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OPEN A new multi-attribute group

decision-making method based
on Einstein Bonferroni operators
under interval-valued Fermatean
hesitant fuzzy environment

Siyue Leil, Xiugin Ma'?, Hongwu Qin'?*‘, Yibo Wang® & Jasni Mohamad Zain?

Faced with the increasing complexity and uncertainty of decision-making information, interval-
valued Fermatean hesitant fuzzy sets (IVFHFSs) were presented as a novel mathematical model that
handled uncertain data more effectively. However, existing multi-attribute group decision-making
(MAGDM) methods based on IVFHFSs do not thoroughly investigate the operational laws. Also, these
existing MAGDM methods do not take into account the connections between attributes and are

less flexible. To address these issues, this paper proposes a new MAGDM method based on Einstein
Bonferroni operators under IVFHFSs. First, we thoroughly examine the operational laws of Einstein
t-norms under the IVFHFSs to further extend the study of the operational laws. Then, we introduce
the interval-valued Fermatean hesitant fuzzy Einstein Bonferroni mean operator and the interval-
valued Fermatean hesitant fuzzy Einstein weighted Bonferroni mean operator under Einstein t-norms.
Our suggested aggregation operators consider the relationship between attributes and are far more
flexible in comparison to the current approaches. Later, a novel MAGDM method based on Einstein
Bonferroni operators under the IVFHFSs is given. Finally, the practicality and validity of the proposed
method are demonstrated by a cardiovascular disease diagnosis application.

Keywo rds Interval-valued Fermatean hesitant fuzzy sets, Einstein t-norms, Bonferroni mean, Multi-attribute
group decision-making

Choosing the best choice from a group of objects on the basis of a variety of qualitative and quantitative attributes
is known as multi-attribute decision-making (MADM)". As a well-known outflow of decision theory, MADM
has been substantially explored and successfully applied to a variety of domains, including industries, medical
diagnosis, engineering and environmental sciences, and so on**. Furthermore, when faced with a particularly
important task in practice, the decision will be taken by a group of decision-makers who are going to address
it together. As a result, the concept of multi-attribute group decision-making (MAGDM) was established, with
the intention of having several decision-makers choose the best option from a group of alternatives. In recent
years, some MAGDM methods have been developed®®. However, in practice, decision-makers are frequently
challenged with uncertain and fuzzy information when performing MAGDM.

Uncertain information® in the actual world has increased due to the decision-making environment’s rising
complexity'. In 1965, Zadeh'! proposed the fuzzy sets (FSs) theory as a solution to the uncertainty problem.
Then, Atanassov'? proposed the intuitionistic fuzzy sets (IFSs), which supplemented the concept of “membership
degree(MD)” with “non-membership degree(ND)” and 0 < MD + ND < 1. Further, the idea of interval-valued
intuitionistic fuzzy sets (IVIFSs)'? were put forth by extending the IFSs, which enables the decision maker to
describe the evaluation range of an alternative scheme on a particular attribute using an interval number'.
Interval-valued Pythagorean fuzzy sets (IVPFSs) were proposed in'?, which were inspired by IVIFSs and incor-
porated the feature of interval numbers into Pythagorean fuzzy sets. By limiting the sum of the squares of the
upper bound of the MD and ensuring that the upper bound of the ND does not exceed 1, IVPFSs can handle more
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fuzzy information than IVIFSs. In 2022, Rani and Mishra'® proposed the conception of interval-valued Fermatean
fuzzy sets (IVFFSs) by extending IVPFSs. Compared with IVIFSs and IVPFSs, the sum of the cubic MD and the
cubic ND of IVFFS does not exceed 1, which can describe a wider range of fuzzy information. Figure 1 indicates
the range of uncertain information that can be represented when there is only one element in IVFESs. It might
be challenging to come to an agreement on assessments when decision-makers are reluctant to use assessments
in complex and unclear situations such as mental health evaluations. Consequently, the concept of hesitant fuzzy
sets (HFSs) was first developed in 2009 by Torra et al.'” as an extension of FSs. A group of likely values serves
as the representation of the MD of HESs, which is suitable for describing hesitant and uncertain information.
As a result, HFSs have been thoroughly studied and developed recently, and some extended models based on
HFSs were given as diverse as dual hesitant fuzzy sets'®, dual hesitant Pythagorean fuzzy sets', interval-valued
hesitant fuzzy sets®® and Fermatean hesitant fuzzy sets (FHFSs)* and so on. Among these above-extended HFS,
interval-valued Fermatean hesitant fuzzy sets (IVFHFSs) are one of the most worthy of attention developed by
Kirisci and Simgek?? in 2022. The model of IVFHFSs is the extension of FHFSs and IVFESs, which inherit their
strengths. That is, IVFHFSs not only adopt interval-valued data to describe MD and ND with a wider range
but also involve the hesitant feature of data. Figure 2 represents the range of uncertain information that can
be represented with only one element in IVFHFSs when the number of hesitations for that element is 2. From
Fig. 2, we can understand that IVFHFSs fully consider the advantages of FHFSs and IVFFSs. It allows us to have
a wider, more flexible, and more clever range in representing uncertain information by adjusting the range and
number of the frames in Fig. 2.

The aggregation of fuzzy information is essential for solving the MAGDM problem in the fuzzy environment.
As aresult, research on aggregation operators (AOs) is very important and valuable and has been developed and
studied by many researchers in recent years. The most common approach to fuzzy aggregation operations in
works on AOs up to this point is the combination of the fundamental algebraic product and the algebraic sum of
Archimedean t-norms (AR-TNs)*?, The class of strictly AR-TNs is known to include, among other examples,
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Figure 1. Diagram of an IVFFS containing only one fuzzy number.

— 1
WNFFM.2
1.0 — FF3
0.6
Qo
4
2
0.0 T T T T
oo oz o4 RRE] 0B Lo L2z

18]

Figure 2. Diagram of an IVFHES containing only one fuzzy number with hesitation number of two.
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algebraic t-norms (A-TNs) and Einstein t-norms (E-TNs)?*-%’. The algebraic product and sum are similar to
Einstein product and sum in the representation of smoothing approximations. As a result, E-TNs are good sub-
stitutes for A-TNs. These operators provide us with a wide range of MADM applications while eliminating the
irrationality and inconsistent nature of the operational laws. Rani et al.? pointed out that the algebraic sum and
product operations do not perform as well as the Einstein sum and product under the intersection and union of
Fermatean fuzzy sets (FFSs). They made the point that compared to basic operations, E-TNs operations are more
valuable and flexible. Rahman et al.”® proposed Einstein weighted averaging AO and Einstein ordered weighted
averaging AO under the IVPFSs environment. To solve supply chain management problems, Ali et al.** studied
a series of complex Einstein weighted geometric AOs based on IVPESs. Based on the FFSs environment, Rani
and Mishra®! proposed some Einstein AOs and demonstrated the effectiveness and advantages of the approach
through the multi-criteria electric vehicle charging station problems. Bonferroni mean(BM)** as a mean opera-
tor is also one of the most popular AOs. In 2009, Yager* used the BM operator to deal with the multi-criteria
problem. Later, Beliakov et al.* studied the generalized BM operators in detail and solved the defect that the
BM operator just only handles exact numbers. Zhu and Xu®® extended the BM operator to HFSs. Xu et al.’
explored the Pythagorean fuzzy BM operator and developed an accelerative calculating algorithm for it. Wang
et al.*” introduced the BM operator into the hesitant Fermatean fuzzy sets to tackle the MADM problem. Ali
et al.’”® devised Aczel-Alsina operations to interval-valued q-rung orthopair fuzzy sets and originated a series of
aggregation operators, including the BM operator. Based on dynamic comprehensive time entropy and an ATS-
generalized weighted intuitionistic fuzzy BM operator, Zhang et al.* established a new MADM model to make
decisions about attributes and time weights present in dynamic intuitionistic fuzzy environments.

In recent years, the research method of MAGDM***! combined with fuzzy set theory has developed by leaps
and bounds in various fields. At present, the extensive application of this method in the medical field is especially
outstanding. Here is a good case to reveal the positive effects of this approach. The application of the MAGDM
method drastically reduces the mortality rate from cardiovascular diseases, which pose a serious threat to human
health. The World Health Organization (WHO) reported that 18 million deaths worldwide are attributed to
cardiovascular diseases*2. Data from the National Bureau of Statistics (https://data.stats.gov.cn/) shows that the
proportion of deaths due to cardiovascular disease in the total number of deaths is increasing year by year and
has reached 23.65% in 2019. Therefore, early prevention and control of these diseases is very necessary. Early
monitoring, early diagnosis, and early treatment can not only effectively reduce the morbidity and mortality of
such diseases but also improve the quality of life for patients. Accelerating the diagnosis of these diseases and
improving the degree of effective diagnosis has become one of the key methods to reduce the harm of these
diseases. Nowadays, the clinical diagnosis of cardiovascular disease is made by doctors who analyze clinical
tests to determine the degree of ambiguity of a patient’s cardiovascular disease. This judgment information is
typically uncertain. This is because we can only make a vague judgment about the likelihood of a patient hav-
ing a cardiovascular disease based on clinical tests, but we cannot make a definitive judgment about whether
the patient has cardiovascular disease. In comparison with other fuzzy set models, we find that IVFHFSs are
particularly suitable for the medical diagnosis of cardiovascular disease due to their hesitant nature. IVFHFSs
can combine the opinions of all medical experts without data loss, and they are more accurate and flexible in
representing the opinions of medical experts. For the moment, both Kirisci et al.? and DemIR et al.** have applied
IVFHFSs to the medical field. Kirisci et al.?? initiated the model of IVFHFSs and proposed various related AOs,
such as the interval-valued Fermatean hesitant weighted averaging operator and interval-valued Fermatean
geometric operator, and the new score function (SC) was proposed to rank the alternatives. Then, the validity
and feasibility of the proposed MAGDM method were verified under medical decision-making application.
DemiR et al.** have proposed the correlation coefficients and weighted correlation coefficients methods based
on the IVFHESs. Then, the viability and usefulness were demonstrated through pattern recognition application
and medical decision-making.

