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Abstract

We show that if losses are larger than wealth, then individuals with the option of
declaring bankruptcy will not insure if the loss probability is above a threshold.
In an insurance market with adverse selection, if the high risks’ loss probability is
above the threshold, then no trade occurs at the Rothschild—Stiglitz equilibrium.
Active trade in insurance requires cross-subsidization. When a subset of individuals
with significant costs of bankruptcy and default is included in the market, then the
equilibrium outcome always involves positive levels of insurance coverage for some
individuals, but the parameters of the model determine whether all types receive
coverage, or whether null contracts are received by both high and low risks with no
bankruptcy costs or just the low risks from that group.
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1 Introduction

Individuals can face large potential losses that exceed their wealth. The median net
worth of U.S. households was $68,828 in 2011 (U.S. Census Bureau 2014). It is
easy to see that a large medical expense or a large liability judgement could wipe
out a household’s net worth.! We show that, when losses exceed wealth, risk averse
individuals will not insure if the probability of loss exceeds a threshold. We examine
the implications of this for insurance markets with adverse selection. We show that
if the high risks do not buy insurance then there is no trade in the insurance market.
The Rothschild—-Stiglitz (1976) equilibrium contracts for both high and low risks are
the null contracts. This is the reverse of the “adverse selection death spiral” since it
is the high risks rather than the low risks that drop out of the market.

Shavell (1986) and Sinn (1982) consider the case where losses exceed wealth.
Shavell shows that, for a fixed loss probability, there is a wealth threshold where
individuals do not insure if their wealth is below the threshold and fully insure if it
is above the threshold. Sinn notes that whether the premium exceeds the maximum
willingness to pay depends on the probability of loss but does not consider thresh-
old values. Neither author considers the case of asymmetric information. Our result
is the obverse of Shavell’s. We show that, for fixed wealth, there is a probability
threshold where individuals fully insure if the loss probability is below the threshold
and do not insure if the loss probability is above the threshold.?

Hendren (2013, 2014) gives conditions under which the unique Roths-
child-Stiglitz equilibrium contract in an insurance market with adverse selection is
the null contract. The “no trade condition” is that lower risks are never willing to
pay to be in a pool with higher risks. This leads to an adverse selection death spiral.
If the no trade condition does not hold, then either there is an equilibrium where
insurance is bought or there is no equilibrium. As Hendren (2014) points out the
“equilibrium of market unraveling” (no trade) and the “unraveling of market equilib-
rium” (no equilibrium) are mutually exclusive.

We analyze the standard Rothschild—Stiglitz model of adverse selection. The
no trade condition does not hold in this model, so we would expect active trade
in equilibrium. We relax Hendren’s implicit assumption that losses do not exceed
wealth. We show that if the high risks’ loss probability exceeds the threshold, then
the unique Rothschild—Stiglitz equilibrium contracts are the null contracts—there is
no trade—or else there is no equilibrium. The no trade equilibrium is the result of
the high risks dropping out of the market. The high risks do not buy insurance at
an actuarially fair price because it covers losses they would not be able to pay if
uninsured and is therefore too expensive. The low risks would be willing to buy
insurance at their actuarially fair price if it provided a minimum level of coverage.
The need to screen the high risks limits the coverage for the low risks to a level

! According to the American Automobile Association (2011), the average cost of an auto crash fatality
was $6 million and the average cost of an injury was $126 thousand in 2009.

2 Peter (2016) assumes losses are less than wealth and analyzes the threshold premium-loading factor
above which individuals do not insure.
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that is below this minimum and the low risks choose not to insure. We extend the
analysis to the Wilson (1977) E2 equilibrium and the Wilson (1977)-Miyazaki
(1977)-Spence (1978) (WMS) equilibrium. For both the E2 and WMS equilibria, if
the proportion of high risks is large enough, then the equilibrium contracts are the
null contracts and there is no trade. If the proportion of high risks is small enough,
then there is active trade in insurance. Active trade requires that the low risks subsi-
dize the high risks.

A key factor in our analysis is the assumption that final wealth cannot be nega-
tive so that a portion of any loss that is greater than an individual’s wealth will be
externalized. For example, the injured third party may not receive full compensation
if the loss exceeds the wealth of the party liable for damages. Similarly, the medical
expenses of uninsured or underinsured patients with insufficient wealth may ulti-
mately be borne by medical providers. Our results may provide an explanation for
why health insurance markets are not well-functioning for low-income populations.®

Although the existence of bankruptcy protection may alter the incentives to buy
insurance, it is important to note that insurance policies are never written with cov-
erage levels that are contingent upon the individual’s ex post bankruptcy status or
wealth. For example, liability insurance policies are designed to pay for damages
that would be the legal responsibility of the individual before bankruptcy protection
is applied. The ISO commercial general liability policy states simply that the insurer
“will pay those sums that the insured becomes legally obligated to pay as damages
because of ‘bodily injury’ or ‘property damage’ to which this insurance applies,”*
and the Homeowners 3—Personal Liability Coverage E will “pay up to our limit of
liability for the damages for which the ‘insured’ is legally liable.”> Bankruptcy laws
and courts determine how the financial resources of bankrupt individuals are allo-
cated to claimants ex post, and insurance coverage is not designed to be a moving
target during such proceedings.

The paper most closely related to ours is Strohmenger and Wambach (SW, 2000).
They assume state-dependent utility in a health insurance model with two risk types
where the cost of treatment may be less than the individual’s income yet exceed the
individual’s willingness to pay for treatment. They show that individuals may be
unwilling to buy insurance and that this may lead to no trade in insurance markets.
In their paper, the willingness to pay for insurance is determined largely by the dif-
ference in state-dependent utility between the good state and bad state. Our analy-
sis applies a similar model to the case of large losses with bankruptcy protection
but there are differences. In SW, individuals have the choice of whether to accept
and pay for treatment to cure their illness. Individuals who are unwilling to pay the
full cost of treatment also may be unwilling to purchase insurance to cover the cost
of treatment. This in turn depends on the difference in utility between the healthy

3 We thank Nathaniel Hendren for this insight.

* Insurance Services Office’s (ISO’s) Policy CG 00 01 04 13, Coverage A—Bodily Injury and Property
Damage Liability of the commercial general liability (CGL) policy. https://www.insurancejournal.com/
blogs/academy-journal/2016/02/29/399923 .htm.

