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1. Introduction

Let x(le),xg{])7 .. ,xj\f()[) be independent p-dimensional sample vectors and x(1€1)\1<“+1’
E‘ZMH’ .. 7x52(4,> be independent p;-dimensional sample vectors from the €th population
(€=1,2,...,m), where p; < p < Nfe) and the x]ms and ng)s are mutually independent.
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We partition xjm into a p; x1 random vector and a p, X 1 random vector,

as x]@) = ( ﬁf) ,xéf) ), where xgje): pixl,i=12j= 1,2,...7N1(€>, €=1,2,...,m, and

p = p1 + p2. That is, the data set is of the form

7 N\

7y 7y
( $§1) 93%1) \ \

{7

o NY

where an asterisk indicates a missing observation. Such a data set describes two-step
monotone missing data from an €th population.

In this article, we consider the m-population problem of the simultaneous testing
of the mean vectors and the covariance matrices when the data sets have the same
two-step monotone missing data. For the case without missing data, the LRT statistic
and the MLRT statistic have previously been derived, and an asymptotic expansion
of the null distribution for MLRT statistic has been given (see Muirhead 1982;
Siotani, Hayakawa, and Fujikoshi 1985; Srivastava 2002). The one-population pro-
blem under the condition of two-step monotone missing data has been discussed by
Hao and Krishnamoorthy (2001) and Hosoya and Seo (2015). In particular, Hosoya
and Seo (2015) derived the LRT statistic and the approximate MLRT statistics.
Recently, Tsukada (2014) discussed the simultaneous testing of the mean vectors
and the covariance matrices for an m-population problem under the condition of
two-step monotone missing data. In this article, we present an extension of the
results for a one-population problem given in Hosoya and Seo (2015) to an m-popu-
lation problem. The remainder of this article is organized as follows. In section 2, we
derive the MLEs using the transformation matrix, and derive the LRT statistic under
the condition of two-step monotone missing data. In section 3, we propose three
approximate MLRT statistics using the coefficients of the MLRT statistic for the
complete data. In section 4, as an alternative approach, we propose an approximate
upper percentile of the LRT statistic. Finally, in section 5 the accuracy of the
approximation and the asymptotic behavior of the modified statistics are investigated
using Monte Carlo simulation.
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2. MLE and LRT statistic

In this section, we consider the LRT statistic for testing the equality of multivariate normal
populations with two-step monotone missing data. To derive the LRT statistic for

Hy: y(l) _ ”(2) —- .= y(m), W = 3@ = ... = sMys H: not Hy, (1)

we first consider the MLEs of the mean vectors and the covariance matrices under the null
and nonnull hypotheses. The MLEs for a one-population problem were derived using the
decomposition of the density into conditional densities by Kanda and Fujikoshi (1998).
Similarly to the one-population case, we can obtain the MLEs for the m-population problem
under the condition of two-step monotone missing data. Following the derivation of Kanda

and Fujikoshi (1998), we use the following transformed parameters (), Al9):
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where 2!, = Eg{? — 20 5% We note that the pair ((9),A) is in one-to-one

correspondence with (u(9,2(9).

Under Hi, the MLEs of ) and A(“) are given by
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and
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We can obtain the MLEs # and A in a straightforward method using the one-population case

of Kanda and Fujikoshi (1998). We note that the MLEs for the two-population case are

derived by Seko, Kawasaki, and Seo (2011). For the MLEs by other notations under the k-step

monotone missing data, see Jinadasa and Tracy (1992) and Yagi and Seo (2014; 2015).
From the preceding MLEs, we obtain the following theorem.

Theorem 2.1. Suppose that the data sets have the same two-step monotone missing
pattern. Then, the LR of the hypothesis test (1) is given by

~(0) AN | 2 () AN
I AR AR

|An PV Ag ™

We note that under Hy, — 2logA is asymptotically distributed as a y* distribution with
f=pp+3)(m—1)/2 degrees of freedom, when Nfe), NO — 00 with
fo)/N(‘]) —6© € (0,1], €=1,2,...,m. In particular, it should be noted that a y?
approximation is not useful for small samples. In sections 3 and 4, we present the modified
LRT statistics and an approximate upper percentile of the LRT statistic (—21logA) itself.

3. Approximate MLRT statistics

In this section, we propose an approximate MLRT statistic using linear interpolation based
on the MLRT statistic in the case of a complete data set. Furthermore, as an alternative
approach we provide two approximate MLRT statistics using the decomposition of the LR.

First, we consider the LR in the case of a complete data set. Let xﬁ”,xf), . ,xf\?{) be

sample vectors of size N from N, (u'?, 2(0), with € = 1,2,...,m, and let A be the LR
for the complete data set. Then the LR is given by

1 %N(f')
S N 74 (%)
H#:l N(g) \4
Ac,N = N 3
1 2
—(V+B
v
where
N©) m m
v — Z(xf“ —x)(xlD — 0y v = Z v,  B= ZN(O(,—C(O — %)Y — %),
=1 =1 =1
1 N 1 m
O — = © < _ 2 (€)%(€) _ ()
X _N(f);xi , x—N;N x\ N—;N .

