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Unsteady MHD natural convection
flow of Casson fluid incorporating
thermal radiative flux and heat
Injection/suction mechanism
under variable wall conditions

Talha Anwar', Poom Kumam?3** & Wiboonsak Watthayu?

Unsteady magnetohydrodynamic flow of Casson fluid over an infinite vertical plate is examined under
ramped temperature and velocity conditions at the wall. Thermal radiation flux and heat injection/
suction terms are also incorporated in the energy equation. The electrically conducting fluid is flowing
through a porous material and these phenomena are governed by partial differential equations. After
employing some adequate dimensionless variables, the solutions are evaluated by dint of Laplace
transform. In addition, the physical contribution of substantial parameters such as Grashof number,
radiation parameter, heat injection/suction parameter, porosity parameter, Prandtl number, and
magnetic parameter is appropriately elucidated with the aid of graphical and tabular illustrations. The
expressions for skin friction and Nusselt number are also derived to observe wall shear stress and rate
of heat transfer. A graphical comparison between solutions corresponding to ramped and constant
conditions at the wall is also provided. It is observed that graphs of the solutions computed under
constant conditions are always superior with respect to graphs of ramped conditions. The magnetic
field decelerates the flow, whereas the radiative flux leads to an upsurge in the flow. Furthermore, the
shear stress is a decreasing function of the magnetic parameter.

The fluid is a specific type of matter which easily goes under deformation when an external force is applied, and
it has no particular shape'. Mainly, fluids are partitioned as Newtonian fluid and non-Newtonian fluids. Non-
Newtonian fluids have numerous practical and industrial applications, and such fluids involve honey, blood,
greases, oils, and foodstuff?. Polymer industries, textile, irrigation problems, and biological systems incorporate
flows of non-Newtonian fluids in porous medium encountering magnetic effects. Moreover, free and forced
convection flows of non-Newtonian fluids together with magnetohydrodynamic (MHD) have a wide range
of applications in polymer fabrication, MHD pumps and motors, aerodynamic heating, and purification of
mineral oil. Thermal engineering and welding mechanics involve the addition of heat injectors or sinks to the
aforementioned flows for heating and cooling processes®*. To forecast the response of non-Newtonian fluids
in different kinds of reservoirs, hydrologists studied and discussed their flows in porous media ranging from
sand packs to fused Pyrex glasses’. In metallurgy, for the solidification process, a magnetic field is imposed on
a liquid metal, which flows through a porous material®. Convective flows of non-Newtonian fluids have a key
role in the agriculture field to discover sub-ground water reservoirs’. In addition, flows of non-Newtonian fluids
incorporating radiative flux are of prime use in the mechanisms of polymeric mixtures, aerosol technology, and
solar collectors which operate at very low and high temperatures®.
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In order to anticipate and optimize the effectiveness of the aforementioned practical phenomena, a wide range
of studies is conducted and discussed by many researchers. Petrovic et al.” studied MHD flow and heat transfer
for two immiscible fluids in a porous medium. Ibrahim et al.!° discussed the effects of a heat source and Joule
heating on MHD radiative flow over a porous stretching sheet. Entropy generation for compressible radiative
MHD fluid flow in a channel partially filled with porous material was reported by Jain et al.'’. Hasnain et al.'?
provided solutions for MHD two-phase mixed convection fluid flow in an inclined channel filled with porous
medium. Pattnaik et al."* derived analytic solutions for natural convection flow with porosity and MHD effects
by inculcating time-dependent concentration and temperature at the boundary. Velocity and heat transfer phe-
nomena for micropolar MHD flow over a vertically moving plate immersed in porous media were interpreted by
Kim'*. The influence of heat injection and suction on flow under the effect of an imposed magnetic field between
two concentric porous cylinders was reported by Hamza'>.