5 Homeowners HO-3, HO 00 03 10 00, Personal Liability Coverage E.
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and unhealthy states. In our model, individuals do not have this discretion, but are
legally obligated to pay the loss to the extent possible. The extent to which individu-
als are obligated to pay the loss depends on the size of the loss and the level of bank-
ruptcy protection.

We show that no trade may be second-best efficient and that an active mar-
ket requires cross-subsidization. We present a formal proof of the WMS second-
best equilibrium for our model. Strohmenger and Wambach limit their discussion
to a graphical representation of the WMS equilibrium. We also extend our model
to include a set of consumers who are unwilling to declare bankruptcy due to the
stigma and reputational effects. We show that, in equilibrium, there is always an
active market in insurance. However, not all consumers necessarily participate;
depending on the parameters of the model, all consumers may purchase insurance
or one or two of the four types may be absent from the market. Equilibria where all
types participate in the market require cross-subsidization.®

2 The decision to buy full insurance

Assume individuals have the utility function u, which is strictly increasing, strictly
concave, and at least twice differentiable. Individuals have initial wealth w. They
face a potential loss / with probability p. Assume the loss is larger than wealth, / >
w. If there is no bankruptcy protection, then, although consumption cannot be nega-
tive, a loss leaves the individual with negative final wealth because they have finan-
cial obligations they cannot meet. Many jurisdictions allow for bankruptcy, so that
some amount of the individual’s wealth is protected. Let b > 0 denote the wealth
protected by bankruptcy; the most the individual can lose is w — b. Assume u(b) is
finite. Insurance is actuarially fairly priced so if the individual buys insurance, full
insurance is optimal (Mossin 1968). This can be shown as follows.

Expected utility with actuarially fair insurance (from the insurer’s perspective) for coverage
level fis U=Max[(1 — p)u(w — pp) + pu(b), (1 — p)u(w — pp) + pu(w — pp — 1 + p)].
Denote u(w — pf — [+ ff) = UP. Setting the wealth level in U” equal to b gives the level of
coverage above which purchasing actuarially fair insurance leads to an increase in wealth in the
loss state above the minimum wealth guaranteed by bankruptcy protection.
w —pf — [+ f = bimplies that §* = I%WPH.Below p* u(b) > UP and U is decreasing in f.
Above % U”? > u(b),and U is increasing until f reaches I, at which point ig begins to decrease
since i—[ﬁj =—(1=pw/(w—pfp+pu'(w—pp—1+ B)(1—p)and iﬂlj < 0. Therefore,
the utility maximizing level of coverage is either / or 0.

In this section, we consider the demand for actuarially fair full insurance when
the probability of a loss is known to all parties. Expected utility with full insurance

% In Posey and Thistle (2017), the results of the current paper are employed in a health insurance model
for individuals of varying pain tolerance to analyze a wide range of policy options for the use of genetic

information.
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is u(w — pl). If the individual does not buy insurance, their expected utility is U =
(1 = p)u(w) + pu(b). If p > w/l, then the individual cannot pay for full coverage. If p
= (w — b)/l, the individual will not buy insurance since buying insurance leaves the
individual with final wealth of b with certainty, while not buying insurance leaves
the individual with final wealth of b or w with less than certainty. This implies there
is a critical value p* < (w — b)/l, such that the individual will not buy insurance if p
> p*.

The net benefit of buying full insurance when the loss probability is p and p <
(w — D)l is

N@P) = u(w—pl) — (1 =p)u(w) —pu(b). (1)
Observe that N(0) = 0 and N((w — b)/]) < 0. We have
N'(p) = —u'(w — pD)I + [u(w) — u(b)] $ 0. (2)

and N (p) = u”' (w — pl)[> < 0. If N’(0) < 0, then there is never a benefit to buying
insurance and p* = 0.” If N’(0) > 0 then N(p) > 0, at least in some neighborhood of
zero, and there is a net benefit to buying insurance if the risk of loss is low enough.
Then there is a unique p* such that N(p*) = 0, where 0 < p* < (w — b)/L.

This proves the following result:

Proposition 1 Assume [ > w. Then there is a p*, where 0 < p* < (w — b)/l, such that
individuals buy full insurance if p < p* and do not buy insurance if p > p*.

The threshold probability p* is increasing in initial wealth, decreasing in the
amount of bankruptcy protection and decreasing in the amount of the loss. This
result is analogous to Strohmenger and Wambach (2000) Sect. 2.2.

The insurer is responsible for the full amount of the loss, I, and charges a pre-
mium based on this amount, p/. Bankruptcy protects the individual’s wealth up to
the limit » with no explicit cost. As a result, the individual only needs to insure their
wealth above b. In order to obtain coverage above f*, a consumer must pay a pre-
b—w+l

1-p
component equal to the actuarially fair premium from the consumer’s perspective,
plp — p*], where [ — f*] is the amount of coverage the consumer is actually bene-
fiting from. One can think of the marginal price as determining how much coverage
the individual buys, and the fixed charge determining whether the individual buys or
not. If p > p*, then the fixed charge is too large and the individual chooses not to buy
insurance.

mium consisting of a fixed component equal to pf* = p< ) as well as a variable

7 N'(0) is negative (positive) if [u(w) — u(b)]/l, the slope of the line connecting the points (w — I, u(b))
and (w, u(w)), is less (greater) than u’ (w), the slope of the tangent line at (w, u(w)). For given preferences
there is always a loss large enough that the slope of the line is less than the slope of the tangent, so that
N’ (0) is negative for larger loss amounts and positive for smaller loss amounts.

