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1. INTRODUCTION
In the present paper, we consider the following equation of mixed, elliptic-hyperbolic, type:
Lu = K(y)ugs + uyy =0, (1.1)
where K(y) = sgny - |y|™, m > 0, in the rectangular domain
D={(z,y) |0<x <1, —a<y<pB}

which degenerates on the change-of-type line. For Eq. (1.1) in the domain D, we pose the following
problem.

Boundary-value problem. /n the domain D, find the function u(x,y) satisfying the following
conditions:

u(z,y) € CH(D)NC*(Dy UD_), (1.2)
Lu(w,y) =0,  (z,y) € Dy UD-, (1.3)
u(z, B) = ¢(x), ulzr,—a)=1y(x), 0<z<1, (1.4)
u(l,y) =0, —a<y<p, (1.5)
/l u(z,y)dx = A = const, —a<y<p, (1.6)

0

where D_ = DN{y < 0}, D = DN{y > 0}, p(z) and 1p(x) are given sufficiently smooth functions
satisfying the conditions p(1) = ¢ (1) = 0 and

/Olgo(x)da::/olq/)(x)da::A. (1.7)
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BOUNDARY-VALUE PROBLEM FOR MIXED-TYPE EQUATIONS 455

For various equations, including those of mixed type, but with constant coefficients, problems of
similar type were studied, in particular, in [1][3].

Forafixed y € (—a,0) U (0, 8), integrating Eq. (1.1) over the variable x from e to 1 — &, where e is a
sufficiently small number, we obtain

1—¢ 1—e
K(y) / Ugg dx + / Uyy dx = 0.
&€ 3

Hence, as e — 0, we have

2l
K(y)[uz(1,y) — ug (0, y)] + i /0 u(z,y)dx = 0.

In view of condition (1.6), the last equality becomes the other nonlocal condition

uz(0,y) =uz(l,y), —a<y<p, (1.8)
expressing the equality of flows across the lateral sides x = 0 and x = 1 of the rectangle D.

In what follows, instead of problem (1.2)—(1.6), we shall study the problem described by (1.2)—(1.5)
and (1.8). In this paper, using ideas from [2]—[5],, we establish a criterion for the uniqueness of the
solution of problem (1.2)—(1.5), (1.8). In justifying the existence of a solution of the problem, we must
deal with the small denominators with respect to the parameter «. Under certain conditions on the
number « and the functions ¢(x), ¥(z), the solution can be expressed as the sum of a biorthogonal
series. We prove the convergence of the constructed series for the class (1.2).

2. UNIQUENESS OF THE SOLUTION

We search for the particular solutions of Eq. (1.1) satisfying conditions (1.2), (1.5), (1.8), in the
form u(z,y) = X(2)Y (y) by using the method of separation of variables. Substituting this product
into Eq. (1.1), we obtain the relations

X"(z) + pX(z) =0, 0<z<l1, (2.1)
X(1) =0, X'(0) = X'(1), (2.2)
Y'(y) —psgny - ly["Y(y) =0,  ye€ (—a,00U(0,5), (2.3)

where p is a constant. Problem (2.1), (2.2) is non-self-adjoint; The adjoint problem is of the form

Y'(z)+pY(z) =0, 0<z<l, Y'(0) =0, Y(0) =Y (1).

The eigenvalues of the first problem are the numbers p, = A%, Ap=2mn, n=1,2,..., to which
correspond to the following eigen and associated functions
Xo(x) = 2(1 - ), o)
Xop—1(x) = 4sin2mnz, Xop(x) = 4(1 — z) cos 2mnx, n=12.... '

For n > 1, the eigenvalues are double, the Xs, 1(x) are eigenfunctions, and the Xy, (z) are
associated functions. The system of eigen and associated functions of the adjoint problem is of the
form

