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Momentum relaxation time and temperature dependence of electron mobility in
semiconductor superlattices consisting of weakly interacting quantum wells

S. I. Borisenko

V. D. Kuznetsov Siberian Physicotechnical Institute,Tomsk State University, 634050 Tomsk, Russia
~Submitted January 22, 1999; accepted for publication March 23, 1999!
Fiz. Tekh. Poluprovodn.33, 1240–1245~October 1999!

Formulas are derived for the longitudinal and transverse electron momentum relaxation times in
a superlattice consisting of weakly interacting quantum wells in the approximation of a bulk-
semiconductor scattering potential. Scattering by impurity ions, neutral atoms, and volume-type
longitudinal acoustic and polar optical phonons is studied. A numerical analysis is
performed of the longitudinal and transverse momentum relaxation times for scattering by
impurity ions and neutral atoms as a function of the electron energy, temperature, density of the
electron gas, and quantum well width. ©1999 American Institute of Physics.
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As is well known, scattering mechanisms play an imp
tant role in the electric and optical properties of semicond
tors and structures based on them. The present paper i
voted to the calculation and numerical analysis of the ten
of the reciprocal momentum relaxation time and mobility
electrons in semiconductor superlattices~SLs! consisting of
weakly interacting quantum wells~QWs! based on hetero
structures. Such SLs are of interest because of the un
properties of the electron energy spectrum and the possib
of using the SLs in infrared-range photodetectors1–5 and mi-
crowave generators.6–9 Formulas are derived for calculatin
the longitudinal and transverse electron momentum re
ation times in such SLs for the basic scattering mechanis
and a numerical analysis is performed of the energy dep
dence of the relaxation time and temperature dependenc
the mobility for scattering by impurity ions and neutral a
oms. The following basic approximations were made in
riving the formulas: The electron gas in the quantum wells
almost two-dimensional, i.e., the width of the lower condu
tion miniband is much less than the average electron ene
the wave function of the lower miniband can be represen
as a Bloch sum over wave functions of the ground state
infinitely deep QWs, and the potentials of the scattering c
ters in bulk semiconductors and SLs are essentially the sa
These approximations together with the results obtaind
other authors10–14show that the formulas derived are acce
able not only for qualitative but also quantitative analys
The latter is valid if the period of the SL is sufficiently larg
and size quantization of the phonon spectrum can
disregarded12,14 and if the anisotropy of the scattering pote
tials, which arises primarily as a result of the difference
the dielectric constants of the layers of the SL which cor
spond to QWs and barriers, can also be disregarded.11

1. ELECTRON MOMENTUM RELAXATION TIME TENSOR

The tensor of the reciprocal of the relaxation time f
electrons in the bottom miniband was calculated using
nonequilibrium correctionf 1k for the equilibrium distribu-
tion function f 0 given by
1121063-7826/99/33(10)/5/$15.00
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f 1k5e
] f 0

]E (
i

t iFiy i , ~1!

wheret i are the diagonal components of the relaxation ti

tensor,Fi andv i are, respectively, the electric field intensi
and electron velocity vectors in a Cartesian coordinate s
tem, andE is the electron energy. As is well-known, fo
composite SLs consisting of weakly interacting QWs

E5
\2~kx

21ky
2!

2m*
1

D

2
~12cosqd!, ~2!

where m* is the effective mass corresponding to the fr
motion of electrons along the layers of the SL,D is the width
of the bottom miniband, corresponding to electron moti
along the axis of the SL parallel to thez axis,d5a1b is the
SL period,a and b are the QW and barrier widths, respe
tively, and kx , ky , and q5kz are the components of th
wave vector. In the two-dimensional electron gas approxim
tion (D!k0T), and using Eqs.~1! and~2! and the symmetry
of the SL in the plane of the layers, the following expre
sions can be obtained for the transverse (t'5tx5ty) and
longitudinal (t i 5tz) components of the relaxation time ten
sor:

1

t'~E!
5

4m* V

pd\3 E
0

1 W~2k'x!

A12x2
x2dx, ~3!