However, there are some research gaps as follows. That is, we find that there are still some shortcomings in
existing MAGDM methods?**, Firstly, the AOs proposed by Kirisci et al.*> and Zeng et al.** have very low flex-
ibility, and both are based on A-TNs. However, E-TNs are better substitutions for A-TNs, and there is no research
on Einstein AOs for IVFHFSs. Furthermore, the data model in* is interval-valued hesitant fuzzy sets (IVHFSs).
In fields with high complexity and uncertainty, such as the medical field, IVFHSs are unable to represent more
information compared to IVFHFSs. Then, the methods in?>*** do not take into account the interconnections
between attributes. In general, the attribute indicators in the medical field are related to each other in some way
and can influence each other and their methods do not have adjustable parameters and cannot handle variable
environments. In addition, when considering the opinions of the different experts, their methods do not take
full advantage of the hesitant property of the data model, thus resulting in the loss of information. To address
these issues mentioned above, we develop a new MAGDM approach based on the Einstein Bonferroni mean
AOs under the IVFHFSs environment. The main innovation points are summarized as follows:

® Based on E-TNs, this paper studies the Einstein operators for IVFHEFSs, enriching the research on aggrega-
tion operators under the IVFHFSs environment.

® By combining Einstein operators with the BM, this paper presents the interval-valued Fermatean hesitant
fuzzy Einstein Bonferroni mean (IVFHFEBM) operator and the interval-valued Fermatean hesitant fuzzy
Einstein weighted Bonferroni mean (IVFHFEWBM) operator. Compared with the existing methods, our
proposed AOs take into account the connection between attributes. Our proposed operators have much
higher flexibility in contrast to the existing operators based on IVFHFSs.

o This paper suggests a MAGDM approach using the IVFHFEBM and IVFHFEWBM operators. When dealing
with multiple expert opinions, we take the approach of seeking common ground. This approach makes full
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use of the property of IVFHFSs to reduce the loss of information in the MAGDM. The rationality, validity,
and superiority of the proposed methods are verified by a cardiac diagnosis application.

The following is the structure of the entire paper. "Preliminary” section briefly describes the basic concepts of
partial fuzzy sets, including HFSs, FHFSs, IVFESs, IVFHESs, AR-TNs, and BM operation. The E-TNs operations
with some desirable properties and the form and derivation of the IVFHFEBM and IVFHFEWBM are introduced
in "The IVFHFEBM and IVFHFEWBM AOs under E-TNs" section. "A new MAGDM based on IVFHFEBM and
IVFHFEWBM" section presents a new MAGDM method based on IVFHFEBM and IVFHFEWBM. "Case study
and comparative analysis" section uses a case study of cardiac diagnostics to show the rationality and applicabil-
ity of our methodology and demonstrates the robustness of our proposed method by conducting a parametric
analysis, in addition to a comparison with existing decision-making methods to demonstrate the superiority of
our proposed method. In "Conclusion” section, a summary is presented.

Preliminary
This section provides a brief overview of the definitions of the HFSs, FHESs, IVFFSs, IVFHFSs, AR-TNs, and
BM operation.
Definition 2.1. " Let S # ¢ and a HES H on S is a function, and the mathematical is expressed as follows:
H = {<s,h(s)|s € S)}
where h(s) includes several values in [0, 1], indicating the possible MD. We call the h(s) as a hesitant fuzzy number.

Definition 2.2. 2! Let S # ¢ and then a FHFS FH on S can be represented by a function hgg(s), individually,
denoted by the mathematical notation that can be expressed as follows:

FH = {<s, (hgg(s))|s € S >}

where hgg(s) : S — [0, 1]indicates multiple possible pairs of MD (1) and ND (v) of s, s € S. In general, we call
fh = hgg(s) = (MW(S% vm(s)) as a Fermatean hesitant fuzzy number (FHFN), where i indicates the number
of FFNs. If o € ﬁ, then « is a FHFN, and it can be denoted by &« = (1, v), and 0 < W<l

Definition 2.3. ' Let S % ¢ and then an IVFFS F on S is expressed as follows:
F={<su; 0o v;ofe)ses>}

where Ky (s) and ,ug (s) denote minimum and maximum values of interval-valued MD, respectively. Equally,
vz () and v; (s) denote minimum and maximum values of interval-valued ND, separately, with the condition
0<pz(s) = Ut <1, 0< vz () < v;'(s) <1, 0< (ug)3 + (v;:)3 < 1. For convenience, we call
f = ([;LI; (), u; (s)} , [Ul:f (), v; (5)} ) as an interval-valued Fermatean fuzzy number (IVFFN). Specifically, when
g (s) = Mg(s) and vﬁ_ (s) = v; (s), the IVFEN is degraded to FFN.

For any parameter se€S, the indeterminacy degree can be computed as
TE(s) = |:JTI~:_ (s),ﬂ;(s)] = [{/1 — (/Lg)3 — (v;f)3, 31— (;/,;)3 — (vif)3J. The degree of indeterminacy, the
more indecisive the object is implied to be.

Definition 2.4. 2 Let S # ¢ and an IVFHFS F on S is performed as follows:
F=A{<s,(hr(s))|seS >}

where hz(s) : S — [0, 1] denotes the multiple possible pair of interval-valued MD ([1 £ (s), ,u,}'-(s)]) and ND
(e, v}'_—(s)]), satisfying all the 1 2 (s), p,}(s), vz(s) and v}'—(s) with the condition 0 < 7 (s) < u}'_—(s) <1,
0<vr(s) < v;—(s) <1,0< (u}'_—)3 + (v}'—)3 <1l Asarule, wecall 4= ([;L;i,u;g], [v;,v;]) = hx(s)asan
interval-valued Fermatean hesitant fuzzy number (IVFHFN), where x denotes the number of IVFHEN and i
implies the number of the combination of interval-valued MD and ND.

Example 1. There are two IVFHFNs which are » = {([0.7,0.8],[0.3,0.4]), ([0.8,0.9],[0.2,0.3))} i = 1 and
£ =1{(10.5,0.8],[0.3,0.5]), ([0.7,0.9], [0.2,0.4]), ([0.8,0.9], [0.2,0.5])} i = 2 satisfying 0 < 0.8> +0.4> <1,
0<094+03<1,0<08+05<1,0<0.9+04% <1,0 <09+ 0.5 < 1, separately.

According to the definition of IVFHFSs, there are some special circumstances here, apparently:

e ifevery hr(s)just includes only one pair of intervals, i.e., i = 1, the IVFHFSs can be viewed as IVFFSs;
o ifu,(s) = p,jn_- (s)and vir(s) = vjf_- (s), the IVFHESs reduce into FHFSs;
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o ifany interval-valued ND satisfies vz (s) = v;—(s) = 0, then the IVFHFSs are considered to be IVHFSs.

e ifall the ,u,}'-(s) and v;— (s) are constrained by the condition that 0 < (u}t—)z + (v}'—)2 < 1, the IVFHFSs degrade
into IVPHESs.

e ifall the ;f]r_-(s) and vja_-(s) are constrained by the condition that 0 < ;,Lj{- + v}"_— (x) < 1, the IVFHFSs degrade
into IVIHFSs, similarly.

Definition 2.5. 2 Let /= ([u; , ;" |,[v;, v} ])(i = 1,2,...,k) be an IVFHEN, then the SC of , is defined
as follows:

l/r'/ M
= |-L =3 _ (yh)] L 3 (p)?
scly = {Mz 0= O] g [ = ) ﬂ @)
Further, the following is the definition of the ,” accuracy function (AC):

AC() =

A 3 " ;
He [+ ()] oy b [+ (7)] 22)
As we can see, the SC and the AF are both interval numbers, and then we need to process them a step further.

Definition 2.6. 22 Suppose that there are two interval numbers A = [A_ s A"’] and B = [B_, B+], and the likeli-
hood of A > B is stated as follows:

BY—A~
P(A > B) :max{l —max{m,o},o} (2.3)

where J(A) = AT — A~ and J(B) = BT — B~, and holds the following items:

e 0<PA=2B)<]
e ifP(A>B)=PB>A),P(A>B) =P(B>A) =1/
e PAZ2B)+PB=2A) =1

Using the above definition, we can obtain a precise value to compare the size of two IVFHFNGs.

Definition 2.7. **Let { and /5 be two IVFHFNG.

IfP(SC(A) > SC(5)) < 1. then A < 4
IfP(SC(A) > SC(5)) = 1, then
IfP(AC(A) > AC(%)) < L, wesay A < 4
IfP(AC(A) > AC()5)) = 3, wesay A =8

Definition 2.8. * LetE : [0,1] x [0,1] — [0, 1]be an Archimedean t-norm if it satisfies associativity, symme-
tricity, non-decreasing, and E(h, 1) = h for all h. It also caters to any h € (0,1) H(h, h) < h.

