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1. INTRODUCTION

The averaging method, usually associated with the names of Krylov, Bogolyubov, and Mitropol’skii,
originated in works dealing with celestial mechanics. In rigorous mathematical form, this method was
described in the classical monographs [1], [2] for normal systems of differential equations in the case
of the Cauchy problem on a finite interval and for some problems on the whole time axis (problems
of periodic, almost periodic, and generally bounded solutions). However, it seems that the averaging
method has not been developed for problems with boundary conditions. In the present paper, this method
is justified for boundary-value problems on a finite interval and for the problem of bounded solutions
on the positive semiaxis with boundary condition at its left endpoint. In the case of linear normal
systems of differential equations with constant coefficients, such problems (not related to the averaging
method) were posed, for example, in [3]. In addition, note that, in contrast to the classical systems
of the averaging method [1], [2], the normal systems under consideration involve rapidly oscillating
high-frequency summands proportional to the square root of the oscillation irequency. Earlier, we
already considered various systems with large rapidly oscillating summands in the case of the Cauchy
problem and problems on the whole axis in [4]—[7]. Note that the papers [4]{7] were stimulated by
Yudovich’s important works (see, for example, [8], [9]), in which such systems were first considered, but
this was done on a “physical” level without proper mathematical justification. Finally, note that, in the
absence of large summands, Theorems 1 and 2, were published in [10], [11].

2. MAIN RESULTS
2.1. Problem on the Closed Interval
Let Q be a domain in R™, and let
Y=A(z,t,7):x€Q,t€]0,1], 7 € [0,00)}.
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AVERAGING METHOD FOR DIFFERENTIAL EQUATIONS 81

On the interval t € [0, 1], we consider the boundary-value problem

d
= f@ et +Vep twt), w1,

Lz(0) =1, Rx(1) =1

(1)

Here f(z,t,7) and ¢(z,t,7) are vector functions continuous on X and taking values in R™, L and R
are matrices having n columns and n; and ng rows, respectively, and [ and r are column vectors of the
corresponding dimensions; the entries of the matrices and vectors are real. Also assume the following.

1) The derivatives fL(x,t,7), ¢L(z,t,7), oz, t,7), oz, t,7), and @7 (x,t,7) exist and are
continuous on ; the latter derivative, for example, is the matrix composed of all possible second-order
derivatives of the components of the vector function ¢(x, t, 7) with respect to x.

2) The vector functions f(z,t,7), p(z,t,7), @i(z,t,7) and the matrix functions f.(x,t,7),
o (x,t,7), Pl (x,t,7), and @ (z,t,7) are uniformly bounded on .
3) The matrix functions f.(x,t,7), ¢l (z,t,7), and ¢ (x,t,7) satisfy, on X, a uniform Lipschitz
condition for the variable z, i.e., there exists a constant A > 0 such that, for all (z1,t,7), (z2,t,7) € X,
|r(z1,t,7) — r(xe, t,7)| < Axp — 29|,

where r = f1 @, " and |u| is the norm of the vector u € R™.

4) The vector function f(z,t,7) and the matrix functions f.(x,¢,7), ¢4, (z,t,7), and @ (z,t,7)
satisfy Holder’s condition for the variable ¢ on the set X, i.e., there exist constants C' > 0 and v € (0, 1)
such that, for all (z,¢1,7), (z,t2,7) € X,

|r(z,te, 7) — r(x,t1,7)| < Clta — t1]7,

_ / Vi 1
wherer = f, f1. o0, oun.

5) The limits
1 T
F(z,t) = lim / (f(z,t,7) + x(x,t, 7)) dT,
T—oc0 T 0
1 (T
Fiwt) = Jim 1 [ (fiot,7) + ooty dr
T—oo T 0
where

x(z,t,7) = gogc(a;,t,v')/ o(z,t,s)ds,
0

exist uniformly with respect to the variable (z,t) € Q x [0, 1].
6) The averaged problem

has a solution y(t) (with values in Q).

7) The limits
1 N
]\}1_13100 N )y r(z,t,7)dr =0
forr = ¢, ¢, . and
N
A}i_r)noo N o s(z,t,7)dr =0

for s = ¢}, ¢, exist uniformly with respect to (z,t) € Q x [0, 1].
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82 LEVENSHTAM, SHUBIN

8) It is assumed that ny; + ne = n and also that

L
70,
RV (1)
where V (t) is the matriciant of the system

dz
= F/(3
dt Z(y7t)z7 (3)

i.e., V(t) is the fundamental system of solutions satisfying the condition V(0) = E.

