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Abstract—For the classes L5(R), r € Z4, we establish the upper and lower bounds for the
quantities

t 1/p
Xokyrpp (Vs t) 1= sup{Ag(f(T“))/ (/0 WP (FM) T)e(T) dT> i fe Lg(R)},

where p,r €Zy, p<r, keN, 0<p<2 0<o<o0, 0<t<m/o, and ¢ is a nonnegative,
measurable function summable on the closed interval [0,¢] and not equivalent to zero. In the cases
Xok,rpup(1, 1), Where p € N, 1/p < p <2, and Xo ,ru,2/k(1, 1), Wwhere 0 <t < 7/(20), we obtain
the exact values of these quantities. We also obtain the exact values of the average v-widths of
classes of functions defined in terms of the modulus of continuity w* and the majorant W.
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1. INTRODUCTION

Let Lo(R), where R := {z : —00 < & < —oo}, be the space of all measurable real functions f on the
real axis whose modulus is Lebesgue square-integrable on any finite interval and the norm is finite:

= { /" |f<x>|2dx}l/2 .

By L5(R), where r € N, we mean the class of functions f € Ly(R) whose (1 — 1)th derivatives (f©) = f)
are locally absolutely continuous and rth derivatives f(") belong to the space Lo(R). Here L5(R) is a

Banach space with norm || f]| + || f™)||. We set LY(R) = La(R). By B,.2, where 0 < o < oo, we denote
the set of restrictions on R of all entire functions of exponential type o belonging to the space La(R). For
an arbitrary function f € Lo(R), the quantity

Ao(f) :=nf{||f — gl : g € Bs2}, 0<o<oo

is called the value of the best approximation of f by elements of the subspace B, 2 in the metric
of Ly(R). For any class 9 C Lo(R), we set

Ay (ON) :=sup{A,(f) : f € Mm}.

Recall that studies dealing with the approximation of functions defined on the whole real axis R were
initiated by Bernstein (see, for example, [1]) and the subspace of entire functions of finite exponential
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type served as an approximation tool. More recently, various aspects of the theory of approximation of
functions on R by entire functions of exponential type were studied in the papers of Akhiezer, A. F. Timan,
M. E Timan, Nikol’skii, Ibragimov, Nasibov, Popov, Ligun, Babenko, Arestov, and others (see, for
example, [2]-[16]). Let us present some results dealing with the calculation of definitive (in a certain
sense) relations containing the values of best approximations A, (f) and the moduli of continuity of
the functions under consideration. Note that by the modulus of continuity of kth order of a function
f € La(R) we mean the quantity

wr(f,8) == sup{[|AL(F)]l :[h <8}, where kEN, 0<t< oo,

while

k
Aj(fra) = (=) (k) f(@+ jh)
- j

J

is the finite difference of kth order of the function f at the point = with step h.

Ibragimov and Nasibov [7] showed that, for any 0 < ¢ < oo and an arbitrary function f € Ly(R), the
following inequality holds:

Aq(f) < 12w1<f,z>, (1.1)

in which the constant 1/1/2 is exact.

Popov noted in [8] that, for any function f € L5(R), wherer € Z, and, for0 < o < oo, the following
relation holds:

1 o [T° (r) . 1/2
'A"(f)<\/20r{2/0 wi(f ,t)smatdt} . (1.2)

Here, for any fixed o € (0,00), the constant 1/(v/207) for the class L5(R) is exact. For r =0,
inequality (1.2) implies the upper bound in (1.1). In the same paper [8], for an arbitrary function
f € La(R), the following inequality was also obtained:

2m /o 1/2
Ao (f) < no,k{ JARE e dt} , (13)

wherek € N, 2 < 0 < o0,

t 1 1
o (t) := sin <02> + 9 sinot, Mok = 4 \/U(C§k)_13

in this inequality, the constant 7, is exact on Lo(R) for all fixed values of k and ¢ > k. As a
consequence, from relation (1.3) we obtain the inequality

Adl) < (€50 (277, (14)

in which the constant (C%,)~! cannot also be decreased.

In connection with the result (1.4), note that an important relationship between the exact constants
in the Lo-Jackson inequalities on the period and on the line was indicated in Arestov’s paper [13]. In
particular, it follows from the results of Vasil’ev [17] and Arestov [13] that, in inequality (1.4), the point
27 /o in the argument of the highest modulus of continuity can be replaced by the smaller point 1, 47 /o.

In the same direction of studies, Ligun and Doronin showed [11] that, for arbitrary numbers k € N,
r€Z4+,0<o0<00,0<t<m/oandanynonnegative measurable summable (on [0, ¢]) function ¢ not
equivalent to zero, the following two-sided inequality holds:

2
! . 20 1

1.5
otk (V) = feLL(R) fg wi(f"), T)Y(r)dr inf{evy r1p (1) 10 <u< oo}’ (1-5)
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880 VAKARCHUK

where

t
k() = 2ku2’"/0 (1 —cos u7’)k1[)(7') dr.

A number of definitive results was also obtained as a consequence of inequality (1.5)in[11].

The extremal relation
o A2(f) :{ o }k (1.6)
fGLr {fo 2/k (F™),7) dT}k 2(ot —sinot) J '

where 0 < 0 < 00, 0 <t <w/(20), k €N, r € Z,, was obtained in the the author’s paper [14]. For
0 < t < m/o, the validity of the two-sided inequality

k
! < sup A (f) < 1{ ! —i—l} (1.7)

(ot)2kg2r — FELy(R wk(f( t) ~ o | (ot)2 2

was also shown there. Note that, for » = 0, the upper bounds in relations (1.5)—(1.7) are calculated for
all functions f € Lo(R) not equivalent to zero. This also applies to inequalities (1.1)—(1.4) which, for
r = 0, also involve functions f € La(R) not equivalent to zero.