Definition 2.9. ** Let K : [0,1] x [0,1] — [0, 1] be an Archimedean t-conorm if it satisfies associativity, sym-
metricity, non-decreasing, and K (h, 0) = h for all h. It also caters to any h € (0,1) K(h, h) > h.

Definition 2.10. **Leto,t > 0,and ay(x = 1,2,. .., n) be a non-empty and non-negative set. The BM is defined
as:

n o+t
BM®*(ay,az,...,a,) = (n(nl_l) > aga;> (2.4)

x,y=1;x#y

The IVFHFEBM and IVFHFEWBM AOs under E-TNs

In this section, we propose the E-TNs operation on IVFHFNs. We investigate the extension AOs of BM based
on the E-TNs operations under the IVFHF environment. Considering the effect of attribute weights, we also
propose the AO of IVFHFEWBM.

The Einstein operations on IVFHFNs

Einstein operations are basic operations based on the AR-TNs derived by substituting functions that satisfy
the relevant conditions. Firstly, we propose the arithmetic operations based on AR-TNs under the IVFHFSs
environment.

Scientific Reports |

(2024) 14:12370 | https://doi.org/10.1038/s41598-024-62762-0 nature portfolio



www.nature.com/scientificreports/

Definition 3.1. Let /: ([Mi_,u;"],[vi_,vﬂ), /(: ([Mfi,um,[vl_i,vm) and /{: ([Mz_i,ui‘;],[vz_i,v;;])
(i=1,2,...,k) be three IVFHFNs, where i denotes the number of hesitation elements. The arithmetic opera-
tions based on AR-TNs in the IVFHFSs environment are expressed as:

D = , {\/8 (e (00))- /- ‘(M‘((Mff))J,
VTt () )

| (e
@ = s
fe (e

(ni i Loy it e/ [3 - (/lé<("i )3

)
)
o oseie U y

([u;-,u,-? (Vi v?,-]}) €A,
) €S

(e (20”3 (G G
(02 05)°). {/E(0) 05
(

= ]y ot
(s i) [V v

@ A®4=

U [ 3 3 3 3
] Wooith 0\ | (00)% 02)°): (08 05)°) |
(i 3]s g vy ) €87 2
where the function ¢ is called an additive generating element expressing that Archimedean t-norm as
E(h,z) = &7 ((h) + £(2)), and the function §(t) = &(1 — t) represents that Archimedean t-conorm as

K(h,z) = 571G + $(2)).

Then, according to Definition 3.1, we simply bring in the corresponding E-TNs to obtain Einstein operations

on IVFHFNSs.
In the E-TNis setting® 2%, we have &(t) = log> (27), §(t) = log, ( H”) and by means ofs(t) and §(¢) we can
deduce that E(h,z) = % and K(h,z) = lh+hz ande~!(t) = 2t+1, RO 2f+1’ respectively.

So, we can obtain Definition 3.2 as follows:

Definition 3.2. Suppose that there are three IVFHFNs: /= ([u;, 4; ] [v; v D A= ([Ml,,ﬂl,] [vh,vh])
and 4= ([u3; p{i], [va» v;ﬂ )(i=1,2,...,k), separately. The operations based on E-TNs under the IVFHFSs

environment are expressed as:
| el e
()] + 6] )]+ )]

[
| [0 =[-07)
(40T 4]

1 =

(i v v De/

{3 o) -1t

)
)

N (U0 5 ! . (o 5
=07 +[060)]\ -] +[0)])

¢wmuw) o] i)+

N 1+(M11) (H’ZZ) 1+(”’11) (”’;)3
va4mev@m1’7Hb4@fHF@m1]

[Ty , whins:
W Aoh= U i/l 0] e -] -]

([H«i»u«h] [vh»vlfbeﬂ S 00’ +05)° 5] 0F) +05)
(5 3]s V3505 ) € 8 1) 0a) "\ 10 05)°
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Theorem 3.1. Let / (pi>nf v vt s A= (s nf] vl and
A= (i 137, V3 v D = 1,2, ., k) be three IVFHENS, 2. > 0 and both of /, / W A®L and A ® 4
are IVFHNG.

Proof. TVFHNS satisfy that for any ([11;, u; |, [v;,vi"]) € /" wehave 0 < (uf)® + (v;)® < L

Hence, it is a very simple matter to prove which / is an IVFHN, and we omitted it.
When A > 0, we can deduce:

o) o0 T -[-enT
) + ] e ery] - 0]
) Z[I—A(vf)ﬂ)l +[1+ y| - [1_(vi+)3]}'
e - o )3})’ [1+ (v )3}2+ [

Thus, / isan IVFHN. }/ is also an IVFHN, similarly. As for /fGB/{,

3

(Mn) + (V“Z)3 i)’
WD) T - |- )]
[ o)+ -0 v’ _
v 1= ) 1= 08)°] = )] [1- 08)]

Thus, 4'® 4 is an IVFHN. £'® 4 is also an IVFHN, similarly.

Theorem 3.2. Let / (i nf L v vt A= upuf v and
A= ([“271"/’“21} [‘)21"’2:])(’ =1,2,...,k) be three IVFHFNs, and Ay, 22, A > 0. Then we have:

1) Aes=504;
Q) ARA=40A;
B) AMA®5) =iAD iS55
@) 2B iay= (o + )/
G) (A8 4) = F® 4

)

6= i
Proof. We can easily derive Theorem 3.2 from Definition 3.2, so we omitted this part of the proof step.

Proposition 3.1. Let A = ([uy;» 1i;], v vii]) and 4 = [y )5 [vs vii DG = 1,2, ., k) be two IVFH-
ENs. If the number of i where belongs to A equals the number of i where belongs to 5 and u3; = |3 ii; = 1135
Vi = Vyi v = i, respectively, then we can call A = /5.

The AO of IVFHFEBM

We can see that the BM operator in Definition 2.10 considers the interrelationships between input parameters. It
relates the input parameters themselves to all the other remaining parameters. By applying the input parameters
of the initial BM operator to the IVFHFNSs, we obtain an IVFHFEBM that can be adapted to the IVFHF environ-
ment. Based on Definitions 2.10 and 3.2, the AO of IVFHFBM can be expressed as follows:

Definition 3.3. Let 4 = ([, 1. [V
and the IVFHFEBM is defined as:

vED@& = 1,2,...,ni=1,2,...,k) consists of a group of IVFHFNs

}o ’ (3.1)

xi?

n
IVFHFEBMC®™ (A, /5, . .., ) = {n(n 1>[ ® %‘8 y)
x,y= ;

where the parameterso,7 > 0andn > L
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According to the E-TNs operational laws of the IVFHFNs and Definition 3.3, the following propositions
can be acquired:

Lemma 3.1. Assume that 4 = ([M;,-,M;}} [vg>v ;])(x =1,2,...,ni=12,...,k) consists of a group of IVF-
HFNs, and o, t > 0. Then,

(3.2)

VAV A U I i/[Z—(ME)Sr[Z—(ME)S] +[(#E)3]J[(u;’,~

(Ui it v it D/ [+(v3)p

w

3
Proof. Firstly, To make the proof process more concise, we let U, =2 — (u;)3 Ui =2- (My_;) s

xi> Y yi>

VA =1+ (v) VA*_1+g ) VSp =1— () VS, =1 (;) andU};, U\, VAT, VAY, VSE VSS:
ormula According to E1nste1ns basic operations in Definition 3.2, we have

are to replace — with + in above

/f -
_ U ( S 2] ”’ﬂ )] } { Al -[vse]” o[ = [vst]” D
e T b\ L [U;]“+[(u;)3] vag ] +[vsg)” V) [vsi]”+[vs)i]
s

_ U _ %ZKTTT 3 2{(“;')3]r | [ij [VA;II—[VS;K)
(i i L v e i [Uﬁ]rJr[(“?f)}] [U;]r+ [(@;)3] VG| s

Further,

/2 ®8 = A it Livr it Des

2]
[U+10+[(u;>1” ,. ' ]
\/ ] \/VS*] —[vsi]” } o ] = [vsa]” | [vas] = [vsi]
+ vsE”+[vsE]” VA_]Z+[VS_,-T, VA;;T—&-[VS;;]T
il 2[(";)3}6““7)3] # [VA;i]U[VA;Tf[VS;]G[VS’iT
(w1 [v5] +[0°)” [ (5)°] B ]
- U

[
Wi Lo e | 2[(#2)3}0
[U5)” [

Finally, we have finished proving Lemma 3.1.

Lemma 3.2. Assume that 4 = ([M;:/«L;} [V
HFNs, and o, t > 0. Then,

Y(x=1,2,. =1,2,...,k) consists of a group of IVF-

Xl xl ]

n - _ + _ ot
r —s r-—s 20 3 ot
® F) = ya 3 i/ — },[f/ Z=a v of +D
x,y=1;x#y(/Z y) Ui ot Lo it ]>e/<[\/ rots rtas CHTTV ot

(3.3)
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T T
wherer™ = ﬁ { {2 — (;Lx, { i 3} +3 M;i {( ;) 3} }, and r is to replace — with +
xy=1;x#y .
n (r 3

inrysT = x)yzl;lx#y { [2 (;/,xl } [ (;/,yl> } [ p_x, { p,},l> ] } and sT is to replace — with + in

n
ST = II { [1 + (sz { } ; { (V ) ] } and t™ is to replace — with

xy=1;x#y
n 3 3]°

+int70” = x)y:rl;[x# {[1 + (v;)q {1 + (v);) ] + 3[ ( ;)3] {1 - (v;) } } and o™ is to replace
—with+ino™.