In what follows, the symbol C7(J), where v € (0,1) and J =[0,1] or J = [0,00), will denote
the Banach space of vector functions x: J — R" satisfying Holder’s condition with exponent v and
equipped with the norm

to) — x(t
lellone = suple(t)] + sup 702~ 20l
teJ t1,t2€J ‘tQ - tl|’y
t1#£t

The following statement holds.

Theorem 1. For each pu € (0,1/2), there exists a number wy > 0 such that, in some C*([0; 1])-nei-
ghborhood of the vector function vy, problem (1) has a unique solution x,, for w > wg, and the
following limit equality holds:

wli_)rréo | = ¥llew(oay = 0

2.2 Problem on the Semiaxis
Let Q be a domain in R™, and let
Y ={(z,t,7) 12 €Q,t€[0,00), T €[0,00)}.

On the semiaxis t € [0, 00), we consider the boundary-value problem

d
Mz(0) = n,

{d:;? = f(z, t,wt) + Vwe(x,t,wt), w>1, 4)

involving bounded solutions. Here f(x,t,7) and ¢(x,t,7) are vector functions continuous on ¥ and
taking values in R™, M is a matrix, n is a vector whose dimension coincides with the number of rows in
the matrix M; further, the elements of the matrix and the vector are real. Also assume the following.

1) The derivatives fL(x,t,7), ¢.(z,t,7), oz, t,7), oz, t,7), and 7. (x,t,7) exist and are
continuous on X.

2) The vector functions f(xz,t,7), p(z,t,7), @i(z,t,7) and the matrix functions f.(x,t,7),
o (x,t, 1), Pl(x,t,7), and @2 (x,t,7) are uniformly bounded on X.

3) The matrix functions f.(x,t,7), @2, (x,t,7), and ¢, (x,t,7) on 3 satisfy the uniform Lipschitz
condition in the variable x, i.e., there exists a constant A\ > 0 such that, for all (x1,¢,7), (z2,t,7) € %,

|r(z1,t,7) — r(xe, t,7)| < Axp — 29|,
where r = f1 @, @l .

4) The vector function f(x,t,7) and the matrix functions f.(z,t,7), . (z,t,7), ¢4 (z,t,7) on the
set X satisfy Holder’s condition in the variable ¢, i.e., there exist constants C' > 0 and v € (0,1) such
that, for all (z,t1,7), (x,t2,7) € X,

|r(z,te, 7) — r(x,t1,7)| < Clta — t1]7,
where r = /s fzgy Qplm,tv @gw
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AVERAGING METHOD FOR DIFFERENTIAL EQUATIONS

5) The limits
1 a+T
F(z,t) = lim / (f(z,t,7) + x(z,t,7)) d,
T—oo T a
1 a+T
Fiwt)= Jim [ (filetr) o) dr
T—oo T a
where

x(z,t,7) = gogc(a;,t,v')/ o(z,t,s)ds,
0

exist uniformly with respect to a € R and (z,t) € Q x [0, 00).
6) The averaged problem

dy
=F
g = FW:t),
My(0) =n
has a bounded solution g(¢) (with values in 2) on the semiaxis ¢ € [0, 00).

7) One of the following conditions hold:

(a) the limits

N—oo

1 N
lim \4/N/0 t1/4r(ac,t,7-) dr =0 for r=, 0, 00,

1 N
lim \/N/o t125(x,t,7)dr =0 for s =, ol

N—oo

exist uniformly with respect to (z,t) € Q x [1,00);

(b) the vector function ¢(x,t, ) is T-periodic (7" > 0) in 7 with zero mean

1 T
T/o o(z,t,7)dr = 0.
8) The equation
du
= A(t
dt ( )u7

83

(6)

where A(t) = F.(y(t),t), is exponentially dichotomous on the semiaxis ¢ € [0,00), and By, By are
subspaces of R™ ensuring this dichotomy (see, for example, [12, Chap. IV, Sec. 3] or Sec. 4.2 below).
Denote by {ej}] the basis in the subspace B in which the solutions bounded on the right semiaxis
begin and by S the matrix whose columns are the vectors columns eg, k = 1,...,r. It is assumed that

the matrix M S is invertible.

