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Consider the integral equation

x(t) =

ˆ t

0
K(t− s)x(s) ds + f(t). (0.1)

We study the asymptotics of solutions of Eq. (0.1) in the case where the free term is of the form

f =

s∑

l=1

eμltφl(t),

where μl = αl + iβl, αl, βl ∈ R, φl ∈ Am, R is the set of real numbers, and Am[0,∞) is the set of
functions continuous on [0,∞) and admitting the expansion

z(t) =

m∑

k=0

zk
(t+ 1)k

+
o(1)

(t+ 1)m
, t → ∞.

It suffices to consider the case in which Reμl = α for all l, because if Re γ < Reμl, then eγt = o(eμlt).

Let K̂(z) denote the Laplace transform of the kernel K, and let K ∗ x denote the convolution
ˆ t

0
K(t− s)x(s) ds.

Let Pγ(t) be a polynomial of degree ≤ γ.

Further, we assume that Reμ > 0, because, for Reμ = 0, the asymptotics of Eq. (0.1) was well
studied (see, for example, [1]).

We shall need the following statements.

Proposition (see [1, p. 24]). Suppose that β > 0, k, r ≥ 0 are integers, and Reλ ≥ 0. Then

eiγt

(t+ 1)β
∗ treλt =

⎧
⎪⎪⎨

⎪⎪⎩

eλtPr(t) +

β+k∑

l=β

cl
eiγt

(t+ 1)l
+

O(1)

(t+ 1)k+β+1
, λ �= iγ,

ceiγt(t+ 1)r+1−β + eiγtPr(t), λ = iγ.
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Lemma. Suppose that m > 0, γ ≥ 0 is an integer, λ, μ are complex numbers, and Reλ > 0. Then,
for φ ∈ Am, the convolution tγeλt ∗ eμtφ(t) is of the form

tγeλt ∗ eμtφ(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Pγ(t)e
λt + eμt

( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμ ≤ Reλ,

eμt
( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμ > Reλ.

Proof. Let Reμ < Reλ. Then

tγe(λ−μ)t ∗ c0 = Pγ(t)e
(λ−μ)t.

Further, for k ≥ 1, by Lemma 3 [1, p. 24], we have

tγe(λ−μ)t ∗ 1

(t+ 1)k
= e(λ−μ)tPγ(t) +

m∑

l=k

cl
(t+ 1)l

+
o(1)

(t+ 1)m
.

Finally,

tγe(λ−μ)t ∗ o(1)

(t+ 1)m
= e(λ−μ)t

ˆ ∞

0
(t− s)γe−(λ+μ)so

(
1

(s+ 1)m

)
ds

+

ˆ ∞

t
(t− s)γe(λ−μ)(t−s)o

(
1

(s+ 1)m

)
ds

≤ Pγ(t)e
(λ−μ)t + o

(
1

(t+ 1)m

)ˆ ∞

0
e−(λ−μ)θθγ dθ.

Thus,

tγeλt ∗ eμtφ(t) = eμt
ˆ t

0
(t− s)γe(λ−μ)(t−s)φ(s) ds

= eμt
(
Pγ(t)e

(λ−μ)t +
m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)

= Pγ(t)e
λt + eμt

( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
.

Let Reμ = Reλ. Then

tγeλt ∗ eμtφ(t) =
ˆ t

0
(t− s)γeλ(t−s)eμsφ(s) ds =

ˆ t

0
(t− s)γeλ(t−s)eμ(s−t)eμtφ(s) ds

= eμt
ˆ t

0
(t− s)γeIm(λ−μ)(t−s)φ(s) ds = eλt(tγeIm(λ−μ)t ∗ φ(t)).

In view of the proof of the theorem given in [1, p. 82], we can write

tγeIm(λ−μ)t ∗ φ(t) = Pγ(t)e
Im(λ−μ)t +

m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m
.

Therefore, the convolution tγeλt ∗ eμtφ(t) is of the form

tγeλt ∗ eμtφ(t) = eλt
(
Pγ(t) +

m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
.
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Let 0 < Reλ < Reμ. Denote H(t) = tγe(λ−μ)t. Then

tγeλt ∗ eμtφ(t) = eμt
ˆ t

0
(t− s)γe(λ−μ)(t−s)φ(s) ds = eμt(tγe(λ−μ)t ∗ φ(t)) = eμt(H ∗ φ)(t).