Casson fluid model was initially proposed by Casson in 1959 for the anticipation of flow trends of suspended
pigment-oil'®. In the case of small shear stress, Casson fluid behaves like an elastic solid and no flow takes place.
On the other hand, the dominance of the shear stress magnitude of Casson fluid against yield shear stress ensures
the flow of Casson fluid. This fluid is based on a structural model of bilateral behavior of liquid and solid phases
of two-phase suspension. Some significant examples of Casson fluid are honey;, jelly, soup, concentrated fruit
juices, and artificial fibers. The participation of Casson fluid can be observed in the preparation of multiple
products such as synthetic lubricants, pharmaceutical chemicals, paints, coal, tomato sauce, china clay, and many
others. Since human blood is comprised of various substances like fibrinogen, human red blood cells, protein,
and globulin in aqueous base plasma, it can also be considered as Casson fluid'”*8. A wide variety of researchers
have been fascinated by efficacious applications of Casson fluid in drilling processes, biological treatments, food
processing, and bio-engineering operations. Khalid et al.'® investigated the time-dependent free convectional
MHD flow of Casson fluid in a porous material. The flow of Casson fluid through tubes was initially discussed
by Oka®. MHD Casson fluid flow over a shrinking/stretching surface was examined by Bhattacharyya et al.?!.
Mernone et al.”? explained the two-dimensional peristaltic flow of Casson fluid in a channel. Mustafa et al.*
implicated the homotopy analysis method to provide an analysis of heat transfer and time-dependent boundary
layer flow of the Casson model over a flat moving plate. Impacts of heat blowing/suction and thermal radiation
on temperature and flow of Casson fluid over stretching sheet were analyzed by Mukhopadhyay?. Pramanik?®
conducted a systematic study to evaluate the impacts of porosity and radiative heat flux on heat and mass transfer.
Arthur et al.?® discussed the influence of chemical reaction and magnetic field on the flow of Casson fluid past
a porous perpendicular surface.

The transportation of heat transferring fluids exhibits a significant role in widespread industrial and engi-
neering operations, for example, thermal management of high-tech systems, designing of devices, cooling and
heating processes, manufacturing of gas turbines, nuclear operations, and so forth. However, investigations for
unsteady MHD flows of non-Newtonian fluids in porous mediums subjected to ramped velocity and ramped
temperature conditions simultaneously are very few in the literature because it is intricate to handle the resulted
nonlinear complex relations analytically though, these conditions have significant practical utilities. For instance,
ramped velocity is an efficient aid to develop prognoses, determining treatment, and examining heart and blood
vessels. Additionally, diagnoses and establishing treatment of cardiovascular deceases through treadmill test-
ing and ergometry also depend on ramped velocity?’. The idea of ramped velocity and ramped temperature
condition was initiated by Ahmed and Dutta to examine the unsteady flow of Newtonian fluid moving over a
vertically infinite wall in the existence of mass transfer?®. Bruce?’, and Myers and Bellin® further evaluated the
contribution of ramped velocity in treadmill testing. Malhotra et al.*!, Schetz*?, and Hayday® have introduced
the ramped wall temperature condition. One of the most vital appeals of ramped wall temperature is to demol-
ish the cancerous cells through thermal therapy. Kundu* provided five kinds of thermal boundary conditions
to obtain the desired results of cancer treatment, adjacently, minimizing the side effects of thermal therapy to
almost nonexistence. A comprehensive comparison and survey report® describe that ramped heating is an
efficient support to control the rise in temperature occurring because of adiabatic condition, in the chemical
industry. Das et al.*® evaluated the influence of ramped temperature condition on incompressible optically thin
fluid flow over an impulsively upright plate. Nandkeolyar et al.’’ studied and compared various kinds of plate’s
movement having periodic acceleration, single acceleration, and uniform velocity subjected to constant wall
and ramped wall conditions for natural convective flows of viscous fluids in the existence of magnetic field. A
detailed analysis of several physical phenomena of Hall current, thermal radiation, Darcy’s law; heat consumption,
and chemical reaction on mass and heat transfer with ramped wall concentration and temperature subjected to
impulsive and accelerating upright plates was provided by Seth et al.*®*°. Chandran et al.*! presented the impact
of ramped wall temperature on convective viscous fluid flow, which was later extended by Seth et al.*? for the
porous medium. Zin et al.*’ investigated the effects of thermal radiation and magnetic field on free convection
Jeffrey fluid flow with ramped wall temperature. This study was further extended for simultaneous application of
ramped boundary conditions (ramped wall velocity and ramped wall temperature) by Magbool et al.**. Tiwana
et al.*® recently studied the MHD time-dependent convective flow of Oldroyd-B fluid considering simultaneous
ramped conditions at the boundary.

