ISSN 0001-4346, Mathematical Notes, 2017, Vol. 101, No. 3, pp. 443-459. (© Pleiades Publishing, Ltd., 2017.
Original Russian Text (© A. M. Dulliev, 2017, published in Matematicheskie Zametki, 2017, Vol. 101, No. 3, pp. 373-394.

Properties of Connected Ortho-convex Sets in the Plane

A. M. Dulliev”

Tupolev Kazan National Research Technical University, Kazan, Russia
Received April 6, 2015

Abstract—Topological properties of connected ortho-convex sets in the plane, i.e., connected sets
convex along the horizontal and vertical lines are studied. Several geometric statements concerning
the ortho-separation of ortho-convex sets are proved.

DOI: 10.1134/S0001434617030063

Keywords: ortho-convex set, ortho-half-space, ortho-hyperplane, ortho-separation.

Let R? be the Euclidean plane. A set A C R? is said to be ortho-convex if the intersection of A
with any horizontal or vertical line is empty or connected. Properties of ortho-convex sets in the plane
were studied by many authors (see, e.g., the bibliography in [1] and [2]). In recent years, the attention of
researchers has been attracted by topological and separation-type properties [1]—[3], which have turned
out to be closely related to the theory of extremal problems. This paper studies the separation of two
disjoint connected ortho-convex sets. We show that, under fairly natural constraints on these sets,
they are separated by an “ortho-convex hyperplane.” We also consider supporting properties of closed
ortho-convex sets. The proof of the main results is preceded by a series of statements concerned with
topological properties of connected ortho-convex sets.

Throughout, we use the following notation: G denotes the class of all ortho-convex sets in R?;
G¢ is the class of all connected ortho-convex sets in R?; I, (m,) is the horizontal (vertical) straight
line passing through a point u; || - || is the Euclidean norm on R?; cl, int, and fr are the operators of
taking topological closure, interior, and boundary, respectively; A;(A,) is the projection of a set A on
the abscissa (ordinate) axis; for i € {I,II,III, IV}, the A are the closed quarter-planes determined by
a point u and the lines [,, and m,,; uo(e)—o(e)v is an undirected interval (open, half-open, or closed)
joining points u,v € R? for which u, = v,, where a solid (empty) circle after the notation of the point
of R? indicates that this point (does not) belong to the interval (e.g., uo—ov denotes an open interval);
rays I, N A% and I, N A%\ {u} are denoted, like intervals, by so—eu and so—ou, respectively, where
s = (400,u,) and the sign in front of oo is determined by the quarter-plane A%; if u, # vy, then we set
ue—ey = J,;

Ae—eB := {ue—ev |uc A v e B, u, =uvy};

and the expression Ae-/e B means that Ae—eB = &. The symbols o|o and efe mean the same as o—o
and e/, respectively, but with a horizontal interval replaced by a vertical one.
Using this notation, we can define an ortho-convex set A as

AeG = Vu,v: (uy =vy, = ue—ev C A)A (up =v, = uelev C A).

Following the terminology of [4], we say that a set H € G is an ortho-half-space if its com-

plement R?\ H belongs to G as well. To the boundary T' = fr H of a half-space we refer to as an
ortho-hyperplane.

The properties of ortho-convex sets given in the following two propositions are similar to those of sets
in R? convex in the ordinary sense.

Proposition 1. /[f A € G€, thenclAe€ GC. I A € G, thenint A € G.
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444 DULLIEV

Proof. First, we show, that the closure of A € G€ is ortho-convex. Consider u,v € cl A for which
ue—ev # . Obviously, it suffices to consider the case where u # v. Suppose that there exists an open

disk B, = {w € R? | |w| < r} such that the sets
D'=(u+B)NA, D'=(v+B)NA

cannot be joined by a horizontal interval, i.e., D"e-~D". We claim that this contradicts the connected-
ness of A.

Without loss of generality, we can assume that (v + B,) N (v+ B,) = @ (thisissoifr < |uy —vg]/2).
Obviously, we have Dy n Dy =@. Since D" e-/D", it follows that at least one of the points u and v,
say v, does not belong to A. Consider the line [,; clearly, v € [,,. It divides the plane R? into the two
disjoint open half-planes 7 and 7=~ above and below 1, respectively. Consider the possible different
locations of D* and DV with respect to the line [,,.

(1) Suppose that the sets D% and D contain points on the same side of [,,, say in 7T, i.e.,
D'f :=D"Nrt #£@# D" :=D"Nr".

If u ¢ cl DYt orv ¢ cl DU, we can decrease the radius r so that one of the corresponding sets D¥+
and D" becomes empty and, as a result, either we arrive at one of the situations analyzed in (2) and
(3)oru € cl D" and v € c] DV, i.e., the situation essentially coinciding with that considered below in
the proof of (1) occurs. Thus, throughout the proof of (1), we assume that the points u and v are limit
for D¥T and DVT, respectively.

The sets Dy and D can be represented as disjoint unions of their connected components:
Dy =U, 1a, Dy = Ug I, and

o T
Ionlg =2

for all @ and S. Clearly, the sets I} and Ig are intervals of the vertical line and, therefore, can be ordered
coordinatewise.

Let J(y) = D" Ny, where y € D}; since D", it follows that the set J(y), which is the intersection
of the two ortho-convex sets u + B, and 4, is an interval. We set J(I) = Uz, J(y) Tor I € {13, IE}.
Note that J, (I3, ) and J;(I%,) with a; # a3 are disjoint; indeed, otherwise, the components I would
intersect (since D" is ortho-convex, the existence of an = € J(I5y,) N J.(I5,) would imply that of a

vertical interval with abscissa z joining J(I5, ) with J(I3,) and, hence, I\, with I§)). Consider the set

= {a | JIL) A\ {u} # o).
It cannot contain more than one element, because if (J(IY )e|eJ(I",))Nm, # @ for different

o, a" € ®, then again I and I%, must intersect. Taking into account this property of ®, we choose
a radius of B, so that & = @. This ensures that any set J(I}) above the line [,, is contained entirely in
one of the open quarter-planes I or II with respect to w, i.e., on the right or on the left of the line m,,.
Moreover, since u € cl D**, it follows that u € cl(lJ, J(I¥)) for all sets J(IY) contained in some of
these open quarter-planes, say in quarter-plane I. Thanks to this observation, in case (1), it suffices to
study only those sets I'* for which the corresponding sets J(IY) are contained in quarter-plane I.

Now, consider any points y,,yo € Dy satisiying the conditions

u

Y1 < Yo, 31523 Yo < Lpys 3151 C (Y1,¥2)-

Such points exist, because, otherwise, the conditions u € cl(U,, J(I¥)) and v € cl DV are violated.
Let m,, denote the open upper half-plane determined by the line [, , and let 7, denote the open lower
hali-plane determined by ,,. Obviously, we have J(ISI) C Ty, NTy,.

