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Effect of a harmonic surface
pressure on wave propagation
over a beach

N.S. Abdelrahman®*, M. S. Abou-Dina2 & A. F. Ghaleb?

The objective is to study the harmonic forced wave motion over a beach by a finite Fourier transform
technique. The constructed approximate solution has a logarithmic singularity at the shoreline. It
accounts for reflexion and local perturbations. Trapping of waves may take place for particular choices
of the applied surface pressure excess. The case of a wave incident against a cliff with horizontal
bottom is solved exactly. The method deals invariably with a variety of bottom shapes, including

the case where there is an additional corrugation of the bottom on a finite interval. Other bottom
boundary conditions than impermeability can be treated as well. The results may be of interest

in several practical applications, in particular the evaluation of the reflected wave. Numerical
applications for a plane sloping beach, a parabolic-type beach and a shelf-type beach are presented
and the systems of streamlines have been drawn over and in the proximity of the beach.

Keywords Harmonic wave propagation, Potential flow, Surface pressure, Linear theory, Finite Fourier
transform, Energy transfer, Water power conversion

The investigation of wave motion on beaches may be traced back to the end of the nineteenth century. The dis-
sipation phenomena during wave propagation over beaches have been extensively studied. On the other hand,
the evaluation of wave reflection by the beach is still awaiting further investigation. The research work was mainly
undertaken using the techniques of complex analysis, involving a great deal of complexity of the calculations.
One of the early contributions to the subject is due Lewy' who studies progressive water waves on beaches of
constant slope for special values of the angle of inclination. Friedrichs® presents an asymptotic representation
of the solution for small slopes. John® considers a barrier inclined at a special angle in water of infinite depth.
Isaacson* investigates progressing gravity waves over a plane sloping bottom. Peters’ studies the effect of a surface
mat on water waves. He considers water wave propagation over a beach under a different bottom condition.
The problem formulation and solution for waves on beaches may be found in Stoker, Ch. 5, with a discussion
on the validity of the solutions under different theories. Wehausen and Laitone’, p.537 give a detailed descrip-
tion of the problem under the general title of plane wave motion in unbounded regions with fixed boundaries.
Lehman and Lewy?® discuss the uniqueness problem for water waves on sloping beaches and the boundedness of
solutions. Peregrine’ studies the propagation of long waves in water of variable depth through nonlinear equa-
tions. Experimental studies on wave reflection by a sloping beach in a tank and the dependence of the reflection
coefficient on wave steepness were carried out by Taira and Nagata'®. Tuck and Hwang'! investigate the linear
propagation of long waves on a uniformly sloping beach. Near-shore large amplitude waves are also investigated
using the nonlinear theory. Suhayda'? presents measurements associated with standing waves beaches. Sachdev
and Seshadri"® propose an approximate analytical solution to the problem of motion of a bore on a sloping beach.
Svendsen and Hansen'* investigate two-dimensional time-periodic water waves on a gently sloping bottom in
the long-wave limit. They derive solutions up to the second-order degree of smallness. Mahony and Pritchard'
study wave reflexion from beaches and the dependence on friction at the bottom of the reflexion coefficient.
Peregrine'® presents an overview of wave breaking on beaches. Ehrenmark!” considers the problem of a train
of infinitesimal waves propagating over a uniformly sloping beach and discusses solutions having singularities
of different orders at the shoreline. Miles'® studies wave reflection from a gently sloping beach within the linear
theory. Mandal and Kundu! re-investigate the two-dimensional problem of incoming wave against a cliff by
Fourier transform. They present a simplified solution which includes a logarithmic singularity at the shoreline.
The effect of surface tension is considered. Chakrabarti*® studies the propagation of waves against a cliff under
the assumptions of linearized theory. His solution exhibits a source/sink type behavior of the velocity potential
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at the shore-line. Gupta®! proposes an analytic solution describing the motion of a bore over a uniformly slop-
ing beach for the supercritical case. McIver* provides an example of non-uniqueness in the twodimensional
linear water wave problem. Javam et al.?* undertake a numerical study of internal wave reflection from sloping
boundaries within a nonlinear theory. Ehrenmark® studies wave trapping above a plane beach by partially or
totally submerged obstacles within the linear theory. He underlines a case of non-uniqueness for the water wave
problem on a beach. Liu et al.?* obtain analytical solutions for forced long waves on a sloping beach. Comparison
is carried out with previous numerical solutions. Dias and Dutych?®, Fujima®” and Helal®® study tsunami mod-
eling and runup on beaches. Bukreev? presents experimental results concerning the reflection of a nonlinear
wave from a vertical wall.