However no investigation for Casson fluid flow with ramped wall velocity and ramped wall temperature con-
ditions is yet available in the literature. To effectively fill this gap, this study comprises of unsteady incompressible
MHD flow of Casson fluid, subjected to ramped velocity and ramped temperature conditions at a vertical wall,
which is placed in the porous medium. Additionally, radiative flux and heat injection/suction are also inculcated
in the heat transfer mechanism to evaluate their significance. Laplace transformation and the Durbin method
are implemented to execute the solutions of modeled momentum and energy equations. Finally, the physical
features of relevant parameters are analyzed with the help of tables and graphs.
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Figure 1. Geometry of the considered model.

Mathematical modeling of the problem

We assume Casson fluid flow over an infinite vertical plate saturated in a porous medium. The plate is considered
at& = 0and flow is restricted to § > 0, which is along the direction of the plate (as depicted in Fig. 1). To govern
the model, the following key assumptions are taken into account

® The flow is one-dimensional and unidirectional.

e A uniform magnetic field of magnitude By is imposed perpendicular to the direction of the plate.

® Reynolds number is small enough to ignore the effect of an induced magnetic field.

e The radiative heat flux Q, along the direction of the plate is negligible against the radiative heat flux normal
to the plate.

L]

In order to ignore the polarization effect of fluid, no electric field is applied.
e The temperature equation is free from viscous dissipation term.

The family of Maxwell equations is presented to deal with the magnetic field
B
CurlB = u,,J, CurlE = T divB = 0, (1)

where ., denotes magnetic permeability, J denotes current density, and E denotes electric field. Furthermore,
B is the summation of imposed magnetic field (By) and induced magnetic field (bp), which is ignored in this
case. From Ohm’s law

J=(VxB+E)o, ()

where o is the electrical conductivity and V is the velocity of fluid. Furthermore, the supposition of a small
Reynolds number leads to

aBgu
0

1 o
(JxB)— =[(V xBg) x Bo]— = — (3)
0 o

For an incompressible Casson fluid, Cauchy stress tensor for rheological state takes the following form'64¢47

P
2 ;M—F\/%)exy T > T, "

Ty = P,
2 M'1+\/TTE exy T < T

where Py, is yielded stress, (1 is the plastic dynamic viscosity, 7 is the self product of the component of deforma-
tion rate, 7. is the critical value of earlier mentioned product depending upon the non-Newtonian model, and
exy is the (x, y)xh component of the rate of deformation. Initially, at time ¢ = 0, both plate and fluid are static
with uniform temperature Too. For time t > 0, ramped boundary conditions for both velocity and temperature
are considered at the wall (¢ = 0) such that up to some characteristic time 7o, both velocity and temperature
depend upon the fraction of time 7 and characteristic time 7o, and later they take uniform values. Mathematically
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U+ 0<t<1

u(0,7) = { €1

Uc T>17

_ Too+(Tw_Too)TL 0<1t=1
T,7) = { T, 0 > (6)

where u, is characteristic velocity, u is a component of velocity along x-axis, T, is wall temperature, and T is
constant ambient temperature. Since we have considered ramped wall velocity and ramped wall temperature at
the same time, this can be regarded as a simultaneous application of ramped boundary conditions. For Casson
fluid, first time such boundary conditions are considered though they have wide applications in industrial and
medical sciences. On the basis of all aforementioned assumptions, we obtain the following principal equations
for flow and energy transfer'>®:

du _ 1+182—" Biu+ T—T 1+1@
[ —u( a)ag2_0 ou+ pgB(T — oo)_( a) K u, 7)
AT 9T  0Q,
O Qo1 = T, ®)