¥
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3 Rothschild-Stiglitz equilibrium

We now consider the implication of the decision not to buy insurance for equilib-
rium in the Rothschild—Stiglitz (1976) framework. We assume the proportion A of
the population is high-risk and the proportion 1 — 4 is low-risk. The loss probabili-
ties are py and p; for high risk and low risks, where O < p; < py < 1. Individuals’
types are private information. A contract consists of a premium, «, and an indem-
nity, f, paid in the event of a loss. Equivalently, a contract specifies wealth in the no
loss, or good, state, w; = w — a, and wealth in the loss, or bad, state, wy =w —a — [
+ . We let ¢ = (wg, wp) denote a contract. Firms simultaneously offer contracts,
and then individuals decide which, if any, contract they will buy. In equilibrium,
contracts must break even, satisfy the self-selection constraint Uy(cy) > Uy(c;), and
there must be no other contract which, if offered, would earn positive proﬁts.8 Let
H*,L* denote the standard Rothschild—Stiglitz equilibrium contracts when [ < w.
The low-risk contract L* is at the intersection of the self-selection constraint through
the break-even high-risk full insurance contract H* and the low-risk fair odds. The
Rothschild—Stiglitz equilibrium exists if the proportion of high risk is large enough,
A> Q%0

Now consider the no trade condition. Let p = Apy + (1 — A)p; be the average or
pooled loss probability. If / < w, as in Hendren’s case then the no trade condition can
be written as

(1=p)u'w)/p ' (w—0 > (1-p)/p A3)
and

(1= p)u' W) /pytd w =) 2 (1=py))/py. @
Condition (3) is that the slope of the low-risk indifference curve at the endow-
ment is greater than the slope of the pooled fair odds line. The low risks are unwill-
ing to pay the actuarially fair price of pooled coverage; they would rather be unin-
sured than buy a fairly priced pooled policy. Condition (4) is that the slope of the
high-risk indifference curve at the endowment is greater than the slope of the high-
risk fair odds line. As noted in Hendren (2014), in the canonical two type case with
[ < w, condition (4) can only hold for risk averse individuals if py = 1.9 Hendren’s
analysis for losses less than wealth and two risk types with p, <1 implies that either
there is an equilibrium where non-null contracts are traded (if 1 > A*) or equilibrium
does not exist (if 1 < 1*).!! We show that if losses are larger than wealth Hendren’s
no trade condition does not apply.

8 1t is assumed that when individuals are indifferent between contracts, they will choose the one with
more coverage, but when they are indifferent between buying and not buying insurance, they will choose
to go uninsured.

° Here we make the assumption used in Rothschild and Stiglitz (1976) that insurers can offer only a sin-
gle contract. Menus of contracts are allowed in subsequent sections.

10" For py < 1, condition (4) implies u'(w) > u'(w — [), which contradicts the assumption of risk aversion.
1" See Hendren’s (2013) Theorem 1 and the subsequent discussion.
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Wy

Wy

Fig. 1 Rothschild-Stiglitz equilibrium with large losses

The Rothschild-Stiglitz equilibrium when losses are larger than wealth is illus-
trated in Fig. 1. Also depicted are the standard Rothschild-Stiglitz equilibrium con-
tracts H*, L*. With bankruptcy protection, if individuals are uninsured they are at
the point E, = (w, b). All points other than E,, represent insurance contracts without
a declaration of bankruptcy.'? The curves U%and U? are the high-risk and low-risk
indifference curves through E,,. The traditional fair odds lines for high and low risks,
P, and P;, as well as the pooling fair odds line, Pp, emanate from £ = (w, w — [)
since the insurer must receive a premium on all of the coverage provided. For each
risk type, the wealth combinations actually faced by the policyholder level off at
the horizontal line where w, = b. Only the portions of the fairs odds lines above
this horizontal line are relevant. It is assumed throughout that 1 > p, > p* > p, so
UY crosses the full insurance line to the northeast of Py, and to the southwest of Pp,
while U9 crosses the full insurance line to the southwest of P;.

12 Point E,, which is directly north of the standard no insurance endowment and represents the state of
the world where bankruptcy is declared, is analogous to Point A" in Fig. 3 of Strohmenger and Wambach
(2000) which represents the state of the world where no treatment is obtained and no insurance is pur-
chased.

¥
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Let A’ be the value of A at which the fair pooled price line is just tangent to the
low-risk indifference curve through E,,.
We want to prove the following result:

Proposition 2 Assume [ > w and 1 > py, > p* > p. If A > X, then the unique Roths-
child-Stiglitz equilibrium contracts are the null contracts, cy™ = c;* = (w, b) = E,,.
If A < X, then equilibrium does not exist.

The proof is straightforward. U%and U? are the individual rationality constraints.
The low risks would prefer to buy any policy along P; above point B, and would prefer
to remain uninsured rather than buy a policy along P; below B. Since py > p*, the
high-risk fair odds line lies completely below the indifference curve U% so the high
risks do not insure. The indifference curve UYis the self-selection constraint. Since U,
is flatter than U, it must intersect the fair odds line P; below B, for example, at point
A. The low risks prefer to remain uninsured. If the pooled fair odds line, labeled Pp in
Fig. 1, lies below or tangent to the indifference curve Uy, i.e., if 1 > A, then the equi-
librium is at the null contracts, c;* = ¢;* = (w, b). There is no contract offering a posi-
tive level of coverage that at least breaks even and satisfies the self-selection constraint
and the individual rationality constraints. Therefore, the equilibrium is unique.

Now suppose 4 < A/, so the pooled fair odds line P, intersects the low-risk indif-
ference curve UY. Then a firm can offer a pooled policy, say, cp, on P that attracts
both high and low risks, breaking the equilibrium at the null contracts. But the low-
risk indifference curve is steeper than the high-risk indifference curve through cp.
Then a firm can offer a profitable contract that attracts low risks but not high risks,
breaking the equilibrium at cp. Therefore, equilibrium does not exist.

Since both high and low risks obtain the null contract, this is a pooling equilib-
rium. However, the more important characteristic of the equilibrium is that no trade
occurs, 1314

As in the standard model where losses are less than wealth, the existence of
an equilibrium depends on the location of the pooled fair odds line. In Fig. 1, the
pooled fair odds line P, lies below the low-risk indifference curve U?. Since the
proportion of high risks is large enough, the equilibrium exists. If the proportion of
high risks were too small, then the pooled fair odds line would intersect the low-risk
indifference curve. Since there cannot be a pooling equilibrium with positive cover-
age, the Rothschild-Stiglitz equilibrium would fail to exist. Thus, there is either an
equilibrium with no trade or there is no equilibrium.

The insurer must pay the full amount of the loss, /. Bankruptcy protects the indi-
vidual’s wealth up to the limit b at no explicit cost. The individual only needs to insure
their wealth above b. Thus, individuals face a type-specific fixed cost of p;f’, with an

13 The result in Proposition 2 can be extended to more than two risk types. Suppose there are n types,
with 0 < p; < p, < -+ < p, < 1 and that p, > p*. Then applying the proof of Proposition 2 seriatim, the
equilibrium contract for all types is the null contract.