Since ˆ ∞

0
tmH(t) dt =

ˆ ∞

0
tm+γe(λ−μ)t dt < ∞,

we have tmH ∈ L1[0,∞). Therefore, for φ ∈ Am, the assumptions of Lemma 4 from [1, p. 65] hold, and

tγeλt ∗ eμtφ(t) = eμt(H ∗ φ(t)) = eμt
( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
.

Finally, we obtain

tγeλt ∗ eμtφ(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Pγ(t)e
λt + eμt

( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμ ≤ Reλ,

eμt
( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμ > Reλ.

Let K be the kernel of Eq. (0.1), let R(t) be its resolvent, and let tmK ∈ L1 for some m. Consider
two cases.

Case 1. The kernel K is stable. This means that R(t) ∈ L1. Since tmK ∈ L1, we also have
tmR(t) ∈ L1 [1]. In addition, stability means that the equation K̂(z) = 1 has no roots for Re z ≥ 0 [1].

Theorem 1. Let

f =
s∑

l=1

eμltφl(t),

where μl = α+ iβl, βl ∈ R, and φl ∈ Am. Then the solution of Eq. (0.1) is of the form

x =

s∑

l=1

eμltξl(t),

where ξl(t) ∈ Am.

Proof. The solution of Eq. (0.1) can be expressed as x(t) = f(t) +R ∗ f(t), where

f =
s∑

l=1

eμltφl(t), μl = α+ iβl, φl ∈ Am.

Consider the convolution R ∗ eμltφl(t) for l = 1, . . . , s:

R ∗ eμltφl(t) = eμlt

ˆ t

0
R(t− s)e−μl(t−s)φl(s) ds.

Denote H(t) = R(t)e−μlt. Then

R ∗ eμltφl(t) = eμlt(H ∗ φl(t)).

Since tmR(t) ∈ L1[0,∞), it follows that tmH ∈ L1[0,∞) and, by the corollary of Lemma 4 from [1,
p. 70], H ∗ φl(t) ∈ Am.

Therefore,

x(t) =
s∑

l=1

eμlt

( m∑

i=0

cli

(t+ 1)i
+

o(1)

(t+ 1)m

)
=

s∑

l=1

eμltξl(t), where ξl(t) ∈ Am.
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Case 2. Now consider the case of an unstable kernel.

Theorem 2. Let the equation 1− K̂(z) = 0 have roots λ1, λ2, . . . , λk, . . . of multiplicity mk in the
half-plane Re z ≥ 0 such that Reλ1 ≥ Reλ2 ≥ · · · ≥ Reλk ≥ . . . . Then if

f =
s∑

l=1

eμltφl(t),

where μl = α+ iβl, α, βl ∈ R, and φl ∈ Am, then, as t → ∞, Eq. (0.1) has a solution of the form

x(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, α > Reλk ≥ Reλk+1 ≥ · · · ,

k∑

l=1

Pmj−1(t)e
λjt

+
s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, α ≤ Reλk ≤ Reλk−1 ≤ · · · .

Proof. Let α > Reλk ≥ Reλk+1 ≥ · · · , and let γ satisfy the chain of inequalities

α > γ > Reλk ≥ Reλk+1 ≥ · · · .
Since

R(t) = K(t) +

ˆ t

0
R(t− s)K(s) ds,

we have

R(t)e−γt = e−γtK(t) +

ˆ t

0
e−γ(t−s)R(t− s)K(s)e−γs ds.

Denote K1(t) = e−γtK(t) and R1(t) = e−γtR(t). Then

R1(t) = K1(t) +

ˆ t

0
R1(t− s)K1(s) ds,

K̂1(z) =

ˆ ∞

0
e−zte−γtK(t) dt =

ˆ ∞

0
e−(z+γ)tK(t) dt = K̂(z + γ).

Therefore, the equation 1− K̂1(z) = 0 has no roots for Re z ≥ 0, i.e., the kernel K1 is stable. Then,
by Theorem 1, the solution of the equation

x1(t) =

ˆ t

0
K1(t− s)x1(s) ds+ f1(1)

is of the form

x1(t) =
s∑

l=1

e(μl−γ)tξl(t), where ξl ∈ Am,

and hence the solution of Eq. (0.1) can be written as

x(t) =

s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, t → ∞.

