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Abstract—A fluid flow along a semi-infinite plate with small periodic irregularities on the surface
is considered for large Reynolds numbers. The boundary layer has a double-deck structure: a thin
boundary layer (“lower deck”) and a classical Prandtl boundary layer (“upper deck”). The aim of this
paper is to prove the existence and uniqueness of the stationary solution of a Rayleigh-type equation,
which describes oscillations of the vertical velocity component in the classical boundary layer.
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1. INTRODUCTION

In this paper, we continue our study of the Rayleigh-type equation (1.8), which was started in [1];
see also [2]. It is known that the Rayleigh equation (see [3]) plays an important role in fluid mechanics
problems; see [4]. In this paper, this equation is considered on a semi-infinite cylinder (see (1.8), (1.9)),
and it describes oscillations of the vertical velocity component in the classical Prandtl boundary layer
(in the “upper deck” of a boundary layer with a double-deck boundary layer structure, see region II in
Fig. 2) in the problem of an incompressible viscosity fluid flow along a semi-infinite flat plate with small
periodic perturbations on the surface (see Fig. 1) for large Reynolds number Re; for more details, see
below.

In [1], it was proved that the stationary solution of the Rayleigh-type equation (1.8) exists and is
unique for all z > § and 6 > M, where z is the distance from the edge of the plate and M is a constant;
see(2.1). The aim of this paper is to prove that a stationary solution of the Rayleigh-type equation (1.8)
exists and is unique for all z > § and 6 € (0, M] (i.e., at the edge of the plate).

As will be shown in Section 2, the proof of the existence of the solution in this case is reduced to
proving that the discrete spectrum of a Schrédinger-type operator on the half-space with a potential in
the form of a well of a small depth (see Fig. 3) is empty, and the last statement is proved (see Lemma 1).

We note that the results of this paper (see Theorem 2) together with the results in [1] prove that the
stationary solution of the Rayleigh-type equation (2.2) exists and is unique for all z > § and § > 0 (i.e.,
in the entire region under study) and this fact actually means the existence of the double-deck structure
(because all equations describing this structure are solvable).

In this section, we present the main results from [ 1, 2], which we need for further discussion.

We assume that the plate surface is described by the relation

4/3
ys = (e, x/e), (1.1)
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where ¢ = 1/v/Re is a small parameter,
21
pag 2 =g, [ p@od=o
We suppose that the upstream flow is a plane-parallel one with velocity Ug = (1, 0).
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Fig. 1.

This problem is described by the system of Navier—Stokes and continuity equations

ouU
—2/3 _ 2
{5 5 +(U,V)U Vp + ?AU, (1.2)

(V,U) =0,

where U = (u,v) is the velocity vector and p is the pressure. The boundary conditions are

0\ o 1 1
— e —0, v —0,U N .U N . (1.3)
v \of Wlhg i e o) e o

According to the results of [2], the asymptotic solution of problem (1.2), (1.3) has a double-deck
structure, which consists of a thin boundary layer and a classical Prandtl boundary layer; see Fig. 2. The
coefficient e=2/3 at @/t in (1.2) is due to the fact that the double-deck structure generates a special
hierarchy of times. The time scale for velocity fluctuations in the thin boundary layer is significantly
smaller than that in the Prandtl boundary layer; see Theorem 1 below.
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For further discussion, we introduce the following definitions.
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Fig. 2.

Definition 1. For any 2r—periodic smooth the function g(z, &) on R x [0, 27], we define

(i) the mean value by the formula

21

o) [ ole.9)de
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(ii) the oscillating part by the formula

G(x,6) < g(x,€) - g(a).

Definition 2. For any 2r—periodic smooth the function g(z, &) on R x [0, 27| such that g(z, &) = 0, we
define the function

¢
Gl )™ [ o) de
so that G(z,&) = 0.