[t should be noted that, in the case k = 1, the periodic analog of relations (1.6), (1.7) was established
earlier by Taikov in[18, Theorem 1]. In the case of approximation by entire functions of exponential type
on the line, inequalities (1.7) for » = 0 are contained in Arestov’s paper |13, Sec. 1.3]. The present paper
can be regarded as a continuation of the studies carried out earlier in [6]—[9], [1 1], [12], [14]-[16].

2. JACKSON-TYPE INEQUALITIES IN THE CASE OF BEST APPROXIMATION
BY ENTIRE FUNCTIONS OF EXPONENTIAL TYPE IN THE SPACE Ly(R)

Let us present some preliminaries dealing with Fourier transforms (see, for example, [3, Chap. III,
pp. 170—173; Chap. 1V, pp. 211-212]).

[t follows from Plancherel’s theorem that, for any function f € Ly(R), the integral

1 (o) e—ztz -1
t dt
\/27T /—oo f( ) —ut

almost everywhere has the finite derivative

—zt:c_l
Ffa)= oo | g0 e 21)
for which
/_ F(f, )| de = / (@) d, (2.2)
1 d [ eitr — 1
f@= o /_ RS (2.3)

The function F(f) is called the Fourier transform of the function f € La(R). In addition, as A — oo,

/_Z‘f(m) \/zﬂ/ F(f,t) mdtz

dx — 0.
For the case in which the function f (respectively, F(f)) in formula (2.1) (respectively, (2.3)) is
absolutely integrable on R, it can be differentiated under the sign of the integral. Then the Fourier
transform (2.1) (respectively, the transform (2.3)) takes the form

F(f,z)= \/Zw/ f(t)e ™ at <respect1vely,f \/ ﬂ/ F(f,t)e'® dt> (2.4)

Formula (2.4) defines the Fourier transform for all functions absolutely integrable on R. Recall that, for
entire functions g € By 2, the following statement is valid.
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Theorem A (Paley, Wiener). A function g is an entire function of finite exponential type not
exceeding o and satisfies the condition

JICIRERE

if and only if it can be expressed as

o

1 itx
o) = / pltyet .

where ¢ is a square-integrable function on the closed interval [—o, o].

It is well known (see, for example, [19]) that if a function f and its first derivative f() belong to the
space Ly(R) and f is locally absolutely continuous, then the Fourier transform (2.1) of f(1) is expressed
via the Fourier transform of the function f by the formula F(f(", 2) = iz F(f, x). Inthe case f € L5(R),

r € N,r > 2, all ofits intermediate derivatives f(T_“), where 1 < p < r — 1, will also be locally absolutely
continuous functions belonging to the space Lo(R) (see [20, Chap. V, Sec. 4, Theorem 3]), and the
following relation holds:

F(fr=m, z) = (iz) "M F(f, ), (2.5)

where 4 = 0,...,r — 1. In the connection with the above remarks, the study, along with that of A, (f),

also of the behavior of the values Ag(f(’"_“)) of best approximation of the intermediate derivatives flr=m),
where 1 <y <r — 1, by the subspace B, 5 for the class L5 (R), » € N, r > 2, is of considerable interest.
This question will be dealt with in Theorem 1. Before its formulation, let us introduce the following
notation:

(1— cosa), m 1—cosz if|z| <, (2.6)
2 it |z > '
t 1/p
Bukpp(th, t) = gk/zuu{/o (1 — cos ur )P/ 24)(7) dT} , (2.7)
(r—p)
Xoyk,r,u,p(lp’t) ‘= Ssup Ao(f ) (28)

fELL(R) {fot wi(f(?“),r)zp(T) dT}l/p ’

where p, reZy, pn<r, keN, 0<p<2 0<t o<oo, and ¢ is a nonnegative, measurable,
summable (on [0,¢]) function not equivalent to zero. Note that, for » =0, the upper bound in
relation (2.8) is calculated for all functions f € Ly(R) not equivalent to zero.

Note that, in the 27-periodic case, extremal characteristics similar (in a certain sense) to (2.8) were
considered earlier, for example, in the papers of Chernykh [21](k=1,neN, r€Z,, p=1r, p=2,
t =m/n, P(t) =sinnt), Taikov [I18] (k=1, neN, reZy, u=r, p=2, 0 <t <w/n, Y(t) =1),
Ligun [22] (k,n e N, r € Zy, p=r,p=2,0 <t < m/n, 1 is a nonnegative, measurable, summable
(on [0,7/n]) function, not identically zero), Shalaev [23] (k,n e N, r € Zy, u=7r,p=2/k, t =7 /n,
Y(t) = sinnt), Vakarchuk [24] (k,n e N, reZy, p=r, p=2/k, 0 <t <7/(2n), ¥(t) =1), and
Shabozov and Yusupov [25] (k,n e N,r € Z,, p=1r,0<p <2, 0 <t <7/n, the weight function ¢
satisfies the conditions given in [22]).

Theorem 1. Let 0 <t < m/o,and let 0 < p < 2. Then the following two-sided inequality holds:
1 1
/Bo,k,,u,p(wat) inf{ﬁu,k,u,p(wat) o <u< OO} .

Proof. In [7], Ibragimov and Nasibov showed that, for a function f € Lyo(R) having the Fourier
transform (2.1) in the sense of the space Lo(R), the entire function

Ao (f,z):

< Xok,rup (5 1) < (2.9)

1 g :
— f , 1T d i
Vo | (f,7)e T
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belonging to the subspace B, 3 is least deviating from the function f in the sense of the metric of Ly(R)
ie.,

Adl) =117 = A = { /| 7, r>|2dr}1/2.

T|>0

Since the function f is real, it follows that the function |F(f)]| is even. Therefore,

Ao (f) = {2/:0 |]-'(f,7-)|2dr}1/2. (2.10)

The subsequent argument is carried out in two stages, in the first stage, we consider the caser = pu € Z.
and, in the second, the case r € Nand pu € Z,, where p < r.