14" A locally competitive equilibrium is a set of contracts such that contracts in the set earn non-negative
profits and no contract within a neighborhood of an equilibrium contract makes positive profits. Sandroni
and Squintani (2007) show that, in markets with adverse selection, a locally competitive equilibrium
always exists, is unique, and coincides with the Rothschild—Stiglitz equilibrium. Under the assumptions
of Proposition 2, the locally competitive equilibrium is always the no trade equilibrium.
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Wy

Wy

Fig. 2 Rothschild-Stiglitz equilibrium with large losses: partial trade equilibrium

actuarially fair marginal price for coverage above ﬁl.*.ls If py; > p*, then the high risks
regard the fixed charge as too large, even for full insurance. As a result, they do not
buy insurance. The low risks, who face a smaller fixed charge, would be willing to buy
insurance if it provided enough coverage. The need to separate the high and low risks
limits the amount of coverage that can be offered to the low risks. The low risks regard
their fixed charge as too large for the limited coverage they are offered and also do
not buy insurance. In the standard model where losses are less than wealth, the fixed
charges are zero. This suggests why Hendren’s no trade conditions, Egs. (3) and (4),
apply in the standard model, but do not apply when losses are larger than wealth.

It is interesting to consider how the equilibrium changes as p;; changes (we assume
equilibrium exists).'® Suppose that p,; = p*. Then the high-risk fair odds line would
be tangent to the indifference curve U% at full insurance. This is the lowest value of
py for which the equilibrium contracts would be the null contracts for both low and
high risks. For p, < p*, the high-risk contract is the full insurance contract at the
intersection of the high-risk fair odds line and the 45-degree full insurance line. This

15 This is analogous to a two-part tariff, where the marginal price determines the quantity of the good
sold and the fixed fee extracts the consumer surplus (see, e.g., Oi 1971 or Tirole 1988, pp. 143-148).
16 The critical value A’, increases as py, gets closer to p;.

e
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is illustrated in Fig. 2, where the high-risk fair odds line cuts the individual rational-
ity constraint Ug The high risks obtain full coverage at c¢,. The high-risk indifference
curve U;{is the self-selection constraint, and intersects the low-risk fair odds line at
L*. This would be the “usual” Rothschild-Stiglitz contract for the low risks. However,
L* is below B, so the low-risk individual rationality constraint is violated. Therefore,
the equilibrium contracts would be the full insurance contract for the high risks and
the null contract for the low risks. As py, falls, the high-risk contract moves up along
the full insurance line. The intersection between the high-risk indifference curve that
is the self-selection constraint and the low-risk fair odds line moves up along the low-
risk fair odds line. As long as the intersection is below or equal to B, the low risks will
not insure. There is a probability, p;i < p*, at which the intersection is at B. Then for
Py < pj;» we have the usual Rothschild-Stiglitz equilibrium where the high risks fully
insure and the low risks receive partial coverage.

An alternative to the Rothschild—Stiglitz equilibrium is the Wilson (1977) “antic-
ipatory” or E2 equilibrium. A set of contracts is a Wilson E2 equilibrium if “each
policy earns non-negative profits and there is no other set of policies that would
earn positive profits in the aggregate and non-negative profits individually, after
the unprofitable policies in the original set have been withdrawn.” (Wilson 1977,
p. 176). The E2 equilibrium is illustrated in Fig. 3, which replicates Fig. 1 except

Wy

Wy

Fig.3 Wilson E2 equilibrium with large losses
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for the location of the pooled fair odds line Pp. If A > A/, then the E2 equilibrium
coincides with the Rothschild-Stiglitz equilibrium. If 4 < A’, then the E2 equilib-
rium contract is the fairly priced pooling contract that maximizes low-risk expected
utility. This is shown as point W in Fig. 3. If 1 > A/, then there is no trade in equi-
librium, and if 4 < A/, then there is fully active trade in equilibrium. There is active
trade in equilibrium if the low risks subsidize the high risks.

4 Wilson-Miyazaki-Spence equilibrium

Two important limitations of the Rothschild—Stiglitz equilibrium are the restriction
of competition in single contracts rather than menus of contracts and that equilib-
rium may fail to exist. This leads us to consider the Wilson—-Miyazaki—Spence equi-
librium. We show that equilibrium always exists. We show that no trade equilibria
can occur when firms compete in menus of contracts and that active trade requires
that the low risks subsidize the high risks.

The Wilson—-Miyazaki—Spence equilibrium is the solution to the constrained
maximization problem:

Max U(cy)

Subject to
Un(en) = Un(cr) (SSw)
Ui(cr) = Usl(cn) (SS1)
Mw = pul = (1 = p)Wrc — prwnsllu + (RC)

(A =M[w—-pul - =pr)wrc) - prwrs) L > 0

UH(CH) > UH(CH*) (UH)
UH(CH) > UH(EO) (IRH)
UL(CL) > UL(EO) (]RL)

The first two constraints are the self-selection constraints for the high and low
risks, the third constraint is the resource constraint, and the fourth constraint is a
lower bound on high risks’ expected utility.!” The last two constraints are the indi-
vidual rationality constraints for the high and low risks. The resource constraint is
affected by whether or not high risks, low risks, or both decide to buy insurance. The

'7 This lower bound prevents solutions to the maximization problem that allocate all of the resources to
the low risks, that is, the high risk cannot subsidize the low risks. This constraint also ensures that the
solution to the maximization problem is a second best allocation.

¥
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I, are indicators equal to 1 if the constraint /R, is slack and equal to O if IR, is bind-

ing. Also, we have U/(c;) = (1 — ppu(w,;) + pu(w;p) if the individual buys insur-

ance, and U(E,) = (1 — ppu(w) + pu(b) if the individual does not buy insurance.
Let 6 and uy denote the Lagrangian multipliers for the constraints Uy and SSy.

Proposition 3 Assume [ > w and 1 > py > p* > p. The WMS contracts satisfy the
following conditions:

A. (i) The resource constraint is binding, and (ii) either both IR constraints are bind-
ing or both IR constraints are slack.