Furthermore, the MLRT statistic is given by — 2p_y logAc n, where



678 M. HOSOYA AND T. SEO

2p* +9p+11 “~ N
:1 —_—
Pen 6N(p + 3)(m (;N )

and its cumulative distribution function can be expanded as

Pr(—ZpC,N logAcn < x) = Gy(x) + % {Gra(x) — Gy(x)} + O(M ),

where NO

¢
M =p yN, k5>=T,

2
LN | (2p249p+11)°(2p—1) [~ 1
6p(p+1)(p+2)(p+3 1
71=5g5| PP+ (+2)(p >;{k§€)}z ST n—1) (Zlkgg )

and Gy(x) and Gyi4(x) are the cumulative distribution functions of the x* distribution
with f(= p(p + 3)(m — 1)/2) and f + 4 degrees of freedoms, respectively. This means that
if the y* distribution is used as an approximation to the distribution of — 2p_ logAc n,
the error involved is not of order ML, but rather of order M—2. The derivation of MLRT
was presented by Muirhead (1982, 513).

In this section, we consider an approximation to the correction factor p_. ., because it is
not easy to determine p, . - for the MLRT statistic (—2p, ;. log)) under the condition of
two-step monotone missing data. As with the one-population case considered in Hosoya
and Seo (2015), we can propose an approximate MLRT statistic — 2p; log A, where

2p* +9p+ 11 N T | LN 1
:1— -~ - - + - N - T o .
& 6p<p+3><m_1>{<;w> N)p‘ (Z;NE“ N1>p2}

Next, we provide two approximate MLRT statistics using the decompositions of LR()).
First, the LR can be decomposed as A = &£, where

IN(0)
e [aOF
=1 11

51 = 1 ; 2 = 1 .
Y IN,

©
N

Because & takes the form of the LR for Hj in the case of without missing data, we can use
the MLRT statistic — 2p, log&; instead of — 2log&;, where

2pt +9p; + 11 “. N
=1- —-1].
Pe 6N(p1 +3)(m — 1) ;N(é’)

=1

On the other hand, the quantity & can be decomposed as & = £5¢1f, where £} takes the
form of the LR for Hj in the case of without missing data. Therefore, we can use the
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MLRT statistic — 2p,, log ¢ instead of — 2log¢l, where

2p5 +9p2 + 11 ~ N
Pe, 6N, (PZ 4 3)(m _ 1) (/Z:Nfé) )
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Thus, we propose a new approximate MLRT statistic given by — 2log 7, where

T= (&)’ (&)

In addition, we consider the testing of the equality of covariance matrices; that is,

H()ll 2(1) = 2(2) == E(m) VS. HII: not H01.
In the case of complete data, the MLRT statistic is given by — 2p’;logA’ s, where

150
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n

n© = NO —1and n =3}, n'®. This result can be modified to get an unbiased MLRT
statistic (see Muirhead 1982, 308). Letting

1,0 b
m 1 \2" '~ © %n(f) m 1
e} 4 |-
x €1;[1 <H(€)) ’ 1 * (=1 ngf)
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&, and & take the form of the LR for Hy, in the case of without missing data. Therefore, we
can give the MLRT statistics as — 2p5, log&j; and — 2p5 ) log &, respectively, where

. @ﬁ%ﬁ LI
Peo =1 G + (Zln“ )
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« 4 2p3+3p, — 1 - mo
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Then, by considering the decompositions of £; and &, using &}, and &, we can propose
the approximate MLRT statistic — 2log ¢, where

— P):Pl szz
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4. An approximate upper percentile of the LRT statistic

IN©
(6) 2771
Vo,

In this section, we derive an approximate upper percentile of — 2logA when the data sets
have the same two-step monotone missing pattern. First, in the case of complete data sets,
we can obtain the following lemma by using the result of Muirhead (1982, 513).

Lemma 4.1. Suppose that xg€)7x§€),...,x§f()@ are distributed as Np(‘u(‘)),zw)), with

€ =1,2,...,m. Then, under the null hypothesis Hy given in Eq. (1), the upper percentile
of the MLRT statistic, — 2p_ylogAcn, can be expanded as

(@) = (@) + 35 @G +f + 2} + 0 (),

where

B B 2p? +9p—|—11 “ 1 B
M_pc.NNa Pc,N =1- 6N(p—|—3) (Z (g >7f_ 2P(P+3)(m 1)7

=1

and XJ%(“) is the upper percentile of the y* distribution with f degrees of freedom.
Furthermore, the upper percentile of — 2logA.y is given by

Urrc(a) = (Z k% — 1>Xf

=1

—~ 1 ’ 2)’1 2y -3
N2Xf { (;kgéf ) f +f(f+2)xf(“)}+O(N )7




JOURNAL OF STATISTICAL THEORY AND PRACTICE @ 681

where
_ AL N
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By applying a linear interpolation procedure and letting ujr..m (o) be the upper percen-
tile of — 2logA, an approximate upper percentile of —2logA can be proposed as

i "o mo]
Upm (@) = X;(“) Np {Pl (;W - 1) tapa (;W - 1) }X;(“)
=1K; =1/

L 12 mi_ 2 % 27, 2(a
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T =77, k2 T !}
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2
1 mo (2p*+9p+11)° o
= |6p(p+1)(p+2)(p+3) -1
Vi=2gs | (b ;{k,@}z p(p+3)(m— 1 Z;kff
i=1,2.