The following statement holds.

Theorem 2. Foreach yu € (0,1/2), there exists a number wy > 0 such that, in some C*(]0; 0))-nei-
ghborhood of the vector function y, problem (4) has a unique bounded solution x, on the semiaxis

t € [0,00) for w > wy, and the following limit equality holds:

Tim [l = llonoee)) = O-
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84 LEVENSHTAM, SHUBIN
3. EXAMPLES
In this section, Theorems 1 and 2 are illustrated using simple examples.
1. On the interval ¢ € [0, 1], consider the boundary-value problem
&4z + f(z,t) sin(3wt) + Vwepr, t) cos(wt) = 0,

z(0) =0, z(1) = cos(1), w> 1. (7)
Replacing © = —y, we obtain the normal system of differential equations
dx
a7
dy (8)

Pt + f(z,t) sin(3wt) + /we(r,t) cos(wt), w> 1,

z(0) =1, x(1) = cos(1).
Here! (z(t),y(t))T is the unknown vector function, and
L=(1,0), R =(1,0)

are the matrices of the boundary conditions, and we assume that the functions f and ¢ satisfy the
conditions given in Sec. 2.1 (it suffices that, on the set {(x,t) € R? : |z| < 2,t € [0, 1]}, the functions f,

oy @by ol @l Ol be continuous and satisfy the uniform Lipschitz condition in z, ¢). It is easy to
verify that the averaged problem is of the form

dzx _
dt = Y,
dy _ (9)
z(0) =1, x(1) = cos(1).
Its solution is the vector function
§(t) = (cos(t), sin(t));

F = 0 ’ and Vi) = cos(t) —sin(t)
10 sin(t) cos(t)
where V (t) is the matriciant of the system of differential equations (9) (see (3)). Further,

RV(1) = (cos(l) —sin(l)) )

hence

so that

L | ! 0 = —sin(1) # 0.

RV (1) cos(1l) —sin(1)
By Theorem 1, foreach pu € (0,1/2), there exists an wy > 0 such that, in some C1#([0; 1])-neighborhood

of the function cos(t), problem (7) forw > wy has a unique solution x,,(t), and the following limit equality
holds:

Hm {2, (t) — cos(t)[| e o;17) = 0

w—00

Here [lullcrn = l[ulles + [[(d/dt)ullon.

"Translator's note. Here and below, to save space, column vectors with coordinates x1,...,z, are denoted by

(11,‘1, e ,l‘n)T.

MATHEMATICALNOTES Vol. 100 No.1 2016



AVERAGING METHOD FOR DIFFERENTIAL EQUATIONS 85

2. On the interval ¢ € [0, 1], consider the boundary-value problem

d
( dmtl = —2x1 + f1(z1, 22, 23, ) sin(bwt) + /w1 (x1,t) cos(wt),
d
;’;2 = fo(x1, X2, x3,t) cos(2wt) + Jwps (2, t) sin(3wt), (10)
d
;t?’ = 23+ f3(x1, 22, x3,t) cos(wt) + \wps(xs,t) sin(Twt), w>1,
(21(0) =1,  22(0) =1,  225(1) + 23(1) = 2+ exp(1).

Here

100
fony) el

are the matrices of the boundary conditions and the functions f;, ¢;, ¢ = 1,2, 3, satisfy the conditions
given in Sec. 2.1. In the previous example, these conditions were concretized. In this and subsequent
examples, we do not concretize these conditions, because this is trivial. We can easily verify that the
averaged problem is of the form

dyr
dt
dyz

=0,

dt (11)
dys
dt

y1(0)=1,  30)=1,  2y(1) +ys(1) =2+ exp(1).
Its solution is the vector function 3(¢) = (exp(—2t), 1, exp(t))”. Therefore,

= —23117

=Ys,

-200 exp(—2t) 0 0
F,=1000 and  V(t) = 0o 1 0
0 01 0 0 exp(t)

Hence RV (1) = (0 ) exp(l)), so that

I 10 0
=01 0 |=exp(l)#0.
RV(1)
0 2 exp(1)

By Theorem 1, for each p € (0,1/2), there exists an wp > 0 such that, in some C*(][0; 1])-neighborhood
of the vector function g(t), problem (10) has a unique solution z,(t), for w > wg and the following limit
equality holds:

lim |z () — ()|l cw(o;1)) = O-

w—00

3. Consider the following problem for the bounded (on the positive semiaxis) solutions of the system:

d

(Zl = 2x1 + 3x9 + f1(x1, 22, 1) sin(2wt) + /w1 (21, 1) cos(wt),

d

;;52 = dw1 + xy + fo(w1, w2, 1) cos(3wt) + Vwpa(wa, ) sin(Twt), — w>1, )

MATHEMATICALNOTES Vol. 100 No.1 2016
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(1 0> is the boundary condition matrix and the functions f;, ¢;, i = 1,2 satisfy the

conditions given in Sec. 2.2.