B. IfIRyand IR are both slack, then (1) SSyis binding, (ii) the high risks fully insure,
and (iii)

dwy, (] _pL)M’(WLG) ’1(1 _pH)u,(WLG) +(1- /1)(1 —PL)“,(WH)(l + 5/1411)
dwpy pLu/(WLB) /lpHu/(WLB) +(1 - )»)PL“’(WH) (1 + 5//4H)
)
C. Ifboth IRy and IR; are binding, then (i) both SSy; and SS; are binding, (ii) both
types obtain the null contract, E,,.

D. The solution is unique.
Proof The proof is given in the Appendix.

Proposition 3 leaves unanswered the question of when the IR constraints are bind-
ing and when they are slack. Define the cross-subsidizing locus (CSL) as the locus
of low-risk contracts that satisfy the resource constraint and the self-selection con-
straint as equalities for a high-risk full insurance contract. Let ¢, be the fairly priced
pooled full insurance contract while H* is the contract at the intersection of the high-
risk fair odds line and the full insurance line and L* is the contract at the intersec-
tion of the high-risk indifference curve Uy(H™) and the low-risk fair odds line. The
CSL connects ¢, and L*; the slope of the CSL is given by the right-hand side of
(5). This is illustrated in Fig. 4 where the CSL is shown as the dashed line.'® Let "/
be the largest value of A such that the CSL is tangent to the low-risk IR constraint,
UY. Since the CSL lies above the pooled fair odds line, A” > A’. The CSL in Fig. 4
is drawn so that A < A”, and the CSL crosses UY. The low-risk indifference curve
through ¢; is just tangent to the CSL. The contracts ¢ and ¢; satisty SSy, Uy(¢y) =
Uy(@,). If 2 < A", the WMS equilibrium is at the contracts (¢, ¢;) where the low-
risk indifference curve is tangent to the CSL and the self-selection constraint SS,
is binding. At this equilibrium, the low risks subsidize the high risks. If 4 > A" then
IR, is binding, which implies IR, is binding, and the WMS equilibrium is at the null
contracts.

'8 Note that in the absence of the individual rationality constraints associated with bankruptcy protec-
tion, the cross-subsidizing locus is also the feasible contract curve, but in our case, the contracts along
the CLS that do not satisfy the individual rationality constraints are not feasible.
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WL

Wy

Fig. 4 WMS equilibrium with large losses

Corollary Assume | > w and 1 > py > p* > p. (a) If A > A, the WMS equilibrium is
at the null contracts. (b) If A < A, then the WMS equilibrium is at the cross-subsi-
dized contracts (Cy, Tp).

In order for there to be active trade in the market, the low risks must subsidize the
high risks.

The effect of the level of bankruptcy protection on the market equilibrium is an
important issue. First, observe that the location of the candidate equilibria—the RS
contracts (H* and L* in Fig. 1), the cross-subsidized Wilson E2 contracts (W in
Fig. 3), and the WMS cross-subsidized contracts [(Cy, ¢;) in Fig. 4]—do not depend
on the level of bankruptcy protection. The level of bankruptcy protection determines
the location of the individual rationality constraints, which must be satisfied in order
for the candidate contracts to be an equilibrium.

Suppose that bankruptcy protection is set at b and there is no trade in equilibrium.
Then there will be no trade at higher levels of bankruptcy protection, but there may
be trade at lower levels of bankruptcy protection. Conversely, if there is trade in
equilibrium then there will be trade at lower levels of bankruptcy protection. But the
level of bankruptcy protection can be raised high enough that there will not be trade.
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For example, consider the WMS cross-subsidized equilibrium (¢, ¢;) in Fig. 4.
This is an equilibrium since the CLS crosses the low risk’s IR constraint. Lower-
ing bankruptcy protection shifts the low risk’s IR constraint downward, so (¢, ¢;)
remains the equilibrium. Increasing bankruptcy protection shifts the low risks’ IR
constraint upward. A sufficiently large increase in bankruptcy protection may leave
the CSL below the higher low-risk IR constraint, resulting in an equilibrium with no
trade.

5 Equilibria with differential costs of bankruptcy and default

If bankruptcy protection is available to a given individual in a particular jurisdiction,
it is also available to any other individual in that jurisdiction with an identical finan-
cial profile. Yet, some individuals choose to declare bankruptcy while others do not
and at least part of that decision involves consideration of the psychic costs of bank-
ruptcy and default. Individuals differ in terms of their sense of personal responsibil-
ity, fear of being stigmatized, and the impact that declaring bankruptcy would have
on their reputation and sense of self-worth. In the previous sections, we assumed the
psychic costs of bankruptcy and default were zero, but in this section a fraction 0 of
individuals incurs a psychic cost of defaulting on their financial responsibilities and
of declaring bankruptcy.

Let those without bankruptcy and default costs be denoted type O individuals and
those with bankruptcy and default costs be denoted type 1 individuals. There are
four types altogether—type 0 high risks (type HO), type 0 low risks (type LO), type 1
high risks (type H1), and type 1 low risks (type L1). Whereas the type O individuals
have utility function u( ”) i=HorLandj= G or B, as in the prior sections, where
w;; equals wealth, the type 1 individuals have utility function u l( Wy ) where D,
is defaulted financial obligations. Type 1 individuals’ utility is increasing in Wealth
and decreasing in defaulted financial obligations and, in particular, it is assumed
that u, (wl],D ) = u(w; — D;;). In addition, a psychic cost of declaring bankruptcy
of ¥ > 0 is experienced by type s, giving them utility in the case of bankruptcy of
u(w,, D,-/) — k so that they would prefer to pay the loss up to the full extent of their
wealth rather than declare bankruptcy.'® We assume that the psychic costs of default
and bankruptcy are unobservable. The psychic cost of bankruptcy introduces state-
dependence for the fraction 0 of individuals. Whether an individual is type O or type
1 is private information.