The approximation result just given is an extension of the result for the one-population
case given in Hosoya and Seo (2015, 89).

5. Accuracy of the approximations

Now we compute the upper percentiles of the null distributions of the LRT statistic and the
approximate MLRT statistics with two-step monotone missing data for the m-population
problem using Monte Carlo simulation (with 10° runs). In particular, we evaluate the
asymptotic behavior of the y* approximations and the accuracy of the approximate upper
percentiles of — 2logA.

Tables 1a, 1b, and 1c present the simulated upper 100« percentiles of — 2logA, — 2p, logA,
—2logT, and — 2log ¢ and the approximate upper percentiles of — 2logA (., («)) for

m=2,3,5; (p1,p2) = (8,4); « = 0.05,0.01; and the following three cases of (Nfe),Ny)):
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Table 1a. The simulated values for —2logA, — 2p; logA, — 2logt,and — 2log ¢ and the approximate
value for — 2logA when m = 2 and (py, p2) = (8,4).

Sample size Upper percentile
Nif) Nzw) —2logh —2p; logA —2logT —2logg U g ()
o =0.05
20 20 169.56 131.22 155.65 146.73 152.45
40 40 133.19 118.13 127.85 125.20 129.37
80 80 121.97 115.07 119.53 118.42 120.40
160 160 117.32 114.01 116.14 115.63 116.56
320 320 11517 113.54 114.59 114.35 114.80
20 10 172.56 127.04 155.74 147.09 160.27
40 20 134.40 116.68 127.83 125.30 132.39
80 40 122.53 114.45 119.50 118.44 121.69
160 80 117.61 113.73 116.16 115.66 117.15
320 160 115.31 113.41 114.59 114.36 115.08
20 40 166.76 135.34 155.44 146.26 145.64
40 80 131.93 119.50 127.82 125.04 126.60
80 160 121.35 115.64 119.49 118.32 119.17
160 320 117.06 114.31 116.17 115.64 115.99
a=0.01

20 20 186.84 144.59 171.54 161.57 167.65
40 40 146.18 129.66 140.35 137.47 142.02
80 80 133.80 126.24 131.13 129.90 132.10
160 160 128.72 125.08 127.42 126.88 127.87
320 320 126.35 124.56 125.71 125.45 125.93
20 10 190.09 139.94 171.60 162.01 176.34
40 20 147.30 127.87 140.14 137.35 145.36
80 40 134.27 125.42 130.95 129.82 133.52
160 80 129.02 124.76 127.42 126.90 128.51
320 160 126.53 124.44 125.73 12547 126.24
20 40 183.87 149.22 171.37 161.19 160.11
40 80 144.95 131.30 140.45 137.39 138.96
80 160 133.13 126.86 131.08 129.85 130.75
160 320 128.49 125.46 127.52 126.91 127.24

Note. x7(0.05) = 113.145, x7(0.01) = 124.116.

Table 1b. The simulated values for — 2logA, — 2p, logA, — 2log 7, and — 2log ¢ and the approximate
value for — 2logA when m = 3 and (p1,p2) = (8,4).

Sample size Upper percentile
Nif) Nzw) —2logA —2p; logA —2logT —2log¢ Ui pom ()
a =0.05

20 20 302.09 241.37 278.46 261.58 275.55
40 40 245.06 22043 236.15 230.90 238.78
80 80 226.93 215.53 222.85 220.62 224.26
160 160 219.18 213.67 217.21 216.20 217.96
320 320 215.63 212.92 214.66 214.16 215.05
20 10 306.92 234.95 278.53 262.10 288.00
40 20 247.14 218.17 236.15 231.05 243.67
80 40 227.89 214.53 222.83 220.69 226.37
160 80 219.69 213.25 217.25 216.26 218.93
320 160 216.04 212.87 214.83 214.34 215.52
20 40 297.60 247.76 278.33 261.13 264.63
40 80 243.03 222.68 236.11 230.65 234.27
80 160 226.00 216.54 222.88 220.55 222.24
160 320 218.74 214.16 217.23 216.17 217.01

(Continued)
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Table 1b. (Continued).