3
Proof. Similarly, we use the simplified method in Lemma 3.1 that U; =2 — (,u;i){ Uf =2 (u;) R

3
VAG =1+ (i) Ay =1+ (v ) Vg =1— () V8, = 1— (v ) and U, Uyt VAT, VAS, VS VS|

are to replace — with + in above formula And in accordance with Lemma 3.1, we can get:

A®AL

J o) ] o] e ]

_ U 11+ )] [’ \ i s =+ [ [ed)] |
(Ui v v e/ \/ (VAR [VAZ) —[vsy] " [vsy]" \/ (VA [vA$] —[vsi] " [vsh]" }

[van] VA + Vs Tvsu] ™ | [vai]Tvag ]+ [vsi ] [vs3 "
A4

B 2[(3)’] [’ , 2[(%)1 [
= U UZx [Ult] +[ ”’21 [ /J'lx 3] [U2+1] [U11 [ M21)3]U[ Mlx }
(U o7 i e \S/[VAZ,J [VAg] - [vszl% {vsl,-] \3/[VA2,-] [vAf]" f[vsz,} [vs]" J

VAL VAL + Vs [vsu] ™\ [vas]” vas] +[vsi]” [vsii]”

And then by supposing n = 2, we can conclude:

(/y‘g’/) oL e(seL =4 T v hes

xy—lx;é

( {[vﬂuy,rwwﬂ"[m’}_)‘ o sl ) [T [T}
o e Tlen Ty | (e ) - (o7 [T
L (G O ) o H (N R I O R (G M e (N M (N S
S ) o) - [ [65) ] A A - [ 0] )
(T s b bl ) [ L (bl b Tl )
SN R (21 e 10 PR T O (- RS S DR
R R B el - [ )
Supposing n = k, the equation is as follows:
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(x,yliﬁ{ﬂ 5]+

[
L {
[

(X-ylil #y { Vs
k

xy=lLix#y

( x,y:f;[x#y {

I {wr o) = [T ()]

(H# (s [u)" 5[] ()] _J
{lwr o]
[

i
xi

x,yzll_;[x#y {
{[va

(
(01, { J "[VS’IT})- . o 01 (v ) = sy v} ) )
ol v ] st s b 7 (T (b o] st o] o
L (v [vag] - v v ]} AL (v [vag]” - s ]}

k+1
xy—lx;é (/7®/>
k
[xy—lx;éyyg)/) 21%(@/{“) D yZI(/kVH@/j)

Firstly, according to the mathematical induction, we can obtain:

@ (/7®/+1) [;4, i v v e

Secondly, we can get the following equation, similarly:

(i{ {[Uz [Vesni] " +3| () _+1>i)3]r -
()
(5
)

Pxi

=1

3

¥ ()7 [t} )
" [Vaesni]” [ 3] [(“Tkwi 3} } s
] 1’ [(“( +1)i)3]r} *]
[T | j

1 {[u] - )
(H oz w o
xlill{ [ = | (e ’ (“(ﬁniﬂr
oL {0l o) sl 5 )
{[va5]” [Vageni] " +30vsa]” [VSani] }+ vak]” Vagen] +3(vsh]” [vSini] )
”

e
I xlill{{"’*;r["’*%l)ir’[Vs;i]a[vsﬁwnir} lil{{ S [vaben] = Vs8] [Vt )

k
yEIV J’) //[/x, i v e
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(ﬁJwHWFMJ+ﬂmH»Tﬂuﬂ?] [ﬁﬁwaMVMJ+ﬂﬂﬂwTk@ﬂ?]
B R G i [ vt [ S B W R PG S (e B (N
[yﬁl [v<+UJ“{UW]T+3KMM+DJ3]“KMf>1’}+]1' [yﬁl{[va+nj“{v;]f+sﬁua+na3]“ﬂu;>ﬂ’}+]1
{15 = ()] [05)] ) {15 - ()] [65)])
L e 2 O B O R A 3 e e
3[ﬁ{MHMWwJHMMMT%I%)13(ﬁ{waw[%J+MLMTWI%]1
(]I = [ 15} {1 [ (45" = [t 5]}
Therefore,
k+1
x>y=éﬁx#y</z®/yw>
=Ly_%x _ Ees)|e o (of)|e y%l(ffﬂ %) | =Auruhor b
(Mj#ﬂpﬂﬂgrwwcﬂw@ﬂT})‘ FF@#H@VMW+MQYFWWT?]
B R G A (o R (O A A R (I T (SN (TN
(xyzﬁx#y o] o]+ 3[es) ] [s)] ) +]1' (Xyﬁx#y{{v;}”[vx]’+a{<u;>3]”[<u;>3}’}+]1
o L] - [ ] )] S (L] T - [ ] e
L R ALE 2 1 O S T O RS Y =
3(w§#gw%rm4ﬂ4mfww?+)13ty@#ﬂmmwww+$QFMMW+]1
IR S il Sl S L [ - s [

Finally, the statement of Lemma 3.2 holds.

1,2,...,k) consists of a group of IVF-

Lemma 3.3. Assume that £ = ([fiy» /L:J vy v;g])(x =1,2,...,n,i
HFNs, and o, T > 0. we can obtain the following:

! [ 5 (£ay)

n(n—1) xy=Lx#y

(T — 1) ] R EP

1 1
(7'+) n(n—1) + (S+) n(n—1)

5 (r_) n(nl—l) — (S_) n(vxl—l)
1 1
(r_) n(n—1) + (5_) n(n—1)

1
2(tt) n(n=1

U 1
Z(t_) n(n—1)
1

(tuyuf L v e | s ¢ ( i
(0—) nn=T) (¢—) n(n=T) (oF) n(n=T) (¢+) n(n=T)
T 3 o 3 T
wherer™ =[] +3 [(M;,) ] {(M;,) } }, and r is to replace — with +
xy=1;x7#y
n _\3]° \3 T _\3]° \3 T
[2 — (in) } 2 — (/,Lyi> — [(p.x,-) ] (p.},i> , and s is to replace — with + in

inr;sT =[]

x,y=1;x#y

1 k-0 ()]
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T | {[1 + (v,;ﬂa {1 + (vyj.)T - [1 - (v;ﬂa {1 - (vyj»)T}, and t is to replace — with

x,y=1:x#y
n o 317 o 317
+int7;07 = x,y:{[x#y {[1 + (v;)s} {1 + <vy_l) ] + 3[1 — (v;)s] {1 — <v};) } }, and ot is to replace
—with+ino™.

Proof. On the basis of Lemma 3.2 and Definition 3.2, it can be shown as the following expression:

: j - S_ 1 + ; $+ }
1 N 1 A At |
e o (£ef) = U n(n—1y s js
xy=lix#y ((77ra7s ][u 7 ])e/ [,/02’_”_ ,/o_f’_*_r_'_
_1 _1 _1 _1
3 ™) n(n—l) —G7) n(n—l) 3 (,+) n(n—1) _ (S+) n(n—1)
1 T 1 T
U G R G KO (H =D 4 ()=
_ _ 1 1
(> ,P«?—],[Vi ,V?—])E | 3 2(t—) n(n=1) 3 2+ n(n=1)
I T I T
(07 M=) 4=y =D\ (ohy n(n=1) 4y n(n=D)

Hence, we complete the proof of Lemma 3.3.
Combining Definition 3.3, Lemma 3.3, and the E-TNs constant power function, we can obtain the theorem
of the AO of IVFHFBM conclusively:

Theorem 3.3. Assume that/— ([um,um] [V v i})(x =1,2,...,ni=1,2,...,k)consists of a group of IVF-
HFNs, and o, T > 0. Further, we can yield the AO of IVFHFEBM:

IVFHFEBM®" (A, 5, . .. /i) = { 1)[xy_1x#y(/®/) }
- 3 ? [(r’)ﬁ - (s*)ﬁ]”l? |
[(’7)ﬁ +3(S’)ﬁ] o+ [(r—)ﬁ _ (s*)ﬁ} e
s 2 [(r*)m«%u _ (ﬁﬁ} e
[(r+)"<“ T 4 3(sH)aD 1>] T [(ﬁ)nﬁ) - (sﬂﬁ} .

= U L — - .

L ot e
(“’”z M ]’ Vi ])E/ {(U )”(" D) 43(t—) n(n— 1):| |:(o )Vl(ﬂ D —(t— )Vx(n 1)
3
1 1 aﬁl»r 1 1 al»r
{(0—) n(n=1) 4 3(¢—)nln— ] + [(0 ) n(n=1) _(¢=—)n(n=1)
1 1 chrr ‘IF'[
(fr)n(rxfl) +3(t+) n(n— :| |:(0+)n(n 1) ,(fr)n(ﬂ 1)
3
1 1 gir 1 1 Uit
(o) T 43(1) 7= ] + [<a+) A=) — () T
i i (3.5)
d —\31° N3 3" ) .
wherer™ = H {2 — (;in) ] 2 — ([L},i) +3 [(sz ] <M}”) , and rT is to replace — with +
y=Lx
n _\3]° \3 T (r 3 T
inr7;sT = H [2 — (uxl) } 2 — (/,Lyi> — [(p_x, p_y, , and s is to replace — with + in
=Lix#y

st = { vy)’ {1 + (vyj)T ~l-02)] {1 - (v;,-)a]r}, andt* is to replace — with
+int 1‘[ {[1 + x,)3](r {1 + (v;,.)T +3[1- ()] {1 - (u;i)T}, and o™ is to replace

x,y:l;x;éy
—with+ino™.

