator and the operator
of multiplication by a bounded function.

Let M, denote the operator of multiplication by a function a € Lo (R™). It can readily be seen that
this operator is bounded on the space L, ,,(R™); moreover, for any function ¢ € Ly, ,,(R™), we have
[Maspllpw < llallos [lllp,w-

Let Co(R™) be the family of all functions a that are continuous on R™ and satisfy the condition
lim,_, a(z) = 0. The following assertion is an analog of Lemma 1 in [6]. For completeness, we present
a detailed proof of this assertion.

Lemma 1. /f1 <p < o0, w € Qpoo, a € Co(R™), and h € L1(R"™), then the operator Hy :== M,H is
compact on the space Ly ,,(R™).

Proof. Let ® = {¢} be an arbitrary bounded set in L, ,,(R"), i.e., such that ||¢||,. < C for every
¢ € ®. We claim that the set {H,p}, where ¢ € ®, is precompact in L,.,(R™). Let us verify
conditions (i)—(iii) of Proposition 1.

The validity of condition (i) follows from the boundedness of the operator H,. Let us prove (ii). For
every function ¢ € ®, we have

[(Ha@)(+ 4 6) = (Hap) (- )llp,w
<|l(a(- +6) —a(-))(He)(- +0)llpw + la(- )(He)(- +06) = (He)(-))llpw
< la(- 4+ 6) = a( ool @llp.w + llallco[[(H@) (- +8) = (Hp)(+)llpw-
Applying inequality (2.3) and taking into account the assumption |||l < C, we obtain
[(Hap) (- +0) = (Ha®) () llpw
< C(lla(- +6) = a(-)llsollPlly + llallcol[R(+ + ) = h(-)ll1).

The first summand on the right-hand side of this inequality tends to zero as 6 — 0 because a € Cy(R"),
and the other summands tend to zero because the function h € L;(R"™) is continuous with respect to the
L1 norm. Hence

%im sup |[(Hap) (- +6) — (Ha)()|lpw = 0.
—0 ped

We proceed to condition (iii). Again using inequality (2.3), we obtain

HXCJB(O,R)HaSDHp, ||XCJB(O R)‘IHOOHHSOHP, < C|hlh |S|U>PR|a( z)|.
x

Since lim,_,~ a(x) = 0, it follows that

Rh_{réo SuP ||XC]B(O R) Hapllpw = 0.

This completes the proof of the lemma.
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Lemma2. /f1 <p < oo, w € Qpoo, h € L1(R™), and D is a bounded measurable set in R", then the
operator PpH is compact on the space Ly ,,(R™).
Proof. Let a € Cy(R™) be a function such that a(z) = 1 forall x € D. Then we have
PpH = PpM,H.
By Lemma 1, the operator M, H is compact on L, ,,(R™); thus, so is the operator Pp M, H.

Let us extend the class of coefficients under consideration.

Definition 3 ([11, p. 37]). We say that a function a € Lo (R™) belongs to the class By'*(R™) if
lim esssupla(z)| = 0.
N—=oo jg>N

Note that the class By"?(R") is the closure with respect to the Lo, norm of the set of all compactly
supported functions in Lo (R™).

Theorem 1. /[ 1 <p < oo, w € Qpoo, a € By'P(R"), and h € L1(R™), then the operator MyH is
compact on the space Ly, .,(R"™).

Proof. Consider the function an () = a(2)x;, y, (¥). We have
MaNH = MaNP]B(O,N)Hv
and the operator M, H is compact by Lemma 2. Since a € By'*(R™), it follows that

[MoH — Moy H| 1y Lp < esssup (@) | H L, L0 — 0
x|>

as N — oo. Hence the operator M, H is compact on L, ,(R").

3.2. We proceed to study the commutator [M,, H] of operators M, and H. As is well known, the
commutator is defined by the formula
(M, H] = M,H — HM,.

By virtue of (2.2), we have
(Mor H)) = [ (ala) = alp)hlz ~ p)o(w) dy

_ /n(a(:r) —a(w — )z — ) dt, =R

In[6], to describe compactness conditions for the commutator [M,, H] in classical Morrey spaces, the
author introduced the class €2, (R™) which consists of all functions a € L (R™) such that the following
equation holds for every compact set K C R™:

lim esssup [la(z) — a(z — +)|[1 (k) = 0.
N—o00 |z|>N

Here we introduce and use a wider class of functions.

Definition 4. We say that a function a € Loo(R™) belongs to the class Ap(R™) if the following
condition holds for every compact set K C R™:

lim ess Sup/ la(z) — a(x —t)|dt = 0. (3.1)
N—=oo |z1>N JK

It can readily be seen that Q. (R™) C Ap(R™). As shown below, the condition a € Ay(R™) is
sufficient for the compactness of the operator [M,, H].
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Lemma 3. If a € Ag(R™), then, for every function f € L1(R™),

lim ess sup/n la(xz) —a(z —t)||f(t)] dt = 0. (3.2)

N—o0 |lz|>N

Proof. Take an arbitrary ¢ > 0. Using the density of the class C§°(R"™) in the space L; (R™), we choose
g € C§°(R™) so that

9
If =gl <
4f|afloo

and fix this function g. We have

/ Ja(e) — afa — L7 ()] dt < / la(x) — a(z — B)||£(£) — g(t)] dt

n

a(x) —alx — d
+/Suppg| (2) - a(z — B)|lg(t)] dt

< 2lalls|[f = gllx + sup |g(t)] la(z) — a(x —t)| dt
teR"™ supp g

9
< tlalle [ law) - ale b at,
supp g

where supp g stands for the support of the function g € C5°(R™). By virtue of (3.1), there is an Ny > 0
such that, forall N > Ny,

ess sup/ la(z) —a(z —t)|dt <
supp g

3
lz|>N 2”9”00 '

Thus, the inequality
esssup/ la(z) —a(z —t)||f(t)]dt < e
|z|>N n

holds for all N > Ny, which proves (3.2).