Sample size Upper percentile
Nie) NZ(C) —2logh —2p, logh —2logT —2logg U g ()
a=0.01

20 20 324.15 259.00 298.77 280.46 295.13
40 40 262.26 235.90 252.68 247.03 255.48
80 80 242.83 230.63 238.46 236.11 239.87
160 160 234.46 228.57 23237 231.25 233.11
320 320 230.73 227.83 229.70 229.16 230.00
20 10 329.41 252.16 298.96 281.14 308.56
40 20 264.40 233.40 252.66 247.18 260.74
80 40 243.72 229.43 238.35 236.03 242.13
160 80 234.97 228.09 232.38 231.34 234.15
320 160 230.79 227.41 229.51 229.01 230.49
20 40 319.28 265.81 298.41 280.04 283.37
40 80 260.11 23833 252.72 246.91 250.64
80 160 24154 23143 238.18 235.72 237.71
160 320 233.97 229.07 232.38 231.22 232.10

Note. X}(o.os) = 212.304, X}(o.m) = 227.056.

Table 1c. The simulated values for — 2logA, — 2p, logA, — 2logt, and — 2log ¢ and the approximate
value for — 2logA when m = 5 and (p1, p2) = (8,4).

Sample size Upper percentile
Nf() sz —2logh —2p, logh —2logT —2logg Ui pm (@)
o =0.05
20 20 555.35 454.89 515.93 482.05 511.13
40 40 461.01 419.31 445.84 435.14 450.04
80 80 430.13 410.68 423.15 418.61 425.61
160 160 417.11 407.68 413.75 411.64 414.92
320 320 411.11 406.47 409.46 408.44 409.95
20 10 563.70 444.74 516.24 482.79 531.80
40 20 464.50 415.49 445.76 43532 458.26
80 40 431.93 409.14 423.26 418.86 429.19
160 80 418.00 406.97 413.81 411.77 416.58
320 160 411.46 406.03 409.39 408.39 410.75
20 40 547.54 465.00 515.50 481.16 492.88
40 80 457.47 422.99 445.68 434.79 442.42
80 160 428.54 412.39 423.19 418.55 422.18
160 320 416.32 408.48 413.76 411.61 413.29
a=0.01

20 20 584.02 478.38 542.51 506.58 536.97
40 40 484.15 440.36 468.24 456.99 472.49
80 80 451.60 431.18 44430 439.59 446.75
160 160 437.70 427.80 43417 431.92 435.51
320 320 431.47 426.59 429.73 428.67 430.29
20 10 592.69 467.61 542.85 507.28 558.79
40 20 487.89 436.41 468.25 457.14 481.15
80 40 453.35 42943 444.26 439.66 450.52
160 80 438.77 427.19 434.40 432.23 437.25
320 160 431.88 426.18 429.72 428.66 431.13
20 40 576.00 489.17 542.02 505.82 517.73
40 80 480.38 44418 467.99 456.52 464.47
80 160 449.67 432.73 444.04 439.21 443.14
160 320 437.15 428.92 434.48 432.15 433.80

Note. 7(0.05) = 405.244, x7(0.01) = 425.347.



684 M. HOSOYA AND T. SEO

(1), t=20,40,80,160,320,
(N§f>,N§€>) ={ (2t,1), t=10,20,40,80, 160,
.t =20,40,80, 160,

—
~
[\
~

NN

where N{l) = Nfz) and Ngl) = Néz).

Tables 2a, 2b, and 2c present the actual type I error rates for the upper percentiles of
—2logA, —2p,logA, —2logt, and — 2log¢, as well as uj . («) from Tables 1a, 1b,
and 1c, which are given by

OcHI = Pr{—Zlogl = XJ%(“)}» Op, = Pr{_sz logA > X;(“)},

o = Pr{—zlogr > X}(a)}, oy = Pr{—Zlog(p > Xf(oc)},

and
oy, = Pri{—2logA > ujp . (a) },

respectively.

Table 2a. The type | error rates when m = 2 and (p1,p,) = (8,4).

Sample size Type | error rate
(€) (€)
Nl NZ XCHI apL [0 43 0(4, ‘X“;.R ™
o =0.05
20 20 0.841 0.260 0.677 0.534 0.179
40 40 0.307 0.091 0.216 0.176 0.076
80 80 0.134 0.064 0.106 0.094 0.060
160 160 0.083 0.056 0.073 0.068 0.055
320 320 0.065 0.053 0.060 0.059 0.053
20 10 0.869 0.198 0.680 0.542 0.129
40 20 0.331 0.077 0.217 0.179 0.062
80 40 0.141 0.059 0.105 0.094 0.055
160 80 0.086 0.054 0.072 0.068 0.053
320 160 0.066 0.052 0.060 0.058 0.052
20 40 0.814 0.330 0.675 0.527 0.234
40 80 0.285 0.105 0.216 0.174 0.089
80 160 0.126 0.068 0.105 0.093 0.065
160 320 0.081 0.058 0.073 0.068 0.057
a=0.01

20 20 0.663 0.104 0.447 0.302 0.059
40 40 0.126 0.022 0.076 0.057 0.017
80 80 0.038 0.014 0.027 0.023 0.013
160 160 0.020 0.012 0.017 0.015 0.011
320 320 0.014 0.011 0.013 0.012 0.011
20 10 0.708 0.069 0.451 0.310 0.036
40 20 0.141 0.018 0.076 0.057 0.013
80 40 0.041 0.012 0.027 0.023 0.011
160 80 0.021 0.011 0.017 0.015 0.011
320 160 0.014 0.011 0.013 0.012 0.010
20 40 0.622 0.146 0.445 0.296 0.086
40 80 0.113 0.028 0.076 0.056 0.022
80 160 0.035 0.015 0.027 0.023 0.014
160 320 0.019 0.012 0.017 0.015 0.012

Note. The closer to « in the values achy, apL, a7 g, and oy

of each low is in boldface.
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Table 2b. The type | error rates when m = 3 and (py, p,) = (8,4).