Let r = p € Z4. Consider an arbitrary function f € L5(R) not equivalent to zero if » = 0. Using the
fundamental properties of the Fourier transform [19] and, in particular, formula (2.5), where u = 0, we
obtain

FAE(F),u) = (iu)" (€™ — 1)FF(f,u). (2.11)

Since AR(f(") € Ly(R), it follows that, by Plancherel’s theorem, F(AF(f()) € Ly(R), and hence
these functions have identical norms by virtue of formula (2.2). Therefore, using equality (2.11), we
obtain

AR = 2/ | F(f,w)u? 2% (1 — cos Tu)* du. (2.12)
0
Taking into account the definition of the modulus of continuity of kth order from (2.12), we see that

W2 1) > AR GFOY)? > 2/00 |F(f, u)Pu? 28 (1 — cos 7u)* du. (2.13)

o

Setting
L(f;u,7) = 20O F(f ) Pur? (1 — cos ur)™/2y(r),

as well as using inequality (2.13), the generalized Minkowski inequality (see, for example, [5, Chap. 1,
Sec. 1.3]) and the notation (2.7), we obtain

{[ .00 dT}l/p

t oo p/2 1/p
/ [2/ | F(f, u)[2u? 2% (1 — cos ur)* du] P (T) dr}
0 o

{

- {/ot [/goo L7 (fu,7) du] " dT}l/p = {/:O [/Otﬁ(f;uﬁ) dT} " du}(p/z).(l/p)
{
{

= t 2/p 1/2
2 / F(f )l [2’“”/%”’ / (1= cos ur) /2y (r) df} du}
7 0

00 1/2
2 [TV 0P | 214

Using formula (2.10) and relation (2.14), we can write

t 1/
{ / WP (fT), 7)(r) dr} " Af) inf{ By prp(t,t) 1 0 < u < 00}
0

From this inequality and formula (2.8), we obtain the upper bound
1

ok, r,r 1) <. ’
Xk, ,p(w ) 1nf{ﬂu,k,r,p(¢7t) rosu< OO}

(2.15)
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To find a lower bound for the extremal characteristic on the left-hand side of equality (2.15), we
consider an entire function A. of exponential type o + &, where ¢ € (0,0,) is an arbitrary number,
o4 :=min(o, 1), and

)\a(m) = \/2 (qU-‘rE(x) - QU(‘T))’ (2.16)

s

Here g, (z) := (sinax)/x, where a > 0. For z = 0, we set ¢,(0) = a. Since the Fourier transform of the
function g, has the form

1 if|z] < a,

™)1
Flawr) =313 il =a
0 if|x| > a,

(see, for example, [26, Chap. 5]), it follows that, for the function A., we have
, o <|z|<o+e¢,

F(Ae,yx) = if|x| =0or|z|=0+e¢, (2.17)

1
1
2
0 iflz|>oc+4corjz| <o

In view of formulas (2.2) and (2.5), where f := A and p := 0, the inclusion \; € L5(R) is obvious. It
follows from relations (2.10) and (2.17) that

As(\e) = V2e. (2.18)

Taking into account the equality ]-"()\y) ,x) = (ix)" F(Ae, z) and using formulas (2.6), (2.12), and (2.17)
we can write
o+e
[AFA)||? = 2k+1 / u? (1 — cos hu)® du < 26+1e(o 4+ €)?" (1 — cos(o + €)h)F,
where |h| < 7/0. Combining this with the definition of the modulus of continuity of kth order, we obtain
the inequality
wz()\(’"),r) < 2k+DP/222/2 (6 4 £)P(1 — cos(o + E)T)],fp/z, (2.19)

€

where 0 < 7 < 7 /0. Multiplying both sides of inequality (2.19) by the function ¢ and integrating both
sides of the resulting relation over 7 from 0 to ¢, we obtain

t t
/ wi()\g),T)d)(T) dr < 2k+DP/2e0/2(5 4 6)”’/ (1 —cos(o + E)T)]:p/21[)(7') dr. (2.20)
0 0
Setting
¢ kp/2 e
B setorp(:t) = 252 (0 + E)T{/ (1 = cos(o + &)7)3" () dT} (2.21)
0
and using formulas (2.8), (2.18), and (2.20), (2.21), for 0 < t < 7/0 we can write
Ay (A 1

Xokrrp(Ps 1) () > (2.22)

{ WO () dr )P T Brpekrp(01)

[t follows from relations (2.21) and (2.6) that the quantity ,6’;+87k7r’p(1/1, t) decreases as € — 0 + 0 while
the other parameters appearing in (2.21) are constant. Obviously,

lim /Bo+e k r,p(q/}a t) = /Bo,k,r,p(wa t) (223)

e—0+40
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and, for any arbitrarily small number § > 0, we can chose a number € := £(J) € (0, d) for which, in view
of (2.23), we have

1 1
% >
a+§7k,r,p(1/}7 t) /Bcr,kﬂ“,p('lpy t)

Using the definition of the upper bound of the set, from (2.24), we obtain

1 1
sup . = )
c€(0,04) 60—+57]<;,r7p(w7 t) 6U,k,r,p(¢7 t)

Since the left-hand side of inequality (2.22) is independent of ¢, calculating the upper bound with respect
toe € (0,04) forits right-hand side, we have

) (2.24)

(2.25)

1
i 1) > '
X 7k7T7T7p(1/} ) /BU,kvr’p(d}’ t)

Forr = u € Z,, comparing the upper bound (2.15) with the lower bound (2.26), we obtain the two-sided
inequality

(2.26)

1

< Xo ,t) <. )
< Xokrrp(¥:1) inf{ By krp(1,t) : 0 <u < oo}

1
2.27
/Bo,k,r,p(wa t) ( )

Passing to the second stage of the proof, we setr € N, u € Z,, and . < r. Since the function flr=m),
where f € L5(R), can be regarded as an element of the class L5 (R) and L5(R) C L5 (R), it follows that,
using formulas (2.8) and (2.27), we obtain the following upper bound in the case under consideration:

Ao(f(’”‘“))
Xok,rup(¥,1) = sup
e fELL(R) {fg wh (F),7)(7) dT}l/p
< sup Ao (F)
 FeLX(R) {fot (,UZ(F(”),T)”L/}(T) dT}l/p
1
inf{ﬁu,k,u,p(¢at) o <u< OO} ‘

To obtain a lower bound for the extremal characteristic written on the left-hand side of relation (2.28),
we consider the entire function A\. € L5(R) given by formula (2.16). By formula (2.10), we have

= Xa,k,u,u,p(¢a t) < (228)

00 1/2
AU(AQ"—H)):{2 / |]-'()\§’"_“),7-)|2dr} . (2.29)

From equalities (2.5) and (2.17), we obtain

1 ifo<z|<o+e,
FOU= 2) = (iz) "MW F(\e, ) = (iz)" ™ ; iflz = oor|z| =0 +e, (2.30)
0, if|z]|>o+cor|z| <o.
Using equalities (2.29) and (2.30), we can write
ote 1/2
Ay A=)y = {2 /U 72r=h) dT} > V20" M, (2.31)

Applying formulas (2.7), (2.8), (2.20), (2.21), and (2.31), we obtain

AU()\S;T_M))
Xo,k,ru, (1/1715) >
" {JLat O ry(r) dr} P
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—ro—k/2 —p
> (1+¢/0) > ho > . L(232)
{J5(1 = cos(o +e)r)""p(r) dr} (L +¢e/0)" B2 e pup(¥: 1)
It Tollows from relations (2.6) and (2.21) that the quantity (1+¢/0)"5;, ;. ,,(¥,t) decreases as

g — 0+ 0, and all the other parameters in expression (2.21) are constant. Further,
. e\
625&_0 <1 + O'> 60'—}-87]4:,;1,])(1!)7 t) = ﬁa,k,u,p(wv t)
Using arguments similar to those used at the end of the proof of the first stage of the theorem, we can
write

1 1
sup . = .
e€(0,0+) (1 + E/J)T g+g7k,u,p(¢y t) ﬁo,k,u,p(¢a t)

Calculating the upper bound with respect to € € (0, o) for the right-hand side of inequality (2.32) and
taking into account the fact that its leit-hand side is independent of €, we obtain the lower bound

1
X 7k7 =2} w7t Z .
ki (1) Bokeup (1)

For re N, u < r, and p € Z4, comparing the upper bound (2.28) with the lower bound (2.34) for
Xok,ru,p(1, 1), we obtain the two-sided inequality

1 1
< Xo,k,ru, 1/}7 t) <. .
ﬁa,k,/hp(wv t) HP( ) lnf{ﬁu,k,/hp(wa t) ro<u< OO}

Combining the results (2.27) and (2.35), we obtain the required relations (2.9). Theorem 1 is proved.

(2.33)
(2.34)
(2.35)

Note that inequalities (1.5) obtained by Ligun and Doronin are a particular case of Theorem 1 for
pw=randp=2

3. COROLLARIES OF THEOREM 1

Theorem 1 implies a number of corollaries that, in our opinion, are of interest in themselves.

Corollary 1. Suppose that v =1, p,k,r €N, p<r, 1/pu<p<2 0<o<o0, 0<t<mw/o. Then
the following relation holds:

1

— ) 1
By (1,1) (3-1)

Xoke,rp (L)

Proof. Consider the auxiliary function

t
0(u) := {272 Bugopup(1,6)}F = “Mp/ (1 — cosur)™/? dr
0

depending on one variable u and taking the values in the set [0, 00). Obviously, if the function 6 is
nondecreasing for o < u < oo, then so is also the quantity 3, i, »(1,t) with respect to the variable u for
fixed values of its other parameters. On the basis of these facts, we calculate the first derivative of the
function 6, obtaining

t t
0V (u) = ppurr=! / (1 — cos ur)*P/2 dr + u”p/ 88u(1 — cosur)*P/? dr. (3.2)
0 0
[t is readily verified that the following equality holds:
10 i 10
1— P/2 — 1— kp/2 .
i 8u( CoS uT) " 87'( cos ut)"P/= (3.3)
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where the variables u and 7 are nonzero. Using formulas (3.2) and (3.3), we can write
t t
0 () = u“p_l{,up/o (1 — cosur)*/? dr + /0 7‘887_(1 — cos ur)FP/? dr}. (3.4)
Integrating by parts the second integral on the right-hand side of equality (3.4), we obtain
t
oW (u) = u“i”_l{t(l — cosut)*/% 4 (up — 1)/ (1 — cos ur)*?/? dT}. (3.5)
0

For any o < u < oo, taking into account the inequality p > 1/ and using formula (3.5), we see that
0 (u) > 0. Therefore,

inf{f(u) : 0 <u < 0} =6(0),
and this, in turn, implies
inf{ By kup(1lt) : 0 <u < oo} = Bokup(lt). (3.6)

Using formulas (2.9) and (3.6), we obtain relation (3.1) in the case under consideration, which concludes
the proof of Corollary 1.

Corollary 1 can be complemented by the following corollary containing a number of possible cases of
variation of the parameters of the extremal characteristic (2.8).

Corollary 2. Suppose that vy =1, keN, p,r € Zy, u<r,p=2/k, 0<o < o0, 0<t<7/(20).
Then the following equality holds:

(r—m) k/2
sup t 2/:“Ag(f ") o = { v } . 37
res® { [y w, " (fO), m)0(r) dr} 2(ot — sinot)

Proof. Consider the quantity
~ t k/2 sin ut k/2
O(u) == By pom(l,t) = 2k/2u“{/ (1 — cosur) d’T} = (20)F/ 2yt <1 o > (3.8)
0

as a function of the independent variable u € [0, 00) for fixed values of the other parameters defining
relation (2.7). Taking into account the constraint 0 < ¢ < 7/(20) and the behavior of the function
sin(z)/x (see, for example, [27, Sec. 1.2, pp. 129, 132]), we obtain

: k)2 , k)2 , k)2
nf <1_smut> _ <1_ sup smut> _ <1_smat> ' (3.9)
o<u<oo oc<u<oo ut ot
Using formulas (3.8), (3.9), we can write
inf G(u) = (o) = (26521 (1 — SO v (3.10)
o<u<oo -\ = 7 ot ’ '

The required equality (3.7) follows from relations (2.9) and (3.8), (3.10). Corollary 2 is proved.