Simarro et al.*® present a fully nonlinear Boussinessq-type model with several free parameters for the study
of water waves in fluids of varying depth. Martin and Taskinen and Martin et al.*** study linear wave propaga-
tion in a pond with shallow beach. They show that the problem may have some continuous spectrum, in spite
of the boundedness of the solution domain. Xu and Dias®® take a look back at old water wave solutions on a
uniformly sloping beach and present four different standing wave solutions to this problem. Gallerano et al.**?*
present numerical simulation and shock capturing models for free surface flow and runup over beaches based
on a nonlinear model. Durdn et al.* proposed a modification of the governing equations of long-wave propa-
gation in shallow water that include well-conditioned dispersive terms to achieve efficient and stable run-up
computations in the swash zone.

Wave propagation in shallow water over topography, and tsunami runup over beaches were studied theoreti-
cally and numerically by many authors, among whom Dobrokhotov and Nazaikinskii*’, Bihlo and Popovych?,
Zhang et al.**, Zhu and Wang*’.

The existing literature deals mainly with uniformly sloping beaches with extension to deep water, or with
vertical barriers and cliffs in water of finite or infinite depth. More investigations are still needed to deal with
general beach shapes. The overwhelming majority of work does not include numerics.

The present work investigates approximate singular solutions to the problem of harmonic wave propagation
over a beach in the presence of a pressure excess applied to a finite portion of the water surface. The solution has
a logarithmic singularity at the shoreline, and is otherwise smooth inside the flow domain. In view of the flow
obstruction by the beach, the logarithmic singularity is necessary as it provides a harmonic source/sink that
takes part in the balance of mass. Explicit formulae are obtained for the strength of the logarithmic source, the
reflexion coefficient and the coefficients of local perturbations in terms of unknown coeflicients. These latter are
calculated approximately from the satisfaction of the impermeability condition on the bottom. Cases are noted
where wave trapping takes place for certain distributions of the surface pressure excess. The case of an incident
wave against a cliff is solved exactly. The method may be used to treat a variety of bottom shapes, as well as
cases when the bottom has an additional corrugation on a finite interval. Other boundary conditions (cf.?) than
impermeability may be treated by the same method equally well. Computations have been carried out for a plane
sloping beach, a parabolic-type beach and a shelf-type beach. The systems of streamlines have been drawn over
the beach and over the adjacent part with horizontal bottom. The obtained results clearly indicate that there is
complete reflection of the incoming harmonic wave, which means that a system of standing waves establishes in
the channel. It is believed that this stems from the particular choice of a length parameter included in Fourier
finite transform. The action of the excess surface pressure is to alter the shape of the streamlines and the values of
the streamfunction along the different streamlines. The present method performs well in the intervall < k < 2.
For larger values of «, the errors in satisfying the different boundary conditions start to increase. Work is in
progress to discover other types of solutions.

Problem formulation and frame of reference

Consider the incompressible, two-dimensional, potential flow of an inviscid fluid of constant density (p = 1)
in a semi-infinite channel with finite end in the form of a sloping beach, and a constant depth otherwise. The
fluid motion is generated by an incident wave of amplitude Iy and harmonic time dependence of frequency w, in
addition to a given external pressure excess of the same harmonic time dependence, applied on a finite portion
of the water surface. A system of outgoing waves establishes in the fluid body. It is required to determine the
resulting fluid motion.

A rectangular frame of reference is used to describe the motion, with origin O and x-axis along the mean
level of the water surface in the direction of propagation of the incident wave, and y-axis vertically upwards,
as illustrated in Fig. 1. Since the incident wave and the surface pressure excess have the same harmonic time
dependence, it is reasonable to assume that the velocity potential function will share the same time dependence.
Thus, the time dependent velocity potential ¢ (x, y, t) may be written as:

¢ (x,y,t) = Re[pp (x,y)e "], (1)

where ¢ (x, y) is a complex function of x and y. Time can now be eliminated from all governing equations and
boundary conditions.
The equation of the bottom is of the form y = k(x), where

o= {1 250" g
with
f(O =0, f(b)=—h (3)

Scientific Reports |  (2024) 14:17547 | https://doi.org/10.1038/s41598-024-67443-6 nature portfolio



www.nature.com/scientificreports/

Py ()

AR

a X

|
' h
|
|
|

—

L —

Figure 1. Solution regions for a beach.