Sample size Type | error rate
Nie) Ng() XCHI apL [¢ %3 (XV, rxuim
o =0.05
20 20 0.943 0.332 0.808 0.624 0.220
40 40 0.402 0.102 0.273 0.206 0.083
80 80 0.162 0.068 0.123 0.104 0.063
160 160 0.092 0.057 0.078 0.072 0.056
320 320 0.068 0.053 0.063 0.060 0.053
20 10 0.959 0.249 0.810 0.632 0.151
40 20 0.435 0.085 0.274 0.209 0.067
80 40 0.173 0.062 0.122 0.104 0.057
160 80 0.096 0.055 0.079 0.072 0.054
320 160 0.070 0.053 0.063 0.061 0.052
20 40 0.925 0.421 0.806 0.616 0.295
40 80 0.371 0.120 0.273 0.203 0.100
80 160 0.153 0.074 0.123 0.103 0.070
160 320 0.089 0.060 0.079 0.072 0.059
a=0.01
20 20 0.839 0.144 0.605 0.382 0.078
40 40 0.186 0.026 0.105 0.070 0.020
80 80 0.049 0.015 0.034 0.027 0.014
160 160 0.023 0.012 0.018 0.016 0.012
320 320 0.015 0.011 0.014 0.013 0.011
20 10 0.874 0.094 0.608 0.389 0.045
40 20 0.210 0.020 0.105 0.071 0.014
80 40 0.054 0.013 0.033 0.027 0.012
160 80 0.024 0.011 0.018 0.016 0.011
320 160 0.016 0.010 0.013 0.013 0.010
20 40 0.802 0.206 0.602 0.374 0.119
40 80 0.165 0.033 0.104 0.068 0.026
80 160 0.045 0.017 0.034 0.026 0.015
160 320 0.022 0.013 0.018 0.016 0.012
Note. The closer to « in the values aci, &1, o7, @y, and O of each low is in boldface.
Table 2c. The type | error rates when m =5 and (p1,p) = (8,4).
Sample size Type | error rate
Nif) N;f) OCHI oL ar % i
o =0.05
20 20 0.992 0.452 0.933 0.742 0.293
40 40 0.542 0.120 0.365 0.251 0.095
80 80 0.207 0.072 0.148 0.116 0.067
160 160 0.107 0.059 0.088 0.077 0.058
320 320 0.074 0.054 0.066 0.062 0.054
20 10 0.995 0.342 0.935 0.751 0.194
40 20 0.584 0.097 0.367 0.255 0.073
80 40 0.222 0.065 0.149 0.118 0.060
160 80 0.112 0.056 0.088 0.077 0.055
320 160 0.076 0.053 0.066 0.062 0.053
20 40 0.986 0.563 0.931 0.736 0.398
40 80 0.501 0.146 0.365 0.249 0.118
80 160 0.192 0.080 0.148 0.116 0.075
160 320 0.102 0.062 0.088 0.076 0.061

(Continued)
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Table 2c. (Continued).

Sample size Type | error rate
Ny Ny acHI %L ad % T
a =0.01

20 20 0.964 0.226 0.811 0.509 0.116
40 40 0.293 0.033 0.159 0.091 0.023
80 80 0.068 0.016 0.043 0.031 0.015
160 160 0.027 0.012 0.021 0.018 0.012
320 320 0.017 0.01 0.015 0.013 0.011
20 10 0.977 0.148 0.816 0.518 0.063
40 20 0.331 0.025 0.160 0.093 0.017
80 40 0.076 0.014 0.044 0.032 0.013
160 80 0.029 0.012 0.021 0.018 0.01
320 160 0.017 0.01 0.015 0.013 0.01
20 40 0.947 0.320 0.809 0.501 0.183
40 80 0.259 0.043 0.159 0.090 0.032
80 160 0.062 0.019 0.043 0.031 0.017
160 320 0.026 0.014 0.021 0.018 0.013

Note. The closer to « in the values acui, &1, 7, @y, and . of each low is in boldface.

It may be noted from Tables 1a, 1b, and 1c that the simulated values get closer to the
upper percentiles of the y* distribution when both of the sample sizes N ) and N
become large. From the results presented in Tables 2a, 2b, and 2c, we note that the actual

type I error rates get closer to the value of @ when the sample sizes N1 ) and N ) become
large, even when m is large. Furthermore, it can be seen from the tables that our
approximations are accurate for the majority of cases. In particular, it should be noted
that the values of ujy . are highly accurate for all cases.