[t is necessary to note that, for u = r, the the author’s result (1.6) is contained in formula (3.7).
Guseinov and Mukhtarov showed in [28, Chap. II, Sec. 1] that if w is a modulus of continuity, then
the function

1 t
/ w(T)dr, t>0,
t Jo

will also be a modulus of continuity. Since, as was noted in [28], lim;_,g19 w*(t) = 0, it is assumed that
w*(0) = 0. It follows from the above that, for an arbitrary element f € Ls(RR), the function

t
w*(f,t) = 1/0 wi(f,7)dr (3.11)

is also a modulus of continuity of first order and can be used along with the classical modulus of
continuity wy (f) for solving extremal problems of approximation theory in the space La(R).

w*(t) =
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Corollary 3. Suppose that p,r e N and p<r, 0 <o <oo, 0<t<mw/o. Then the following
equality holds:

Ju—lAU(f(r—u)) t
= . 12
sernm W (f0,1) 4(1 — cos(at/2)) (3.12)

Proof. Using equality (3.1), in which we set k := 1, p := 1, and formula (2.8), we can write

(1,t) = sup A7) ! = i
Xobrpd i feLy(R) fot wi(fO,rydr Boapi(Lt) /2 fot(l —cosor)/2dr

Carrying out necessary calculations on the right-hand side of (3.13) and using formula (3.11), we obtain
the required equality (3.12), which concludes the proof of the corollary.

(3.13)

4. INEQUALITIES CONTAINING THE BEST APPROXIMATION
AND THE MODULUS OF CONTINUITY IN Ly(R)

Along with the study of the behavior of the extremal characteristic (2.8), the study of the extremal
characteristic

7 Ay (Fr=1)
X0'7k,r,u(t) = sup (f )

: (4.1)
rery®) wi(f™,1)

where p,7 € Z, pn <r,k € N,0 < t, 0 < o0, is also of interest. Recall that, for » = 0, the upper bound
in relation (4.1) is calculated for all functions f € Lo(R) not equivalent to zero. The following theorem
deals with this question.

Theorem 2. Let 0 <t < /0. Then the following two-sided inequality holds:

1 1 (1 1 k2
<y < . 4.2
RS ASVOESR S (12)

Proof. From equalities (2.5) and (2.10), we obtain

00 1/2 0o 1/2
Ag<f<’“-“>>={2 / |f<f<’”-“>,u>|2du} ={2 / u2<’“—“>|f<f,u>|2du} . (43)

Using relation (4.3), we can write

Ag(f(r_u)) — 2/ uz(r_”)\f(f, u)|2 cos Tudu

=2 /Oo{u’"_“|]-"(f, u)\}Q(l_l/k){ur_”|f(f, u)\}Q/k(l — cos Tu) du. (4.4)

Applying Hoélder’s inequality to the right-hand side of equality (4.4) and taking into account the
definition of the modulus of continuity of kth order and formulas (2.12) and (4.3), we obtain

AZ(fr=my — 2/ W F(f, w)|? cos Tu du

[

0 1-1/k 0
< {2/ W F(f )] du} {2/ w2 F(F,u))? (1 — cos Tu)” du}

1 s 1/k
{2k+1/ u® | F(f, u)*(1 — cos Tu)” du}

2021/k

W* (PO, 7)
2021/k

1/k

< Ai(l—l/k)(f(r—u))
< A20-VR) (pr=m)y (4.5)
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Let us first integrate both sides of inequality (4.5) over the variable 7 from 0 to v and then integrate the
resulting relation over v from 0 to ¢, where 0 < ¢t < 7/0. As a result, we have

A2(f Wy < 2/ POV E (O u) 21— cos tu) du
A2 2(1- 1/k (r— M 2/k
+ 202#% / / T) dt dv. (4.6)

Using equalities (2.10) and (2.12) as well as the definition of the modulus of continuity of kth order and
Holder’s inequality, we obtain the following upper bound for the first summand on the right-hand side of
equality (4.6):

2 [T F (P (L costu) du

IN

& [T RGP E 0] costu) 2 du

1 oo 1-1/k oo 1/k
{2/ W F(f u) du} {2/ W F(f,u))? (1 = cos tu)k du}

o2

L o(—1/k); p(r—p) 2 ok 2 2 e,
52 (S 250 | F(f,u)[*(1 — cos tu)* du

2k 521

IN

IN

A20-1/8) (f(’“_“))wz/k(f(’“),t). (4.7)

<
- 20-2(1+,u/k

Integrating by parts in the second summand on the right-hand side of inequality (4.6) and taking into
account relation (4.7), we can rewrite inequality (4.6) as

k

— 1 T t T
2R A2 (1) < 02(k+u){wi/k(f( ),t)+02/0 (t — () ) dT} .

Hence we have
_ 1 (at)2)*
2k A2 ( p(r—p) 2 ¢(r)
PR < ydrofi L

Therefore, for 0 < t < 7/o, in view of formulas (4.1), we can write

_ 1(1 1 M2
Xokru(t) < {2+ )2} . (4.8)

ok (ot

To obtain the lower bound for the extremal characteristic (4.1), consider the function A, € Lj(R)
given by formula (2.16). For it, we can write

AJ()\?—M))

Xokru(t) = e (4.9)
Setting
Eukr(t) == u"(1 — cosut)*/?, (4.10)
Eu,m(t) =u" (1 — cosut) k/2 (4.11)
and using formula (2.19), where p = 1, as well as formula (2.31), from inequality (4.9), we obtain
Toknn)> T (4.12)
2828t e e (t)
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In the case u := o + ¢, it follows from formulas (4.11) and (2.6) that the quantity £~U+57k,r(t) decreases
as e — 0+ 0, provided that the other parameters appearing in relation (4.11) are constant. Also,

EEBXE‘:—O gd-‘réf,kﬂ“ (t) = £J7k,r(t)-

Hence, using the definition of the upper bound, we obtain
1 1
sup  ~ = . (4.13)
€€(0,0+) ga-i—a,km(t) ga,km(t)

Calculating the upper bound for all € € (0, 0,) from the right-hand side of inequality (4.12) and taking
into account formulas (4.13), (4.10), and (2.6), we can write

1
ok (at)k”

The required relation (4.2) is a consequence of inequalities (4.8) and (4.14). Theorem 2 is proved.