Yo(z) = 2,

2.5
Yon(x) = 4cos2mnz, Yon_1(x) = 4z sin 2mnx, n=12.... (2:5)
[t is easy to verify that systems (2.4) and (2.5) are mutually biorthogonal, i.e.,

(Xk(),Yi(x)) = O,

where dy; is the Kronecker delta. Both problems under consideration are regular and, therefore, the
systems { X} } and {Y}} are complete in the space La(0, 1) [6]. Since both these systems are Bessel, i.e.,
forall f € Ly(0,1), the following inequalities hold:

E|(f7Xk’)|2 < 09, Z|(f7Yk)|2 < 09,
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456 SABITOVA

it follows from the Bari theorem that these systems constitute Riesz bases in Ls(0, 1).
Suppose that u(x,y) is a solution of problem (1.2)—(1.5), (1.8). Consider the functions

1

wp(y) = / u(x,y) cos 2mnx dr, n=12..., (2.6)

0

1
woly) = [ ue.g)da, (27)
0

1

Zn () :/ u(x,y)zsin 2rne dz, n=12.... (2.8)
0

Using (2.6), we introduce the function

1—e
Wen(y) = / u(x,y) cos 2mnx dr, n=12..., (2.9)
€

where ¢ > 0 is a sufficiently small number. Twice differentiating equality (2.9) for y € (—«,0) U (0, )
and taking into account Eq. (1.1), we can write

1-¢ 1—¢
w!,(y) = / Uyy (2, y) cos 2mna de = —sgny - |y|™ / Uge (2, y) cOS 2Tnx da
€ €

1—¢
= —sgny- |y|m/ Uz (2, Y) cos 2mnax dx. (2.10)
€

Integrating (2.10) by parts twice, taking into account conditions (1.5), (1.8), and passing to the limit as
e — 0, we obtain the differential equation

wn (y) = sgny - [y|™ (2mn)*wn (y) = 0 (2.11)
with the boundary conditions
1 1
wy(B) = / o(x) cos 2mnx dr = @, wp(—a) = / () cos 2mnx dx = hy,. (2.12)
0 0

The general solution of Eq. (2.11) is of the form

wa(y) = {an\/yh/ 2q) (Pny?) + bn/y K1/ (29) (PnY?), y >0, (2.13)
cn V=Y J1/2¢) (P (=9)?) + dn/ =y Y1029 (P (=y)?), ¥ <O,
where J /(29) (Pn(—¥)?) and Y7 o9y (pn(—y)?) are Bessel functions of the first and the second kind,
respectively, 11 /(2q)(Pny?) and Kyjoq) (pny?) are modified Bessel functions, ay, bs, ¢, and d,, is an
arbitrary constants, and ¢ = (m + 2)/2, p, = (27n)/q.
In view of (1.2), we choose the constants ay, by, ¢,, and d,, so that the following equalities hold:

wy (0+) = wy, (0-), wl (04) = w),(0—). (2.14)

The first of the equalities (2.14) holds for d,, = —xb,, /2 and any a,, and ¢,, while the second equality
holds for ¢,, = 7 cot[r/(4¢)]b, /2 — ay, and d,, = —7b,, /2.

Let us substitute the resulting expressions for the constants ¢, and d,, into (2.13); then the functions
wy,(y) take the form

wn(y) = an/Y 11 (2g) (Pry?) + bnn/y K1/ (2g) (Pry?), y >0, (2.15)
_an\/_y Jl/(2q) (pn(_y)q) + bn\/_yyl/@q) (pn(_y)q)a y <0,

where

Y1/(29) (Pny?) = (J1/(29) Pn¥?) + T_1/(29) (Pny?)).-
)]