We introduce the scale

Yy Yy
b= 4y T=1 E=_. (1.4)

As indicated above, it follows from the results of [2] that our asymptotic solution of (1.2), (1.3) has a
double-deck structure. We shall make use of the following notation. The superscript at the function
stands for the number of the deck on which the function is defined (in the sense of Definition 3 below):
Lis the thin boundary layer, II is the classical Prandtl boundary layer, and I1I is the external region; see
Fig. 2.

Definition 3. Let N € Z, be sufficiently large. Then

(i) a smooth 27-periodic function decaying as |§~V|, § — oo is called the boundary function in the
thin boundary layer 1,

(ii) a smooth 27-periodic function decaying as |7~V |, 7 — oo is called the boundary function in the
classical boundary layer 11.

We suppose that the initial conditions for problem (1.2), (1.3) are
Uz,y) = f'(7/Vz) + 61/3(U11(a:,£,9) +ui(z,€,7)) + 0(52/3),
V(z,y) = (Vi (2,6,0) + V3'(2,6,7)) + O(e),
P(x,y) = By + 3Pz, &,7) + O(e), (1.5)

where the functions U}, VJ, V)1, P! are boundary layer functions (see Definition 3 above) and
Py = const.

The main result of [2] (see also [1]) is the following theorem.

Theorem 1. Let x > § > 0. Then the formal asymptotic solution of problem (1.2), (1.3) has the
form

ult, z,y) = uo(z, 7) + 2 (ul(t,2,€,0) + ull(t,z,&, 7)) + O3,
o(t,x,y) = 23 (T(t,2,€,0) + i (t, 2, &,7)) + O(e),
p(t,z,y) = po + X35 (t, 2, €,7) + O(e), (1.6)

where 0 = y/e¥/®, T = y/e, € = x/e, py is constant, ug = f'(7/\/x). The the function f(v) is the
Blasius function; see 5] and Fig. 4.

The functions u} and v} are determined by the relations

O N i dug ~T s I
Uy = Uy — U Tzo—ea y U =V —Vy|
T lr=0
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where the functions ui and v describing the flow in the thin boundary layer are the solution of
the boundary-value problem

ouy L oul Lour  9%uy | opY

ot Toe To0 T oo T ooe |y (7)
Ouy ~ Ovy 0 '
oc 00

Ho=u =Hgr | Vlpy =00 wile =uileppn  vBle = Bleynm
ouj OJug ouy
, —0
o0 0—00 or =0 23 0—o00
with the initial conditionui|,_ = Ul +ui'| _ + 98u0

1lt=0 1 1lr=0 or o

The the function vY describing the flow in the classical boundary layer is a solution of the
following Rayleigh-type equation:

9
8 s . s 82UO
sl/3atA/v§1 dé + ug ATY — Bl .2 =0 (1.8)
Oy |, = Jim T, dim Ty =0, B[ =0y [, (1.9)

with the initial condition v3|,_, = V.
11
i

The function uy is a solution of the linearized Prandtl equation

II II I I 2, 11
ox ox or or or (1.10)
8u111 N ovy 0 '
or or

with some boundary conditions, but this function plays no significant role if we are interested in
the properties of the flow near the surface.

The pressure pi is determined by the expression

&
~1I 11 ~11
8p2 o 8'[)2 . ,{),H auo + 5‘1/3 0 6U2

e~ Coar T2 oy ot | or © (1.11)

2. EXISTENCE OF THE STATIONARY SOLUTION OF A RAYLEIGH-TYPE EQUATION

In [1] we proved that the stationary solution of the Rayleigh-type equation (1.8), (1.9) exists for
all z > M (x is the distance from the edge of the plate), where

i
f')
The aim of this paper is to prove that the stationary solution of the Rayleigh-type equation (1.8) exists
forall x > 0, where § € (0, M].