Proof. By carrying the conclusion of Lemma 3.3, we get:
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" e
IVFHFEBM®" (A, /8, .. .. /%) = {n(n_l)[ ie# Qf@,{)}
XFY

i 1 1 1 1 /(o+7)
5 (1-7) n(n—1) _— (Sf) n(n—1) 5 (7'+) n(n—1 _— (5+) n(n—1)

>

B U () 4 (s (hHTD 4 (shTD

_1 _1
i Bv v Der | 2(t7) "D 5 2(t4) "D
() D 4 7T || (o) T 4 (1) 7D

2 [y — ()|

_1
o+t

T

T 1
1 1 o+ 1 L 1o+t
[(r*)m +3(s*)m] T+ [(F)"("*” —(s’)““’*”] :

1
1 1 o+T
2 |:(T+) an—-1) — (5+)7n(n—l)i| o+t

_1L 1
[ +36nm D]+ [onm - eh] T

= l = T - -,
1 1

(i o v vt hes {(Df)n(n—l) +3(t—) 1= 1)] [(o )y,(,, o _ (tf)”(nil)}a-ﬁ—t
3 % )
T
{(D )n(vx 1) +3(t~ )n(n :| +|:( Vx(n D —(t— )Vx(n 1)
1
(0+)n(vx 1) +3(t+)n(n ] |:(0+)n(n 1) 7(t+)vx(n 1) ot
1 U}rr
(0+)n(n 1) +3(t+)n(n 1) ] +|:(g+)m(n 1) (,ﬁ)n(n—l)

Finally, the Theorem 3.3 is demonstrated.
In the following, the corollary of the IVFHFEBM operator will be proved.

Corollary 1. (Idempotency). If all of IVFHFNs &= ([, ] v vii D(x = 1,2, .,mi = 1,2,... k) are
equal suchas =48 =--- =4, wehaveIVFHFEBM‘”(A”/i...,/{) == (i u1i | v ).

Proof. Based on Theorem 3.2, owingto A = 4 = --- = 4, the formula in Theorem 3.3 will be varied as follows:

. -

) n
IVFHFEBM®" (A, /5. .., /1) ={n(n_1) eIB V@/)

1 i n
:{n(n—l) EB V®/)

Corollary 2. (Commutativity). If A7, 47,...,47 are any permutation of A, 4,....4 , then

IVFHFEBM®"™ (A, 4, . .., i) = IVFHFEBM®" (A1, 81, . . ., sit?).

Proof. Along with Theorem 3.2, prove the corollary simply. Therefore, we omit the proof.

Example 2. There are three IVFHFNs, /f: {([0.6,0.8],[0.4,0.5]), ([0.5,0.8],[0.1,0.3])} ,
A4 =1{([05,0.7],[0.1,0.3]), ([0.4, 0.6], [0.2,0.5])}, 4 = {([0.3,0.4],[0.5,0.7])} , with parameters o0 = 1,7 = L.
By using the AO of IVFHFEWBM, we obtain the following aggregation result:

IVFHFEWBM™ (A, 4, 4)

_ [ ([0.4824,0.6630], [0.3876, 0.5338]), ([0.4420, 0.6223], [0.3942, 0.5769]),
([0.4437,0.0.6630], [0.0.2534, 0.4666]), ([0.4055, 0.6223], [0.3005, 0.5338])

The AO of IVFHFEWBM
It is common among practical problems to find that there are frequently different degrees of importance between
the attributes of an object in our perception. Considering the weights of attributes is one of the things that often
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occurs when we are dealing with practical problems. However, as we know from Theorem 3.3, Theorem 3.3 does
not take the influence of weights into account. Therefore, in order to be able to deal with such problems efficiently,
we subsequently propose the IVFHFWBM operator as follows:

Definition 3.4. Assume that / = ([sz,ﬂx,] [vgsv Z-])(x =1,2,...,ni=1,2,...,k) consists of a group of

IVFHFNSs, and let w, = (a)l,a)z,...,w,,) be the weight vector of /{, where w, satisfies w, € [0,1] and
n
> @y = 1. Thus, the IVFHFEWBM is presented below:

x=1
IVFHFEWBM "™ (A, /5, . . .. /%)

(s 8 teer o))
n(n—1) xy=Lx#y

where the parameterso,t > 0and#n > 1.

(3.6)

On the basis of Definition 3.3, Theorem 3.3, and the E-TNs operations on IVFHENS, Theorem 2 is obtained.

Theorem 3.4. Assume that 4 = ([l/-xplix,] [V Vs })(x =1,2,...,ni=1,2,...,k) consists of a group of IVF-
HENs, and let o, = (w1, @3, . . ., wn) ! be the weight vector of 4, where wy satisfies wy € [0, 1] and Sy =1

IVFHFEWBM "™ (A, /5, . ... /#)

3 2 [(R*)ﬁ — (57w o
[(R )n(n T 4 3(S7) - lj}r”rr [(R‘)ﬁ B (S‘)ﬁ]# ,
, 2 [(RJ“)W;*U — (s+)ﬁ} 7 ’
U [(Rﬂﬁ + 3(s+)n<nl—n] T4 [(Rﬂﬁ - (s+)n(%n} 7
U Mo Der| | [(o I {3~ TG 1>] [(0 YRGT) — (T—) WT) ]
[( Y HE +3(7) T ] +[( D) (7= >] ’
[(O+) n(n—1) +3(T+) n(n :| [(O+) n(n—1) _(T+) n(n ):|
3
[(O+)n(n 1) +3(T+)n(n ]U T+[(o+)n(n 1) (T+>n(n ]F}ﬁ
i i (3.7)
where
13 37 T
. {1+(u;)3}w*{1*(#2)3]m 7 5 [H'(“;ﬂ y_[l_(“;iﬂ ' n
: A A A W e A I A B
R™ = 1. ® P and R™ is to
X,y=1;x#y , [1+(M;)31|MX7|:17(M;)3:|“)X o [1+ M;)S} )’_[1_(“7)3} y\ T
[1+(ﬂ;i)srx+[1*(%)3]wx [1+(M;)3ry+[1— uj)Tyy
replace — with+ in R™;
_310x o 2[ _, 3@y T
{1 + ,2 3(‘;;) } 3] %x } 1+ 3(Uﬂ’y) 379y -
o 2= 0s)] 0] =05+ (65)] .
S = Hx,y_l xy Sr o ( 370y ¢ |, and S is to replace
2[00 2 (s
11— wx wx 11— @] @]
) { -]+ 05)] } { =)+ )]
—with+inS—;
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™= Hz,yzl;x;&y , and T is to replace

—with+inT™;

07 =[Tym1ixny ,and O™ is to replace

—with+inO~.
Proof. According to the Definition 3.2, the element w, 4 is calculated as follows:

3 [1+(“;)3r)x—[1—(#;)3}% , [ +3}mx [1
] =

)| -
;
)7

w )’

i)’

N I (G I B (G
=)' ]+’ -0+ 0]
and the same calculation is applied to w4’

Thus, we substitute £, 4 of IVFHFEBM with wy/4, )4, separately. Then we can obtain the following sub-
stitution formula:

wx
ox | >

1 +

1+(
1+(

=
=

W = U

(ni i Lo it e

2[05)]"
1 wx 371@x
o { e T[]
T :Hx>y=1:x#y

_ n
0 = Hx,y:l;x;éy

and the calculations of RT, ST, T+, OT are in the same way. Hence, we omit the proof of them. Finally, the
IVFHFEWBM operator is performed below:
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1

1 n . . o+T
IVFHFEWBM®™ (£, 5, ..., /) = (n(n_l){ EIB s [(054)” ® (@y5) ]})
y

2 [(Rﬂﬁ — (s7)ymv]

_1
o+t

(@)1 4+ 357y m0] 7+ (@ — sy ]

2 [(R+)ﬁ - (sﬂﬁ] o

T

_1 _1
| @t a7 fayet oyt

(Ui Ly e (07) T 43(7-) 0= 1>] [(o T () 7T

+ (0~ n(n 1)_(’1‘ )n(n 1)

[( n(n 1 +3(T~ )n(n

+ (O+) n(n n(n—1) _ (T+) n(n

™
kil ™
[(O+)mn 0 ,(T+)n<n )]
" i

(O+) n(vx 1) +3(T+)n(n :|

[(o*) TAT) 437+

Therefore, the statement of Theorem 3.4 holds.

Corollary 3. (Commutativity). If wy A7, w4, ..., wn4 are any permutation of w4, w3/, ..., wy4 , then
IVFHFEBM®" (w11, 038, . . ., wns) = IVFHFEBM" (0147, 0357, . . ., wpsil).

Proof. Along with Theorem 3.2, prove the corollary simply. Therefore, we omit the proof.