Tables 3a, 3b, and 3¢ present the same upper percentiles as those glven in Tables 1a, 1b,
and 1c for m = 2,3,5; (p1,p2) = (8,4); « = 0.05,0.01; and N Nz( )) = (f1,t), where
t; = 40, 80, 160,320 and t, = 10, 30,60, 120 for Table 3a and t; = 30,60, 120 and t, =

10, 40, 80, 160, 320 for Tables 3b and 3c, and the sets (Nf{)),Ny)) are a combination of t;

and f,. Tables 4a, 4b, and 4c present the actual type I error rates acpr, &, , &, and a, from
Tables 3a, 3b, and 3c.

Table 3a. The simulated values for —2logA, — 2p, logA, —2log 7, and — 2log ¢ and the approximate
value for — 2logA when m =2 and (p1,p2) = (8,4).

Sample size Upper percentile
Nif) Ngf) —2logA —2p, log —2logT —2log¢ U g ()
a = 0.05

40 10 135.56 115.63 127.93 125.49 134.99
80 10 123.37 113.68 119.54 118.58 123.50
160 10 118.07 113.26 116.13 115.70 118.15
320 10 115.63 113.22 114.65 114.45 115.60
40 30 133.69 117.50 127.84 125.25 130.63
80 30 122.82 114.30 119.57 118.54 122.17
160 30 117.90 113.43 116.14 115.69 117.78
320 30 115.55 113.24 114.62 114.42 115.50

(Continued)



JOURNAL OF STATISTICAL THEORY AND PRACTICE @ 687

Table 3a. (Continued).

Sample size Upper percentile

Nie) N;C) —2logh —2p, logh —2logt —2logg U g ()
40 60 132.50 119.01 127.89 125.15 127.68
80 60 122.14 114.74 119.44 118.36 120.94
160 60 117.70 113.62 116.13 115.67 117.36
320 60 115.45 113.26 114.58 114.37 115.38
40 120 131.35 120.21 127.80 124.94 125.31
80 120 121.74 115.54 119.64 118.50 119.66
160 120 117.45 113.89 116.15 115.65 116.81
320 120 115.37 113.37 114.60 114.37 115.18

a=0.01

40 10 148.84 126.96 140.53 137.91 148.24
80 10 135.29 124.67 131.10 130.05 135.52
160 10 129.55 124.27 127.43 126.97 129.62
320 10 126.84 124.20 125.76 125.55 126.81
40 30 146.67 128.90 140.29 137.46 143.41
80 30 134.70 125.36 131.16 130.05 134.05
160 30 129.38 124.47 127.44 126.97 129.21
320 30 126.74 124.20 125.72 125.49 126.71
40 60 145.24 130.46 140.24 137.30 140.15
80 60 134.02 125.90 131.10 129.93 132.70
160 60 128.96 124.49 127.25 126.73 128.75
320 60 126.55 124.15 125.61 125.38 126.57
40 120 144.28 132.05 140.38 137.24 137.54
80 120 133.55 126.75 131.24 130.00 131.28
160 120 12891 125.01 127.48 126.92 128.14
320 120 126.59 124.40 125.75 125.49 126.35

Note. x2(0.05) = 113.145, x7(0.01) = 124.116.

Table 3b. The simulated values for —2logA, — 2p, logA, — 2log 7, and — 2log ¢ and the approximate
value for — 2logA when m =3 and (p1, p2) = (8,4).

Sample size Upper percentile
Nif) Ny) —2logh —2p, logA —2logt —2logg Ui pm (@)
a=0.05

30 10 264.73 22039 247.48 239.81 260.82
60 10 23541 214.01 226.93 224.01 23537
120 10 22336 212.71 219.08 217.81 223.46
30 40 258.81 226.61 247.17 239.07 247.06
60 40 23333 216.13 226.95 223.90 230.57
120 40 222.67 21335 219.06 217.72 222.00
30 80 256.29 229.75 247.16 238.88 241.29
60 80 232.00 217.57 226.96 223.78 227.60
120 80 222.11 213.92 219.09 217.70 220.78
30 160 254.50 232.07 247.12 238.62 237.42
60 160 230.72 218.78 226.90 223.61 225.05
120 160 221.40 214.52 219.02 217.59 219.43
30 320 253.44 233.55 247.15 238.56 235.15
60 320 229.84 219.71 226.87 223.51 223.26
120 320 220.86 215.15 219.07 217.59 218.24

(Continued)
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Table 3b. (Continued).