[t is easy to see that the averaged problem is of the form

dy

=2
dy2

=4
yl(O) = 3.

[ts bounded solution is the vector function

(t) = (3exp(—2t), —4exp(—2t))T.

The matrix
o 23
41
has two eigenvalues A\; =5 and A2 = —2, so that the exponential dichotomy condition holds. To the

eigenvalue Ay corresponds the eigenvector e; = (3, —4)7. Hence

IMS|=‘<1 0) _34 ‘=3#0-

By Theorem 2, for each p € (0,1/2), there exists anwy > 0such that, in some C*([0; c0))-neighborhood
of the vector function y(t), problem (12) has a unique bounded solution z,, on the semiaxis ¢t € [0, c0)
forw > wy, and the following limit equality holds:

Jim @ = llen (oo = 0-

4. Consider another example of the boundary-value problem for bounded solutions on the positive

semiaxis:

Here M =

d

dmtl =221 + xo + f1(x1, 29, x3,t) sin(2wt) + w1 (z1,t) cos(bwt),

d

;;2 = 223 + fa(71, 2,73, 1) cos(3wt) + /wpa(za,t) sin(wt), (13)
d

;t?’ = —x3 + f3(x1, 22,23, t) cos(wt) + Jwps(xs,t) sin(7wt), w>1,

xl(O) + 2%2(0) + IL’3(0) =1.

(1 ) 1) is the boundary condition matrix and the functions f;, ¢;, i = 1,2, 3 satisfy the

smoothness conditions given in Sec. 2.2.

The averaged problem

dy
=2
dys
=2
dt Y2,
dys
dt Y3,
y1(0) +2y2(0) + y3(0) =1

MATHEMATICALNOTES Vol. 100 No.1 2016



AVERAGING METHOD FOR DIFFERENTIAL EQUATIONS 87

has a bounded solution
(t) = (0,0,exp(—t))".

The matrix
21 0
Fo=102 0
00 -1
has eigenvalues A1 2 =2 and A3 = —1, which are real, so that the exponential dichotomy condition

holds. To the eigenvalue A3 corresponds the eigenvector e; = (0,0,1)7, so that
0
|MS| = (1 2 1) of|=1#0.
1

By Theorem 2, for each u € (0,1/2), there exists an wy > 0 such that, in some C*([0; 00))-neigh-
borhood of the vector function y(t), problem (13) has a unique bounded solution z,, on the semiaxis
t € [0, 00) for w > wy, and the following limit equality holds:

Jim @ = llen (oo = 0-

4. FRAGMENTS OF THE PROOFS OF THEOREMS 1 AND 2
4.1. Passage to the Integral Equation
4.1.1. Problem on the closed interval. Let us begin with some well-known auxiliary results concern-

ing the construction of the Green matrices for the boundary-value problem

=AW+ 0, tel, (14

Lz(0) =1, Rx(1) =, (15)
where A(t) is a square matrix of order n with continuous elements, f(¢) is a continuous n-dimensional
vector function, L and R are rectangular matrices of dimensions ny x n and ny X n, respectively, and [

and r are vectors of the corresponding size. All the given problems are assumed real. By the symbol (C)
we denote the following conditions:

L
(C): ni+ng =n, £ 0.

RV (1)

These conditions are necessary and sufficient for the unique solvability of the boundary-value problem
(14), (15) for any f, 1, and r. In the case of a constant matrix A(t) = A, this assertion was proved in [3,
Chap. I, Sec. 11]; in the case of a variable matrix A(t) that proof, essentially, remains the same.