The governing equations of the linearized theory of motion are best obtained from the nonlinear equations by
expansion in a small parameter. The linear approximation imposes restrictions on the value of the dimension-
less parameter « defined below and on the free surface elevation 7 above a mean horizontal line. This elevation
is of the same order of magnitude as the small parameter ¢ used in the linearization process. According to*!, the
domain of applicability of the linear theory of motion roughly corresponds to

0.08 <k, &k < 0.04.

The reader is kindly referred to**? for details:

(i) Inthe fluid mass (—k(x) <y <0, f~'(y) <x < 00), the condition of incompressibility yields:

2 2
7,0 _ @)
axz  3y?

(ii) At the upper bound of the domain of the problem (y = 0, x > 0): An excess oscillatory external pres-
sure of finite support is applied, having the same order of magnitude and the same harmonic time
dependence as those of the incident wave. In the absence of such excess pressure, one usually assumes a
constant pressure at the surface, this may be taken equal to zero. If the external oscillatory excess pres-
sure has the form Pey (x, t) = Po(x)e ", the boundary condition at y = 0 in the frame of the linearized
theory which expresses the impermeability of the upper fluid surface, is written as:

2 .

) 5)

Iy g rg
where g is the acceleration of gravity. Function Py (x) is assumed to have a finite support {x : @ < x < 8},
and is continuous on it, except for a finite number of finite discontinuities. Assuming continuity of the
time-independent surface elevation 7 (x) of the upper fluid surface above a horizontal equilibrium level
(y = 0), a jump in the pressure function Py (x) at a certain point induces a similar behavior of the veloc-
ity potential ¢ at the same point.

(iii) On the bottom of the channel (y =k(x),0<x< oo) and on the surfaces of the obtacles, the normal

velocity component vanishes:

% _o

an ©

(iv) The radiation condition at infinity (x — 00) stating that: no wave is coming from infinity except the
prescribed incident one.

The time-dependent water surface elevation
n*(x, t) = Re[n(x)e "], )

and the time-dependent pressure at any point inside the fluid as the sum of the usual hydrostatic pressure and
the surface excess pressure:

P*(x,y,1) = —pgy + Re[P(x, y)e "], (8)

are expressed in terms of (x) and P(x, y):

iw 1
nx) = —¢(x,0) — —Py(x), 9)
g rg
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P(x, y) = ipw ¢ (x,y) + Po(x). (10)

hence finally in terms of the time independent velocity potential ¢ (x, y).

We do an analytic continuation of the harmonic function ¢ to the whole rectangle
V = (0 <x <a, —h <y < 0). Without ambiguity, the same notation ¢ (x, y) will be retained for the extended
function.

Method of solution

The flow domain is divided into two regions separated by a vertical line as in Fig. 1: A volume V" bounded by the
x-axis, the vertical line x = a and the bottom line, and an unbounded volume V' to the right of V0. Constant
a is chosen so that the finite support (o, 8) of the pressure excess satisfies (0 < a < B < a), and the bottom
line is horizontal for x > a. The solution in the semi-infinite region is obtained by separation of variables and
consists of an outgoing wave and local perturbations, in addition to an incident wave. Details of the solution
may be found in*!:

1. Denote by A the only real positive root of the transcendental equation

2
htanhah= 7 —
g

corresponding to the Sturm-Liouville eigenvalue problem

d*F dF 2 dF
Sl g, 2o w—qﬁ =0 at y=0, =1 Oaty=-h.
dy g dy

2. Denote by /, (p = 1,2,3,...) the positive roots of the transcendental equation
Ah tan Ah = —«,
arranged by increasing magnitude. This arises from the Sturm-Liouville eigenvalue problem:

d2F2 2 sz a)2 dF2
ST 2= 2F, =2 T ¢ =0aty=0, — =0aty=-h
Bt T g¢ S T
Related to these Sturm-Liouville problems is the following complete and orthogonal set of functions
{cosh Ag(y + h),cos Z,(y + h),p = 1,2, - - - } on the interval [—F, 0].
The solution for the total time independent velocity potential in the region VT satisfying the boundedness
requirement at infinity is taken as:

o0
@*(x,y) ={IO eTiR0x 4 Ro e’li"x} cosh Ag(y + h) + Z Ry cos Jp(y + h) e lr(x—a), (11)
p=1
The quantities R, represent the so-called local perturbation coefficients, necessary to achieve continuity of the

flow in the vicinity of the separation vertical line at x = a.
On the right bound of the domain Vo (x =a,—h <y< O), the continuity of the pressure and the velocity

yields the following expressions for the solution ®°(x, y):

oo
®°(a,y) =(Ioe’“°” + Roe’%“) cosh Ag(y + h) + Z Ry cos Zp(y + h), (12)
p=1
ELl , » >
W(a)y) —ilo (_Ioefzﬂ.oa + Roe”'°“> cosh Ag(y + h) — Z ApRp cos 2y (y + h). (13)
p=1