Sample size Upper percentile
Nie) N;C) —2logh —2p, logh —2logt —2logg U g ()
a=0.01

30 10 283.13 235.71 264.73 256.64 279.22
60 10 251.70 228.81 242.63 239.62 251.81
120 10 239.00 227.61 234.42 233.06 239.00
30 40 277.09 242,61 264.62 255.92 264.40
60 40 249.56 23117 242.74 239.46 246.65
120 40 238.07 228.10 234.21 232.79 237.45
30 80 274.35 245.95 264.56 255.61 258.20
60 80 248.16 232.72 242.79 239.41 243.45
120 80 237.51 228.76 234.26 232.81 236.14
30 160 272.55 248.52 264.56 255.49 254.05
60 160 246.86 234.08 242.74 239.22 240.72
120 160 236.75 229.39 234.22 232.67 234.69
30 320 271.37 250.07 264.58 255.42 251.62
60 320 245.83 234.99 242.64 239.10 238.81
120 320 236.23 230.12 23432 232.74 233.41

Note. y(0.05) = 212.304, x?(0.01) = 227.056.

Table 3c. The simulated values for — 2logA, — 2p; logA, — 2logt,and — 2log ¢ and the approximate
value for — 2logA when m = 5 and (py, p2) = (8,4).

Sample size Upper percentile
Nif) Ngf) —2logh —2p; logA —2logt —2logg Ui (@)
o =0.05
30 10 493.84 419.39 464.65 448.85 486.85
60 10 444.68 408.29 430.18 42411 44437
120 10 42424 406.04 416.90 414.19 424.26
30 40 483.96 429.77 464.30 447.95 463.82
60 40 44117 411.91 430.26 423.98 436.27
120 40 42297 407.03 416.77 414.03 421.80
30 80 479.63 434.94 464.23 447.60 454.10
60 80 438.59 414.03 429.99 423.60 431.23
120 80 422.01 408.01 416.82 414.00 419.72
30 160 476.59 438.78 464.22 447.41 447.53
60 160 436.72 416.37 430.17 423.62 426.90
120 160 420.97 409.18 416.88 413.99 417.41
30 320 474.60 441.08 464.07 44717 443.66
60 320 43530 418.03 430.23 423.56 423.85
120 320 419.83 410.05 416.75 413.81 415.38
a=0.01

30 10 518.77 440.57 488.06 471.55 511.30
60 10 466.70 428.51 451.53 44518 466.50
120 10 445,25 426.15 437.53 434.73 44533
30 40 508.28 451.37 487.57 470.46 487.03
60 40 463.14 432.42 451.69 44511 457.98
120 40 443.95 427.22 437.46 434.59 442.74
30 80 503.78 456.83 487.52 470.06 476.79
60 80 460.41 434.63 451.36 444.58 452.68
120 80 443.01 428.32 437.56 43457 440.56

(Continued)
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Table 3c. (Continued).

Sample size Upper percentile

Nie) NZ(C) —2logh —2p, logh —2logT —2logg U g ()
30 160 500.65 460.93 487.56 469.82 469.88
60 160 458.28 436.93 451.41 44454 448.12
120 160 44191 429.54 437.60 434.56 438.13
30 320 498.54 463.33 487.35 469.69 465.82
60 320 456.90 438.77 451.55 444.53 444.92
120 320 440.73 430.46 437.51 434.39 435.99

Note. x7(0.05) = 405.244, X}(o.m) = 425.347.

Table 4a. The type | error rates when m = 2 and (p;, p,) = (8,4).

Sample size Type | error rate
fo) Nf) cHI op, o ap L.
a =0.05
40 10 0.351 0.068 0.216 0.180 0.053
80 10 0.152 0.054 0.105 0.095 0.049
160 10 0.090 0.051 0.073 0.069 0.050
320 10 0.068 0.051 0.061 0.059 0.050
40 30 0.317 0.084 0.217 0.177 0.069
80 30 0.144 0.058 0.105 0.095 0.054
160 30 0.089 0.052 0.072 0.069 0.051
320 30 0.068 0.051 0.060 0.059 0.050
40 60 0.295 0.100 0.217 0.175 0.084
80 60 0.137 0.061 0.105 0.094 0.058
160 60 0.087 0.053 0.073 0.069 0.052
320 60 0.067 0.051 0.060 0.059 0.050
40 120 0.275 0.113 0.216 0.173 0.095
80 120 0.130 0.067 0.106 0.094 0.064
160 120 0.085 0.055 0.073 0.068 0.054
320 120 0.066 0.051 0.060 0.059 0.051
a=0.01

40 10 0.153 0.015 0.076 0.059 0.011
80 10 0.046 0.011 0.028 0.024 0.010
160 10 0.022 0.010 0.017 0.015 0.010
320 10 0.015 0.010 0.013 0.013 0.010
40 30 0.132 0.020 0.076 0.057 0.016
80 30 0.043 0.012 0.027 0.024 0.011
160 30 0.022 0.011 0.017 0.015 0.010
320 30 0.015 0.010 0.013 0.012 0.010
40 60 0.119 0.026 0.076 0.056 0.020
80 60 0.039 0.013 0.027 0.023 0.012
160 60 0.021 0.011 0.016 0.015 0.010
320 60 0.015 0.010 0.013 0.012 0.010
40 120 0.107 0.030 0.076 0.055 0.024
80 120 0.037 0.015 0.028 0.024 0.014
160 120 0.021 0.011 0.017 0.016 0.011
320 120 0.015 0.010 0.013 0.012 0.010

Note. The closer to a in the values acmr, o, o7, &y, and ay: of each low is in boldface.
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Table 4b. The type | error rates when m = 3 and (py,p,) = (8,4).