Under conditions (C), consider the Green matrices of problem (14), (15). These constitute the
following triplet of matrix functions: G(¢, s) of order n x n, Gr,(t) and Gr(t) of sizesn; x nand ng x n
satisfying the conditions

G(s+0,5) —G(s—0,s) = Ey,
G(t,s) = A@t)G(t,s), t,s €[0,1], t#s,
LGL(O, S) =0, RGR(l, 8) =0,
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88 LEVENSHTAM, SHUBIN

{ GG = AWGLH,  tel0,1] {thR@ — AWGr().  te.1]
LGL(0) = E,,,  RGp(1) =0; LGRr(0)=0,  RGp(l) = En,.

Problem (14)(15) is uniquely solvable, and its solution is expressed by the formula

1
z(t) = Gr(t)l + / G(t,s)f(s)ds + Gr(t)r.
0
This statement for a constant matrix A(¢) = A was proved in [3, Chap. I, Sec. 11]; In the case of a

variable matrix A(t), the proof, essentially, remains valid.

Let us pass to the study of our nonlinear problem (1). Making the Krylov—Bogolyubov change of
variables [2]

1 wt
x(t) =v(t) + \/W/o o(v(t),t,7)dr, (16)

we obtain the problem

dv
dt

Lo(0) =1,  Ro(1) =r— \/1“ R/Ow o(v(1),1,7) dr.

= f(v,t,wt) + X(Uat7Wt) + T(U7t7w)7 w > 17
(17)

The expression for the vector function x(v,¢,7) is the same as in Sec. 2.1, while that for the vector
function r(v, t,w) is fairly awkward. To simplify the latter function, we denote

1
=

1

K, (t) = Ve

/w o(v(t),t,7)dr, M, (t) /w o (v(t),t,7)dr.
0 0

Then
r(v,t,w) = (B + M) f(v(t) + Ko, t,wt) — f(u(t), t,wt)

+ Vw(E + M)t [go(v(t) + K, t,wt) — @(v(t), t,wt)

—w_l/o @;(v(t)7877—)|8=t dT:| _X(v(t)’t’wt)'

In problem (17), we replace v = § + u, where y is the solution of problem (2), which was mentioned
in Condition 6 of Sec. 2.1, obtaining

du

= Ay = JG+ st wt) + X0+ wt) () — F(G,1) = B,

= P(u, t,wt), (18)

1 w
Lu(0) =0,  Ru(1) = — R/ Si(1) +u(1), 1, 7)dr, w1,
Vw 0
where A(t) = F](y,t). In(18), we pass to the equivalent integral equation
1 1 w
u(t) = | Gl yiuls).s.w0)ds = Gr(t) ) R [ o)+ u(t). 17)ar.
0 0

Here G(t, s), Ggr(t) are the Green matrices that were mentioned above.
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AVERAGING METHOD FOR DIFFERENTIAL EQUATIONS 89
For~ € (0,1), we define the operator N: C7([0; 1]) x [1; 00] — C7([0;1]) as follows:
1
u(t) — / G(t, s)Y(u(s),s,ws)ds
0

—GRr(t) \/1w R/Ow o(y(1) +u(l),1,7)dr i we[l;00);

N(u,w)

1
u(t) — /0 G(t,s)[F(y +u,s) — F(,8) — F.(y,s)u]lds il w=oo0.

4.1.2. Problem on the semiaxis. Let us begin with some well-known auxiliary results.
On the semiaxis J: t € [0, 00), we consider the differential equation
dx
= A(t 19

where A(t) is a square matrix of order n with elements continuous on J. We say that Eq. (19) is
exponentially dichotomous on J if the space R™ splits into in the direct sum of its subspaces B
and Bs:

R" = B; ® B, (20)
and, for positive numbers Ny, No, v1, and v, the following conditions hold:

a) the solution z;(¢) of Eq. (19) with initial condition z1(0) € By for all t,s € J, t > s satisfies the
estimate

|z1(8)| < Niexp(—vi(t — s))|z1(s)],

b) the solution z5(¢) of Eq. (19) with initial condition x2(0) € By for all ¢t,s € J, t < s satisfies the
estimate

|z2(t)] < Ny exp(va(t — s))|z2(s)]-

Denote by P and @ the projections corresponding to the decomposition (20) and by V(¢) is the
matriciant of system (19). Let us define the vector function

Glt7) = V(t)PV_l(T) fort > 7, 21)
O =vQVTi(r) Tort <,

which is called the Green function of Eq. (19) on the semiaxis J. For it, the following relations and
important estimates hold (see [12, Chap. IV, Sec. 3]):