%o,k,rﬂu(t) 2 (414)

Note that, in the case p := r, relation (4.2) yields the author’s result (1.7) obtained earlier.

5. MEAN v-WIDTHS OF CLASSES OF FUNCTIONS
DEFINED ON THE WHOLE REAL AXIS

5.1. The definition of mean dimension was introduced by Magaril-1'yaev (see, for example, [29], [30]);
it was a modification of the corresponding notion introduced earlier by Tikhomirov [31]; this allows us to
define the asymptotic characteristics of subspaces similar to widths, in which the role of dimension was
played by mean dimension. As a result, it became possible to compare the approximation properties
of the subspace B, 2 with similar characteristics of other subspaces from Ly(R) of the same mean
dimension and to solve extremal problems of optimal approximation theory in Lo (R).

Before introducing the required extremal characteristics, let us present a number of notions and
definitions from [29], [30]. Let BL2o(RR) be the unit ball in Lo(R), let Lin(L2(R)) be the set of all linear
subspaces in Ly(R),

Lin,(L2(R)) := {£ € Lin(L2(R)) : dim £ < n}, n e ”Zy,
and let
d(Q, A, Ly(R)) :=sup{inf{f|lz —y| : y € A} : 2 € Q}

be the best approximation of a set @ C Ly(R) by the set A C La(R). By Ap, where T' > 0, we mean
the restriction of a set A C La(R) to the closed interval [T, T, and by Linc Lo (R) we denote the set
of subspaces £ € Lin(Lg(R)) for which the set (£ N BLy(R))r is precompact in Lo([—T,T) for any
T >0.
If £ € Ling(L2(R)) and T', € > 0, then there exist n € Z; and M € Lin,, (L2(R)) for which [29]
d((L N BLy(R))p, M, LQ([—T, T])) < €.
Let
D.(T, L, Ly(R)) := min{n € Z : there exists a M € Lin,, (L2([-T,T])) a such that
d((ﬁ N BLQ(R))T, M, Lg([—T, T])) < E}.

This function is nondecreasing in 7" and nonincreasing in . The quantity

dim(L, Ly(R)) := lim{lim inf{ De(T, g’TLQ(R)) T — oo} e 0},

where £ € Ling(L2(R)), is called the mean dimension of the subspace L in Ly(R). It was shown in [29]
that

g

dim(Byg, La(R)) = . (5.1)
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Let @ be a centrally symmetric subset from Ly (R), and let v > 0 be an arbitrary number. Then by the
mean Kolmogorov v-width of the set Q in Lo(R) we mean the quantity
dy(Q, La(R)) := inf{d(Q, £, L2(R)) : £ € Ling(L(R)), dim(L, L»(R)) < v}.

The subspace on which the outer lower bound is attained is called extremal.
By the mean linear v-width of the set @) in Lo(R) we mean the quantity

0,(Q, L2(R)) := inf{sup{||f = V(f)]l : f € Q} : (X, V)},

where the lower bound is taken over all pairs (X, V') such that X is a normed space directly embedded
in La(R) and V: X — Ly(R) is a continuous linear operator for which Im V' € Ling(L2(R)) and the
following inequality holds:

dim(ImV, Ly(R)) < v, QCX.

Here Im V' is the image of the operator V. The pair on which the lower bound is attained is called
extremal.
The quantity

by (Q, L2(R)) := sup{ sup{p > 0: LN pBLz(R) C Q} :
L € Ling(L2(R)), dim(L, Ly(R)) > v, dy (L N BLy(R), L2(R)) = 1}
is called the mean Bernstein v-width of the set @ in Ly(R). The last condition imposed on £ in

calculating the outer upper bound means that we consider only subspaces for which the analog of
Tikhomirov’s theorem on the width of the ball is valid. This requirement is satisfied, for example, by

the subspace B, 2 if o > vm,i.e., dy(Bs2 N BL2(R), L2(R)) = 1.
Foraset @ C La(R) between its extremal characteristics (indicated above), the following inequalities
hold:

b, (Q, L2(R)) < dy(Q, L2(R)) < 6,(Q, L2(R)). (5.2)

5.2. A continuous and nondecreasing function ¥ on the set [0, 00) is called a majorant if ¥(0) =0
(see, for example, [32, Chap. I, Sec. 2, Sec. 3]). Let ¥ be a majorant. By W"(w*, V), where
r € N, we denote the class of all functions f € L5(R) whose rth derivatives f(") satisfy the condition
w*(f) t) < W(t)forany 0 < t < oo. The best approximation for this class by the subspace B, 2 will be
denoted by A, (W" (w*, ¥)), i.e.,

AW (w*,U)) :=sup{A,(f) : f € W"(w", ¥)}.
Theorem 3. Let v be an arbitrary finite positive number, and let ¥ be the majorant satisfying the
condition

4 (ot ) T
L ifo<t< ",
ur) atsm<4> To<is,

> (5.3)
v 2 _
(/o) -T2 T <t <o,
ot o
for any finite value of o, 0 > vr. Then the following equalities hold:
1—r 1
MLV, ), La(R) = A (7 7 ) = 7 () (5.4)

whereIl, () is any one of the mean v-widths examined in Sec. 5.1. Further, the pair (Ly(R), Ay,r),
where Ay is the linear operator defined by the formula

1 vm

will be extremal for the mean linear v-width §,(W"(w*,¥), L2(R)), and the subspace B, will

be extremal for the Kolmogorov average v-width d,(W"(w*, V), Ly(R)). The set of majorants
satisfying condition (5.3) is not empty.