Example 3. There are three IVFHFNs, which are the same as Example 2,
A = 1{([0.6,0.8], [0.4,0.5]), ([0.5,0.8], [0.1,0.3])} , 4 =1{(105,0.7],[0.1,0.3]), ([0.4,0.6], [0.2,0.5])} ,
/{: {([0.3,0.4],[0.5,0.7])}, and w = (0.28,0.47, 0.25)T is the weight vector of the three IVFHENS, with param-
etersc = 1,7 = 1. By using the AO of IVFHFEWBM, we obtain the following aggregation result:

IVFHFEWBM" (1, 5, 4)

_ f([0.3384,0.4711], [0.7547, 0.8299]), ([0.3067, 0.4375], [0.7715,0.8590]),
= ([0.3116,0.4711], [0.6664, 0.7966]), ([0.2820, 0.4375], [0.6921, 0.8306])

A new MAGDM based on IVFHFEBM and IVFHFEWBM
In this section, we combine the proposed theoretical model of the IVFHFEBM and IVFHFEWBM AOs in the
context of MAGDM, thus proposing a new MAGDM decision method based on the IVFHFSs environment and
a corresponding procedural logic algorithm.

The detailed process steps of the new MAGDM method are as follows:

In the MAGDM environment, we assume that there are m experts who have evaluated each of [ attributes of
j alternative objects involved in a project. A = {A1 JAp, L. ,Aj} is a discrete collection that represents alternative
objects with number j, and B = {By, By, . . ., B;} is a discrete collection that represents attributes with number /.
Each expert will evaluate each attribute of each object, and the MD and ND of the evaluated values are given
subjectively by the experts, and the evaluated values are represented by IVFHFN /, i.e.,
A/b = ([ ,LL;_bi] Vi V;;;i] ), where a denotes the ath object, b denotes the bth attribute, and i denotes the ith
hesitate IVFFN. We can then construct the Interval-valued Fermatean Hesitant Fuzzy decision matrix (IVFHF-
DM) of experts from the 1st to the mth degree, where the IVFHF-DM for the mth expert is expressed as

D!, = (/é’)jxl and is as follows:
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D= Do
LAA A
(A2 AL
VLY A
b= o

Step 1 Having the IVFHF-DMs containing the number of experts with m, we need to take into account the
assessments of all the experts and integrate their assessments. To reduce the loss of information on aggregation
when aggregating expert opinions, the rule for integration is that when none of the experts’ IVFHFN ,” assess-
ments agree, we keep all the different data, and when there is partial agreement, only one of the same assessment
values is kept. Therefore, we can acquire a new IVFHN 7, = ([14,;;» u:hi} sV v;n.] ). For example, there are

three IVFFNs, which are A =1{([0.6,0.7],[0.1,0.2]), ([0.5,0.8], [0.3,0.5])} ,
4 =1{([0.5,0.8],[0.3,0.5]), ([0.5,0.7], [0.4,0.6])} and 4 = ([0.6,0.7],[0.1,0.2]). Here, three IVFHFNs are inte-
grated into one IVFHN, which is represented as

= 1{([0.6,0.7],[0.1,0.2]), ([0.5,0.8],[0.3,0.5]), ([0.5,0.7], [0.4,0.6])}. This allows us to obtain an Integrate

IVFHF-DM Djy/ = (,{b/) that combines all the experts’ evaluations:

jxlI

Djxl/ =

/ﬁ/l/./ﬁ/ /j./{/

Step 2 Considering that attributes are not only benefit attributes but also cost attributes when making deci-
sions, we need to normalize the IVFHF-DM matrix. The purpose of the normalization process is to convert all
attributes into benefit attributes in a uniform way so that the attributes can be processed later. All cost attributes
are converted to benefit attributes by the complementary operation in Definition 3.2. The formula for the con-
version is as follows:

Z/b _ {ﬁ,/ for benefit attribute By, (41)

%/)C for cost attribute By,

wherea=1,2,...,jandb=1,2,...,1L %,/)C is the complement of /4,/. Thus, we can obtain a normalized
IVFHE-DM D}, | = %)N

N )
" 1/22 21
X = : Lo
Step 3 If each attribute of the decision matrix does not have a weight, we use the AO of IVFHFEBM in Theo-
rem 3.3 to aggregate all the attribute evaluations of each alternative object into a single evaluation value in IVF-
HEN; if each attribute of the decision matrix has a weight, the weight vector is denoted as w = (w1, w3, . . ., a)l)T,
so we can utilize the AO of IVFHFEWBM in Theorem 3.4 to aggregate the evaluated values of all the attributes
of each object, as follows:

= IVFHEEBM (/1 /s /) (4.2)

= IVFHFEWBM®"* % A 4) (4.3)

wherea =1,2,...,j.
Step 4 The SC and AC proposed in Definition 2.5 are used to calculate the score and accuracy values for each
object, respectively.
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Step 5 We can perform a descending sort on each object using the comparison rules of the P function in
Definition 2.6.

Our algorithm: the novel MAGDM based on IVFHFEBM and IVFHFEWBM and proposed SC:
Input: A MAGDM system that includes m IVFHF-DM Dj">’< = %;’,)].X ) matrices and the values of the parameters o and 7. The weight

vector is added if there is a weight parameter; otherwise, it is omitted

Output: The results of the descending sorting of the alternative objects

Begin

l:for A, € {Al,Az,. .. ,Aj}, By € {B1,Bs,...,B;}do

2: Integrate: Integrate the IVFHF-DM DJ.V;’(, matrices of m into one Djx’ matrix according to Step 1 above
3:endfor A, € {A1,As,...,Aj}, By € {B1,Bs,..., B} do

4: Normalize: Convert the matrix Djy;/ to DJ/.'>< by converting 4/ to 7, by Eq. (4.1)

5:endfor A, € {A1,A;,..., A} do

6: Aggregate: If there is no weight vector, aggregate IVFHFNS of each object involving all of the attributes by Eq. (4.2); if the weight vector
exists, aggregate them by Eq. (4.3)

7:end for A, € {A1,A;,...,Aj}do

8: Compute: Obtain the SC and the AC by Eq. (2.1) and Eq. (2.2)

9:end for A, € {A1,Az,...,Aj}do

10: Rank: Sort all the alternative objects by Eq. (2.3)

11: end

12: Return: The ranking results are sorted in descending order of alternative objects

Case study and comparative analysis

In the current section, our proposed AOs address the medical diagnostic MAGDM problem of cardiovascular
disease under the IVFHFSs environment. (1) We state the background and significance of the experimental study
and the advantages of the case study of IVFHFSs in this context. (2) We illustrate a medical diagnostic evaluation
case study of cardiovascular disease using the proposed MAGDM method. (3) The evaluation of cardiovascular
disease diagnosis then yields a decision ranking result. (4) We examine the sensitivity of the proposed method
by adjusting the variable parameters in the [IVFHFEBM and IVFHFEWBM operators and investigate the effect
of the parameter transformations on the ultimate decision results. (5) We compare the proposed method to
other current MAGDM methods in the context of the medical diagnostic MAGDM problem of cardiovascular
disease and verify the suggested method’s efficacy and dependability. (6) In the end, we discuss and summarize
the benefits of the proposed method in a tabular format.

The background of cardiovascular disease diagnosis based on IVFHFSs-MAGDM

In recent years, non-communicable diseases have continued to account for a high proportion of the world’s top
10 causes of death, with cardiovascular disease topping the list. Cardiovascular disease is the top killer of human
health. According to WHO, nearly 17 million people die of cardiovascular disease each year*2. Obviously, the
degree of rapid and effective diagnosis of cardiovascular diseases has been one of the key issues in contemporary
life sciences. At a time when the world has entered the era of precision medicine, the diagnosis and prevention of
cardiovascular diseases have likewise stepped into a new journey of immunotherapy. At present, in the prevention
of such diseases, it is possible to extract relevant body measurements through data mining and then accurately
determine the impact of different features on such diseases through the analysis of their different characteristics.
This will have a significant positive effect on the prevention of such diseases.

There are many indicators to check whether a patient has cardiovascular disease, the most common being
troponin, myoglobin, liver function, kidney function, electrolytes, blood sugar, lipids, cardiac enzymes, and
serum cholesterol*s. When determining whether a patient has a heart condition, medical professionals frequently
perform several examinations on the patient’s body. As the health condition is variable, this results in a series of
data on the laboratory examination sheet that is not constant, and the indicators are fluctuating data. Here, we
apply IVFHESs, which are very appropriate for cardiovascular disease diagnosis, to express the uncertainty of
the results of each test. [IVFHFSs model is an extension of FHFSs and IVFFSs, inheriting their strengths. That is,
the model not only uses interval-valued data to describe MD and ND with a greater range, but it also involves
the hesitant data characteristic. In addition to this, when it comes to certain medical situations where there are
often multiple medical experts to diagnose the patient, we need to combine the opinions of all of them, and
IVFHEFSs are undoubtedly very convenient and reasonable.