9 s
Prar T g2 T o

where o = j14/27. /Py is the parameter of Casson fluid, p is the fluid density, g is gravitational pull, 8 is thermal
expansion coefficient, k;, is permeability, ¢ is porosity, pc, is heat capacity, k is thermal conductivity, T is the tem-
perature of Casson fluid, and Qo is heat injection/suction term. The corresponding initial conditions are given as

ué,0=0, T(,0) =Tw,
“;:ZO ur(é’O)ZO’ uE(S>O):O

The corresponding boundary conditions are given as

_Jur 0<t=1
u®,7) = { Ue ! T>1’ (10)
_ Too+(Tw_Too)rL 0<t=<1
T(0,7) = { T, 0 r>1p (11)
t>0: ul1)—>0 TE,1)—> Ty for & — oo (12)

The choice of an optically thick fluid, which absorbs and emits but does not shatter thermal radiation allows
us to use Rosseland approximation for radiative flux. Implementation of Rosseland approximation leads to the
following expression for radiative heat flux*

Q _ 4o 1 d T4 (13)
T 3k 8¢’

where k; and o1 denote the coeflicient of Rosseland absorption and Stefan-Boltzmann constant respectively. This

non-linear relation of radiative flux can be linearized by assuming that temperature differences are very small.

Applying Taylor series to expand T* about T, and emitting higher-order terms by virtue of the above-mentioned

supposition yields the following relation
T* ~ 4T3 T — 3T2. (14)
Plugging Eqs. (13) and (14) in Eq. (8) yields

P 1601 T3 ) °T + Qu(T — Too). (15)
Pt 3k ) 9g2

Introducing the following variables

Eu, u Tu? v T— T
* * * C
=—, =—, =—, =—, =",
§ v " U ' v o u? Tyw — Too (16)
into Egs. (7) and (15) and dropping * for the purpose of brevity yields
LY O KGNS YRS PO ) g (17)
= — 7 — — — ) pu+ Gro,
ot a ) 0E2 K o
30 (14Nr\d%0 + Qo 1)
atr ~ \ Pr ) ag? '
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The pertinent initial and boundary conditions in Egs. (9)-(12) take the following form
u(gxo) = 01 9@’0) = 0)

19
E>0: u(6,0)=0, u(,0)=0, (19)
T 0<t<l1
u(0,7) =0(0,7) = { 1 ro1° (20)
t>0: ul1)—>0 06(E,7)—>0 when & — oo, (21)
with
= Qovz) Gr = 7yﬁg(TW3_ TOO), Pr = LCP,

pcpuz u? k

1 pv? _ 1601 T2, M= oBdv 22)

— T A r - bl b
K kpu? 3kk; pu?
where Q is heat injection/suction parameter, Gr is Grashof number, Pr is Prandtl number, K is the parameter of
porosity, Nr is radiation parameter, and M is the magnetic parameter.

Analytical solutions

The solution of the current problem can be computed conveniently using Laplace transformation due to its
efficient applications for nonuniform boundary conditions. The formulation of the integral form of Laplace
transform pair for dimensionless temperature and velocity are respectively given as follows

6(5,9) = /e"“e(é,r)dr = L[6](v), (23)
0

ué,q = /e_qru(é,f)df = L[u](7). (24)
0

Using the definition of Laplace transform from Eq. (23) on energy Eq. (18) and relevant boundary conditions
(19)2-(21)2, we get
-

d=6 _
FrE i c1(g— Qo =0, (25)

9‘ 0, — 1,e*q’
_( 9 P (26)
0(,q) - 0 for & — oo,
where
Pr
cl = .
1+ Nr

The solution of second order ordinary differential Eq. (25) subject to boundary conditions (26) is calculated as

g_(%-, q = < 1 _qze_q ) eV 1(g-Qf 27)

In order to find the solution of the velocity field, application of Laplace transform given in Eq. (24) on Eq.
(17) and relevant boundary conditions (19);-(21); yields

d*u q+cs Gr -
zz_ =_——0,
déz ( (%) )u (%) (28)
- _1—e1
L_t(O, Q= 7 (29)
u&,q9) >0 for & — oo.
Plugging the value of § from Eq. (27) in Eq. (28) turns out as
2= _
Ci (qte\. _ Gril-e\ g (30)
dg? 2 1) q?
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Figure 3. Validation of velocity solution.