1

t i~E!
5

2m* V

pd\3 E
0

1 W~2k'x!

A12x2
dx, ~4!

whereE5\2k'
2 /2m* , k'5Akx

21ky
2, V5SL is the volume

of a SL of thicknessL5Nd, andN is the number of periods
in the SL. The functionW is related to the total probability
Pkk8 of an electron making a transition from the statek into
the statek8 in a definite type of scattering by the formula

Pkk85
2p

\
W~ uk'8 2k'u!d@E~k8!2E~k!#, ~5!
8 © 1999 American Institute of Physics
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where W(uk82ku)5uUk8ku2, and Uk8k5U(uk82ku) is the
matrix element of the scattering operatorÛ(r ) in the basis of
Bloch-type envelope wave functionsc̃k(r ):

U~k82k!5
1

V E c̃k8
* Û~r !c̃kdr , ~6!

c̃k~r !5
1

AS
exp@ i ~kxx1kyy!#cq~z!. ~7!

For the SL considered here, a Bloch sum over wave fu
tions of the ground state of infinitely deep QWs was taken
the function describing electron motion along the axis of
SL:

cq~z!5
1

AL
exp~ iqz!uq~z!

5
1

AN
(

n52N/2

N/2

exp~ iqdn!w~z2dn!, ~8!

wq~z!5A2

a
cosS p

a
zD F2

a

2
,z,

a

2G ,
wq~z!50Fz,2

a

2
,

a

2
,zG . ~9!

It should be noted that using the approximations descri
above, according to Eq.~5!, the scattering probability doe
not depend on the longitudinal wave vector.

1.1. Scattering by impurity atoms and neutral atoms

For scattering by impurity atoms and neutral atoms
scattering operator has the form

Û~r !5U~r !5(
a

U~r2Ra!, ~10!

whereU(r2Ra) is the interaction energy of an electron wi
an ion or neutral atom located at the pointRa . Using Eqs.
~6!–~10!, we have

U~k!5(
a

Ua~k!, ~11!

where

Ua~k!5
1

V (
n

exp~2 ikn•Ra!Sn~q!U~kn!, ~12!

Sn~q!5
1

q E
2d/2

d/2

exp~ i2pnz/d!uq* ~z!u0~z!dz, ~13!

U~k!5U~k' ,q!5E
V
exp~2 ik–r !U~r !dr , ~14!

kn5~k' ,q12pn/d!.

Using a uniform distribution of scattering centers ov
the volume of the SL or the volume of the QW, we obta
the following expression for the desired functionW(k') with
the formulas presented above:
c-
s
e

d

e

r

W~k'!5
Nid

pV E
0

`

uS~q!u2uU~k' ,q!u2dq, ~15!

whereNi is the density of scattering centers and

S~q!5
p2sin~aq/2!

~aq/2!@p22~ad/2!2#
. ~16!

For scattering by a screened Coulomb ion potential, we h
in the approximation of isotropic and uniform permittivity

uU~k' ,q!u25
e4

«0
2«s

2~k'
2 1q21as

2!2
, ~17!

where «s is the static permittivity, andas
21 is the Debye

screening length for the static field. For a SL in the tw
dimensional electron gas approximation

as
25as0

2 Nc

n1Nc
, ~18!

where as0
215(ne2/«0«sk0T)21/2 is the Debye screening

length of a bulk semiconductor for a nondegenerate elec
gas, n is the electron density in the SL, andNc

5m* k0T/pd\2 is the effective density of states of the two
dimensional electron gas in the bottom miniband. For ela
scattering by neutral atoms, according to the theory of R
15, extended to the case of a two-dimensional electron g

uU~k' ,q!u25
30pr 0\4

m*
~k'

2 1q21as
2!21/2, ~19!

wherer 0 is the effective Bohr radius.