M = max
~v€[0,00)

(2.1)

Theorem 2. The stationary solution of the Rayleigh-type equation (1.8),(1.9) exists and is unique
forall x > §, where § € (0, M], and M is defined above; see (2.1).
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Proof. We write the stationary equation corresponding to (1.8) in the classical boundary layer vari-
ablen = 7/y/x = y/(ey/x). Taking into account that ug = f'(7/v/z) = f'(n), we have

(250 0e) - e =o. .
5‘"=0 B 011_)11;0 vz 5‘77—»0 -0, mé - 5|5+2n‘
We expand the function v into the Fourier series
T=Y ur(n)e™. (2.3)

k#0
By substituting (2.3) into (2.2), we obtain the equations for the coefficients vy:

vy + Uvg + 2k, =0, k#0, k€Z, vp(0) =vor, i, . —0, (2:4)

n—00
where
Uln) = ")/ f'(n), (2.5)

and vy, is a coefficient of the Fourier expansion of the function v5 \0_”0 (i.e., it is the boundary condition
expansion; see (1.9)).

The potential U(n) is a well of depth M and it has the following properties:
U(O) =0, U‘n—)oo = O(|77|_N)7

where IV is any number; see Fig. 3 and also [6].

-0.05

-0.1

| | | | Ly,

10 15 20 25 30
Fig. 3. The potential U(n), M =~ 0.1442.

vV

Let us reduce problem (2.4) to a problem with zero boundary condition at v = 0. We put
Uk = @k + GkVok;
where g, € C°[0, 00) is a given function such that
Glyo =1 9l = o(n™), VNEeZ,. (2.6)
Then we have

{(EI + :rk:Q)quk = —vo (H + k) gy, (2.7)

qbk‘n:O - ¢k‘17—>oo — 0,
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where H is the differential expression

d2
2 +U(n).

It was shown in [1] that if z > § > M, then problem (2.7) is uniquely solvable. Here we consider the
case d§ € (0, M].

By H we denote the self-adjoint operator in Lo (0, +00) with the differential expression H subject to
the Dirichlet condition at n = 0. The domain of this operator is

D(H) = {u € W3(0,+00) : u(0) = 0}.
Then problem (2.7) can be rewritten in terms of the above introduced operator
(H + 2k?) s, = —vor(H + ok?)gi. (2.8)

This equation is uniquely solvable if and only if —zk? is not in the spectrum of operator H. Since the
potential U is fast decaying at infinity, it follows that the essential spectrum of operator H is [0, 4+00).
Since k # 0, z > 0, the number —zk? belongs to the spectrum of H only if it is a discrete eigenvalue
of H. Our next lemma asserts the absence of such eigenvalues.

i

Lemma 1. The discrete spectrum of operator H is empty.

Proof. We argue by contradiction. Let A\g < 0 be the lowest eigenvalue of operator H and g be the
associated eigenfunction normalized in Ly(0, +00). Then by the minimax principle we know that

N — inf ”u/H%Q(O,_Hx,) + (U'LL, u)L2(0,+oo
0=

2
i Mo

)
= 19611750 100) F (U%05%0) Ly(0,450)-

Then the function || also minimizes the above infimum and, therefore, it is an eigenfunction associated
with Ag. Thus, we can assume that the function g is non-negative. We also note that since Ay < 0, the

function v decays exponentially at infinity: 1o(n) = O(e_\/\%ln), n — +00.

Consider the function 1y = f’(n). The properties of Blasius function imply that ¢ € C?[0,+00),
¥1(0) =0, ¢¥1(n) > 0,7 > 0and ¥1(n) — 1 asn — +oo (ci. Fig. 4).

1Lo& /() A7)
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(a) (b)
Fig. 4.

[t is straightforward to check that the function v solves the equation
—pf + U1 =0, n>0.
We multiply this equation by ¢y and integrate twice by parts over (0, R), where R > 0is a fixed constant:

R R
o=/%b%+wmw=m/%ww—%mwwawmmwmy
0 0
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We pass to the limit as R — +oo and employ the above described behavior of v, 11 at infinity to obtain:

+00
/ Yordn = 0.
0

This identity is impossible since both functions g, 11 are non-negative. This completes the proof.

The proven lemma implies the unique solvability of equation (2.8), and therefore, of problem (2.7).
Hence, the stationary solution of the Rayleigh-type equation (1.8) exists and is unique for all x > § and
forall § € (0, M].
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