2sin[m/(2q
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BOUNDARY-VALUE PROBLEM FOR MIXED-TYPE EQUATIONS 457
Note that, for the functions (2.15), the following equality holds:
wi(04) = w) (0—) = 0.
Now, using (2.12) and (2.15), we obtain the following system for finding a,, and b,,:
{anll/@q) (PnB) + buFS1(2g) (P B7) = @uB2, (2.16)
—anJ1/(2q) (Pn?) + 0,Y 1/(2q) (Pn?) = a2, n=12....
[f the determinant of system (2.16) is nonzero,
An(a, B) = J12g) (Pn@?) K1 (2g) (P BY) + T1(29) (P BT) Y 1/(29) (Pn?) #0,  neN,  (2.17)
then this system has the unique solution
L enaY 1)0) (Pna?) — Y/ B K1 (2q) (PnB9)

an, = , 2.18
An(a B)v/aB (219)
b Pnv a1 )(2q) (Pna?) +¢n\/ﬁll/(2q)(pnﬂq)' (2.19)
Ap(e, B)Vap
Using (2.18) and (2.19), from (2.15) we determine the final form of the functions
Pny/ay An(c, y) + Yn/By An(y, B)
; y >0,
wn(y) = An(a, B)Vap (2.20)
gon\/—aan(a, _y) +¢n\/_/8yAn(_yw8) y < 0
An(a, B)Vap ’ ’
where
Ap(a,y) = J1/(2q)(pn04 )Kl/(2q)(pny )+Yl/(2q)(pnaq)ll/@q)(pnyq)’ (2.21)
An(y, B) = 11 2q) (PnBY) K1 (29) (Pny?) — 11 /(29) (Pny?) K1/(29) (P BY),
n (0, —Y) = Y1/29) (Pn(=9)1) J1/(29) (Pn@?) — Y1 /(2g) (Pn@?) T1(24) (Pn (=) ?), (2.22)
An(=y, B) = J1/2g) (Pn(=9)1) K1 ) (2q) (PnBY) + Y1 /(29) (P (=9) D) 1 ) (29) (P BY).
Just as for wy, (y), we see that the function wy(y) defined by formula (2.7), satisfies the conditions
wO (y) = 07 ye (-Ot, 0) U (07/8)7 (223)
wp(04) = wp(0—), wy(0+) = wj(0-), (2.24)
1 1
wo(P) = / o(z) dx = ¢y, wo(—a) = / Y(x)dx = y. (2.25)
0 0
The unique solution of problem (2.23)—(2.25) is given by
o — o
woly) =" iy (y + @) + o (2.26)

Repeating the same actions for the function z,(y) as for wy,(y) given by formula (2.8), we obtain the
inhomogeneous differential equation

2n(y) —sgny - y™ (2mn) zn(y) = —dmnsgny - y"wn (y), (2.27)
where y € (—«,0) U (0, 8), with the corresponding boundary conditions
1
zn(B) = / o(z)xsin 2rnx de = @1y, (2.28)
0
1
= / Y(x)xsin 2mne de = Py, (2.29)
0
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458 SABITOVA

and the conjugation conditions
2n(04) = 2,(0—), 2 (04) = 21, (0-). (2.30)

Using the method of variation of arbitrary constants, we find a solution of problem (2.27)—(2.30) in
the form

(Vaylowm =z (B Aa(asy) | VBY[Yin — 2z ()] An(y,8) |,
N + Ao BB +z7(y), y>0,
) = 3 VB = 2 ()] An(=y, B)
n(y) A (e, BB (2.31)
V=aylpin — 25 (B)|Bala,—y) | _
Y Ad@Byes W) y<o

where the functions 2,7 (y) and z,, (y) are defined, respectively, by the equalities

2mn
zi(y) = e VY [0 K1/ 29) (Pry?) — andy2q) (Pry?)]

1
2q 1 I n q K n q
: {y K " 4(pnqu)2> 1/(20) Py ") K1/ (29) (Pry?)