1.2. Scattering by phonons

As is well known, the operator representing the intera
tion of an electron with phonons for a separate allow
branch in a bulk semiconductor can be written as

Û~r !5Û1~r !1Û2~r !, ~20!

where

Û6~r !5(
Q

A6~Q!e7 iQ–r ~21!

are operators corresponding to creation and annihilation
phonons during scattering andQ is the phonon wave vector
Substituting the expression~21! into Eq. ~12! and equating
Ra to zero, we obtain

W~k'!5W1~k'!1W2~k'!, ~22!

where

W6~k'!5uU6~k!u25S d

p D 2U E
0

`

S~q!A6~k' ,q!dqU2

.

~23!
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1.2.1. Acoustic phonons

For scattering of electrons by longitudinal acous
phonons in a volume-type SL~Ref. 14!, we use in the defor-
mation potential approximation for the average value of
operatorsA6 the standard formula

A6~Q!57 iQDA \

2rVvL~Q! FNL~Q!1
1

2
6

1

2G , ~24!

whereD is the deformation-potential constant,r is the den-
sity of the crystal,vL5vLQ and vL are, respectively, the
frequency and velocity of longitudinal long-waveleng
acoustic phonons, andNL(Q) is the thermodynamically
equilibrium number of phonons, described by the Bos
Einstein distribution function. For\vL!k0T

A6~Q!5A5 i
D

yL
Ak0T

2rV
. ~25!

Using Eqs.~22!, ~23!, and ~25!, we obtain for the desired
function

W~k'!52S Ad

p D 2U E
0

`

S~q!dqU2

54
k0T

rV S Dd

yLaD 2

. ~26!

1.2.2. Optical polar phonons

For scattering of electrons by longitudinal optical po
phonons of the volume type12,13we use for the average valu
of the operatorsA6(Q) the well-known formula correspond
ing to a screened optical potential and the high-tempera
approximation

A6~Q!57A~Q!57 i
ePL

vL
PO
A k0T

2«0V

Q

Q21a`
2

, ~27!

wherevL
PO is the frequency of long-wavelength longitudin

optical polar phonons,pL is the oscillator strength, anda`
21

is the Debye screening length for the high-frequency fie
which differs fromas

21 by the fact that in Eq.~18! the static
permittivity «s is replaced by the high-frequency permittivi
«` . As is well known, the following relation holds for III–V
semiconductors:

PL
2

vL
2

5
1

«*
5

1

«`
2

1

«s
. ~28!

Using Eqs.~23! and~27!, we obtain the following expressio
for the desired function:

W~k'!52S d

p D 2U E
0

`

S~q!A~k' ,q!dqU2

. ~29!

1.3. Electron momentum relaxation time

Using the formulas obtained for the functionW(k'), we
represent the components of the tensor of the reciproca
the momentum relaxation time for individual scatteri
mechanisms in the form

1

t i~E!
5

1

t0~E!
Gi~E!, ~30!

where

t0~E!5~ak'!t~E!, ~31!
e

–

re

,

of

t(E) is the relaxation time in a bulk semiconductor, a
Gi(E) is a dimensionless function, whose parameters,
general, are the QW width, the SL period, and the fr
charge-carrier density.

1.3.1. Impurity ions

For scattering by impurity ions, using Eqs.~3!, ~4!, and
~15!–~17!, we obtain for the functionsGi(E) the integral
expressions

G'~E!5
p4

2F~h!
E

0

` dx sin2 x

A~x,g,bs!~g2x21bs
2!1/2

, ~32!

Gi~E!5
p4

2F~h!
E

0

` dx~2g2x212bs
211!sin2 x

A~x,g,bs!~g2x21bs
2!3/2

, ~33!

A~x,g,bs!5x2~p22x2!~g2x21bs
211!3/2,

where g51/ak' , bs5as/2k' , and the function F(h)
5 ln(11h)2h/(11h), which depends on the parameterh
5(2k' /as0)2, is known from the theory of Coulomb sca
tering in bulk semiconductors.