COD _awetn.  r#e (22)
WD _ _Gnae), 14 (23)
dr
and also
V() PV (s)| < crexp(—wi(t —s)), >, (24)
IV(HQV ™ (s)|| < caexp(—ra(s — 1), s>t
where ¢ and ¢y are positive constants.
Now consider the inhomogeneous equation
d
=AMz, feC). (25)
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90 LEVENSHTAM, SHUBIN

The corresponding homogeneous equation (f = 0) is assumed exponentially dichotomous. As is well
known [12, Chap. IV, Theorem 3.2], for any continuous vector function f bounded on J, the vector
function

zo(t) = /Ooo Gt s)f(s)ds, teJ (26)
is a bounded (on J) solution of Eq. (25). Let M and S be the same matrices as in Sec. 2.2. Any bounded
(on J) solution x(t) of Eq. (25) with boundary condition

Mz(0) = n, (27)
is, obviously, of the form
x(t) = zo(t) + V (t)vo, (28)
where vy € By and Mvy = n — Mxy(0). This implies

vg = Sa, (MS)a :7]—/00 MG(0,s)f(s)ds, aecR". (29)
0
From (26), (28), (29), we obtain the following unique bounded (on J) solution of problem (25), (27):
z(t) = / Oo[G(t, $)+ V(O)S(MS) T MQV 1 (s)]f(s)ds + V(t)S(MS)'n

~Jo
= /000 Gi(t,s)f(s)ds + Ga(t)n. (30)

The matrix functions Gy and Gq are called (see [3, Chap. I, Sec. 14, where A(t) = A = const]), the
Green functions of problem (25), (27). We can easily verify that G (t, 7) satisfies relations (22), (23).
Estimates (24) also imply the inequalities

IG1(t, )|l < c1exp(—v(t — s)) + ca exp(—vit) exp(—1as),

where t, s € J, v = min(vq, 1»), and ¢1, co = const > 0.
Let us now turn to problem (4). In it, making the Krylov—Bogolyubov change of variables [2],

1 wt
o) = vlt)+ /0 o(o(t),t,7) dr,

we obtain the problem

dt
Mv(0) =n, w> 1.

{dvamwﬂ+x@mwﬂ+Nwaw, )

Here the expressions for the vector functions x(v,t,7) and (v, t,w) are of the same form as for these
vector functions in Sec. 4.1.4.1.1.

In problem (31), we replace v =y 4+ u, where y is the solution of problem (5) mentioned above,
obtaining

du

= Aty = J(5 -+, tt) + (G -+ wt) + (G + utw) = F(1) = FL G,

= (u,t,wt), (32)
Mu(0) =0, w>1,
where A(t) = F](y,t). In(32), we pass to the equivalent integral equation
u(t) = / Gi(t,s)Yp(u(s), s,ws) ds.
0
Here G1(t, s) is the Green matrix introduced above.
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For~ € (0,1), we define the operator N: C7([0; 00)) x [1;00] — C7(]0; 00)) as follows:

u(t) — /000 G1(t, s)Y(u(s), s,ws) ds ifw e [1,00);
N(u,w) = o
u(t) — /0 Gt ) F (G + . 5) — F(i,5) — FL (9, 8)ul ds  iTw = oo,

4.2. Scheme of the Principal Part of the Proof

Theorems 1 and 2 follow, essentially, from the classical implicit-operator theorem if we use the
following statement.

For the operators IV defined in Sec. 4.1.4.1.1 and Sec. 4.1.4.1.2, respectively, the following lemma
holds.

Lemma 1. The operator N is continuous and is continuously Fréchet differentiable at the point
(0,00). Here N(0,00) =0, (D,N)(0,00) = I.

The equalities given in the lemma are obvious. The proof of the continuity of the operator IV and that
of the existence and the continuity of its Fréchet differential (9, V) at the point (0, co) are, essentially,
simple, but cumbersome. Moreover, the techniques used the greater part of these proofs goes back to the
classical theory of the averaging method (in which there are no large rapidly oscillating summands) and,
therefore, are fairly well known. In this connection, we omit the proofs of the continuity of NV and (D, N)
and note only a simple technical lemma related to the large summand in problem (4).