Problem description

Three medical experts E = {E;, E,, E3} are invited to diagnose five patients A = {A;, Ay, A3, A4, A5} who are
potentially suffering from cardiovascular disease. Four indicators that are more likely to influence the diagnosis
of cardiovascular disease were selected as attributes for the diagnosis of each candidate, and these were as fol-
lows: (1) By represents blood routine examination; (2) B, represents myocardial enzyme; (3) B3 represents rest
blood pressure; (4) B4 represents serum cholesterol. We give w = (0.2,0.15,0.3, 0.35)T as the weight vector for
each of the above attributes. According to the four attributes, three medical experts give diagnostic assessments
of the alternative objects using IVFHFN. In the next section, we give specific steps to identify patients most
likely to have cardiovascular disease based on the MAGDM decision method in "Case study and comparative
analysis" section.
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D, |B: B, B; By

A {([0.3,0.51,[0.6,0.7])} | {(0.4,0.6), (0.5,0.8)} EE([)OSGOOJ][(EO[;SOO%}; {([0.2,0.41, [0.7,0.9])}
A |{omosnioansn | (105,05 0504p) | (0607102030 |(((07.09)04,05))
As {([0.1,0.21,[0.7,09])} | {([0.2,0.3],[0.8,0.9D)} | {([0.2,0.4], [0.5,0.7])} EF([)011004%][([)086009?1;
A {([0.6,0.8], [0.5,0.6])} EF([)Ofoog?][([)Ozloos?H [([0.40.5],[0.7.0.9D)} | {([0.3,0.6], [0.6,0.7])}
s [1(03,071106,07D) | (104,050 [07.08D) |((040s][0507)) | {713 bt

Table 1. IVFHF-DM from first medical expert E;.

D2, |Bi B, Bs By

A {([0.4,0.51, [0.5,06])} | {(0.4,0.6), (0.5,0.8)} ﬁf([)ofooé?[éofo‘)%}; {([0.2,0.4], [0.7,0.9])}
A, {([0.7,0.81, [0.2,0.3])} EE([)O:OOST][(EO;OO;H ((10.6,0.71,10.2,03D)} | {(10.7,0.91, [0.4, 0.5])}
A ((10.1,02],[07,090)) | (([0.2,031,[08,0.9)) |{(0.1,0.3],[0.6,0.7])} | {([0.1,0.2],[0.6,09])}
A EF([)066008§][([)054006?)]; (([0.5,0.8],[0.1,03])} | {([0.4.0.5],[0.7.09])} | {(0.3,0.6],[0.6,0.7])}
As | (([0.3,07],(06,0.7]) | (([0.5,06],[06,0.8])) |{([0.40.5],[0.5.07])) | {([0.5,0.8],[0.4,05])}

Table 2. IVFHF-DM from second medical expert E,.

D}, |Bi B, B3 By

A |(([05,06],[06,08]) |{(0.4,0.6),(05,08) |{(0.60.7],[0.507])} |{([02.0.4],[0.7,09])}
o Jinasshionn B oaor nasan |70 ELE)
As|{(0.1,02],[07,09])} |{([0.2,0.3],[0.8,09])} Eféolzoo;]“[ ([)0650073; {([0.1,0.4], [0.8,0.9])}
A |lo0shio5060 | (105,08 05,05p) | ((0405h0709D] | (103,06} 06.07))
As | 1(103,071,0.6,07D) | {(10.4,05],10.7,08)} |{([0.4.0.5],0.5.0.7])} éf([)°570°8‘]3][([)°43005‘]‘)]§

Table 3. IVFHF-DM from third medical expert Es.

Case study demonstration
The evaluation matrixes of three medical experts DI , = (/)
Tables 1, 2, and 3, respectively.

5><4(

Dsx4’ | B: B, B; By
{([0.3,0.5], [0.6,0.7]),
(([0.6,0.71, [0.5,0.7),
A (104,05, [0.5,0.6]), | {(0.4,0.6),(0.5,0.8)} {([0.2,0.4], [0.7,09]))
1 ([05.06].[0:6.0.8])) ([0.5,0.6], [0.4,0.7])}
(([05,0.7], [0.3,05]),
{([0.8,0.9], [0.1,03]), (([0.7,0.9],[0.4,0.5]),
= (10.7,0.8],[0.2, 0.3} E{gggg% }gézg:ﬂ;} {106,071, 10.2,03D} | (10.8,0.9],[0.3,0.4])}
(02,041, [0.5,0.7]), | {([0.1,0.2], [0.6,0.9)),
As {([0.1,0.21,[0.7,09D} | {([0-2,0.3],[08,09D} | 1617031, 10.6,0.71)} | ([0.1,0.4], [0.8, 0.9])}
(S [WESEET | osasprooh [1tssek o0
N ((03.071,06,07])) | 110:5:06110:6.08D), |00 oo [1(107,08],03,04],

([0.4,0.5],[0.7,0.8])}

([0.5,0.8], [0.4,0.5])}

Table 4. Integrated IVFHF-DM for all experts.
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Step 1 According to Tables 1, 2, and 3, we integrate the three IVFHF-DMs so that we can get an integrated
IVFHE-DM D54/ = (,g’b/)SX4, as shown in Table 4.
Step 2 From Table 1, we know that all attributes are the benefit attributes in this case. By Eq. (4.1), we can get

the normalized IVFHF-DM D;/X4 = ;/b) d which is the same as D5y 4/ = %’)5x4 in Table 4.

Step 3 After obtaining the normalized IVFHF-DM, if we do not disregard the weights of the attributes, we use
Eq. (3.5) in Theorem 3.3 to aggregate all attributes for each patient. If we consider that each attribute is separately
weighted, we use Eq. (3.7) in Theorem 3.4 to aggregate all attributes for each patient. Here, we set the parameters
o = landt = 1, whereupon we can obtain the aggregation results for each diagnostic assessment. The aggrega-
tion results of diagnostic assessment are still IVFHFSs, as shown in Tables 5 and 6, respectively.

Step 4 We separately obtain Tables 7 and 8 based on the aggregation results of Tables 5 and 6 and the patient
score values calculated by SC (Eq. (2.1) and Eq. (2.2)).

Step 5 According to the score values displayed in Tables 7 and 8, we can ultimately obtain the sorting result
of the five patients as Ay > A4 > A5 > A; > A3z when we do not consider the attributes weights and the sort-
ing result of the five patients is A, > As > A4 > A; > Az when we consider the attributes weights. The sorted
results reveal that, according to the medical expert’s diagnostic analysis, patient A; is the most likely to suffer

The aggregated results of the diagnostic assessment

{([0.4021, 0.5660],,[0.5818, 0.78211), ([0.4269, 0.5660], [0.5569, 0.76271), ([0.4572, 0.5907], [0.5818, 0.8054]),
([0.3695,0.5343], [0.5630, 0.78211), ([0.3946, 0.5343], [0.5364, 0.76271]), ([0.4246, 0.5603], [0.5630, 0.8054])}

{([0.6662, 0.8154], [0.2706, 0.4120]), ([0.6840, 0.8356], [0.2402, 0.4120]), ([0.7342, 0.8616], [0.2706, 0.3830]),
([0.6340, 0.7852], [0.2844, 0.41201), ([0.6533, 0.8075], [0.2574, 0.41201), ([0.7067, 0.8356], [0.2844, 0.38301),
([0.6973, 0.8154], [0.2407, 0.3830]), ([0.7134, 0.8356], [0.2112, 0.3830]), ([0.7600, 0.8616], [0.2407, 0.3536]),
([0.6662,0.7852], [0.2844, 0.4120]), ([0.6533,0.8075], [0.2574, 0.4120]), ([0.7342, 0.8356], [0.2547, 0.3536])}

{([0.1591,0.2862], [0.6624, 0.8592])([0.1591, 0.3378], [0.7155, 0.8592]), ([0.1285, 0.2554], [0.6817, 0.8592]),
([0.1285,0.3086], [0.7320, 0.8592])}

{([0.4669, 0.6662], [0.5112, 0.67261])([0.4669, 0.6973], [0.5389, 0.67261), ([0.5334, 0.6662], [0.5153, 0.6962]),
([0.5334,0.6973], [0.5419, 0.6962])}

{([0.5007, 0.6662], [0.5187,0.6740]), ([0.4354, 0.6662], [0.5329, 0.6873]), ((0.472, 0.6468], [0.5496, 0.6740]),
([0.4071,0.6468], [0.563, 0.6873])}

A

Ay

Aj

Ay

As

Table 5. Aggregation results based on IVFHFEBM for all experts without attributes weights.

The aggregated results of the diagnostic assessment

{([0.2448, 0.3494], [0.9027, 0.9516]), ([0.2606, 0.3494], [0.8967, 0.9468]), ([0.2794, 0.3641], [0.9027, 0.9564]),
([0.2247,0.3279], [0.8943, 0.9516]), ([0.2400, 0.3279], [0.8881,0.9468]), ([0.2580, 0.3428], [0.8943, 0.9564])}

{([0.4264,0.5407], [0.7693,0.84171), ([0.4341,0.5509], [0.7584, 0.84171), ([0.4581, 0.5668], [0.7693, 0.8357]),
([0.4520, 0.5407], [0.7544, 0.8303]), ([0.4591, 0.5509], [0.7432, 0.8303]), ([0.4819, 0.5668], [0.7544, 0.8242]),
([0.4323,0.5173], [0.7748, 0.83031), ([0.4403, 0.5287], [0.7639, 0.83031), ([0.4652, 0.5463], [0.7748, 0.8242]),
([0.4067,0.5173], [0.7890, 0.8417]), ([0.4152,0.5287], [0.7784, 0.8417]), ([0.4409, 0.5463], [0.7890, 0.8357])}

{([0.0968, 0.1772], [0.9129, 0.96581), ([0.0968, 0.2199], [0.9301, 0.96581), ([0.0770, 0.1573], [0.9205, 0.9658]),
({0.0770,0.1981], [0.9366, 0.9658])}

{([0.2789,0.4060], [0.8632,0.92231), ([0.3105, 0.4060], [0.8767,0.93291), ([0.2789, 0.4248], [0.8705, 0.9223]),
([0.3105, 0.4248], [0.8837,0.9329])}

{([0.3179,0.4248], [0.8691,0.91211), ([0.2732, 0.4248], [0.8799, 0.92031), ([0.3045, 0.4159], [0.8739, 0.9121]),
([0.2602, 0.4159], [0.8845,0.9203])}

Ay

A

As

Ay

As

Table 6. Aggregation results based on IVFHFEWBM for all experts with attributes weights.