Introduce the finite cosine Fourier transform of the surface pressure excess function Py(x)

mix

a
poghaPy, = / Py(x) cos dx, m=0,1,2,... (14)
0

The inversion formula reads

o0
Po(x) = Z % (oghPy) cos mnx’

m=0

a (15)

where %, = 2 — 89,89 is the Kronecker delta symbol. Under the above assumptions, coefficients Py, tend to zero

1
at least like — as m grows indefinitely large.

m
To write an expression for the solution in the bounded region V°, we refer to a remark by Stoker®, p. 81 : .. we
expect to find two solutions of our problem which behave differently at the origin and at infinity. At the origin,
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in particular, we expect to find one solution to be bounded and the other to have a logarithmic singularity”
and another one by Wehausen and Laitone’, p. 537: .. All these authors restricted the solution to be bounded
everywhere. This has the effect of excluding a physically important class of solutions with singularities at the
origin”. Following these remarks, we consider a velocity potential function that belongs to a functional space
whose functions possess a logarithmic singularity at the origin. A convenient representation of the solution for
the velocity potential in the region V¥ is taken as:

2Nmy 2Nmx
cos

®°(x,y) = ®(x,y) + E cosh + CZ(x,y), (16)

a

where E and C are unknown coefficients to be determined in the process of the solution, N is a positive integer
the value of which will be fixed later on, ®(x, y) is regular in the extended domain V, and

21,2 2 2
n\/xh—i—y +ln X —i—(;—f—Zh)

1
Z(x,y) =1 1

— 2 2 — 2 2
W Vix 2ha) +7 V(x 2a)h+(y+2h)

The extracted term from ® with multiplicative constant E is necessary when treating the special case of a cliff
with horizontal bottom. As to the function Z(x, y), it has a logarithmic singularity at the origin of coordinates
through its first component, while the other three components are regular functions in the flow domain and on
its boundary. This function has been chosen so as to make the calculations simpler due to the following relations:

Z(ay) = 0 9z 0 9 (9Z 0
a, =0, —_— =0, — _— = 0.
r Y | ea ay \ dx x=a (18)
y=-h

The presence of the singularity at the shoreline with the beach should not cause concern, because a whole inter-

val at this point lies outside the region of applicability of the linear theory due to wave breaking (cf.’>, p. 810).
The next step is to expand the horizontal derivative of the extended harmonic function ® on the newly

introduced boundary at x = 0 in terms of the above-mentioned complete orthogonal family of functions as:

3D ad .
a(o,y) = iloBo cosh 2o(y + h) + Z ZpBp cosh Apa cos Ap(y + h), (19)
p=1

where By and B, are coefficients to be determined in the process of the solution.
For the determination of the function ®(x, y), introduce the finite cosine Fourier transform of this function
defined as:

m

TX
dx, m=0,1,2,... (20)

a>m(y) = /a P (x,y) cos
0 a

The inversion formula reads:

mmx

[e¢] 0 .
Oy =Y 3, 0)cos (21)
m=0

a

Transforming Laplace’s equation and using the continuity requirements of the horizontal derivative at two verti-
callines x = 0, x = a one obtains:

L 0~ (") @0 = 200 + (-1)") 2
ay2 o y p m(y) =¢(y ») (22)
with
L(y) =iloBocosh Ao(y + h) + Z 2pBy cosh Ayacos Ap(y + h), (23)
p=1

[o¢]
E(y) =ik (Ioe—iioa _ Roeﬂ.oa) cosh 2o(y + h) + Z /pRy cos Jp(y + h)
=l (24)

a a
c :
" (a2+y2 " a2+(y+2h)2>

The function multiplying C in the last equation may now be expanded in the complete set of functions
{cosh Ag(y + h),cos Ay(y + h),p = 1,2, - - } on the interval [—h, 0] as:
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a a
a2+y2 +a2+(y+2h)2

oo
= Bo/o cosh Lo(y + h) + Z Bpipcos Ap(y + h), (25)
p=1

where By, B, are shown in Suppl. Appendix. It may be easily verified that this function is positive, bounded and
monotonic decreasing on its interval of definition. Moreover, it has zero derivative at y = —1, showing that the
expansion can be differentiated term by term.