Lemma 2. Under the assumptions of Theorem 2, the following asymptotic relations uniform with
respect to (z,t) € Q x [0, 00) hold:

wt
P L R T

1 wt
Ve /0 s(z,t,7)dr =0(l), w — o0, for s =), 0.

Let us now clarify what we mean by the word “essentially” at the beginning of the subsection.
The point is that, on the strength of the implicit-operator theorem, Lemma 1 implies the existence,
relative uniqueness, and asymptotic proximity to zero in the norm of C7 of the solution u,, w > 1, of
problem (17), just as in the case of problem (32). After this, the two preceding changes of variables must
also be taken into account. Namely, it is at this step that one must pass (and this is necessary!) from the
spaces C7, v € (0,1), to the spaces C*, u € (0,1/2).

Note, in conclusion, that the idea of applying the implicit-operator theorem to the theory of the
averaging method was used earlier in [13], [14].

REFERENCES

1. N. N. Bogolyubov, On Statistical Methods in Mathematical Physics (1zd. AN UkrSSR, Lvov, 1945) [in
Russian].

2. N. N. Bogolyubov and Yu. A. Mitropol’skii, Asymptotic Methods in the Theory of Nonlinear Oscillations
(Nauka, Moscow, 1974).

3. S. K. Godunov, Ordinary Differential Equations with Constant Coefficients (Izd. Novosibirsk. Univ.,
Novosibirsk, 1994), Vol. I [in Russian].

4. V. B. Levenshtam, “Asymptotic integration of differential equations with oscillatory terms of large amplitudes.
[,” Differ. Uravn. 41 (6), 761—770 (2005) [ Differ. Equations 41 (6), 797—807 (2005)].

5. V. B. Levenshtam, “Asymptotic integration of differential equations with rapidly oscillating terms of large
amplitude. I1,” Differ. Uravn. 41 (8), 1084—1091 (2005) [Differ. Equations 41 (8), 1137—1145 (2005)].

6. V. B. Levenshtam, “Asymptotic integration of differential equations with large high-frequency terms,” Dokl.
Ross. Akad. Nauk 405 (2), 169—172 (2005) [Dokl. Math. 72 (3), 872—875 (2005)].

MATHEMATICALNOTES Vol. 100 No.1 2016



92

7.

10.

1.

12.
13.

14.

LEVENSHTAM, SHUBIN

V. B. Levenshtam and G. L. Khatlamadzhiyan, “Extension of the averaging theory to differential equations
with large-amplitude rapidly oscillating terms. The problem of periodic solutions,” Izv. Vyssh. Uchebn.
Zaved. Mat. No. 6, 35—47 (2006). [Russian Math. (Iz. VUZ) 50 (6), 33—45 (2006).]

V. L. Yudovich, “Vibration dynamics of systems with constraints,” Dokl. Ross. Akad. Nauk 354 (2), 622—624
(1997) [Phys. Dokl. 42 (6), 322—325 (1997)].

V. L. Yudovich, “Vibration dynamics and vibration geometry of mechanical systems with constraints,”
Uspekhi Mekhaniki 4 (3), 26—158 (2006).

V. B. Levenshtam and P. E. Shubin, “Averaging evolution system with boundary conditions,” Sci. Publ. of the
State Univ. of Novi Pazar Ser. A: Appl. Math., Inform. and Mech. 5 (2), 61—67 (2013).

V. B. Levenshtam and P. E. Shubin, “Justification of the averaging method for the boundary value problems
on a finite or semi-infinite interval,” Sci. Publ. of the State Univ. of Novi Pazar Ser. A: Appl. Math., Inform.
and Mech. 7 (2), 81—89 (2015).

Yu. L. Daletskii and M. G. Krein, Stability of Solutions of Differential Equations in Banach Space, in
Nonlinear Analysis and Its Applications (Nauka, Moscow, 1970) [in Russian].

[. B. Simonenko, “A justification of the averaging method for abstract parabolic equations,” Mat. Sb. 81
(123) (1), 53—61 (1970) [Math. USSR-Sb. 10 (1), 51—59 (1970)].

M. A. Krasnosel’skii, V. Sh. Burd, and Yu. S. Kolesov, Nonlinear Almost-Periodic Oscillations (Nauka,
Moscow, 1970)[in Russian].

MATHEMATICALNOTES Vol. 100 No.1 2016



		2016-08-17T11:26:06+0300
	Preflight Ticket Signature