1 _
+ 4(an)292q *(I129)-1(Pny?)

w’n
- qy,,2q+1/2
¢?sin(m/(2q)) bn 1y (2g) (Pry*)y

m 2
X | 2sin(r/(2g)) -1/ PrY") = To1/20) -1 (ot 111 /20) (Pry™)

— 2K1/(2) PnY") 1/2¢) (PrY?) — 21141/ (29) (pnyq)Kl/(Qq)—l(pnyq)]

2mn
7 @Ky Py
X (13 (2g) (Pny?) = T1j2g)—1 (Pny)) 1 j2g) 41 (Pny?)], 4 >0, (2.32)
_ 7T2n
z, (y) = — 242 Y22 (a0, 00 (Pry?) — b1/ (2g) (Pry?)]
X [2J12g) PryD) Y1 (20) () — J1p29) 41 Pry D) Y1/ (2g)-1 (Pry?)
— J1/2g)-1 Py Y1 j2q)+1(Pny?)]
7T2'n
r by 21V 00 (Pnt?) — Y1201 (Pny) Y1 2g) -1 (Pry)) 1 (20) (Pry?)
mn 2q+1/2[ 72 q q q q
+ 2 o [J5)2g) Pry™) = J129) 41 (Pny D) 1/ 20) 1 (PryD)] Y1) (29) (Pry?)

™ e ™
g [a” ooty b”] N0 Py WY = o 5 biYieo Py )Vy, Y <0 (233)

Note that more detailed calculations in the derivation of formula (2.31) were given in [7, Secs. 1.1, 2.1].

Under condition (2.17), formulas (2.20), (2.26), (2.31) imply the uniqueness of the solution of problem
(1.2)—(1.5), (1.8), because if p(z) =0, ¥(x) =0 on [0, 1], then w,(y) =0, wo(y) =0, z,(y) =0 for
n=0,1,2,... on [—a, B]. Then, from (2.6)—(2.8), we obtain

1 1
4/ u(z,y)(1 — ) cos 2mnx dx = 0, 2/ (1 —2)u(z,y)dz =0,
0 0
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BOUNDARY-VALUE PROBLEM FOR MIXED-TYPE EQUATIONS 459
1
4/ u(x,y)sin 2mnz dx = 0, n=12....
0

Hence, in view of the completeness of the system of root functions (2.4) in the space L2[0, 1], it follows
that the function u(x,y) = 0 almost everywhere on [0, 1] for any y € [—«, 5]. By virtue of (1.2), the
function u(z, y) is continuous on D; therefore, u(x,y) = 0on D.

If, for some a, B, and n = [ € N, condition (2.17) fails, i.e., A;(a, ) = 0, then the homogeneous
problem (1.2)—(1.5), (1.8) (where ¢(z) = ¥ (x) = 0) has the nontrivial solution

VYA (o, y) X)), >0,
w(z,y) = J1/(2q) (Prx?) (2.34)
1 /(29) (P1B7) 7 7

where
Xi(z) = A1(1 — x) cos 2wlx + As(1l — x) + Assin 27lz
and A;,i =1,...,3 are arbitrary constants.

It is easy to verify that the function (2.34) constructed above belongs to the class C?(D) and is a
solution of Eq. (1.1) everywhere in D.

Naturally, we ask whether there exist zeros of the expression A, («, 8) for a fixed n with respect to a.
Let us express A, («, 3) as

Ap(a, 8) = Iy (2g) (PnBY)0n (e, B), (2.35)
where
Kl/(2q) (PnB?)
11 /(2¢) (PnBY)

The existence of zeros of d,(a, 3) with respect to « follows from the fact that J 94 (pr2) and

5n(0475) = Jl/(2q) (pnOéq) + Yl/(2q) (pnOéq)- (2.36)

Y1 /(29) (Pr2), 2 = af, are linearly independent solutions of Bessel’s equation

@+ e+ i () Juer =0 (237)

Since the functions Jy /(2¢) (pr2) and d,(2, B) are linearly independent solutions of Eq. (2.37), it follows
from the general theory of linear differential equations [8, p. 135 (Russian transl.)] that the zeros of two
linearly independent solutions of Bessel’s equation strictly alternate, i.e., the interval between any two
successive zeros of any of these solutions contains exactly one zero of the other solution. The function
J1/(2q) (Prz) has a countable set of positive zeros. Then the function §,(z, 8) also has a countable set of
positive zeros with respect to z = a4.