Theorem 2. /f1 < p < 00, w € Qpo, a € Ag(R™), and h € Li(R™), then the commutator [M,, H| is
compact on the space Ly, .,(R"™).

Proof. Let us show that the operator [M,, H| can be approximated with respect to the operator norm
by compact operators. Take arbitrary € > 0. Using Lemma 3, we choose an N > 0 so that

/

P

€
Ay = esssup/ la(z) —a(z —t)||h(t)|dt < o
n (2llalloo I2{l )7/

|z|>N
and fix this . Let
Py = Pyo,n); QN =1- Py,

where I is the identity operator. Applying Hélder’s inequality, we obtain

[(Qn [Ma, Hp)(2)] S/ la(z) — a(z = )[[A)]|p(z —1)| di

n
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1/p 1/p
< ([ tata)=ate = aliolar) ([ 1ae) - ate - 0llnlota - o )
/ 1/p
<AV (2l [ 0)lote — 0P ar)

1/p
<ol ( [ mollote - o ar)

for almost all z € CB(0, N). Thus, for arbitrary z € R” and > 0, we have

1/p
1N Mo, Hlgl L o) <s||h||‘1“’</ iy [ ol —t>|f’dt)

1/p 1/p
= el ([ otar [ et opay)

~1/p e
=l ([ O iy )

Taking into account (2.1), we obtain the following relations for the norm of the function Qn[M,, H] in
the space Ly, ,,(R"):

QN [Ma, Hlgllpw = sup [lw(r)|Qn[Ma, HIol L, @) Lo @)

z€eR
1/p
w(r)(/ww O ER—ry

1/p
|/ (Mol , B@—t I dt

< el sup
reR”

Loo(R+)

—-1/p
= e|lnf sup

Loo(Ry)

1/p
=l sup ([ O ol o1 e, )

1p 1/p
< T el ([ 100N dE) " = elllp

Since the function ¢ € Ly, ,,(R™) is arbitrary, we have
”[Md? H] - PN[MC“ H]HLp,w_)Lp,w = HQN[M(17 H:I|’Lp,w_>Lp,w <e.

Since ¢ is an arbitrary positive number and Py[M,, H| is a compact operator (by Lemma 2), it follows
that the operator [M,, H] is compact as well. This completes the proof of the theorem.

Corollary 1. /1 < p < o0, w € Qpeo, a € By P(R™), and h € Li(R"), then the operator HM, is
compact on the space Ly, .,(R™). In particular, the operator H Pp is compact for every measurable
bounded set D C R™.

Proof. Since a € By'P(R™), it follows that a € A(R™). Therefore, the equation

HM, = M,H — [M,, H]

and Theorems 1 and 2 imply the compactness of the operator H M,,.
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In conclusion of this section, we mention the papers [12]—[14], in which commutators of certain
operators acting on Morrey spaces were considered, too.

3.3. As shown above, the operators PpH and H Pp are compact if the set D is bounded. In this
subsection, we study the compactness of operators of the form Pp, HPp, in the case of unbounded
sets Dy and Dy. Given arbitrary D C R", we set

DN:DQB(O,N), CDN:D\DN.
We denote the distance between sets Dy and D9 by dist(Dy, D2).

Theorem 3. /f1 <p < o0, w € Qpoo, h € L1(R™), and Dy and Dy are measurable unbounded sets
in R™ such that dist(CD1n,CDyn) — 00 as N — oo, then the operator Pp, H Pp, is compact on
the space Ly, ,(R™).

Proof. First, suppose that h € C§°(R™). Then there is a p > 0 for which supph C B(0, p). Choose an
N > 0so large that |z — y| > plorallz € CD;y and y € Dy. We have Pop,, HPp, = 0. Hence

Pp,HPp, = Pp, HPp, + Pop,yHPp, = Pp,yHPp,

and the operator Pp, H Pp, is compact by Lemma 2.

Now suppose that A is an arbitrary function in L; (R™). Then there is a sequence {hx} C C§°(R")
such that || — hg|j1 — 0 as k — oco. By virtue of (2.3), we have

| Pp, HPp, — Pp, Hi.Pp,||L, ., ~Lpw < Ik — h|l — 0.

Since the operators Pp, HyPp, are compact, it follows that the operator Pp, HPp, is compact
on Ly ,(R™). This completes the proof of the theorem.

Corollary 2. /f 1 <p<oo, we& Qp, h € L1(R"), and Ty and T'y are cones in R™ whose clo-
sures have no common points except the origin. Then the operator Pr,HPr, is compact on
the space Ly, ,,(R™).

In conclusion, we mention that the operators of convolution in cones on Lj,-spaces were first
considered in[15].
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