The solution of Eq. (30) subject to boundary conditions (29) is acquired as

_ 1—e 1)\ -
ué,q) = ( p )H(%‘,q), (31)
where
T
ey = G R Gre—/aa—Q% o)
,q) =e _ ’
1 (i —D(g—cs) (12— 1)(g—ca)
with
1 1 ¢+ c10Q
=14+-, =M+ —c, = .
(%) + o c3 + KCZ C4 p— (33)

It is obvious to observe that Laplace domain solutions of temperature field (27) and velocity field (31) are com-
prised of multivalued relations of Laplace parameter g, therefore to compute the inverse Laplace transformation
by handling these complex combinations efficiently, we implemented the Durbin method given in*’. Addition-
ally, these velocity and energy solutions are validated in Figs. 2 and 3 by drawing a comparison with Zakian and
Stehfest numerical Laplace inversion methods®*2.

Limiting models
Some special cases of our current problem are discussed here to examine the effects of the absence of some
particular parameters on solutions.
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Solution in the absence of porosity and MHD.  Taking M = & = 0in Eq. (31), it reduces to

q
e 4 _ /4 7\/;5

+
2
q (6162 — 1) (q — 5511652291)
(34)
Gre—v1(@=Q%
(c1ca = 1) (q _ Cilézi%)
Solution in the absence of Casson parameter. Takingé = 0in Eq (31), it turn out as
e —J/qFmé
u(g,v) = L7 {1 Ze q} e VATmE 4 Gre VI
1 (a-1 <¢1 - L;EF)
(35)

Gre— V1 @-Q#
(1 =1 (q - LCTEIIQ)

wherem = M + %

Solution in the absence of thermal radiation and heat injection/suction parameters. Taking
Nr = Q = 01in our problem also affects the temperature solution therefore, Egs. (27) and (31) come out as

0(,7) =F(E,7) — F&, 1 —1DG(T - 1), (36)
1— e " Gre V'S¢
_ _ [aFea
u(g,r) =L { = } e ViEt g e
q (Pre; — 1) (q - Pn‘;_1>

Gre—VPréé

res— (g i)

where

B Prg? £/Pr £/Prt _en
F(E,r)—(r—l—z)erfc(zﬁ)— ﬁe T,

and G(t — 1) is presenting a Heaviside function.

Solution for constant velocity and constant temperature conditions. The temperature and veloc-
ity solutions of Casson fluid for isothermal wall temperature and constant wall velocity are evaluated as

0(n,7) = e VO erfc(El/F; i Qr) +eéimerfc(%? +i\/a), (38)

1 - Gre V12
_ — /e re 2
wE ) = L [{f}{ gey Gl
s q (cre2 —1)(q —ca)
Gre— V1 (@—-Q# H

 (ac— 1)(g — ca)

(39)

Solution of Newtonian fluid for constant wall velocity and ramped wall temperature condi-
tions. The ramped wall temperature and constant wall velocity profiles of a Newtonian fluid (1 = 0) can be
calculated as

9(&‘, 'L') — [’71 |:<1 _qze_q>67”61(q7Q)E:| , (40)
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T Pr Nr | Q Nu

04 210 |20 |05 1.7595
0.5 - - - 1.9304
06 |- - - 2.0738
0.7 0.7 |- - 0.4008
- 7.0 - - 1.2675
- 21.0 |- - 2.1954
- 210 |1 - 2.6888
- - 2 - 2.1954
- - 3 - 1.9013
- - 2.0 |-1.0 |3.0433
- - - -0.5 |2.7793
- - - 0.0 2.4976
- - - 0.5 2.1954
- - - 1.0 1.8694

Table 1. Variation of Nusselt number for different values of parameters. Bold values are used to specify the
variation of a particular parameter.

1 Gr 1—e1
u(g, ) = L1 {fe“/“mé—k ( ) X
S q ge1 =) —(@Q+m) ¢ (1)
(e*“/q“”& _ en/ﬂ(%Q)é)} .
wherem = M + %
Skin friction and Nusselt number
The relations for skin friction Cy (wall shear stress) and Nusselt number Nu are presented as
1 du(é,7)
Cr=|14+— )
/ ( 0‘) 2 P 42)
do(&, 1)
Nu = — > 43
&l (43)
where
du(&, 1) 71[(1—(2_‘1)_ }
=L Hi,9) | 44
21 P q* e (44)
do&, t _ 1—e1
¢,7) =L 1{( > )./Cl(q—Q)], (45)
dg £=0 q
with