Take any point z2 of JI(I;;). By virtue of the observation made above, the set J(I:;;) is contained

entirely in open quarter-plane I with respect to u; hence xy < u,. The point (x2,75) € R? belongs
tou+ By, i.e.,

1(z2,y2) — ull <.
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Indeed, if ||(z2,yy) — u|| > 7, then there exists a t € J(I;;) for which ¢, = x2,t, > y, and, hence,
|t — yl|| > r; however, J(I;;) C u+ B,. Moreover, this implies the inclusion

[t 2] X [uy, yo] C u+ By

Consider the open leit hali-plane m,, determined by the line my,,. Since u e cl(U, J(1Y))
and v € cl Dt it follows that

ElI;fl C[yl7y2]: J(qufl)Cﬂ'ylmﬂygmﬂ':cz

il we choose sufficiently small y;. Next, take any point z; > u, of a set JI(I;;) < x9 for which
ISS C (uy,yq). The existence of such a point «; is again ensured by the conditions u € cl(lJ,, J(1})) and
v € cl DT, The same conditions ensure also the existence of a set J(ISI) such that I;fl C (y1,y5) and

JI(ISI) C (x1,22), provided that y, is sufficiently small. Let 7, be the open right hali-plane determined
by m,,. We have

J(Igl) C gy Ny, Nz, Ny, Cu+ By,

and J(Isl) is entirely contained in quarter-plane 1.
We set

C = myp Ny, N7z, Ny, M=ANC, N=A\C.

The sets M and N are open and closed in A. Indeed, let s € cl M; then either s € int C = C and,
therefore, s ¢ N, or s € fr C. Obviously, in the latter case, it suffices to consider two cases:

(a) s € ly,,inwhich case s, € [ug, z2] and 5y = ys;
(b) s € mg,, in which case s, = x9 and s, € [uy, ys).

Consider each of these cases in more detail.
Suppose that case (a) occurs and s € cl M N N. Then s € ([ug, z2] X [uy,ys]) N A, whence, by
virtue of the remarks made above, we obtain s € (u+ B,) N A= D* Thus, y, € Dy n Dy, which

contradicts the requirement D"e-~eD" and, therefore, s ¢ N. In case (b), we have s ¢ N from the
following considerations. Suppose that s € N, which again means that s € D" and, by construction, s
lies on the same vertical line as some of the points ¢ € J(I;Lz) C D", forwhicht, = zoand t, > y,; then
(se|et) N1y, # @, and the ortho-convexity D" implies ((se|ot) N1y, ), = y, € Dy, so that the condition
D"e-/ D" is again violated. Thus, s € cl M implies s ¢ N; precisely the same argument shows that
s € cl N implies s ¢ M.

As a result, we obtain a contradiction: the set A is disconnected, although it is assumed to be
connected in the proposition being proved. Therefore, for any disk B,, we have D“e—eD". Consider
two sequences {u, } and {v, } satisiying the conditions

Uy —> U, Vp — U, u, € DY, v, € DY, Upo—oU, #£ .
In each of the intervals u, e—ev,,, we take a point w,, = Au, + (1 — N)v, € A, A € (0,1). Obviously,
wp, = w=Au+(1—-XveclA.
Thus, u,v € cl A, ue—ev # & implies the inclusion ue—ev C cl A.

(2) Suppose that the sets D*\ [, and D"\ [, are on opposite sides of the line . To be specific,
we assume that D%* £ & # DV~. Then, obviously, D¥~ U D"t = &. Here, as in case (1), we either
assume that the points u and v are limit for D¥* and D™, respectively, or arrive at a situation analyzed
in(3).

Since the set A is connected, it follows that some of its intersection points with [, \ {u} must
lie outside the disks w4 B, and v + B,. (Indeed, otherwise, A can be partitioned into two disjoint
components Ay and As:

A=A U As, A c T UU(u), Ay C i\ clU(u),
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446 DULLIEV
where U (u) is a neighborhood (not necessarily circular) of u satisfying the conditions
D" cU(u) Cu+ B, and ANn7m™ NeclU(u) = 2).

Consider the possible locations of these points on the line I, with respect to u and v; without the loss of
generality, we assume that u, < v,.

(2) A. Suppose that there exists a point e € A N1, outside the interval ue—ewv and the disk v + B, on
the same side as w. This point e is nonisolated, because A is disconnected. Suppose thate € cl(AN7™).
Then we can apply the argument of (1) to D¢ = AN (e+ B,) and D* = AN (v + B,), which gives
ce—ev C cl A; moreover, since u € ce—eu, it follows that ue—ewv C cl A. If a point with the properties
specified above does not exist, i.e., (so—ou) N ANclAN7~ = @ for s = (—00, uy), then either there
exists a pointin AN, \ (so—eu) and case (2) B or (2) C occurs, or the set A is again disconnected:

A=A U A, 4%CW+U< U U@O, 4@cvf\d< U U@O,

e€c ANy, e€c ANy,
ex<ug ex<ug

where the U (e) are neighborhoods of the points e with e, < u, satisfying the condition
ANnmt NcllU(e) =2
and D* C U(u) C u+ B,.

(2)B. Suppose that there exists a point e € AN, on the right of v outside the disk v + B,. Asin
case (2) A, we assume that e € cl(AN7*) and again show that ue—ev C cl A. I the required points
exist is none of the cases (2) A and (2) B, then either there is a pointin AN, \ ((s~o—eu) U (ve—os™))
for s¥ = (00, u,) and case (2) C occurs or the set A is disconnected:

A=A UA,,

Ay crtu < U U(e)> \c1< U U(e)>,
e€ ANy, e€ ANy,
ezSuz 612%

Ay Ccm U < U U(e)> \cl< U U(e)>,
6614>ﬂlu, 6614<ﬂlu7

where the U(e) are neighborhoods of points e chosen as in case (2)A if e, < u, and satisiying the
condition

AnttnclU(e) =@
ife, > v, and DY C U(u) C v+ B,.

(2) C. Suppose that there exists a point e € E := (uo—owv) N A outside the disks u + B, and v + B,.
If

Jei e ENncl(Anzat) and  Jeh e Encl(Anz),

then, applying the argument of (1) to the pairs u, €} and €}, v and taking into account the inclusion
cle—ec, C A, we obtain ue—ee) C cl A and e,e—ev C cl A, whence ue—ev C cl A.

Now, consider the case where points with the properties specified in (2) A—C do not exist. As applied
to (2) C, we can write

Encd(Antt)=2 o ENcd(AnNnt)=9
Suppose, e.g., that ENcl(ANn~) = &. Then, as in cases (2) A and (2) B, we obtain a contradiction:
the set A is disconnected, because
A=A U A,
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mewu( Y ve)a( U o),

e€c ANy, e€c ANy,

er<er ex>ey
A2C7T_U< U U(e)>\01< U U(e)>,

e€ ANy, e€ ANy,

€x>eg ex<eg

where e = (sup E,, Ey) and the neighborhoods U (e) are chosen so that
Ue)n{e} =2, Ana NcllU(e) =2 if ez <ey, AnatncdUle) =@ il e, > e,

(3) It remains to consider the case where one of the sets D* and DV lies entirely on the line I,;
to be specific, suppose that D* C 1,,. Then, by virtue of the assumption D"e-/ D", we can assert
that D' N1, = @, i.e., DV = DT U DV~ # &. Ili the set {e | e € ANy, e, < v} contains a point €/
belonging to cl(A\ l,), then, applying the argument used in (1) and (2) to the points ¢’ and v and
taking into account the inclusion ue—ee’ C cl A, we obtain ue—ev C cl A. The situation in which there
is no point ¢’ with the required properties cannot occur, because, in this situation, the set A is again
disconnected, which is a contradiction:

A=A1UAy,  ArC | Ule), AcCR? \c1< U U(e)>,
e€ ANy, e€ ANy,
ex<eég ex<eg
where e = (sup{e; | e € [, N A, e, < v}, uy), and the neighborhoods U(e) are chosen so that
Ule)n{v} =@and (A\l,) NclU(e) = @.
Summarizing the study performed in (1)—(3), we conclude that the set cl A is horizontally convex.