For type 1 individuals, the standard Rothschild-Stiglitz and Wil-
son—-Miyazaki—Spence participation constraints apply. In all other respects, they are
identical to the group without bankruptcy costs analyzed above, with proportion 4

19" Although wealth cannot be negative, w;; — Dy; can. Since u(-) is not restricted to a non-negative
domain, the optimization problems and figures used for the analysis of type O individuals also apply for
type 1 individuals with a different individual rationality constraint. Note that, w;; — D;; is equivalent to net
worth, and equals wealth when D,-,- =0
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being high-risk types and proportion 1 — 1 being low-risk types. If they were alone
in the market, then under the equilibrium concept considered in Sect. 3, the equilib-
rium outcome would be the standard Rothschild—Stiglitz outcome (H*, L*) as shown
in Fig. 1 (or there would be no equilibrium if the proportion of high risks was too
small). Under the equilibrium concept considered in Sect. 4, the equilibrium out-
come would be the standard WMS cross-subsidizing outcome (¢, ;) as in Fig. 4.
In neither case, would there be null contracts in equilibrium.

We next investigate how including both bankruptcy cost groups in the mar-
ket alters the equilibrium outcome for each group, using a graphical analysis. It is
important to keep in mind that the type 1 individuals are identical to their type O
counterparts for this analysis except for their individual rationality constraints. Let
A* be the critical 1 associated with the standard RS equilibrium. Under the Roths-
child-Stiglitz equilibrium concept, when all four types are present and A > A, the
equilibrium contracts are H* and L* for type 1 high risks and low risks, respectively,
and the null contracts for type O individuals. In Fig. 1, the type 1 individuals do not
have individual rationality constraints through E,, but rather through E. E is not
obtainable without insurance because of their bankruptcy costs and is not obtain-
able with insurance because it would be unprofitable for insurers. When type 1 indi-
viduals are offered the standard Rothschild-Stiglitz equilibrium contracts (H*, L"),
they will self-select into the appropriate contracts and no contracts can be offered by
insurers to attract either the high or low risks and make non-negative profits as in the
standard Rothschild—Stiglitz problem. The type 0 individuals prefer not to buy insur-
ance for the same reasons described in Sect. 2. Insurers cannot deviate and offer
contracts to the type Os and make non-negative profits. But if A < A%, (E,, E,, H*, L*)
cannot be sustained as an equilibrium because a pooling contract can attract type L1
policyholders, make non-negative profits, and break the equilibrium. But a pooling
contract cannot be an equilibrium since low-risk indifference curves are steeper than
those of high risks and an insurer can offer a contract which will be attractive to low
risks, but not high risks, and will be profitable.

Therefore, we have

Proposition 4 Let [ > w. Assume that there are four types HO, LO, HI, L1 and that 1
> py > p*>p.(a) If A> A % then the unique Rothschild—Stiglitz equilibrium con-
tracts are (Ey, E,y, H*,L*). (b) If A < A ¥, then equilibrium does not exist.

Under the Wilson—Miyazaki—Spence equilibrium concept, the equilibrium with
four types present depends on the proportion of high risks, 4, and the proportion of
type 1 individuals, 6. If 1 < A”, then the WMS equilibrium will be (¢, ¢, ¢y, ¢;) as
depicted in Fig. 4. The type 0 individuals have the same indifference curves as their
type 1 counterparts to the northeast of the type O individual rationality constraints.
In this case, the standard WMS equilibrium is obtained because the proportion of
high risks, 4, is the same when all four types are in the market as when only type Os
are in the market.

If 2 > A", then the WMS equilibrium has a different character. In this case,
there are two cross-subsidizing loci to consider as shown in Fig. 5. CSL, which
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connects ¢, and L*, is equivalent to CSL in Fig. 4 and has a slope given by the
right-hand side of (5). This is based on a proportion of high risks equal to A.
When A > 4”, the individual rationality constraint for type O low risks is tangent
to or to the northeast of CSL and type 0 low risks prefer not to purchase insurance
contracts anywhere along this locus. The equilibrium will have either three types
participating (HO, H1, and L1) or two types participating (H1 and L1). The fair
pooled price line when HO, H1, and L1 are participating in the market is denoted
P in Fig. 5 and is to the southwest of P, since it represents a higher propor-
tion of high risks denoted A; = A/(4 + (1 — 4)8). The cross-subsidizing locus for
these three types, CSL,, is the curve connecting cf, and L* and is to the southwest
of CSL. The feasible portions of CSL and CSL; are depicted with dashes while
the dotted segments are not feasible due to the individual rationality constraints.
In particular, the individual rationality constraint for HO types determines which
contracts are feasible. Below UY% the HO types will not participate in the market
and the two-type CSL locus to the southeast of point M is feasible. Above Ug5 the
HO types will participate in the market so the two-type CSL locus will be unprof-
itable, but the three-type CSL; locus to the northwest of point N is feasible.

The value of A; is critical to whether the WMS equilibrium involves two or
three active types when 4 > A”. Let A} be the value of 4; at which the low-risk
indifference curve through point M is just tangent to CSL;. When 45 > 4, as in
Fig. 5, there are points along the feasible portion of CSL that leave low risks bet-
ter off than any point along CSL;. In this case, to maximize low-risk expected
utility, HOs will be left out of the market along with LOs. Let the WMS equi-
librium in this case be denoted (E, E,, 551’ Ei) since only two of the four types
are active in equilibrium. If the low-risk indifference curve through point M is
tangent to CSL or flatter (as in Fig. 5), then Ei =M and Ez is the corresponding
incentive compatible high-risk contract. If the low-risk indifference curve though
point M is steeper than tangent, then the type 1 individuals receive the traditional
WMS equilibrium contracts for types H1 and L1 which would occur somewhere
along the ML* segment. Again, types HO and LO obtain null contracts.

When 4> A" and 4; < 43, as in Fig. 6, then there is a point of tangency between
a low-risk indifference curve and the feasible portion of CSL;, and this indif-
ference curve is to the northeast of the feasible portion of CSL. Therefore, the
expected utility maximizing feasible low-risk contract is along CSL; rather than
CSL, and three types, HO, H1, and L1 will be active in the market in equilibrium.
The equilibrium set of contracts is (Z},, Ey, &;;, &), where (&5, &) is equivalent to
the traditional WMS cross-subsidizing equilibrium contracts for a proportion of
high risks equal to A;. Only the type O low risks will obtain the null contract.

These results for the WMS equilibrium concept can be summarized as

Proposition 5 Let [ > w. that 1Assume that there are four types HO, LO, HI, LI and
>py>p¥>p.