Hi€,q) =

qtc
Gry/c1(q — Q) Gr C23 _ Jatca (46)
(%)

(2 —D(g—ca)  (c1c2— 1)(q — ca)

Parametric study

This section covers noteworthy features of several connected parameters like Grashof number (Gr), porosity
parameter (K), magnetic parameter (M), Casson parameter («), Prandtl number (Pr), radiation parameter (Nr),
heat injection/suction parameter (Q), and time () on dimensionless flow and energy profiles. The numerical
computations are categorized into two divisions: (1) Casson fluid with ramped wall velocity and ramped wall
temperature (represented by solid lines) and (2) Casson fluid with constant wall velocity and constant wall tem-
perature (represented by dashed lines). Furthermore, the impacts of the aforementioned parameters on Nusselt
number and skin friction are observed with the aid of computed results provided in Tables 1 and 2.

Figure 4 highlights the impact of Nr on the energy profile of Casson fluid. It is noticed that temperature
receives elevation with an increase in values of Nr. Physically, along normal direction to plate, change of heat
flux 83Q, rises and k; reduces, which implies that more amount of radiative heat is transferred to the fluid and
consequently temperature profile rises. The temperature profile is found higher in the case of simultaneous
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T M | K 3 Gr |Gy

0.4 20 |05 |1.0 |10 - 1.7444
0.5 - - - - —2.1051
06 |- - - - - 24621
0.7 1.0 |- - - —-2.2825
- 2.0 |- - - -2711
- 3.0 |- - - —2.6484
- 20 |03 |- - —3.2248
- - 06 |- - —-2.7052
- - 09 |- - - 25114
- - 05 02 |- -6.9092
- - - 05 |- - 3.8643
- - - 09 |- - 2.9343
- - - 1.0 |1.0 | —29329
- - - - 3.0 | —2.6989
- - - - 50 | —2.4649

Table 2. Variation of skin friction for different values of parameters. Bold values are used to specify the
variation of a particular parameter.

T T T

Ramped wall m—
Constant wall = = = =

Nr=0,2,4

0(&.7)
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Figure 4. Energy distribution for various values of Nr.
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Figure 5. Energy distribution for various values of Q.
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Figure 7. Energy distribution for various values of 7.

constant boundary conditions. Figure 5 presents the relationship between temperature and the amount of heat
either injected (Q > 0) or sucked (Q < 0). The figure shows that when positive Q increases temperature profile
also increases since this increment corresponds to an increase in the amount of injected heat. On the other
hand, temperature faces a decay when the magnitude of Q increases in a negative direction because this incre-
ment implies that the amount of heat released by the fluid is increasing. Subsequently, this explanation justifies
the physical logic and highlights the significance of heat generation/suction in heating and cooling processes.

The distribution of temperature for various Pr values is presented in Fig. 6 for both ramped wall condition
and isothermal wall condition. For both cases, it is spotted that the temperature profile declines as Pr grows. It
is physically certified by the fact that fluid with a higher Pr value has comparatively less thermal conductivity,
which minimizes the conduction of heat. As a result, the thickness of the thermal boundary layer shrinks. Ulti-
mately, the temperature of fluid reduces. Figure 7 illustrates that the temperature of Casson fluid is an increasing
function of r. Additionally, the temperature is greater in the case of ramped temperature condition in contrast
to isothermal wall condition. The temperature near the plate has higher values and it calms down asymptotically
to zero-value as fluid flows far away from the wall.

The influence of M on the velocity profile for ramped and isothermal wall conditions is revealed in Fig. 8. It is
sighted that an increase in strength of the magnetic field reduces both magnitude of velocity and boundary layer
thickness. This is due to the fact that the imposition of the magnetic field results in the establishment of a strong
Lorentz force, which acts as a dragging force and offers resistance to fluid flow. Eventually, fluid gets decelerated
with an increase in M because dragging force dominates the flow supporting forces. Furthermore, the velocity
profile has a relatively greater elevation in the case of isothermal condition in contrast to the ramped condition.
Figure 9 covers the contribution of Gr in fluid flow for ramped plate and isothermal plate. Both flow profiles
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Figure 8. Velocity distribution for various values of M.
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Figure 9. Velocity distribution for various values of Gr.