Thus, we have proved the following statement.

Theorem 1. [f there exists a solution of problem (1.2)—(1.5), (1.8), then it is unique if and only if
Ay (a,B) #0foralln € N.

3. EXISTENCE OF A SOLUTION

Since o and g are arbitrary positive numbers, for sufficiently large n, the expression A, («, 3)
appearing in the denominators of formulas (2.20), (2.31) can become sufficiently small due to the
existence of a countable set of zeros of d,,(«, 3) with respect to a4. Therefore, the problem of small
denominators arises just as in the study of the Dirichlet problem for Eq. (1.1),[9].

As is well known [10, p. 99 (Russian transl.)], K,(z) = O(z~/2e7#) and I,(z) = O(z~1/2¢?) as
z — +00; hence the quantity

K1 /(29) (Pn39)

T1/(20)(Pno) I /(2q) (PnB7)
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460 SABITOVA

is an infinitesimal of higher order than Y’y /(o) (pnad) for large n. Therefore, it suffices to consider the
expression

~ 2sin(7/(2q al

on(a) = (m/(29)) Y1 /(2q) (2mn0ry) = J j(2q) (27n0) + J_1/(2q) (2T00), ag=

which also has a countable set of positive zeros with respect to a.
Using the asymptotic formula for the function

2
Jy(2) = \/71'2 cos(z— ;ru— Z) +0(273%), z — 00,

for n > ng, where ng is a sufficiently large natural number, we obtain
~ 1
Vnén(a) = _. [cos <27maq - Iq - Z) + cos <27maq + ;; — Z)]

2
= - aq_l/z cos<;rq> cos <27maq — Z) = Acos<27maq — Z)

It is easy to see that if, for example, oy = p € N, ie., 0 = (,uq)l/q, then, for n > ny,
lv/nd,(a)] = A cos<27m,u - Z)‘ =A

here and further, the @- are positive constants.
Now let g = k/m be a rational number, where k£ and m, and m and 4 are coprime numbers. Then

~ kn o«
= A 2 — .
|\/n5k/m(a)| cos< . 4>
Let us divide 2kn by m with remainder 2kn = sm +r, s,r € NU{0}, 0 < r <m. If »r =0, then this

case can be reduced to the one examined above. Let » > 0, and it is obvious that 1 < <m — 1 and
m > 2. Then expression (3.1) takes the form
1 -
cos7r<r — >' > (5 > 0.
m 4

Lemma 1. /f one of the following conditions holds:

™

COSZ‘ 251>0;

(3.1)

=A

Therefore, the following statement is valid.

1) aq is any natural number,

2) aq is any rational number, i.e., ag = k/m & N, where k,m € N, k and m, and m and 4 are
coprime numbers,

then there exist positive constants ng (ng € N) and Cy depending on o and q such that, for any
fixed B > 0 and all n > ng, the following estimate holds:

[v/ndn,(a)] > Cy > 0. (3.2)

If 6, (a, B) #0forn =1,...,n9 and estimate (3.2) holds, then the solution of problem (1.2)—(1.5),
(1.8) can be expressed as the sum of the series

u(z,y) =2(1 — x)wo(y) +4 Z wp(y)(1 — x) cos 2mnx + 4 Z zn(y) sin 2mn, (3.3)

n=1

where the functions wy(y), wn (), 2, (y) are given, respectively, by formulas (2.26), (2.20), (2.31).
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Let us now show that, under certain conditions with respect to the functions ¢(x) and i (x), the
series (3.3) and its first derivatives in the closed domain D, and the second derivatives with respect to z
and y, respectively, in the closed domains D and D_ converge uniformly.