The transformed condition on the water surface reads:

AP~ a 7 ,
h a';y —kDp(y) =« EE BiN+aCWm} +Ch<§ —Qm) + ivaPy, (26)
=ivaP;n, say,
with
v = wh?,
W, 11 4 mmx |1 N x N 1 N 2a —x d (27)
=—-— sin - X,
" 4mm ), a |x x24+4h2  2a—x (2a—x)? +4h?
Q ) h/“ a—x mix i
=2a cos x
" o (x2+4n2)[(2a — x)? + 4h?] a (28)
and

P, =Py —iE— 5N _icX|w +£<Z—Q)
m = Em RS Om T im0 s S

The quantities W, and Q,, tend to zero like 1/m as m increases indefinitely. The first integral in the expression
for Wy, has a removable singularity and equals:

a1 . mmx R .
— sin X = —sinxdx = Si(mm), (29)
0 a o X

Si(z) denoting the usual integral sine function in the variable z.
Solving Eq. (22), satisfying the condition on the water surface and applying the inverse transformation, one
obtains:

M
A 1
Q(x,y) = Z Om - <Cosh m:y + 2" ¢ sinh m7rry> cos T2~
=0

cosh anh h mm a
M 0 mm mmx
+ iv ZO % P, sinh 7)/ cos e + iBy sin Aox cosh Ao (y + h)
m =
— (Bo cos Jga + Ipe %09 — Ryelt0® — iCﬁo) cos Aox cosh 29(y + h) (30)
sin Aga
P ,
cosh A,(a — x)
9 P
— ; BP cosh APQW cos Ap(y + h)
i(R +C13)cosh/lpx Ot h)
p= 4 PJ sinh Apad cosaply ’
Under the assumption
/loa = 2Nm,

where N is the same positive integer introduced in Eq. (16), chosen large enough so as to include the non-
horizontal part of the bottom and the finite support of the surface pressure excess in the region V7, the term
with vanishing denominator in the expression (30) will have a removable singularity if the numerator vanishes:

Ry = By + Iy — ifoC (31)

and the following limit exists:
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D= lim -
Joa—2N7w sm)o

(BO cos Jga + Ipe 0% — Ryelh0d — iCﬁo)

= lim
Jpa—2Nm sm)o

{Bo(cos Joa—1)+1Io ( —ioa _ l) + Ry (ei)’oa - lﬂ
The limit may be taken at once to yield:

D = Iy + Ry. (32)
The expresssion for ® now simplifies to:

mny 1 y miTx
D(x,y) = Z qm hmnh( sh —= +zm—/csmh7)cos p
m=20

M 0

+ iv Z . P, sinh mry cos mrx ~+ (Io + Ro) cosh Ao (y + h) cos Agx
~ mm a a
"= (33)
P
h ,(a —
+ iBg sin Agx cosh Ao(y + h) — pz:; By cosh }vpamsi*(zpam cos Ap(y + h)

P
cosh J,x
- R, + CBy) ——L= cos /. h),
pZ:;< p ﬂp) sinh /pa cos p(y +h)

2N
The function cosh Ty

{cosh Ag(y + h),cos 2, (y + h%,p =1,2,---}on the interval [—h, 0] as:

is now expanded in the complete set of functions

2Nm - )
osh Ty =D cosh 2g(y + h) + Z LN p cos p(y + h), (34)
p=1

where I, Inp are shown in Suppl. Appendix.

Continuity of the solutionat x = a
The continuity requirement of the velocity potential at x = a yields

M A Ty 1 mmy
_1ym 0 m s i
g (=D"q,, p— mZh (cosh +4 Pa— « sinh - )

m=20
M 0 mm
Z (=" Am. P, sinh mry + EDLn o cosh Zo(y + h) (35)
mm a
m=20
P
3 [Btay — By — (By + Roe ™7 + CB, ) coth iya] cos iyl + 1y = 0.
p=1

By orthogonality, using Eqgs. (31, 32) and after some manipulations, one obtains:

1 Ap

C=a+ab+ E (= 1" G — =y (36)

O a

o0
1/30 0 Ay
Ry=r1+nE+By— Dok Z (—l)mqumm (37)
m=0 a
coth 1,a
Ry =s + s E— ——— LB,
1+ e "% coth Apa
(38)
ppk — Bp coth Zpa A
P — (=g {G + G
1+ e "% coth A pa Z P PoK " | cosh '”Zh

in terms of the incident wave amplitude Iy and the unknown coefficients

(E, Bo, By, Am).
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Ultimately, the unknown coefficients will be determined approximately from the satisfaction of the bottom
boundary condition. The introduced notation is listed in Suppl. Appendix.