1.3.2. Neutral impurity atoms

For scattering by neutral impurity atoms, using Eqs.~3!,
~4!, ~15!, ~16!, and~19!, we can write the functionsGi(E) as
a pair of integrals

G'~E!5
4

p E
0

1 x2

A12x2
g~E,x!dx,

Gi~E!5
2

p E
0

1 1

A12x2
g~E,x!dx, ~34!

where

g~E,x!5
3p4

2 E
0

` dy sin2 y

y2~p22y2!2~g2y21x21bs
2!1/2

.

~35!

1.3.3. Acoustic phonons

For scattering by acoustic phonons, using Eqs.~3!, ~4!,
and ~26!, we found the functionsGi(E) to be constant:

G'~E!5Gi~E!54p
d

a
. ~36!

1.3.4. Polar optical phonons

Using Eqs.~3!, ~4!, and~29!, we can represent the func
tions Gi(E) for scattering by polar optical phonons in th
form of Eqs.~34!, where

g~E,x!5p3S d

aDU E
0

` dy siny~g2y21x2!1/2

y~p22y2!~g2y21x21b`
2 !
U2

,

b`5a`/2k' . ~37!
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2. MOBILITY TENSOR

Using Eqs.~1! and ~2!, we can represent the diagon
components of the mobility tensorm̂, written in principal
axes, in the standard form

m'5
e^t'&

m*
, m i5

e^t i&

^mi&
, ~38!

where^t'& and^t i & are the energy-averaged transverse a
longitudinal relaxation times,̂m i & is the average longitudi
nal effective mass,

^t'&5
1

n E
0

`S 2
] f 0

]E D t'~E!rc~E!EdE, ~39!

^t i&5@12exp~2n/Nc!#
21E

0

`S 2
] f 0

]E D t i~E!dE, ~40!

1

^mi&
5

Drc

4min
@12exp~2n/Nc!#. ~41!

In Eqs. ~39!–~41!, rc5m* /pd\2 is the density of states in
the bottom conduction miniband in the two-dimension
electron gas approximation,Nc5k0Trc is the effective den-
sity of states in the bottom miniband, andm i 52\2/D2d2 is
the longitudinal effective mass at the miniband bottom. Fo
nondegenerate electron gas, which corresponds to satis
the conditionn!Nc , in the power-law approximation for th
relaxation time as a function of the energy and temperat

t i~E!5t0i~k0T!b iEa i11/2, ~42!

the expressions for the average relaxation times~39! and~40!
and for the average longitudinal effective mass~41! assume
the form

^t i&5t0i~k0T!a i1b i11/2G~a i1d i !, ~43!

1

^mi&
5

D

4k0T

1

mi
;T21, ~44!

whereG(n) is the gamma function,d'55/2, andd i 53/2.
Using Eqs.~38!, ~43!, and ~44!, we obtain for the tempera
ture dependence of the mobility

FIG. 1. Dimensionless functionGi versus the energy forT5100 K. a5b
55 nm,n51015 cm23 for scattering:1, 2—by impurity ions and3, 4—by
neutral atoms.1, 3—Transverse component of the tensor,2, 4—longitudinal
component of the tensor.
d

l

a
ing

e

m i;Tg i, ~45!

whereg i5a i1b i1x i , x i51/2, andx i 521/2.
For a degenerate electron gas withn@Nc we obtain,

instead of Eqs.~43! and ~44!, formulas that depend on th
reduced Fermi levelj, or electron densityn5rcj,

^t i&5t i~j!;Tb ija i11/2;Tb ina i11/2, ~46!

1

^mi&
5

D

4j

1

mi
;n21. ~47!

According to Eqs.~46! and ~47!, we obtain the following
expression for the temperature and electron density de
dence of the mobility:

m i;Tb ina i1x i. ~48!