Similar considerations show that cl A is also vertically convex; therefore, this set is ortho-convex. Since
the connectedness of any set is preserved by the closure operation, it follows that cl A is connected.

[t remains to prove that the interior of each set A € G is ortho-convex. Take any two points
u,v € int A for which ue—ev # &. There exists a disk B such that u+ B,v+ B €int A. Let w
be any point in the interval ue—ev; then the disk w + B is entirely contained in int A. Indeed, if
w=A+ (1—=MNvforXe (0,1) and w’ € w+ B, then the relations

v =u+(w —w)€u+ B, vV=v+(w —w)ev+ B
imply the chain of equalities
w=u+w-—u)=u+1-Nv-—u)=u+ 1 =N —u)=x "+ (1=,
but since A is ortho-convex and u'e—ev’ # &, it follows that w’ € A. Therefore, the set int A is

horizontally convex. A similar argument proves that it is also vertically convex, which implies its
ortho-convexity. This completes the proof of the proposition.

Proposition 2. Let H # & be the ortho-half-space determined by an ortho-hyperplane T # &.
Thenint H # @, intT' = @, and T € G. I}, in addition, H € G¢ and R? \ H € G, thenT € G¢.

Proof. First, we show that the given hali-space has nonempty interior; we argue by contradiction.
Suppose that the hali-space H has no interior points. Take any point w € H; for any open disk B
centered at zero, we have

(w+B)NH# @ # (w+ B)n (R*\ H).

Since H is ortho-convex, it follows that the line 1,, intersects (w + B) N H in a horizontal interval with
endpoints w and v, which do not necessarily belong to H. Consider the three possible locations of the
point w with respect to this interval.

Case 1: w=u=nv, ie, (w+ B)NHNI, ={w}. In this case, (w+ B) Ny, \ {w} C R?\ H.
Consider two points s,t € (w + B) N1, on opposite sides of w. They belong to the set R?\ H, and
the ortho-convexity of this set implies se—et C R? \ H.
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448 DULLIEV

Since w € se—et, it follows that w € R? \ H, which is a contradiction.

Case 2: w € uo—ow. Let us choose the radius of the disk B so small that w + B does not contain u
and v. Consider the line m,,; it again intersects the set (w + B) N H in an interval with endpoints p
and ¢, which is vertical this time. We again consider several subcases.

Case 2,A: w = p = q. Asin Case 1, we obtain a contradiction.

Case 2,B: w € po|og. We again decrease the radius of B, this time so that w + B does not contain
p and g. Next, we take any point z € (w + B) N'm,, \ {w} and consider the line I,. It intersects
(w+ B) N H in an interval with endpoints «" and v. If 2 = «/ = ¢/, then

(w4 B)Nl,\ {z} c R?\ H;

taking two points s,t € (w+ B) N1, \ {z} on opposite sides of z, we obtain a contradiction: z € H
and z € R?\ H. If z € u'e—ev and u’ # ¢/, then the points of u/o—ov’ can be joined by vertical intervals
with the corresponding points of [,,, because H is ortho-convex; these intervals form a set (rectangle)
with nonempty interior contained in H. However, this contradicts the assumption int H = &.

Case 2,C: w € {p,q}, p # q. Without loss of generality, we assume that w =¢q. Applying an
argument similar to that used in Case 2, B to any point z € po|ow, we again obtain a contradiction.

Case 3. w € {u,v}, u # v. Without loss of generality, we assume that w = u. Instead of w, take
any point w’ € wo—ov. Obviously, the argument used in Case 2 applies to w’ and again leads to a
contradiction.

Thus, any ortho-half-space must have interior points.
The fact that the interior of the ortho-hyperplane I" is empty readily follows from the definition of I":
I' = fr H. The ortho-convexity of I" follows from the ortho-convexity of the sets cl H and cl(R? \ H),

which, in turn, follows from Proposition 1, the relation T' = ¢l H N cl(R?\ H), and the fact that the
intersection of ortho-convex sets is ortho-convex.

[t remains to prove the last assertion of the proposition, namely, that T" is connected provided that
so are the ortho-half-spaces determining it. Note that the plane R? is contractible with respect to the

circle; therefore, given any two closed connected sets E and F such that R? = E U F, the intersection
E N Fis connected as well [5]. Therefore, the relations

RZ=clHUCcI(R*\ H) and T =cHnNCc(R?\H),

and the connectedness of ¢l H and cl(R? \ H), which follows from Proposition 1, imply the connected-
ness of the ortho-hyperplane I'. This completes the proof of the proposition.

Remark. Our proof of the first assertion of Proposition 2 does not use the connectedness of the set H
or R?\ H. At the same time, simple examples show that the connectedness of an ortho-half-space does
not imply that of its complement. We refer to ortho-half-spaces and ortho-hyperplanes satisfying the
assumptions of the last assertion of Proposition 2 as proper ones. The importance of this definition
is demonstrated by Propositions 6 and 7. [t is easy to see that improper ortho-hyperplanes can be
disconnected.

In what follows, we say that a map t — (x(t),y(t)) of a connected set C' C R to R? determines a
continuous monotone curve =, if v is one-to-one and the functions z(t) and y(¢) are continuous and
monotone. By an abuse of language, we refer to the image of v(C) as a continuous monotone curve,
too. If C' = [a, ], then we say that the curve v is compact.

In what follows, we use the following construction.  Suppose that a point w and its closed
quarter-plane A?,, j € {L,ILIIL, IV}, are fixed and either a point s € I, N A7, \ {u}, a ray so—eu C A,
and a point t € m,, N A%\ {u}, or a ray toleu C A7, is chosen. (Recall that, in the case of rays,

s = (£00,uy) and t = (uy, £00), where the sign in front of oo is determined by the quarter-plane AD).
We refer to the figure

T = 7 U (s0(s)—eu) U (to(s)|su)
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formed by the intervals so(e)—eu and to(e)leu and a continuous monotone curve ~* for which
C NfrC # @ with endpoint u € 4*(C N fr C) contained in the closed quarter-plane

Al i =j+2(=1)V/3 e {111,111, 1V},
opposite to Al as a tripod with node u. (Here the sign after s and ¢ is always o in the case of rays, and

[-] denotes the integer part of a number.)

Propositions 3 and 4 presented below describe the structure of connected ortho-convex sets with
empty interior.