Singular solutions with prescribed strength C, or regular solutions with C = 0 may be obtained from the above
formulae, in which case one gets an additional constraint between the unknown coefficients of the problem. The
regular solution, however, may conceal important physical features of the considered problem ( Cf. Wehausen
and Laitone’, p. 537).

The total velocity potential in the region Vis:

M

A mry a1 ., mmy mmx

0 _ 0 m

O (x,y) = qumcoshmzh (cosh p; +EEK s1nh7)cos ;
m =

M 0
+ iv Z Am P, sinh mry cos mrx + (Io + Ro) cosh Ag(y + h) cos Aox
mim a a
m=20
P

+ iBy sin gx cosh Ag(y + h) — Z By, cosh Apa
p=1

h A,(a — 39
coAplaT Y - p(fl ») cos Zp(y + h) (39)
sinh A,a

B ia cosh /px X
}; <Rpe P4+ Cﬂp> Sinhia Ip cos Zp(y + h)

2Nmy 2Nmx

+ E cosh cos

+ CZ(x,y).
a

Determination of the unknown coefficients

Prior to the application of the impermeability condition on the bottom, the expressions for the velocity poten-
tial ®° and the stream function WP are re-written in a form that exhibits their dependence on the unknown
coefficients:

o0 o0
) =0 (6 + Y qAn®P )+ Y By (x,y) + EOP (x,y) (40)
m=20 p=0
and
[o¢] [o¢]
V) =v" @)+ > AP @y + > B (ny) + EVO(x,y). (41)
m=20 p=0

The different functions are listed in Suppl. Appendix.

It remains now to determine the constants C, E, By, (p = 0,1,2,...)and A;,, (m = 0,1,2,...) by satisfying
the boundary impermeability condition W = 0 on the bottom by a suitable boundary method. We note two
methods:

a. Boundary collocation: Satisfying the condition at points P,,r = 1,2, ..., R adequately chosen on the bottom

line L produces R linear algebraic equations in a finite number of the unknowns By, p = 0,1,2,...,P and
Ay, m=0,1,2,..., M. The absolute error in satisfying the boundary condition on the bottom line is defined
as

Er = max[y*(Q

N Q e L. (42)

b. A boundary Fourier expansion method: Let 6, 0 < 6 < © be a running parameter for the bottom curve L in
the region V. Then ¥° = ¥%(9) = 0 on L. Expand this function in a Fourier series on [0, ®]. Then Fourier
coefficients of this function must vanish. This provides a set of linear algebraic equations for the unknown
coefficients. The error here is defined as:

1
E, = 7/|\y°(9)|2d9. (43)
IL] Ji

Due to the existence of singularities in the function of the velocity potential and its derivatives at the origin, it is
believed that the application of the boundary integral method (Cf. the boundary Fourier expansion method*),
is appropriate for better results. It is thus clear that the method deals in a unified way with any shape of the bot-
tom curve. This is an important feature and an advantage of the present method.
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Computational aspects
When carrying out computations, the infinite series over m and p in the solutions must be truncated. The same

holds for the Fourier representation of the surface pressure excess function Py (x) which will be assumed to have
only K + 1 terms. Proper limits must then be taken. The divergent series for pg and p, (see Suppl. Appendix)

must be re-written as:

Gy & m I h Jmo
po—f Z (=1 %|:Wm+a<g_Qm>:| @;

m=20
M 0
Gum q h /o Im
= —_pmAm |w _ (f — ) Jmp.
Pr Ip ZO( ) mn{ m+;ca 8 Qo Gum
m=
The Egs. (36), (31) and (38) now assume the form:
M
S ot
" Gum mmh
L m=o cosh ™7 (44)
C=c+aE+— o
P Po_
Gm
m Am
> g Gor cooh 2L
iBp m= 0 a (45)
Ry =r+nE+By— — 5
P £0
Gm
1) 2 coth ;»Pu
R, =sp" +3p E— —— B
14+e 7 cothlpa
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The coeflicients appearing in these last equations are expressed as:

M 0 P
Z (-n™ ql@ m

mm Jo Gum
iv m=20
cl =— 2 >
K Gt
Kk  JaNo
e =—/|DhNo+ — | =0
Po( 2Nw Jo )
. g B
s = i ¥y — gy oth4pa Z (—1ym m Jmo |,
P71 4 e coth Jpa K% T mr Jo
K 0
Yy dmp, Jo
mi Ip
m=20
2o B ocoth
s 1 Koy ~ Gy © p“( . K ]2N,0>
= - INO T T
P 14 e % coth Jpa KGPTO/[ 2N7  Jo

K ]2N,p
I i
+ (2N,p+ N7, ﬂ

Trapping of waves
Formula (31) obtained for the reflection coeflicient allows to treat cases where the incident wave is totally

absorbed due surface pressure excess. For this, it suffices to set Ry = 0 in that formula to yield:

r1+rzE+Bo+—— Z (=1)"q° GAy = 0. (47)
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This equation will now be considered to involve the unknown constants P,,, to be determined together with the
other unknown coefficients of the problem.