3. NUMERICAL ANALYSIS FOR SCATTERING BY IMPURITY
IONS AND NEUTRAL ATOMS

Since analytic expressions could not be obtained for
formulas describing scattering by impurity ions and neut
atoms, we analyzed numerically for these scattering mec
nisms the energy dependence of the relaxation time and
perature dependence of the mobility. The analysis was m
in the temperature range 50,T,300 K for a composite SL
with the parametersa5b55 nm,m* 50.1m0, potential bar-
rier height VSL50.4 eV, «s5«`510, andn51015 cm23,
which are characteristic of SLs used in infrared-ran
photodetectors.1,2 According to numerical calculations,16 the
energy spectrum of this SL in the QW has two minibands
width D151.6 meV andD2518.5 meV, separated in energ
by 210 meV. These data substantiate the validity of the
proximation, used in the calculations presented above,
two-dimensional electron gas and a single miniband appr
mation for the SL.

The analysis associated with the numerical calculation
the functionsGi(E) showed the following.

FIG. 2. ã i versus the quantum well width atT5100 K for b55 nm and
n51015 cm23. The numbers on the curves have the same meaning a
Fig. 1.
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1. For scattering by impurity ions and neutral atoms
functionsGi(E) show a strong energy dependence, simila
a power-law dependence~see Fig. 1!. In other words,

Gi~E!'G0i~T!Eã i. ~49!

2. The exponentã i in this dependence is essentially i
dependent of temperature and the electron density in
rangen,1016 cm23. For scattering by neutral atoms it de
pends appreciably on the QW widtha ~see Fig. 2!.

3. As the temperature increases, the quantityG0 i for
scattering by impurity ions~Fig. 3, curve2! increases almos
linearly, while G0' depends very weakly on temperatu
~Fig. 3, curve1!. For scattering by neutral atoms this depe
dence is also very weak for both components~see Fig. 3,
curve3 and4!.

4. For scattering by impurity ions,G0 i was found to be
several orders of magnitude greater thanG0i , and it in-
creases with decreasing electron density~Fig. 4, curve2!.
For G0' this dependence is weak. For scattering by neu
atoms,G0 i andG0' are of the same order of magnitude a
are virtually independent of electron density~see Fig. 4!.

FIG. 3. G0i versus the temperature fora5b55 nm andn51015 cm23. The
numbers on the curves have the same meaning as in Fig. 1.

FIG. 4. G0i versus the electron density atT5100 K for a5b55 nm. The
numbers on the curves have the same meaning as in Fig. 1.
e
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On the basis of the above analysis, the dependence o
functionsGi on temperature and energy can be represen
in the form

Gi;Tb̃ iEã i, ~50!

Then, using Eqs.~31! and ~45!, the temperature-dependenc
of the mobility for a nondegenerate electron gas assumes
form ~45!, wherea i5a02ã i , b i5b02b̃ i , anda0 andb0

are the exponents in the energy and temperature depende
of the relaxation time in a bulk semiconductor. Th
temperature-average values ofã i , b̃ i , and g i , calculated
with the above-indicated parameters of the SL and co
sponding to the three basic scattering mechanisms, are
sented in Table I. It follows from the table that a stron
change in the temperature-dependence of the mobility in
SL under study, in contrast to its constituent bulk semico
ductors, should be expected for the longitudinal compon
In the extrinsic conductivity range, determined by scatter
by impurity ions and neutral atoms, this dependence for
longitudinal mobility is of a qualitatively different characte
than in bulk semiconductors, since it should decrease w
increasing temperature.
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Translated by M. E. Alferieff

TABLE I. Exponents in the energy and temperature dependences o
momentum relaxation time and mobility of electrons in a superlattice.

Scattering ã i b̃ i
g

mechanism a01b0 i 5' i 5i i 5' i 5i i 5' i 5i

Impurity ions 1.5 0.4 1.4 0 0.9 1.6 21.3
Neutral atoms 0 0.2 0.3 0 0 0.320.8
Acoustic phonons 21.5 0 0 0 0 21.0 22.0

Note: The exponents refer to the transverse (i 5') and longitudinal
( i 5 i ) components of the tensor.