Proposition 3. /f A € G€ is a compact set with empty interior, then it has one of the following
types:

i) a compact continuous monotone curve,
ii) a union of at most two tripods of the form described abouve.

Proof. Since the set A is compact, it can be included in a rectangle; let A be the minimal rect-
angle containing A. (Here and in what follows, by a rectangle we mean the closed convex hull of
points a, b, ¢, d € R? satisfying the conditions ae—eb # &, ce—ed # &, ae|ed # @, and be|ec # &.) If
int A = @, then A is an interval and, therefore, is of type (i). Suppose that int A # & and take any point
u € A. The set A is closed and connected; hence any neighborhood of u contains infinitely many points
of A. The lines [,, and m,, divide the rectangle A into four parts according to quarters; we denote these

parts minus I, and my, by Al i€ {I,ILIILIV} (AL :== AN A%\ (I, Um,)). Consider the possible
intersections of these lines with A and the location of the point « with respect to these intersections.

Case 1. Anl,=Anm, ={u}, ue ANnintA. In this case, some of the rectangles ﬁ"u,
i € {I,IL,III, IV}, contains infinitely many points of A arbitrarily close to u. To be specific, suppose

that this is the rectangle Al i, u € ¢l DI, where D' := AN A% i € {I,ILIILIV}. Let us show that
the rectangles AL and AII' contain no points of A. Consider two cases.

Case 1, A: the rectangle &{L contains infinite many points of A arbitrarily close to u (u € cl D).
Suppose that D'e—eD! £ & i.e., there exists at € D' and an s € D such that se—et C A. Then
(se—eot) Nm,, = {w} C A4;

by construction, we have w # u. At the same time, ANm, = {u}. This contradiction shows that

D'e-/eD™. Applying the argument used in the proof of Proposition 1, case (1), to the sets D' and DU,
we see that A is disconnected. Therefore, this case cannot occur.

Case 1,B: the point u has a neighborhood disjoint from the rectangle AL and the set A (u ¢ ¢l DY).
Without loss of generality, we can assume that the rectangle A N Al contains a closed rectangle with
sides parallel to I, and m,, and vertex u which intersects A only in u. (We have taken into account the

relations AN, = ANm, = {u}.) Let us denote this rectangle by A. Consider the open hali-planes 7,

and m,,, above [, and on the right of m,,, respectively. Suppose that the rectangle &{L intersects A. We
set

C=m, Nmm, \A, M=ANC, N=A\C.

Obviously, M is open and closed in A, and so is N, because N C A\ cl C. Therefore, A is disconnected,
which eliminates this case, too.

A similar argument proves that AN A = &, Since ANl, = ANm, = {u} and u € int A, it
follows that AN ALY # &, because otherwise (A U AIV) N A = @ and the rectangle A is not minimal.

Thus, we have obtained the inclusion A ¢ Al U AIV U {u}; moreover,

ANAT 2 g2+ AnAlY.
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Case 2: Anl, =ANm, ={u},u e AnfrA. ltiseasy toshow that, in this case, the point u must
be a vertex of A. This is proved by analogy with the preceding case, where two of the four rectangles
with respect to u were eliminated and the remaining two adjacent rectangles were analyzed, after which
it was shown that only one rectangle can intersect A.

Case 3: (ANl,)U(ANmy) # {u}. Without loss of generality, taking into account the ortho-
convexity of A, we can assume that AN, = se—et, s =~ t. Consider the possible locations of the point u
in the interval se—et.

Case 3,Al: u € so—ot, ANm, # {u}. Since A is ortho-convex, it follows that A Nm, = ve|ew,
where v ¢ [, or w ¢ [,,. Without loss of generality, we assume that s, < ¢, and v, < u,. We claim
that v € fr A.  Suppose that, on the contrary, v € int A. Consider the rectangles Alll' n Afmms,
i € {I, I, III,IV}. We have

AS N AL, NA = (se—eu) U (uslov),  AJTNALL, NA={s},
AT AL NnA=g, AN AN, NA = {v}.

lyNmsg

Indeed, if the first relation is false, then the condition int A = & is violated; if the second or fourth one is
false, then either the condition int A = & or one of the conditions A N, = se—et and A N'm,, = ve|ew,
respectively, is violated; and if the third relation is false, then either the condition int A = @ is violated
or the set A is disconnected: for a set C' separating A we can take, e.g., C = AN Al Similar

lyNmg*
considerations apply to the rectangles AV N A;mmt’ i € {I,II,III,IV}. It follows that the set

Aﬁ( U A;‘mma>\zv,
ie{IILIV},
acq{s,t}

which coincides with the rectangle lying in A strictly below [,, is disjoint from A. However, this
contradicts the minimality of A; therefore, v € fr A.

Note that, as a byproduct, we have proved the relation AN (ELH U ELV) = @. It remains to determine
the location of A with respect to Al and AIl. Suppose that the rectangle All contains infinitely many

points of A. Then, clearly, ﬁlu N A = @. Moreover, recalling that u € so—ot, we see that this relation
can be strengthened:

ANAL\ (se—et) = @.

Since AN (AL U KLV) =@ and t # u # v, it follows from the same considerations as above that
t € fr A, which implies the inclusion A ¢ Al U (se—et) U (ue|ov), in which A ¢ AL £ & The set
AN &{} cannot be finite, because if it is, then A is disconnected. The situation where A N E}L #+ & is
considered in a similar way.

Now, suppose that (AL U &{}) NA=. Thenw € fr A, because otherwise the rectangle A is not
minimal. By assumption, we have u € so—ot; hence v, w € fr A, the minimality of A, and the relations

AiNA=g,ic{IILILIV}, imply A = (se—et) U (ve|ew) (i.e., s,t,v,w € fr A).

Case 3,A2: u € so—ot, ANm, = {u}. Obviously, in this case, the location of A with respect
to the point u is characterized by its location with respect to the points of the set se—ouo—et.
First, suppose that two rectangles adjacent along I,, say AIl and AI satisfy the condition
ANAT £ g+ AN A Then, by analogy with Case 1, we have AN (AL UAIV) = @, and there
exists a v € se—ou: ANm, # {v}; indeed, otherwise, we have AN (AT U AIT) = & if s € fr A and

(ANAMeje(AnA)y 25 and  (ANAN)ele(ANAN)) N (se—ot) = 2

if s ¢ fr A. Therefore, the location of A with respect to v is as described in Cases 3, A, 3,B1, and 3, B2,
in which v is a node of some tripod. Moreover, it follows from the analysis of these cases that the number
of such nodes in se—et cannot exceed two, and two different nodes necessarily give two right-angled
tripods on opposite sides of the line [,,.
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Now, suppose, e.g., that AN Al = & Then either ANAL = gor ANAY =g, If AN A = &,
then ANm, = {u} implies so—ot € fr A; hence either AN Al £ & or AN AL # &; for example, if
AN A+ @, then we obtain the inclusion

Ac AllU (se—et),
where ¢ is a vertex of A. If AN AL = &, then
Ac ATUAY U (se—et).

Case 3,B: u € {s,t}. It is sufficient to consider the situation in which v = s and s, < t,. Consider
the three possible intersections of ms with A.