For the particular choice of a constant pressure excess over the interval [0, a], all the coefficients P,, vanish,
with the exception of the (unknown) coefficient Py. This latter may be found, together with the other coeflicients,
from the impermeability condition on the bottom curve together with the reduced equation.

Other cases of trapping may be found if all the P,,’s, except a finite number of them, vanish identically.

Progressive wave against a cliff with horizontal bottom
For a progressive wave against a cliff with horizontal bottom as in Fig. 2, the coefficients By, By, By, - - - may be
calculated from the condition of vanishing of the horizontal derivative of the velocity potential ®° at the cliff

as follows:
o0
. C
iZoBg cosh Zo(y + h) + Z /pBp cosh Apacos Ay(y +h) = ——=8(p), (48)
T
p=1
hence by integration using orthogonality:
_iC cosh Aogh _iC cos Jph
0= 2 )v()]()h ’ P 2 /l()]()h ’

On the other hand, as shown above:
D = Iy + Ry.

Then the coefficients A,,, m = 0, 1,2,. . .are determined from the satisfaction of the bottom condition by equat-
ing to zero the vertical derivative of the velocity potential ®° as follows:
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Figure 2. Solution regions for a cliff with horizontal bottom.
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The condition on the bottom becomes:
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For m = 2N the above equation yields the value of the coefficient E from the relation:
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For the other values of m, one gets the values of the constants A,, in terms of the other unknown coeflicients
from the relations:

M
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Ap| —mmtanh — —« | =vP, —C—— —.
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Equations (36) and (31) now serve to determine the two constants C and Ry. Finally, the remaining constant A,y
may be obtained by a limiting procedure from the expression of A,;:
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Thus the problem of wave propagation against a cliff finds here an exact solution with logarithmic singularity for
the velocity potential function at the intersection of the water surface mean position with the cliff.

For a constant pressure over the interval [0, a], onehas Py = 1, P, =0,m = 1,2, - - -.

The case when the pressure function is a delta function concentrated at xo(< a) was noted by Stoker®. This
case is important for two reasons: (i) A general distribution of the surface pressure can be replaced by a super-
position of concentrated distributions; (ii) When the surface pressure distribution is extremely complicated, or
even unknown, and interest is mainly focused on the asymptotic behavior of the solution. Here:

mIT X
P,, = cos , Ym=>0.
a

Numerical results
We have considered three types of beaches for the determination of the system of streamlines. Here we have set
the surface excess pressure equal to zero. For the calculations, we have taken

k=15 N=1, a=3.874

This value for « shows that the conditions for shallow water theory are not satisfied.

The number of collocation nodes was taken so as to achieve a square matrix. Two methods of solution, the
Gaussian elimination and the least squares yielded the same results. The best results for all the three considered
cases were obtained for the truncation parameters:

M =25 P <46, R=32.

These choices made the jump § between the values of the stream function on both sides of the vertical linex = a
less than the value 0.00045.

a. 'The parabolic beach. The shape of the beach is described by the function

16h 3a\2 3
k(x): W(x_f) _h’ OSXST“, (51)
—h, x> 3{,
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with initial inclination >~ 41°. The shape of the beach and the collocation nodes are shown in Fig. 3. The
streamlines for the parabolic beach in the region V° are illustrated in Fig. 4. The 3D-plot of the streamfunc-
tion in the region V? is shown in Figure 5. The streamlines for the parabolic beach in the regiona < x < 2a
appear in Fig. 6, while the 3D-plot of the streamfunction in the region 0.01 < x < 2ais shown in Fig. 7.

b. The uniformly sloping beach. The shape of the beach is described by the function

\ 1 2 3
\\
—02f N
L \\
\\
—04f N
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~
N
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\\.
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Figure 5. Streamfunction for the parabolic beach in the region V°.

Scientific Reports |  (2024) 14:17547 | https://doi.org/10.1038/s41598-024-67443-6 nature portfolio



www.nature.com/scientificreports/

T T

0.0
-0.2
-0.4
-0.6
~038 ) _
_1ok . - ]

Figure 7. The streamfunction for the parabolic beach for 0.01 < x < 2a.