Consider the following ratios:

VYAn(a,y) VYAn(y, B)
Pn = ) n = ’ € 07 ’ 3.4
(v) A (e, B) Qn(y) A, B) y €[0,5] (3.4)
M, (y) = , Nu(y) = , € |—a,0]. 3.5
(v) An(ar, B) () A, f) y € [~a,0] (3.5)
Lemma 2. Let condition (3.2) hold for all n > ng. Then, for such n, the following estimates hold:
|Pa(y)] < Ch, [P (y)] < Can, [Py (y)] < Can®,
Qu(y)| < Can' ™, Q)| < Csn?, Qn(y)l < Cen®, y€0,8],
M, < Cq:n’e” M < Cgne™ M < Cogn“"e™
| Tb(y)| 07 A nd’ | T/L(y)| 08 nd, | T/L/(y)| 09 2 nd’
|Nu(y)| < Cron?, INL ()| < Cun! P2, INJ(y)] < Cron®, g € [-a,0),

where A\ =1/2+41/2q, d = 2nB,, By = f?/q, and the C; are positive constants here and elsewhere.

Proof. The validity of these estimates of the functions (3.4), (3.5) and of their derivatives are established
using the asymptotic formulas describing the behavior of Bessel functions [10, pp. 98—99 (Russian
transl.)] as z — 0 and z — +o0. Here, as an example, we consider the functions P, (y) and M, (y). In
view of (2.35) and (3.2), using (3.4) and (2.21) for 0 < y < /8 and large n, we obtain

V11 (2q) (Pn0®) /YK (2g) (Pny?)

nyl Y)Y nod
Py < ‘ |/ N ‘\/ y11)(29) (Pny?) 1/(3q)(p )
I /(2) (Pn87) Co I /(2) (Pn8) Co
< C3V/nY 1) (Pra?)| < C1, (3.6)
because fory € [0, 3],
1/2[ q
Y70y (2g) (Pry?) <O 1/2 & —1/(2q)
Cy, K ny)| < Csn 9,
' 11/(2q)(pnﬁq) S Oy ly 1/(2q)(p y7)| 5
Using the formulas [10, p. 90 (Russian transl.)]
d v v d v _ v
dz [2"1,(2)] = 2" 1,1 (), dz[z Ky(2)] = —2"Ky-1(2),
we calculate the derivative
, Pnqy??
P,(y) = N 111 /21 (Pry DY 1)(2) (Pn ) = J1j2q) () K1 j2g)—1 (Pny?)]- (3.7)

Since, fory € [0, £],
|yq—1/2[1/(2q)_1(pnyq)| < 5671—(1—1/(211))7 \yq_l/2K1/(2q)_1(pnyq)| < 5771—(1—1/(211))7

using formula (3.7) and taking into account (2.35) and (3.2), we obtain

Pra/ny? 24 00y -1 (DYDY 1) (2g) (Pn?))]

11 /(2q) (PnB1) Co
N Pra/ny? =21 (2g) (pnaq){(l/@q)—l(pnyq”
I /(2) (Pn8) Co
< 56pn\/n|Y1/(2q) (Pna?)| < Con.

1P (y)l <
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It is easy to verify that the second derivative P”(y) is P”(y) = (pnq)?y*? 2P,(y). In view of
estimate (3.6), it follows from this equality that |P”(y)| < C3n?.