Case 3,Bl: ANmgs = ve|ew, v # s # w. Clearly, this case reduces to Case 3, Al.

Case 3,B2: ANmg = selev, v # s. Without loss of generality, we assume that v, <'s,. Since
the intervals se—et and se|ev are nondegenerate, A is connected, and int A = @, it follows that

ANALY = . Suppose that the rectangle Al contains infinitely many points of A. The assumptions
made above imply

ANANAT {s} =An AL
Using the considerations performed in Case 1, we obtain
ANAM\ m, =@ =An AL\

this means that the set A is contained in the rectangles KE and ALV. Moreover, taking into account the

relation AN ﬁiv = @, we obtain A C ﬁ? U (AIV\ AISV) and AN ﬁ? # @. For the same reasons as in
Case 3, A1, this is possible only if ¢, v € fr A. As a result, we obtain

A c AllU (se—et) U (se|ev), ANAT £ &,
Asin Case 3, Al, theset AN &E cannot be finite. Now, suppose that A N EE = @; then, obviously,
Ac AU ALU (se—et) U (se|ov).

Case 3,B3: ANm, = {s}. Suppose that the rectangle Al contains points of A. As in Case 3, B2,
the number of such points is infinite. Using the argument from Case 1 yet again, we obtain
AnAM\ (s} =@ =AnAl\ 1.
This implies the inclusion
Ac ATUANV U (se—et),  where ANAI#£g.

In particular, if AN ALV = &, then se—et C fr A and the point ¢ is a vertex of the rectangle A: otherwise,
A would not be minimal. If AN AEI # &, then, similarly,

Ac ATMUALU (se—et),  where ANAIl £ g,

I (A'U AN 0 A = @, then, necessarily, s € fr A, and we must examine the points of so—et. However,
as is easy to see, to these points the considerations of all preceding Cases 3, * apply. It follows from these

considerations that if AN ££ #FD#AN AISV, then the interval so—et contains the nodal points of one
or two tripods; otherwise, when AN AL = @ or AN ALV = @, we have se—et C fr A, and the point s is
a vertex of the rectangle A. In particular, if AN AL = @, then A ¢ ALV U (se—et).

[t is easy to see thatin Cases 3 Al, 3, B1, and 3, B2, the point w may be the node of a tripod. Moreover,
if the set A contains a tripod, then it follows from the considerations in these cases that it cannot contain
more than two different nodes of tripods.
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Suppose that A contains no tripods. If there exists a u € A for which AN KE # &, then, as shown
in Cases 1—3, we have

A\ (l,umy,) c ATUALY,
[t turns out, a similar condition holds for any point v € A:
A\ (I, Umy) € ATUALY,
Indeed, first consider the situation where v € AN &{} Suppose that
(AN (o Umy)) N (AN (A UAY)) # 2.
Again, according to considerations in Cases 1—3, this is possible only if
A\ (L, Umy) c AL U Al

ie, AN (Z{} U ﬁ{,v) = ¢&; however, by construction, we have u € ELV, which is a contradiction. Next,
suppose that

ve(ly,Umy)NA and  (A\ (LUmy))N(A\ (ATUAY)) £ &.

Without loss of generality, we assume that v € l, and vy < u,. We have I, =l,, Al c AT

and AN Al = &: therefore, A\ (I, Um,) C AL The relations AN AL = @ and AN Al = & and the
absence of tripods imply the inclusions

A\ (LUumy) c ALnmy, A\ (l,Umy) € Alnm,.

Take points v’ € A\ (I, Um,) and v' € A\ (I, Um,) on the same horizontal line. Since A is
ortho-convex, it follows that the rectangle with vertices u, v/, v, and v’ is entirely contained in A and
has nonempty interior, which contradicts the assumption int A = @. Thus, for all u € A, we have

A\ (I, Umy) € AU ALY,

which implies, in particular, that the only vertices of A contained in A are the left upper vertex
(2(0),y(0)) and the right lower vertex (z(1),y(1)). The construction of the required curve (i) is trivial:
any circle of radius at most d = ||(x(0),y(0)) — (z(1),y(1))|| centered at (z(0),y(0)) contains only
one point of A; thus, for the parameter ¢ we take r/d, where r is the distance from (z(0),y(0)) to

(z(t),y(t)). The case where AN Al = & for all u € A is handled in precisely the same way (we have
A\ (I, umy) € AL U A for any u € A). This completes the proof of the proposition.

Belore stating Proposition 4, we give the following definition. A continuous monotone curve
v: C = R?is said to be unbounded in norm if

C=(af), —o<a<f<+oo, and @)y ——
t—B—0

Proposition 4. /[T # & is a proper ortho-hyperplane, then T is a continuous monotone curve
unbounded in norm.

Proof. Inthe case where I is a horizontal or vertical line, the proof is trivial.
Let us show by contradiction that I' contains no tripods. Let u € I" be the node of a tripod, e.g.,
71U (so—eu) U (tofeu),

where 41 C Al s = (—o00,u,), and ¢t = (uz, —o00). Then Al is entirely contained in a closed
ortho-hali-space H € G® determining generating I'. Clearly,

AIuIﬁH\muClu, ALVQH\lquu;
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otherwise, there exist, e.g., v & A\ (I, Um,) and we Al\ (I, Um,) for which ve|lew # @,
v,w, € int H. By Proposition 1, we have ve|ew C int H, and hence (velew)NT C int H, which
contradicts the definition of I'. Therefore, we have

(ATU AN (1, Um,) CR?\ H.
IF (AL (I, Umy)) N (R?\ H) # @, then, taking v € (AL \ (I, Um,)) N (R?\ H), we obtain
AL n AN {y} c R2\ H.
However, the curve 41\ {u} C Al contains point arbitrarily close to u, so that
& # (' \ {u}) N (AL A AT {u}) € B2\ H:

since H is closed, this curve cannot be contained in the boundary of the ortho-half-space R? \ H, which
contradicts the assumption. Therefore,

(AL\(luUmu))ﬁ(Rz\H) = I,

or, equivalently, AL \ (I, Um,) C H. The closedness of H allows us to strengthen this inclusion to
Al c H. Thus, we have

Al uaAll — g R2\ H = (ALY U A (1, Umy);

as is easy to see, the second ortho-half-space is not connected, which again contradicts the definition
of I'. Thus, I' does not contain the tripod specified above. A similar argument shows that tripods of other
types (s # (—o0,uy) and t # (u,, —00)) are not contained in I either.

Thus, a proper ortho-hyperplane contains no tripods. The ortho-hyperplane I' is nondegenerate and
does not coincide with a horizontal or vertical line; hence I' has a limit point u € T, for which precisely
one of the conditions

rnA™ (Lum,) #2 and  TnAYN (1, Um,) # 2

holds. To be specific, suppose that ' AIl'\ (I, Um,) # @. Following the scheme of the proof of
Proposition 3, we can show that

T\ (I, Um,) C (AYU AV (1, Um,)

for all v € T" and construct a continuous monotone curve v: C — R? determining I, e.g., by fixing a
point u € T', setting v(0) = u, and defining the parameter ¢ to equal the distance from u to v € T with
positive (negative) sign if v € I' N AV \ {u} (respectively, v € T' 1 A\ {u}).