16h 3a\2 3a
2(x—2=2)"—h, 0<x<?=3Z
k(x)={ja;1( x:; -T o4 (52)
) i

with initial inclination >~ 19°. Figures 8, 9, 10, 11 and 12 illustrate the same flow characteristics as for the
previous case.
c. The shelf-type beach. The shape of the beach is described by the function

-08r N
-08F \
-1.0F \—.—.—.—.—.—.—.—

Figure 8. The uniformly sloping beach and the collocation nodes.

Scientific Reports |

(2024) 14:17547 | https://doi.org/10.1038/s41598-024-67443-6 nature portfolio



www.nature.com/scientificreports/

0.0
-0.2
-0.4
-0.6
-0.8
-1.0

0.0f
-0.2F
04 ||
-0.6F

“08F| v .
-10f ]

oo
L
o b
-1

9h a\2 h a
RO S s A Sk
= 3 h 127, _ 121 a 3a
(%) 4—{—4c03s( X 15), 3 <x=7, (53)
—h, x> 22,

with initial inclination >~ 37°. We have shown in Figs. 13, 14, 15, 16 and 17 the different flow characteristics
for the shelf-shaped beach.

All over the semi-infinite channel, the system of stremlines forms cells. This is due to the harmonic time
dependence of the incident wave. In that part of the channel with x > a where the bottom is horizontal, there
establishes a system of streamlines composed of the bottom line ¢ = 0 and a denumerable number of vertical
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Figure 13. The shelf-type beach and the collocation nodes.
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Figure 14. The streamlines for the shelf-type beach in the region V°.

lines at x, = (r + 1)%, r = 1,2,...connecting the free surface to the bottom line. These streamlines form cells
inside which all the other streamlines are distributed, all of them ultimately reaching to the free surface. The
pattern consists of repeated units, each formed of two consecutive cells. These cells are shown for all three
types of beaches on Figs. 6, 11 and 16 for that portion of the channel for whicha < x < 2a. As time goes on, an
animation program has shown that this system of cells moves as a whole to the right with uniform velocity >.
Animation experiments have revealed that a system of standing waves establishes in the initial, left part of the
channel for which x < g, with small vertical oscillations of the system of streamlines. In the right part of the chan-
nel, there are progressive waves propagating toward infinity. In between, there exists a buffer zone encompassing
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Figure 17. The streamfunction for the shelf-type beach for 0.01 < x < 2a.
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the vertical line and consisting of one cell performing horizontal oscillations and splitting periodically. Taking
into account the surface excess pressure will lead to the modification of the streamlines, and the values taken by
the streamfunction on these streamlines.

Conclusions
Using a method relying on finite Fourier transform, an approximate spectral solution has been constructed for
the water wave problem over a beach, that includes a logarithmic singularity at the shore line, and in the presence
of a surface pressure excess. The logarithm, through its harmonic strength, provides a necessary source/sink
term that balances the obstruction of the flow by the beach. Otherwise, the presence of such a singularity at the
shoreline does not matter, because the waves do break before reaching this point and therefore a whole interval
at this point lies outside the region of applicability of the linear theory. The method separates from the outset
the singularity in the velocity potential and its derivatives at the origin, as well as the asymptotic behavior of the
solution. It leads to formulae for the velocity potential satisfying the requirements of continuity to any degree of
smoothness everywhere inside the domain of the flow. It also provides expressions for the strength of the loga-
rithm, for the reflexion coefficient and for the coefficients of local perturbation in terms of unknown coefficients
to be determined approximately by the satisfaction of the impermeability condition at the bottom. Cases with no
reflexion are noted and the problem of an incoming wave against a cliff finds here an exact solution. The study
deals with a variety of bottom shapes, and may be easily extended to cases involving an additional corrugation
of the bottom over a finite interval, with submerged obstacles following the guidelines presented in*!, or with
different bottom boundary conditions. Unlike most of the existing literature, the present work contains numerical
results for three beach topographies showing the systems of streamlines over the beach and the contiguous region
with flat bottom. In all cases, the obtained values for the reflexion coeflicient is nearly equal to unity, meaning
that a system of standing waves establishes in the channel. This constraint, to our belief, is related to the special
choice of the length parameter a involved in the finite Fourier transform.

The present results concerning the streamline distribution in the channel, and the possibility of wave trap-
ping, may be of interest for environmental purposes, as it gives an indication about the way pollution propagates
near the beaches.
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