Sample size Type | error rate
Nie) Ng” ocHI ap, o oy O
o =0.05
30 10 0.680 0.101 0.435 0.322 0.067
60 10 0.266 0.059 0.162 0.133 0.050
120 10 0.127 0.052 0.091 0.082 0.050
30 40 0.601 0.157 0.431 0.312 0.117
60 40 0.237 0.071 0.162 0.131 0.064
120 40 0.121 0.055 0.091 0.082 0.053
30 80 0.564 0.191 0.431 0.309 0.146
60 80 0.220 0.080 0.162 0.131 0.073
120 80 0.116 0.058 0.092 0.082 0.056
30 160 0.537 0.218 0.430 0.306 0.167
60 160 0.205 0.089 0.161 0.129 0.081
120 160 0.110 0.062 0.091 0.081 0.060
30 320 0.521 0.236 0.430 0.305 0.180
60 320 0.195 0.096 0.162 0.128 0.088
120 320 0.105 0.065 0.091 0.081 0.063
a=10.01

30 10 0.436 0.026 0.210 0.134 0.015
60 10 0.099 0.012 0.049 0.037 0.010
120 10 0.035 0.011 0.023 0.020 0.010
30 40 0.354 0.048 0.208 0.127 0.032
60 40 0.085 0.016 0.049 0.037 0.014
120 40 0.033 0.011 0.022 0.019 0.011
30 80 0.319 0.063 0.207 0.126 0.043
60 80 0.076 0.019 0.050 0.037 0.017
120 80 0.031 0.012 0.023 0.019 0.012
30 160 0.295 0.076 0.206 0.124 0.052
60 160 0.069 0.022 0.049 0.036 0.019
120 160 0.029 0.013 0.022 0.019 0.013
30 320 0.281 0.086 0.207 0.123 0.058
60 320 0.064 0.024 0.049 0.036 0.021
120 320 0.027 0.014 0.022 0.019 0.014

Note. The closer to a in the values acui, o, , ar, &, and Oz of each low is in boldface.

Considering Tables 3a, 3b, and 3c, it should be noted that the behavior of the simulated
values and the accuracy of the approximation exhibit the same tendencies as the corre-
sponding results of Tables la, 1b, and lc. That is, it can be observed that the proposed
approximation procedures are considerably accurate, even for cases when the sample size
is not large and m is moderately large.

Thus, it can be concluded that the approximation ujy () is highly accurate, and the
accuracy of the approximation is considerably higher than that of the y* approximation
(Xj%(oc)) in almost all cases.
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Table 4c. The type | error rates when m =5 and (py, p,) = (8,4).

Sample size Type | error rate
Nie) N;O ocHI ap, o oy O
o =0.05
30 10 0.843 0.121 0.581 0.399 0.074
60 10 0.356 0.062 0.206 0.155 0.051
120 10 0.156 0.053 0.105 0.090 0.050
30 40 0.769 0.200 0.577 0.389 0.144
60 40 0.315 0.078 0.206 0.154 0.068
120 40 0.147 0.057 0.105 0.089 0.054
30 80 0.731 0.248 0.576 0.385 0.185
60 80 0.290 0.089 0.205 0.152 0.080
120 80 0.139 0.060 0.105 0.089 0.058
30 160 0.701 0.285 0.574 0.382 0.215
60 160 0.268 0.102 0.205 0.151 0.092
120 160 0.131 0.065 0.105 0.088 0.063
30 320 0.682 0.310 0.573 0.380 0.233
60 320 0.253 0.112 0.206 0.150 0.101
120 320 0.124 0.069 0.105 0.088 0.067
a=0.01

30 10 0.645 0.033 0.329 0.182 0.017
60 10 0.152 0.013 0.069 0.046 0.010
120 10 0.046 0.011 0.027 0.022 0.010
30 40 0.540 0.067 0.325 0.175 0.042
60 40 0.127 0.018 0.069 0.045 0.015
120 40 0.042 0.012 0.027 0.022 0.011
30 80 0.491 0.090 0.324 0.172 0.059
60 80 0.112 0.022 0.068 0.044 0.018
120 80 0.040 0.013 0.027 0.021 0.012
30 160 0.456 0.111 0.324 0.171 0.074
60 160 0.101 0.026 0.068 0.044 0.022
120 160 0.037 0.014 0.027 0.021 0.014
30 320 0.434 0.125 0.323 0.168 0.082
60 320 0.092 0.030 0.069 0.044 0.026
120 320 0.034 0.016 0.027 0.021 0.015

Note. The closer to a in the values acui, «y, , @7, &, and oz of each low is in boldface.
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