Now, let us show that the curve v is unbounded in norm. We argue by contradiction. First, suppose
that the set C' is not open, i.e., C'is a half-open or closed interval. Let C' = [a, 3) (the case C = («, ]
is similar). In this case, the curve « is entirely contained in one of the closed quarter-planes A{/‘(’a) and

Al - suppose that it is contained in ALY 17 ||(z(t),y(t))|| ——— oo, then ~ divides ALY _ into two
v(@) V(@) t—B—0 v(a)
closed subsets A and B:

AUB:A{Y‘(’Q), ANB=T.

The point y(a) € T is a vertex of the quarter-plane A{Y\(’a); therefore, the ray A'Iy\(/a) N (q) is entirely

contained in one of the sets A and B. Let this set be A; then the ray A}Y\(fa) Ny

in B. Since I' intersects only the quarter-planes Il and IV with respect to any of its points, it follows that
one of the rays mentioned above, say AIV\(/a) N Mey(q), contains a pointv ¢ T'.

Consider any point u € A{Y\(’a) NMy(a). Obviously, we have v € H, where H € G is a closed

ortho-hali-space determining I'. It follows from the closedness of H thatl, N A C H(l,NAandm, NA
coincide with the intervals ue—e(l, N I") and ue|e(m, NT'), respectively) and (I, N A)e|eI’ C H. At the
same time, we have

is entirely contained

A= J{tunA)efol s u e Al nm o)}
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therefore, A C H. Taking into account the relations v € A\ T" and m, = Moy (q), We can write the
boundary of A in explicit form and use a well-known property of the boundary:

ve(myNA) Ul =frA=f(ANH)CfrAnfrH CfrH =T.

This contradicts the assumption v ¢ T".
Suppose that C = [«, B) and ||(z(t),y(t))]| gﬁ oo. The functions x(¢) and y(¢) are monotone

and bounded; hence there exists an z = lim;_,3_¢ z(t) and a y = lim;_,3_¢ y(t). Therefore, the point
(z,7) is limit for the ortho-hyperplane I". At the same time, we have (z,y) ¢ I", which is impossible,
because any ortho-hyperplane is closed.

In the case C' = [a, 8], we again obtain a contradiction. This case is considered in the same way

as the case where C' = [«, 8) and ||(x(t), y(¢))]] ﬁ 00, but instead of the quarter-plane A{Xa), the
% —

compact rectangle

ALV II
A= A’Y(a) n Av(ﬁ) oL

is considered, and the rays AIV\(/O&) N My and A{Y\(fa)
and A N1y (), respectively.

[t is easy to see that the remaining cases, in which C' = («, ) and

IOy oo or @ yO)] —E— oo,
o —p—0
do not essentially differ from the case where C' = [a, 8) and ||(x(t), y(¢))|| m oo, which has already
% —

been considered.

Thus, the continuous monotone curve v determining the ortho-hyperplane I' is unbounded in norm.
This completes the proof of the proposition.

Nl are replaced by the intervals ANm

~y(e) v(a)

Propositionb. /faset A € GCisclosed, then any two points in this set can be joined by a compact
continuous monotone curve entirely contained in A.

Proof. Clearly, it suffices to consider the case of two points u, v € A not lying on the same horizontal or
vertical line. The intersection A N A, where A is the closed rectangle formed by the lines [,,, m,, ,,, and
my, is an ortho-convex compact set, because A is closed and ortho-convex. Let us show that AN A, is
also connected, i.e., this is an ortho-convex continuum.

Let 7,,, be the closed half-plane determined by the line m, and containing the point v. Consider
the sets A; = A\ int 7y, and As = AN 7y, . These sets are closed; their union is connected, because
this is A; and their intersection A; N Ay C frm,, is connected as well, because A is ortho-convex.
According to a well-known theorem on connected sets [5], each of the sets A; and A, is connected.
In a similar way, constructing a half-plane m;,, we prove that As N, is connected. Finally, having
constructed the half-planes 7, and m;, containing u, we conclude that A N A is connected.

If int(AN A) =@, then the required curve is obtained by applying Proposition 3. Suppose that
int(A N A) # @. Take any point w in int(A N A). There exists a closed rectangle A,, C int A for which
w € int A, # &. Choose two closed hali-planes 7y and o determined by two adjacent sides of A,, so
that w € m; N'me and u, v ¢ m N me. Consider the sets

Al = AN A\ int(m Nme), Al =AnAnm Nm.

These sets are connected, because they are closed, their union A} U A = AN Ais connected (as shown
above), and their intersection A} N A = AN Anfr(m Nme) is connected as well (this follows from the
ortho-convexity of A N A and the inclusion frm; Nfrme € AN A). Thus, each of the sets A| and A is
an ortho-convex continuum. Moreover, the set A) satisfies the conditions w ¢ A} and u,v € A}. If 4}
has an interior point, then we apply the same procedure to this set, and so on. As a result, we obtain a
sequence

(ANA) DA DAY D -
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of embedded continua, in which each member contains u and v. We can assume this sequence to be at
most countable, because the Euclidean plane is second countable. According to well-known theorems
of topology, it has a limit, and this limit is a continuum. It contains the points u and v, has no interior
points by construction, and is ortho-convex. Therefore, we can apply Proposition 3, which gives the
required curve. This completes the proof of the proposition.

The results presented below describe several separation-type properties of ortho-convex sets, which
are similar, in a certain respect, to the corresponding properties of convex sets in the plane. We mention
at once that, in this paper, we give only the geometric statements of these results.

Proposition 6. Any closed set A in G€ can be represented as the intersection of at most four
closed proper ortho-half-spaces in G€ containing A.

Proof. Consider the possible cases.

(1) Suppose that A is not bounded by any vertical or horizontal line. Without loss of generality, we

can assume that A does not coincide with R2. Consider the set of horizontal lines intersecting A. On
each of such lines [, we fix the point

ul = (sup{ug | u €1, uy < (AN}, 1)

if it exists; otherwise, we set u! = (—00,1,). Obviously, the latter point exists when the intersection of /
with A contains a left-unbounded ray. Each of the points u! and ul, # —oc determines two rays, the open
left ray L,, = so—ou!, s = (—o0,ul,), and the closed right ray L} = ule—ot, t = (400, ul). As we shall
see later on, each of the sets UL, and UL has at most two connected components, which are, in turn,
ortho-convex sets; moreover, these connected components turn out to be proper ortho-half-spaces, and
their complements give some of the required ortho-half-spaces.

If there are more than one points of type u! with u!, = —o0, then the set {ué | ul, = —oo} is closed
and convex. Indeed, if there are more than one such points, then we can choose two points u't and u’
with ull = ul2 = —oo0, for which ulyl > ugf Since A is ortho-convex, it follows that, for any points v"
and v'2 on the open parts of left-unbounded rays contained in the sets I; N A and I N A, respectively,
and satisfying the condition v |’ # &, we have v'1e|ev> C A. Therefore, for any w € v'1 e|ev!2, the
ray so—ow, s = (—00,wy), is contained in A, and hence the set {ué | ul, = —co} is convex. Let show
that it is closed. Suppose that there exists a point

2 e cl{ué | ul = —oo}\ {u; | ul = —oc0}.