Similarly, using (3.5), (2.22), and (2.35), (3.2) we estimate the function M, (y):
- VL1 2q) (P =YY 1) 2q) (P (—Y)?)]

| M (y)] ~
11/(29) (PnS9) Co
—uJ (=) )Y 0
N VIl =yJ12g) (Pn(—Y) )~ 1/(2q) (Pnc )|. (3.8)
11 /(2q) (PnB?) Co
For any y € [—«, 0], using the estimate
V=YY 1@g) (0n(~4)?)| < Cn/D), V=YL 2g) (n(—1)D)| < Con'/ 29,
from inequality (3.8), we obtain

| M (y)| < Crnte™". (3.9)

Using the formulas [10, p. 20 (Russian transl.)]

d d

(2" I (2)) = 2" J—1(2), (2" J_p(2)) = —2" i (2),

dz dz
we calculate the derivative
_a\a—1/2
M (y) = m(—=y)?“png

~ 2sin(7/(29))An (e, B)
X [J1/(2g) (Pn@®) J1_1/(2¢) (Pr(=9)7) + J_1/(29) (Pn?) J1 ) (2g) 1 (P (=) )]

Hence, in view of (2.35) and (3.2), we obtain |M/,(y)| < Cgnre~"4.

The second derivative of the function M, (y) is of the form M/ (y) = (pnq)?y*?~2M,(y). Then
estimate (3.9) implies the inequality | M/ (y)| < Con*+*e="4,

Lemma 3. The following assertions hold:

1) the functions z} (y) and z, (y) are solutions of the inhomogeneous equation (2.27) fory > 0
and y < 0, respectively, and satisfy the zero initial conditions

2H0)=0, z0)=0, 2z;(000=0, =z (0)=0;

2) for0 < e <y < pandlargen,the following estimates hold:
|78 ()] < Can™(Jag e ™0 4 [by|e2™0),
7" )] < Can' 2 (jag|e ™50 4 |by e~ m0);

3) for —a <y < —e < 0and large n, the following estimates hold:

20 W] < Cs(leal + a2, 12" ()] < Con®(lea| + |dal),

where e > 0 is a sufficiently small number, B, = $/q, ¢4 = €1/q.

The proof is based on (2.32) and (2.33), and the asymptotic formulas describing the behavior of
Bessel functions as z — 0 and z — 400 are used in the proof. A detailed proof is given in ([7, Sec. 1.1,
Sec. 2.1)).
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Lemma4. Let condition (3.2) hold for all n > ng. Then, for such n, the following estimates hold:

[wa ()] < Crslonl + 0 nl),  [wh(y)] < Cuallpaln +n'/> ),
[wn ()] < Crs(n®lon| + 0> Algnl),
20 ()] < Crollowl + 10 ial),  12(y)] < Crr(nlowal + 02 1),

20 (®)] < Cis(n®[@ra| + n* A in)).
The validity of these estimates follows from Lemmas 2 and 3.
Lemma 5. /f p(x) € C3[0,1], ¥(z) € C317[0,1], v > A,
P0)=¢'(1), ¥(0)=2¢'(1), ¢1)=0, ¢(1)=0, ¢"(1)=0, ¥"(1)=0,
then the following estimates hold:

Ci9lgn| Ca Ca

|910]  [gn]
|SOTL| < nd |901n| < CQO( ’I’Lg + ’I’LZ ) |¢TL| < n3+v’ |¢1n| < n3+v’ (310)

1 1
gn = / ¢ (x) sin(2rnx) dz, Jin = / ©"(x)z cos(2mnz) dx,
0 0

+00 +o00 (311)
Z:g?1 < +o0, Zg%n < +o0.
n=1 n=1

Proof. Using the assumptions of the lemma, we integrate by parts three times in the integrals (2.12),
(2.28), and (2.29). Further, applying the theorem on the rate of decrease of the coefficients of the
Fourier series of a function satisfying, on [0,1], Holder’s condition with exponent v € (0, 1], we obtain
estimates (3.10). The convergence of the series (3.11) can be justified in a similar way to [2].

Thus, in view of Lemmas 4 and 5, the series (3.3) for any (z, y) from D is majorized by the convergent
series

=1 1
03 s (o +lowl+ )

therefore, in view of the Weierstrass criterion, the series (3.3) converges absolutely and uniformly in
the closed domain D. The series containing the first derivatives on D and the second derivatives are
majorized, respectively, on the closed domains D4 and D_ by the convergent numerical series

=1 1
0242 n <|gn| + |gln| + n,y_)\>'
n=1

Therefore, the sum u(x, y) of the series (3.3) belongs to the class (1.2) and satisfies Eq. (1.1) on the set
D, UD_.