F(f, 7)e* dr,
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Proof. Using formula (5.1), let us calculate the mean dimension of the subspace B, .2 of entire
functions:

dim(B,ij,LQ(R)) = . (55)

For an arbitrary function f € W"(w*, ¥), using relation (3.12) in which t := 7/, p := r, we obtain the
following upper bound for the value of the best approximation:

T s T 7 7
As(f) < ow <f ,U> < 4ar‘1’<0>- (5.6)

Setting ¢ := vr in formula (5.6) and using relation (5.2), the definition of the mean linear v-width, and
formulas (5.5), (5.6), we obtain the following upper bounds:

IL, (W' (w", W), Lay(R)) < 6, (W' (w*, W), L2(R)) < sup{[[f = Aur ()] : f € W"(w", W)}

= A (W (", D)) < ”1_T\1/<1>. (5.7)

- 4T v

Let us pass to the derivation of lower bounds for the average v-widths. By Sec. 5.1, the subspace
of entire functions Bz, where 7 :=vm(1 +¢), € € (0,1), is an arbitrary number, satisfies all the
requirements imposed on subspaces appearing in the definition of the Bernstein average v-width.
Further, by formula (5.1), we have dim(B5 2, L2(R)) = v(1 + €) and, in view of [29], [30], d,, (B2 N
BLy(R), Ly(R)) = 1.

Further, consider the set Bz(p) resulting from the intersection of the ball p. BL2(R) of radius

= iy (5) 8

with the subspace of entire functions Bz 5 i.e.,
B5(pe) := Bs 2N peBLa(R) = {g € Bz : [|gl| < pe}-
Let us show that the set B5(p.) belongs to the class W™ (w*, ¥).
By the Paley—Wiener theorem, an arbitrary element g € Bz o can be expressed as
@ = [ etmera (59)
= T T, .
g Vor | s 14

where ¢ is a function whose modulus is Lebesgue square-integrable on the closed interval [—&,7].
Using formula (5.9), we can write

! /_C:(e”h — 1)p(r)ei dr. (5.10)

B \/271'

Using formulas (2.11), in which we set f := g, 7:= h, r:= 0, k := 1, as well as Plancherel’s theorem
and formula (5.9), from equality (5.10) we obtain

1AL ()2 = 2 /

—0

Aj(g, %) = g(z + h) — g(x)

UA(l — cos Th)|o(T)|? dr. (5.11)

Since formula (2.6) and purely geometric considerations imply that, for any 7 € [—o, o], the following
inequality holds:
1 —costh < (1 —cosch)x,

it follows that, using the definition of the modulus of continuity of first order wy, equality (5.11), and the
relation

ol = |l ar,

o
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we obtain

~

wi(g 1) < 2<sin ";) Il (5.12)

*

Here

sin x ingmg;T,
(sinz), = -
1 ifz > 5"

By the definition of the modulus of continuity of w* (given in Sec. 3) and inequality (5.12), we have

t ~
w(g,t) < 2”9”/ (sin UT) dr. (5.13)
t 0 2 *
Using Bernstein’s inequality for entire functions g € Bz 2, we can write (see, for example, [3], [5])
lg™ 1l < @) llgll- (5.14)
For an arbitrary function g € B5 5, from inequalities (5.13) and (5.14), we obtain
t ~
(@0 < 2@l [ (s ) ar (5.15)
t 0 2 *
Further, let us show the validity of the inequality
g ) <), =0, (5.16)

for any element g € B5(p:). To do this, we consider the following two cases: 0 < ¢ < 7 /o and 7/5 <
t < oo.

First, let us consider the case 0 <t¢ < x/g. For an arbitrary function g € B;(p:), by using the
definition of the class W7 (w*, ¥), inequality (5.15), formula (5.8), and the first of the constraints on
the majorant ¥ in condition (5.3), in which o is replaced by &, we obtain

2 toor 27 ot 7r
*( (1) < ~\T : < s 2 < ) '
w*(g\" 1) < t(a) Hg”/o sin—,, dr < 45 S0 <4 >‘I’<3> < U(t) (5.17)

Further, we set 7/ <t < co. For any element g € B;(p.), using similar considerations and the
second constraint on the majorant W in condition (5.3) we can write

o (r 2( (™% & o 2 T—2 T
o< [ aree-Theria < 2" (D) cve. s

Relations (5.17) and (5.18) imply inequality (5.16), which means that the set B;(p.) belongs to the
class W’ (w*, W).
Using the definition of the Bernstein average v-width and formula (5.8), we can write

1—r

by (W' (", ), La(R)) > by (Bs(p2), La(R)) > Kaye(W,w,7), (5.19)

4v
where

Ko(W, v, 1) = 1\1/< ! >

x” v

Obviously, as e — 0 + 0, the quantity K14(¥, v, r) increases and its limit is the value of ¥(1/v). Then,
from the definition of the upper bound, we obtain

sup Ki1(V,v,r) = \If<1> (5.20)
e€(0,1) v
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Since the left-hand side in the chain of inequalities (5.19) is independent of ¢, it follows that, using the
properties of the upper bound for a number set and relations (5.20) and (5.2), we can write

(07" o, ) La(R) = 0,0, @) 2 7 (1), (521)

For the extremal characteristics for the class W™ (w*, ¥), equalities (5.4) follow from a comparison of the
upper bounds (5.6) with the lower bounds (5.21).