"¢ Aand ul # —oo, because the set A is unbounded and closed.

For the line I’ with l; =2/, we have u
Take a point z” € {ul, | u}, = —oo}; without loss of generality, we can assume that 2” < 2’. Since the
set {u, | ul, = —oo} is convex, it follows that [2”, 2/) C {ué | ul, = —co}. Obviously, there exists a point
v € Aforwhichv, < u¥ and vy = 2". By Proposition 5, v and u! can be joined by a compact continuous
monotone curve 7, » C A. For each pointw € ~,, » with wy € [2”, %), we have

’
vy < wy < Ul so—ew C A, 5= (—00,wy).

Take a point v/ € so—ou! with v/, = v, and v, =2 for s = (—00,2') and choose any sequence
{zn € 2, 7]} converging to 2. This sequence determines the sequence {vy, | (vn)z = vz, (Vn)y = 2n},
which converges to ¢/, and a sequence {w,, | wy, € v, (Wn)y = 2n}. Since v, € so—ew, C A, it
follows that v,, € A; therefore, v’ € A, because A is closed. Thus, we have found a point v’ € A for which
!, < ul; this contradicts the definition of the point u/. Hence the set {ul, | ul, = —oo} is closed.

If there exists at least one (i.e., one or infinitely many) point of type u! with ul = —oo, then the
set UL7 can be partitioned into two disjoint parts, the open upper part L' above the upper line in
{l | ul, = —oo} and the open lower part L' below the lower line in {I | u, = —occ}. Possibly, L'l = &
or L' = & Clearly, in the absence of points u! with u!, = —o0, the open set UL, is not separated
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by straight lines. First, consider the situation in which there exists at least one point of type u! with

l

uy;, = —oo in more detail.

Clearly, it suffices to determine the structure of one of the sets L and L. Consider, e.g., the set
LM Let us show that it is ortho-convex. By construction, all horizontal intervals are contained in LT,
Take u € fr L' clearly, u € fr A. Let us show that

AnAIN (1, um,) = 2.

Suppose that, on the contrary, there exists aw € AN A\ (I, Um,). Since the set A is unbounded,
we can choose a point v € fr L' v, < w, with v, > u, (moreover, it can be chosen in the set
fr LN {l | v, = —oc}). By construction, we have u,v,w € A, v, < w, < u,, and Wy < Uy < vy.
Since A is closed, it follows by Proposition 5 that the points v and w can be joined by a compact
continuous monotone curve v,,, C A; moreover, (Vyy)s < Uy and uy € (Yow)y. Since u € fr LM it
follows that, for r < min{|u, — wy|, |uy — wy|}, we have

(U—FBT)QLHIQW_#@, (u+ Br) N Yw = 2,

where 7~ is the open half-plane under the line ,,. Let ¢ € (v + B,) N L' N 7=, Then the corresponding
point ¢! € I, satisfies the conditions

(ql)w > (Ix > ww Z (lq ﬁ ’quw)x, uy > (ql)y > Wy.

Therefore, we have
lq N Yow € A, (ql)r > (lq N Yow) e

which contradicts the definition of the ray L. Thus, forall u € fr LM we have
AnAI (1, um,) = 2.

Next, take any two points u and v with u, > v, in L' on the same vertical line. By the definition of
LM we have u € so—ou! and v € to—ov!, where s = (—o0,uy), t = (—00,v,), and u!,v! € fr LL; the
relations readily imply the inclusion

(wo|ev) c AN (1 Umy).

ul
Moreover, since AN ALIII \ ({yy Um,) =@, it follows that (ue|ev) N A= @. We see that, for any
point w € (ue|ev), we have w!, > w,, which means that w € L', Thus, L' € G. The proof of the

connectedness of L is simple: any two points in LI can be joined by the sides of a right angle entirely
contained in LM, As a consequence, for all u € fr L', we have L, ¢ L™ and L ¢ R?\ L',

Repeating the same considerations for the vertical lines intersecting A, we see that, for all u € fr L',
we have

M- LIH M+ C R2 \LHI
where
M-

W =so—ou™, 5= (ug,—00), My =u"e—ot, t=(uz,+00),

u™ = (Mg, sup{uy | u € m, uy < (ANm)y}).

These inclusions readily imply that the set R?\ L' is closed and belongs to the class G¢. In other

words, this is a closed proper ortho-hali-space; by construction, A ¢ R?\ L'!. The set R? \ L' has the
same properties. As a result, we obtain

Ac (R?\ L) n (R?\ L.

The situation in which there are no points of type u! with u!, = —oc is considered in a similar way.
Thus, R? \ UL is a closed proper ortho-hali-space containing A.
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If we chose a point
ol = (inf{v, [v el vy > (AN}, 1)

instead of u! at the beginning of (1), then, instead of the set UL, we would have to consider the set
UL, for which assertions similar to those proved above hold: either

Ac ®\LH)n®R*\ LY),
where UL} = LY U LY or
A CR?\ UL/,
where R2\ LMV and R? \ UL} are closed proper ortho-half-spaces.

(2) The set A is bounded by a vertical direct on only one side, say on the left. Then py = sup{p € R |
pu < A, } exists, and the vertical line m, m, = py, intersects A in a closed convex subset of m, because A
is closed and ortho-convex. Take v € A Nm. Let us construct a horizontal ray so—eu, s = (—o00,uy),
and add it to the set A. Applying the considerations of (1) to the resulting set A’ = AU (so—eu), we
find RZ\ (L) and R? \ (LM’ for this set. Augmenting (L) and (L")’ by the open half-plane 7, on
the left of m and leaving the set R? \ UL} unchanged, as in case (1) for A, we obtain the required
proper ortho-half-spaces R2\ (L) U~;), R?\ (L") Un;,), and either R?\ LMV or R2\ UL}
(The fact that R2\ (L") U ,,) and R?\ ((L") U ;) are ortho-half-spaces again follows from the
considerations in case (1)).

(3) The set A bounded by a horizontal line from only one side, say from above. Then, by analogy with
the preceding case, there exists a horizontal line [ for which
L, = w, vy=inf{v e R | v > A,}.

Therefore, the sets UL;, and UL} are bounded by this line. We add the open half-plane 7Tz+ above [ to L!
and L™. Again applying the technique of (1), we obtain the required proper ortho-hali-spaces, which
are either R?\ (LU ") and R?\ LM or R?\ (UL, ) U ;") and either R? \ (L' U m,") and R? \ L'V or
R?2\ ((ULS) umh).

(4) If the set A is bounded by vertical or horizontal lines from more than one side, then we

appropriately combine results obtained in cases (2) and (3), assuming that the sets L?,i € {I, II, I, IV },
in (3) are obtained on the basis of (2), and again obtain the required ortho-half-spaces.

The proof is completed by the observation that, by virtue of the constructions performed in (1)—(4),
the intersection of the obtained closed ortho-half-spaces containing A is A. Indeed, let us denote these
ortho-half-spaces by H* k € K c {I,II,II1,IV}, so that

{H* | ke K} c {R?\ L', R?\ UL, R*\ (UL )Um"), ... }.