If, for the values of o, indicated in Lemma 1 and [ = k1, ka, ..., ky,, where

1<k <k < - <kpy < ny,

ki, i=1,...,m, and m are given natural numbers, the equality A;(«, ) = 0 holds, then, to solve
problem (1.2)—(1.5), (1.8), it is necessary and sufficient that the following conditions hold:

iV jag) (1) + Uiy BT 2g) (PiBY) = 0, (3.12)

euvady g ia?) + buy/ By @B =0, L=kika,... k. (3.13)

In that case, the solution of the problem is obtained as the sum of the series

u(z,y) = 2(1 — z)wo(y)
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ki1—1 ko—1 +o00
+ 4< Z + Z +- Z >[zn(y) sin 2mnx 4+ (1 — x)wy,(y) cos 2mnx]

n=1 n=k1+1 n=km+1
+ > w(e), (3.14)
1
where, in the last sum, [ assumes the values k1, ko, ..., ky, and the functions u;(x,y) are given by the
formula
( <901\/y11/(2q) (p1y?) N oY Iy 2q) (1y?)
VBT 2g) (p189) VBT g (p187)
A
e VYA, y) >Xl(x)7 y>0,
wilzy) = J1/(2q) (P109)
’ (?Z)z\/—le/(zq)(pl(—y)q) Yuv/—yJ12q) (01(=y)?)
VT g (prad) VT g (p1ad)
\/—yAz(—y,ﬂ)>
—+ X;(x N < 07
1/ (2q) (P189) =) Y

where C} is an arbitrary constant; the finite sums in (3.14) must be assumed zeros, provided that the
upper limit is smaller than lower one.

Thus, we have proved the following statement.

Theorem 2. Let the functions ¢(x) and ¥(x) satisfy the assumptions of Lemma 5, and let
estimate (3.2) hold for n > ng. In that case, if 6,(c, 8) # 0 for alln =1,...,ng, then there exists
a unique solution of problem (1.2)—(1.5), (1.8) and this solution is given by the series (3.3); if
on(a, B) =0 for some n = ky,ka, ..., kyn < ng, then problem (1.2)—(1.5), (1.8) is solvable only if
conditions (3.12), (3.13) hold and then the solution is given by the series (3.14).

In view of Theorem 2, the function (3.3) constructed above satisfies all the conditions of problem
(1.2)—(1.5), (1.8) whenever the functions ¢(z), ¥ (z) satisfy the assumptions of Lemma 5, but, at the
same time, the function (3.3) does not satisfy equality (1.6), i.e., the function (3.3) is not a solution of
problem (1.2)—(1.6). Using Theorem 2, it is easy to prove the following statement.

Theorem 3. Let all the assumptions of Theorem 2 and conditions (1.7) hold. In that case, if
on(a,B) #0 foralln=1,...,ng, then there exists a unique solution of problem (1.2)—(1.6) and it
is given by the series (3.3), where wo(y) = A;if 6p(a, 8) = 0 for somen = ki, ko, ..., kyn < no, then
problem (1.2)—(1.6)is solvable only if conditions (3.12), (3.13) hold and then the solution is given
by the series (3.14) for wo(y) = A.

In view of formulas (2.20), (2.26), (2.31), it is easy to verify the validity of the equalities
wh(0+) =w,(0-), n=0,1,2,...,
27(04) = 2//(0-), n=12,....

Hence we obtain the following qualitative result concerning the deletion of the singularity on the
change-of-type line of Eq. (1.1).

Corollary. The solution u(z,y) (constructed above) of the problem belongs to the class C?*(D),
and the function u(z,y) is a solution of Eq. (1.1) everywhere in D.
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