Now let α ≤ Reλk ≤ Reλk−1 ≤ · · · , and let γ < α. Since γ < Reμ ≤ Reλk ≤ Reλk−1 ≤ · · · and

R(t) = K(t) +

ˆ t

0
R(t− s)K(s) ds,
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it follows that

R(t)e−γt = e−γtK(t) +

ˆ t

0
e−γ(t−s)R(t− s)K(s)e−γs ds.

Denoting K1(t) = e−γtK(t) and R1(t) = e−γtR(t), we obtain

R1(t) = K1(t) +

ˆ t

0
R1(t− s)K1(s) ds, K̂1(z) =

ˆ ∞

0
e−zte−γtK(t) dt = K̂(z + γ)

just as above. Hence the equation 1− K̂1(z) = 0 has roots of the form λj − γ such that Re(λj − γ) > 0,
j < k. For j ≥ k, this equation has no roots.

In view of the equation

x(t) = f(t) +

ˆ t

0
R(t− s)f(s) ds,

denoting x1(t) = e−γtx(t) and f1(t) = e−γtf(t), we obtain

x1(t) = f1(t) +

ˆ t

0
R1(t− s)f1(s) ds.

Since

f =
s∑

l=1

eμltφl(t),

we have

f1(t) =

s∑

l=1

e(μl−γ)tφl(t)

and the solution is of the form

x1(t) =

s∑

l=1

e−(γ−μl)tφl(t) +

s∑

l=1

ˆ t

0
e−γ(t−s)R(t− s)e(μl−γ)sφl(s) ds.

In view of the remark to Theorem 2 from [1, p. 46], we can write

R1(t) = R2(t) +Q ∗R2(t),

where

Q(t) =
k∑

j=1

Pmj−1(t)e
(λj−γ)t

and tmR2(t) ∈ L1[0,∞). Sinceˆ t

0
(t− s)leλ(t−s)R2(s) ds = eλt

ˆ ∞

0
(t− s)le−λsR2(s) ds +

ˆ ∞

t
(t− s)leλ(t−s)R2(s) ds,

and ˆ ∞

0
tm

ˆ ∞

t
e−Reλ(s−t)(s− t)l|R2(s)| ds dt ≤

ˆ ∞

0
|R2(s)|sm

ˆ s

0
τ le−Reλτ dτ ds < ∞,

it follows that

R1(t) =
k∑

j=1

Pmj−1(t)e
(λj−γ)t +R3(t),

where tmR3(t) ∈ L1[0,∞).

MATHEMATICAL NOTES Vol. 97 No. 3 2015



ASYMPTOTICS OF SOLUTIONS OF VOLTERRA INTEGRAL EQUATIONS 401

By the lemma, the convolution tqe(λj−γ)t ∗ e(μl−γ)tφl, where q = 1, . . . ,mj − 1, l = 1, . . . , s, and
j = 1, . . . , k, is of the form

tqe(λj−γ)t ∗ e(μl−γ)tφl =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Pq(t)e
(λj−γ)t

+e(μl−γ)t

( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμl < Reλk;

e(μl−γ)t

( m∑

j=0

cj
(t+ 1)j

+
o(1)

(t+ 1)m

)
, Reμl > Reλk.

Hence

Q ∗ e(μl−γ)tφl(t) =

k∑

j=1

Pmj−1(t)e
(λj−γ)t +

s∑

l=1

e(μl−γ)t

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
.

Further,

R3 ∗ e(μl−γ)tφl =

ˆ t

0
e(μl−γ)(t−s)φl(t− s)R3(s) ds = e(μl−γ)t

ˆ t

0
e−(μl−γ)sR3(s)φl(t− s) ds

= e(μl−γ)t[e−(μl−γ)tR3(t) ∗ φl(t)] = e(μl−γ)tφ̃l(t), φ̃l ∈ Am

(see [1, p. 69]). This yields

R1 ∗ e(μl−γ)tφl(t) =

k∑

j=1

Pmj−1(t)e
(λj−μl)t + e(μl−γ)tφl(t).

Therefore,

x(t) =
k∑

l=1

Pmj−1(t)e
λj t +

s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, t → ∞.

Combining these results, we obtain the solution of Eq. (0.1) in the form

x(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, α > Reλk ≥ Reλk+1 ≥ . . . ,

k∑

l=1

Pmj−1(t)e
λj t

+

s∑

l=1

eμlt

( m∑

j=0

clj

(t+ 1)j
+

o(1)

(t+ 1)m

)
, α ≤ Reλk ≤ Reλk−1 ≤ · · · .
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