Take any horizontal line [ and any point w € [. I[f I N A # &, then, according to (1)—(4), either w € A or
there exists an i € K for which w € R2\ H?. If I[N A = @, then the set A is bounded, say above, by a
horizontal line I" with I, < I,;; hence, according to (3), there exists a j € K for whichw € T C R*\ HY.
Thus,

(U{R?\ H* | ke K})UA =R2

Noting that AN (R?\ H¥) = @ forall k € K, we obtain A = N{H" | k € K}. This completes the proof
of the proposition.

Remark. The boundaries of the closed ortho-hali-spaces H® constructed in the proof are essentially
supporting ortho-hyperplanes, i.e.,

frH NA#@=(R*\ H)NA.

Corollary 6.1. For any closed set A € G® and any point uw ¢ A, there exists a closed proper
ortho-half-space H strongly separating wand A, i.e., such that A C int H and u € R? \ H.
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Proof. According to Proposition 6, the point u is contained in an open ortho-half-space supporting
for A, e.g., in R%\ HYW . Since HY € G¢ and the point u is interior for R? \ HY it follows that

fr HV N (AN (I, Um,)) # @.

Take v € fr HYY N (AI'\ (I, Um,,)). Let us show that the required ortho-half-space can be defined,
e.g., by H= HY +w, where w = (u — v)/2. First, note that the ortho-half-spaces HY and H are
above the hyperplanes TV and I which they determine. Therefore, the inequality w,, < 0 directly implies
the inclusion HYY ¢ H, whence A ¢ H. To prove the inclusion HY C int H, it suffices to show that
I'V'NT = @, which readily follows from Proposition 4 and the inequalities w, > 0 and w, < 0. Thus,
A C int H. The fact that u € R? \ H follows from the relations

HY n AWV (1, um,) = @, we AV (l,um,) = @.
This proves the corollary.

Corollary 6.2. Any continuous monotone curve I' unbounded in norm determines a closed
ortho-half-space H € G€ for which " = fr H.

Proof. Obviously, the curve T' is a closed set in G€ located in opposite quarter-planes, say II and V.
This makes it possible to construct the required ortho-half-space H by using Proposition 6. Without
loss of generality, we give the result of such a construction for only one special case of I'. Suppose,
e.g., that ' is bounded by a line m on the left and by a line [ from below; by analogy with the proof of
Proposition 6, we assume these lines to be limit. We have H = cl((L™) U ;" U,,), which proves the
corollary.

Proposition 7. For any two disjoint closed sets A, B € G, there exists a closed proper
ortho-half-space H such that A C H and B C cl(R?\ H). In other words, the proper ortho-
hyperplane determined by the ortho-half-space H separates the sets A and B.

Proof. Suppose that A and B cannot be separated by any horizontal direct (otherwise, there is nothing
to prove). Since AN B =@ and A and B are ortho-convex, it follows that, for any horizontal line {

intersecting these sets, we have either (ANi); > (BNI)gor (AN1); < (B NI),. This directly implies,

. . . LA 1B 1,B 1,A -
in particular, that either uz™ > vy~ orug~ > vg", respectively.

Suppose, e.g., that some line [y satisfies the first condition. Then so does any line Iy intersecting A
and B. Indeed, if (ANls), < (BNls)., then choosing any a; € ANl; and b; € BNI; foreachi € {1,2}
and applying Proposition 5, we see that, first, a; and ay can be joined by a compact continuous
monotone curve vq,4, C A and by and by can be joined by a curve 3,5, C B. Second, the curves 74,4,
and 7,5, are monotone, and hence both of them are entirely enclosed by a minimal compact rectangle A
with sides contained in I; and ls. Continuing these curves by horizontal intervals to vertices of this
rectangle A so that monotonicity is preserved and taking into account the inequalities (a1); > (b1),
and (az2)z < (b2)z, we obtain continuous monotone curves v1 D 74,4, and v2 D vp,p, entirely contained
in A and joining different pairs of opposite vertices of A. By the theorem “on passing customs” [6],
the curves +; and 9 must have at least one common point. Moreover, by virtue of the inequalities
(a1)z > (b1)y and (a2)z < (b2)s, at least one of these common points belongs to both curves v4,4, C A
and y,,5, C B. However, this contradicts the assumption AN B = @. Therefore, for I3, only the
inequality (A Nla), > (B Nly), can hold. In other words, the set A is on the right of B.

Let us show that one of the ortho-half-spaces determined by the set UL, , constructed in Propo-
sition 6 is as required. (In what follows, we omit the subscript indicating the set, assuming that the
corresponding notation refers to A, unless otherwise specified; we also use some notation from the proof
of Proposition 6 without mention.) Consider two cases.

(1) If the set A is not bounded on the left by a vertical line, then, obviously, either B Ncl LI # &
or BNc L' = @, Suppose, e.g., that BN cl L' # @. The construction of the ortho-half-space H'!I
allow us to write the inclusion

Bnc L™ c R?\ int H.
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[f follows from the considerations in case (3) of the proof of Proposition 6 and the fact that A is on the
right of B that the inequality B \ ¢l L'"' # & holds if and only if A is bounded below by a horizontal line [,
which can be assumed to be highest, and B \ cl L' C cl m, , where ;" is the open hali-plane below [.
According to Proposition 6, these two inclusions give the required ortho-half-space H = H'

(2) The set A is bounded on the leit by a vertical line m, which can be assumed to be rightmost, as
in case (2) of the proof of Proposition 6. If A and B are separated by this line, then there is nothing to
prove. Thus, suppose that, on the contrary, B N m} # @&, where 7;!, is the open half-plane on the right
of m. Take u € m N A. Without loss of generality, we assume that

Bnod(@I™yY Nzl #£@.

Let us show that H = H'. (Recall the expression for H' derived in case (2) in the proof of
Proposition 6: M = R2\ ((L') ur;t).) Since A is on the right of B, it follows from remarks made in
case (1) that

BNr Nmh Ccl(R?\ H'™M),

Take any point v in BNcl(LM) N7, Supposing that the set BN clwlt Nt is nonempty, choose
any point w in this set. According to Proposition 5, the points v and w can be joined by a compact
continuous monotone curve 7,,, C B, which entirely contained 7%, as well, because it is monotone. The
inequalities w, > w, and v, < u, imply the existence of an s € 7, N, C B, and s > u,. At the same
time, as mentioned above, we have (ANly), > (B Nly)z, which implies s, < u,. This contradiction
shows that BN cl w;; N7t = @. This equality, together with the expression for H'I and the inclusion

obtained above, gives the final relation B C cl(R? \ H"), which proves the proposition.

[t is clear, without any doubt, that all results obtained in this paper remain valid when the horizontal
and vertical lines in the definition of an ortho-convex set are replaced by any two nonparallel lines I’
and " it suffices to replace all sets in the above statements by those obtained from the initial ones by
applying an appropriate linear transformation. In fact, ortho-convex sets are a special case of so-called
biconvex sets [7], [8]. Therefore, hopefully, some properties of ortho-convex sets can be generalized to
biconvex sets.
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