A. If A < A, then the WMS equilibrium is at the cross-subsidized contracts (Cy,
CpyCpys Cp).
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WL

w—1

Wy

Fig.5 WMS feasible contracts with large losses and two bankruptcy cost types

B.

IfA> 2" and Ay > A%, then the WMS equilibrium is (Ey, E,, 51%1’ Ei) where E% is
along the ML* segment of CSL and Elzq is the incentive compatible cross-subsi-
dizing contract for a proportion of high risks equal to A. Type Os obtain the null
contract. The contract pair for type Is, (2’12{, ¢7), is either the traditional WMS
equilibrium contract for the two type case or, if the low-risk indifference curve
. ~2 _ ~2 . .

through M is flatter than tangent, ¢; = M and ¢, is the corresponding cross-
subsidizing contract.

IfA>A"and Ay < A5, then the WMS equilibrium is (E;I, E,, Z‘?{, Z‘i), where Ez is

the point along CSL; that is tangent to the L1 indifference curve and Z‘f{ is the
incentive compatible cross-subsidizing contract when the proportion of high risks

is A5. Only type 0 low risks obtain the null contract.

Compared to the case with only type O individuals described in Sect. 4, the inclu-

sion of type 1 individuals in the market has the potential to induce the high-risk type
0Os to purchase insurance when they otherwise would not have. If A < A”, the tradi-
tional WMS cross-subsidizing contracts are obtained by both type Os and type 1s.
But when 4 > 4", the proportion of individuals in the market who incur psychic costs
of default and bankruptcy is a determining factor in whether HO individuals obtain
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w—1

Fig.6 WMS equilibrium with large losses and three types (HO, H1, and L1) active in the market

coverage or not, all else equal. Note that 4; is inversely proportional to §. When the
proportion of type 1s, 0, is relatively low, then 4; > 47 and HO and LO individuals
both obtain null contracts, just as they would have without the type 1s in the mar-
ket. But when the proportion of type 1s is sufficiently large such that A; < 47, then
HOs purchase insurance. In this case, L1s subsidize both H1 and HO policyholders,
something that would be too burdensome if the type Os were more prominent in the
market, all else equal.

Therefore, with a fixed number of potential policyholders, where a proportion 4
is high risk and A > A", no insurance is purchased when 6 = 0, and as # begins to
increase, the proportion buying insurance equals 6. When 6 reaches the critical point
where 4; < A3, then the proportion of individuals becoming insured is greater than
0. This implies that if policymakers seek to reduce the number of uncompensated
third-party claimants, they can have a more than proportional impact by increas-
ing the proportion of individuals who experience psychic costs of default and bank-
ruptcy beyond the level at which 4; = 47,
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6 Conclusion

We show that, if losses are larger than wealth, there is a threshold where individu-
als who have the option of declaring bankruptcy will not insure if the loss prob-
ability is above the threshold. In an insurance market with adverse selection, if the
high risks’ loss probability is above the threshold, then no trade occurs at the Roths-
child-Stiglitz equilibrium. We extend the analysis to the Wilson—-Miyazaki—Spence
equilibrium. We show that, if the proportion of high risks is large, then no trade
occurs in equilibrium. If the proportion of high risks is small enough, then there is
an equilibrium with active trade in insurance in which the high risks are subsidized.
Hendren’s no trade condition does not apply when losses are larger than wealth.
However, Hendren’s broader point, that the existence of active trade equilibria in
markets with adverse selection is fragile, remains valid.

If a subset of individuals with sufficiently high bankruptcy costs is included in the
market, then under the Rothschild—Stiglitz equilibrium concept, those with no bank-
ruptcy costs obtain null contracts while the others obtain the standard R—S equilibrium
contracts (unless the proportion of high risks is low enough that no equilibrium exists).
Under the Wilson—Miyazaki—Spence equilibrium concept, the nature of the equilibrium
depends on the proportion of high risks as well as the proportion of individuals with
bankruptcy costs. Three possibilities exist, (1) the standard cross-subsidizing WMS
contracts for high and low risk are obtained by both bankruptcy cost groups, (2) both
high and low risks without bankruptcy costs obtain null contracts and those with bank-
ruptcy costs obtain contracts with the low risks subsidizing high risks, or (3) only low-
risk individuals without bankruptcy costs obtain the null contract while both sets of
high risks receive an identical full insurance contract subsidized by the low risks with
bankruptcy costs.

Our results have implications for public policy and the regulation of insurance mar-
kets. Our results suggest that insurance markets may not function well for low-income
individuals. The no trade equilibrium is second best (Proposition 3) implying interven-
tion in the market will not lead to welfare improvements. But this considers only the
welfare of insurers and (potential) insureds. It does not consider the uncompensated
losses born by, say, accident victims or health care providers. From a broader social
welfare perspective, it may be desirable to implement policies that lead to an active
insurance market.

Assuming, it is socially desirable to have active trade in the insurance market, there
are two main policy alternatives. The first is to reduce the level of wealth protected
by bankruptcy. A general reduction in bankruptcy protection will have repercussions
beyond the insurance market. A possibility would be to eliminate some forms of debt,
such as liability judgements or certain medical expenses, from discharge in bankruptcy.
Reducing bankruptcy protection may offer only a partial solution since it may not be
sufficient to induce high-risk individuals to buy insurance.

The second alternative is to subsidize insurance purchases. When losses are larger
than wealth, individuals face a type-specific fixed charge equal to the portion of the
loss they would not have to pay scaled by their risk of loss, p,f. A subsidy to elimi-
nate this fixed charge would lead to active trade in insurance. The subsidies could be
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implemented without the regulator having knowledge of individuals’ risk types. Analo-
gous to Crocker and Snow (1985), policies with a premium to coverage ratio (a/(a + )
in our notation) above the average loss probability would receive a subsidy equal to the
high-risk fixed charge while polices with a premium to coverage ratio below the aver-
age loss probability would receive a subsidy equal to the low-risk fixed charge. In terms
of Fig. 1, the subsidy shifts E up to E,,. This requires tax revenue from other sources
in order to relax the resource constraint and induce individuals to buy insurance. The
expected cost is the same, so the subsidy shifts the cost from those who would bear the
uncompensated losses to taxpayers. Whether this is desirable or not is a social value
judgement about which group will bear the cost of unsubsidized losses.
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ful comments. Thistle’s research was supported by the Nevada Insurance Education Foundation.