To conclude the proof of the theorem, we shall show that the set of majorants satisfying condi-
tion (5.3), is not empty. To do this, we consider, for example, the function \Tf(t) := ¢, where ¢ := 7/2 — 1;
for this function, condition (5.3) can be written as

1 sin2<at>, fo<t< ",
g

¢
<t”> >t 4 (5.22)
T 2 T —2 T
1- , if " <t<oo.
ot o
Let us prove that inequalities (5.22) hold. Setting u := to /7, instead of (5.22), we obtain the equivalent
relations
. 4sin2<ﬁ4u> if0<u<l,
s> (5.23)
2 T —2 ]
™ — , ifl <wu< oo
u

Inthe case 0 < u < 1, in view of (5.23), we consider the auxiliary function

2 ™
Y(u) :=u¢ — " sin® . 5.24
(u) :==u ., Sin < 4 > ( )
Asu — 0+ 0, using (5.24) and the equivalence of infinitesimals, we obtain the approximate formula
2
Y (u) = u<<1 - u1—<>. (5.25)

Since ¢ belongs to (0.57,0.58), equality (5.25) implies the existence of an interval (0,¢) C (0, 1) at all of
whose points the function Y takes only positive values. Let us show that the function Y is of constant
sign on the whole interval (0, 1). Using formula (5.24), we expressed the function Y as

Y(u)=Yi(u), (5.26)
where
Yi(u) == ut — 2sin? <W4u>. (5.27)

In view of equality (5.26), it is necessary to show that the function Y; is of constant sign on the interval
(0,1), i.e., that Y1(u) > 0. In view of formulas (5.27), this is equivalent to the proof of the inequality

ust > 2sin?(7u/4) for any u € (0, 1). Obviously, this inequality is equivalent to the relation

w2 5 /2 sinﬂ4u, O<u<l.
Thus, the initial problem is reduced to proving that the function
Ya(u) = /2 — /2 sin ”4“ (5.28)

is of constant sign foru € (0, 1). We shall prove this fact by arguing by contradiction. Suppose that Y5 is
a function with alternating signs, i.e., there exists a point z € (0, 1) at which Y3 changes sign. In view of
the continuity of the function Y3, let us consider it on the closed interval [0, 1]. In view of formula (5.28)

MATHEMATICALNOTES Vol.96 No.6 2014



894 VAKARCHUK

and the assumption about the point z, we have Y5(0) = Y5(z) = Y2(1) = 0. Then it follows from Rolle’s
theorem that the first derivative of the function Y5, i.e.,

Yz(l)(u) _¢ —; ! uwl$1/2 /2 Z cos 7T4u , (5.29)

must have at least two distinct zeros on the interval (0,1). Taking the equality ( = 7/2 — 1, from

formula (5.29), we obtain Yz(l)(l) = 0. It follows from Rolle’s theorem that the second derivative of
the function Y5, i.e.,

4 102
Y32 (u) = V2 (D sin "'~ ¢ 41) ul=3/2, (5.30)

must also have at least two distinct zeros on the interval (0,1). However, in view of the form of

formula (5.30), the derivative Y2(2) can have at most one zero on (0, 1), because it is the difference of two
functions the first of which is monotone increasing and convex upward, while the second is monotone
decreasing and is convex downward. The resulting contradiction proves the validity of the inequality
Yo(u) > 0forany u € (0, 1), and hence also the validity of the first of the inequalities in condition (5.22).

To prove the validity of the second inequality in this condition, in view of relation (5.23), we consider
the auxiliary function

Z(u) ==u* — _ + : (5.31)

where 1 < u < oo. The first derivative of this function

Z\(u) = Cu 02 u2{<2 1>u +1 2}

takes positive values for 1 < u < co. Since, in view of formula (5.31), Z(1) =0, it follows that
the function Z is, obviously, positive and monotone increasing on the interval under consideration.

Therefore, the second inequality in condition (5.22) also holds and the function T is the majorant
satisfying condition (5.3). Theorem 3 is proved.

In our view, the calculation of best approximations for the intermediate derivatives of functions
f e WT(w*,¥) by subspaces of entire functions of exponential type is of considerable interest. This
question is dealt with in the following statement.

Statement. Suppose that p,r € N, u <r, vis an arbitrary finite positive number, and V¥ is the
majorant satisfying condition (5.3) for any finite value of o, o0 > vr. Then the following relation
holds:

sup{ A, (fT™M): f e WT(w*, 1)} = e \I/<1> (5.32)

4p# v

Proof. Setting o := v, ¢t :=m /o in Corollary3 and using the definition of the class W" (w*, ¥), we
obtain the upper bound
rl=#

sup{ A, (fTM): fe W (w*, ¥)} < q/<1> (5.33)

= 4um v

Further, let £ := evm, where € € (0, 04) is an arbitrary number, and suppose that o, = min(e, 1) and
0 =0 +¢& =vn(l+¢). Toobtain the lower bound for the extremal characteristic on the left-hand side of
equality (5.33), we consider the entire function Az defined by (2.16); it is an entire function of exponential
type 0. By (2.2) and (2.17), we have

o4&
Al = 2/ FO, 72 dr = 25 (5.34)
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For the entire function

Ae(@) = j;gAg(w), (5.35)

where p. is given by (5.8), using equality (5.34), we obtain ||A%|| = p.. Therelore, the entire func-
tion (5.35) belongs to the set B;(p.) introduced in the proof of Theorem 3. Since Bs(p:) C W’ (w*, ¥),
it follows that the function A} is an element of class W (w*, ¥). Using relations (2.31), (5.8), and (5.35),
we obtain

sup{ Ay () f € W (W, 0)} > Ar((A)0H) = j A MY > p_(um)rr

2e
Cow(ym)Re (w\  we
=T (D) =T K, (530

where the quantity K14 (¥, v, 7) is determined at the end of the proof of Theorem 3. Using arguments
similar to those used in the derivation of the lower bound (5.21) and equality (5.20), from relation (5.36),
we can write

sup{ A (fT™M): f e W (w*, 1)} > e \If<1> (5.37)

4pr v

Comparing inequalities (5.33) and (5.37), we obtain the required equality (5.32), which concludes the
proof of the statement.
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