Ay Ay Az Ay As
Score | [—0.205,—0.002] |[0.139,0.272] |[—0.316,—0.157] |[—0.097,0.085] |[—0.11,0.062]

Table 7. Patients’ score values without attributes weights.

A] Az A3 A4 AS
Score |[—0.423,—0.34] |[—0.246, —0.147] |[—0.45,—0.392] |[—0.386,—0.297] |[—0.372,—0.3]

Table 8. Patients’ score values with attributes weights.
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Table 9. The score values for alternatives as parameters vary based on the IVFHFEBM operator.

from cardiovascular disease, and patient A3 is the least likely to have cardiovascular disease. That is, A, has the
greatest degree of urgency and is in the most need of treatment for this heart condition.

Sensitivity analysis
In this part, we discuss the effect of different values of o and 7 for different parameters on the ranking results of
the alternatives from A; to As by providing varied values of o and 7. Then, Table 9 presents the score values and

Parameters Ay A Az Ay As Ranking

col | e e e e
R
A
N el e e DR R
e el R e el el e Bl R
R e e e
S [ [ R [ (e
R e e e e

Table 10. The score values for alternatives as parameters vary based on the [IVFHFEWBM operator.

Methods Operators Ranking

IVFHFEBM (0,7 = 1) Ay > Ay > As > A > Az
The proposed method

IVFHFEWBM (0,7 = 1) Ay > As > Ay > A > A3

IVFHFWA Ay > As > Ay > A > A3
The method of Kirisci et al.??

IVFHFWG Ay > As > Ay > A > As

WIVHFWA Ay > Ag > As > A; > As
The method of Zeng et al.**

WIVHFWG Ay > Ay > As > A > Az

Correlation coefficient I (KK I) Ay > As > Ay > A > Az
Correlation coefficient Il (KK 1I) | A; > As > Ay > A] > A;

The method of Ankara et al.**

Table 11. Comparison analysis with existing methods.
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Methods Data model Arithmetic operation Connection between attributes Parameter number Flexibility
The method of Zeng et al.** IVHFSs A-TNs X Zero Lower
The method of Kirigci et al.?? IVFHFSs A-TNs X Zero Lower

The method of Ankara et al.*? IVFHFSs - X Zero Lower

The proposed method IVFHFSs E-TNs V Two Higher

Table 12. Comparison of MAGDM methods.

ranking results from A to As based on the IVFHFEBM operator. Table 10 presents the score values and ranking
results from A, to As based on the IVFHFEWBM operator.

As shown in Tables 10 and 11, we can notice that when the values of the o and t parameters are adjusted,
the score values from A; to As are changed accordingly. In particular, we discover that the interrelationships
between different attributes are not considered when o = 0 or r = 0. This is determined by the properties of
the BM operator itself. Specially, we note that when the values of the o and t parameters are exchanged, the
aggregation results and the eventual score values are calculated in the same way due to the equal status of the &
and 7 parameters during the computational process of the BM operator. Moreover, when the values of o and 7 are
equal, as the values of o and 7 increase simultaneously, the score values from A, to As increase simultaneously.
When keeping o = 1ort = 1constant, the score values from A; to As increase with the value of o or 7 regardless
of this special case of 0 = 0 and T = 0.

So, we can adjust the values of o and 7 to change the curves of data and still keep the final result the same,
that A, is the most likely to suffer from cardiovascular disease and patient A3 is the least likely to suffer from
cardiovascular disease. The above analyses amply demonstrate that our approach is highly flexible and robust.

In general, the values of the o and t parameters do not affect our selection of the most likely to have cardio-
vascular disease, and A; is consistently the best option.

Comparative analysis

To confirm the efficacy of the suggested method, we handle the aforementioned scenario using existing MAGDM
methods and perform a comparison study. The existing MAGDM methods based on six sort methods: the inter-
val-valued Fermatean hesitant fuzzy weighted averaging(IVFHFWA) operator and interval-valued Fermatean
hesitant fuzzy weighted geometricIVFHFWG) operator proposed by Kirisci et al.”2, the weighted interval-valued
hesitant fuzzy weighted averaging(WIVHFWA) operator and weighted interval-valued hesitant fuzzy weighted
geometric(WIVHFWG) operator proposed by Zeng et al.*, the correlation coefficient I(KK I) and correlation
coeflicient(KK II) operator proposed by Ankara et al.**. In order to reflect the properties of the BM operator,
which can consider the connection between attributes, the parameters o, r of the IVFHFEBM operator and
IVFHFEWBM operator are both defined as 1. Table 11 presents the comparison outcomes.

Based on the ranking results in Table 11, We can see that the ranking results of A4 and A5 differ in the two AOs
mentioned. Using IVFHFEBM operators, A4 is ranked second, and As is ranked third. However, regarding the
IVFHFEWBM operator, As is ranked second, and A, is ranked third. This is because the IVFHFEWBM operator
considers the weight factor of attributes. In addition, we find that our proposed method based on IVFHFEBM
agrees with the sorting results of Zeng et al.** A; > Ay > As > A; > A3, and our proposed method based on
IVFHFEWBM agrees with the sorting results of Kirisci et al.*> and Ankara et al.* Ay > A5 > Ay > A > Aj.
Not only that, the results of all methods are A, ranked highest and A3 ranked lowest. The above conclusions fully
prove that our proposed method is correct and effective.

The advantages compared to existing methods

Comparison of the advantages of the data model with existing methods

IVFHESs are the latest proposed FSs data model, which is an extension of FHFSs and IVFFSs, inheriting their
respective advantages. In other words, IVFHESs incorporate the hesitating feature of data in addition to using
interval-valued data to characterize MD and ND with a greater range. In detail, the feature of interval value allows
it to better handle the fluctuation of data, and the feature of hesitance allows it to better retain the data and reduce
the loss of information when facing the group decision-making model, and the feature of FFSs allows it to have
a wider range. IVFHFSs also apply MD and ND to depict uncertainty, while IVHFSs in** ignore ND. Therefore,
when dealing with fuzzy information, it has the advantage of being able to represent fuzzy information more
flexibly than other fuzzy sets and represents fuzzy information in a wider range.

The advantages of our proposed AOs

(1) Considering the connection between attributes.

In real life, especially in the context of medical diagnosis, the individual attributes are often linked to each
other. For example, high blood sugar and high lipids often co-exist, especially in diabetic patients. In addition,
elevated levels of myoglobin and troponin may be associated with myocardial damage, whereas myocardial dam-
age may also lead to abnormal changes in blood sugar and lipids. The IVFHFEBM and IVFHFEWBM operators
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take into account the connection between the attributes, while the existing approaches in***, and* ignore the
relationship between attributes. Therefore, our method is superior compared to existing AOs.

(2) Higher flexibility.

Furthermore, the IVFHFEBM and IVFHFEWBM operators have two parameters, o and . We can modify
the values of o and 7 to adjust the change in the data and still keep the final result constant. That is, our proposed
method has two parameters, and by adjusting them, we can obtain the form of AO we need. Thus, compared
with the other three methods in?*** and* that do not have adjustable parameters, our proposed method is more
flexible and ingenious than them.

In the following, the differences between our method and the other three MAGDM will be compared. Mean-
while, the merits of our method based on the above discussions are summarized below.

In detail, we introduce the differences and comparisons among diverse MAGDM methods from seven per-
spectives, and the results are listed in Table 12.

It is obvious from Table 12 that our proposed approach is superior to the three existing methods.

Conclusion

IVFHEFSs combine the characteristics of IVHFSs and FFSs and can deal with uncertainty more effectively and
extensively. This paper presents a novel MAGDM method under the IVFHESs. Firstly, we study the operational
laws based on E-TNs in depth. Secondly, we apply these operational laws to propose the IVFHFEBM operator
and the IVFHFEWBM operator in turn. The proof procedure for the AOs and the related corollaries are also
given in detail. Unlike the existing methods, our proposed AOs take into account the link between attributes.
Moreover, In the context of cardiovascular disease diagnosis, the fitness of IVFHFSs in dealing with the complex
and uncertain MAGDM problem is illustrated. Subsequently, the effectiveness and robustness of the proposed
method are verified by sensitivity analysis and comparative analysis. Finally, the advantages of our method are
summarized and refined in comparison with existing MAGDM.

In future work, we will explore a method that can objectively calculate weights to reduce subjective factors in
making decisions under the IVFHFSs, thus ensuring the validity and reasonableness of the weights of decision
results. In addition to this, we will investigate a decision method based on IVFHESs that has not only a ranking
function but also a classification function.

Data availability
The datasets used and/or analyzed during the current study available from the corresponding author on reason-
able request.
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