Appendix: Proof of Proposition 3

The Lagrangian for the maximization problem is
L =UL(CL) + HH[UH(CH) _UH(CL)] + ML[UL(CL) _UL(CH)]
+ y{/l[w—le— (1 —pH)wHG—prHB]IH
+ (=D [w=p,l= (1 =p)wrs) = prwip)l,}
+ 68Uy (cu) =Un(cy)].

where iy, p1;, 7, and 6 are the Lagrange multipliers. The first-order conditions are

oL/ow g = (1 + p.)oU,(c)/owpg — uyoUy(cp)/owg—y(1 =) (1 =p,) = 0

(6)
oL /0w, g = (1 + ,uL)()UL(cL)/awLB - uHaUH(cL)/éwLB—y(l —Mp.=0
@)
oL /owyg = (5 + ,uH)aUH(cH)/aWHG - yLaUL(cH)/awHG—y/l(l—pH) =0
®)

0L /owyp = (6 + py)oUy(cy)/OWnp — u 0U, (i) /OWnp—vAp) = 0, (9)
along with the complementary slackness conditions.

A. (i) The resource constraint is binding: If at least one type buys insurance, then
I; =1 for some i, and non-satiation implies the resource constraint is binding. If
neither type buys insurance, then /;; = I; = 0 and the resource constraint becomes
0 = 0. (i1) Either both IR constraints are binding or both IR constraints are slack:
We need to show (a) IRy binding implies /R; binding, (b) IR, binding implies
IR, binding, (¢) IRy slack implies IR, slack, and (d) IR, slack implies IR slack.
Observe that (a) and (d) are equivalent and (b) and (c) are equivalent. We first
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prove (b). Assume IR, is binding. Suppose, by way of contradiction, that IR,
is slack, Uy(cy) > Uy(E,). Since the Hs purchase a policy with positive cover-
age, either p, < p* or the Hs are subsidized. The first possibility is ruled out by
hypothesis. Since the Ls do not purchase insurance, the Hs cannot be subsidized
without violating the resource constraint. We now prove (d), that if IR, is slack
then IRy, is slack. If IR, is slack, then U,(c;) > U,(E,). Assume, by way of con-
tradiction, the IR, is binding, Uy(cy) = Uy(E,). Since c; must break even, it lies
on the type L fair odds line above (w, b). But this implies Uy(c;) > Uy(E,)), which
is the desired contradiction.
If both IR constraints are slack, then (i) The SS; constraint must be binding:
Let (cy, ;) be a proposed solution to the maximization problem such that the
resource constraint is binding. Suppose that SSy; is slack, Uy(cy) > Uy(c;). Let
¢ = Wi wig) and ¢;' = (w5 — €, wip + &), where e, = (1 — p;)/p;le;, €
> 0. If £, is small enough then SSy is still slack. But ¢;’ is a mean preserving
contraction relative to ¢;, so U;(c;") > U;(c.). So (cy, ¢;) cannot be a solution to
the maximization problem. (ii) The high risks must be fully insured: If both self-
selection constraints are binding, the equilibrium must be at a pooled policy cy
= ¢;. Suppose the pooled policy offers less than full insurance. Then both types
are better off at ¢;’, so (cy, ¢;) cannot be a solution to the maximization problem.
Any pooled equilibrium must be at the population pooled policy cp. Now sup-
pose SS; is slack and SS, is binding, Uy(cy) = Uy(c;), and ¢ offers less than full
insurance. Let ¢’ be a mean preserving contraction from cy. Then there is a ¢;’
such that SS, is binding, Uy(cy") = Uy(c;). Both types are better off at (¢, ¢;),
so (cy, ¢;) cannot be a solution to the maximization problem.

(iii) Equation (5) in the text gives the slope of the CSL: If both self-selection
constraints are slack, then the expected utility of both types can be increased. So
at least one self-selection constraint must be binding. From (8) and (9), we have

(1= pg)u Wy, _ (1 =pr)u (wag) +rA(1 = py)

= : (10)
pHu,(WHB) #d’L”’(WHB) + v Apy
Evaluated at any full insurance contract (wy, wy), this becomes
1=py _ # (1 =p)u (wy) +7A(1 = py) an

Pu MLPL”/(WH) + v Apy

This can hold as an equality if and only if ¢, = 0. If both self-selection con-
straints are binding, then both types must be at the pooled contract cp. Then
high-risk utility is U(cp). From (6) and (7), we have

(1 _pL)u,(WLG) P‘H(l _PH)”,(WLG) +r(d - ’1)(1 _pL)
- . (12)
PL”'(WLB) ﬂHpHu/(WLB) +y(1l - Dp,
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Evaluated at cp, this becomes

1-pp _ (1 =pp)u (wy) + (1= (1 - p,) a3)
143 Hppy' (wy) +v(1 = Dp, .

This holds as an equality if and only if y;; = 0. Then (11) and (13) imply that s,
=pu; = 0at cp. If Uy(cy) < Uy(cp), then we have y; =0, puy > 0, so that the low-
risk self-selection constraint is slack and the high-risk self-selection constraint
is binding.

Using (8) to eliminate the Lagrangian multiplier y in (12) yields

(1=)i () _ (1 =) o) + (1 =] (i +8)(1 = (1 =)o (o)

pud (wi) ugptd (i) + [A(1 = py] ™ (my +8) (1 = Dpyuc (wy)

(14)
Rearranging (14) yields (5) in the text.

C. Ifboth IR constraints are binding, then (i) Both SS constraints are binding and (i7)
both types obtain the null contract: This is Proposition 2. Observe that the IR and
SS constraints coincide, so the SS constraints are binding and the null contract is
unique.

D. The solution is unique: Suppose that there are two distinct solutions to the con-
strained maximization problem, (¢,,¢,) and (¢,¢,). Then we have U, (¢,) =
U,(¢,). Since the CSL is downward sloping, one of the low-risk contracts, say,C;,
must have more coverage than the other low-risk contract. But then the tax on the
low risks must be higher, and, since net transfers must balance, the subsidy to the
high risks must also be higher. This implies W, > W making the high risks better
off. Then the solution (¢, ¢;) Pareto dominates (6H, EL). Therefore, (¢, ¢;) is the
unique solution.
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