depict that enhancement in Gr is a favorable factor as it accelerates the flow in both cases. The physical logic
justifying this behavior is the strengthening of thermal buoyancy force. Since Gr deals with the fraction of buoy-
ancy force and viscous force, an increase in Gr implies that buoyancy force suppresses the viscous effects, which
leads to reduce the offered resistance. Hence, fluid gets accelerated near the plate and far away from the plate, it
calms down as buoyancy force together with associated forces gets weaker. Figure 10 exhibits correspondence of
the velocity profile and Casson parameter «. It is observed that they share an inverse relation, as an increase in «
results in flow retardation. The physical phenomenon countering this retardation is the plasticity of fluid. When
parameter « reduces, momentum boundary layer thickness increases due to an increase in the plasticity of fluid.
It is also witnessed that o has a similar effect on both ramped wall and isothermal wall solutions. Furthermore,
it is worthy to mention that when « is very large (é — 0), the non-Newtonian behavior of fluid fully vanishes,
and fluid reduces to a purely Newtonian fluid.

The variation in isothermal wall momentum distribution and ramped wall momentum distribution for various
values of K is reported in Fig. 11. The figure exhibits that larger values of K escalate the fluid velocity and bound-
ary layer thickness, which is justified by the physical logic that an increase in the porosity of media reduces the
strength of the resistive force and consequently, momentum development enhances in flow regime. Moreover,
velocity is found lower for ramped conditions against isothermal conditions. Figure 12 discloses the effect of
variation in Nr on flow profile and it is spotted that velocity enhances for larger values of Nr. This is authenticated
by the logic that thermal radiation heats up the fluid and this higher rate of energy transfer looses the bonds
between fluid particles. Successively, the offered resistance gets weaker and flow is accelerated. Velocity profiles
for ramped wall and isothermal wall follow similar trends for thermal radiation. Figure 13 interprets the influ-
ence of Pr on momentum profile. Ramped wall and isothermal wall flows are compared, and it is observed that
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later flow has faster velocity. For increasing variation of Pr, velocity profile behaves inversely, which is physically
supported by an intensification of momentum diffusivity. As a result, dragging force dominates near the plate and
fluid faces more resistance. Far away from the plate, dragging force gradually decreases and fluid comes to rest.

Table 1 presents that the Nusselt number is an increasing function of Pr and t while it behaves oppositely for
Nrand Q. An important observation is made here that initially heat transfer rate enhances for 7 < 1and later
it starts decreasing for t > 1. Table 2 provides that the wall shear stress reduces with elevation in r and M, and
it augments for increasing values of K, Gr, and «. For both tables, in each row, one column encloses bold values
for a particular parameter to focus on the role of that parameter in heat transfer and skin friction.

Conclusion

The main aim of this study is to examine the physical features of combined ramped velocity condition and
ramped temperature condition on unsteady Casson fluid flow over an infinitely long vertical plate. The plate is
nested in a porous media and a uniform magnetic force is applied. Besides, heat injection/suction and thermal
radiation are also included in the model. Some appropriate transformations are employed for the sake of non-
dimensionalization of principal equations, and later Laplace transformation is operated to compute the solutions.
Combined ramped conditions (ramped wall velocity and ramped wall temperature) are practically significant
though their analytical handling leads to complicated relations. Hence, results in basic coordinates are computed
through numerical Laplace inversion called the Durbin method. These results are validated with two more
numerical inversion methods named Zakian and Gaver-Stehfest methods. The control of connected parameters
on dimensionless temperature and velocity solutions is graphically elaborated. Meanwhile, the computed results
for Nusselt number and skin friction are reported through tables. A comparison between solutions with ramped
conditions and solutions with isothermal conditions is also drawn graphically. The prime observations of this
investigation are remarked as

Fluid velocity is a decreasing function of the Casson parameter o.

An increase in Prandtl number and heat suction reduce the temperature of the fluid.

Porosity and magnetic parameter have a relatively inverse influence on momentum boundary layer thickness.
Velocity on the wall can be handled with larger values of & (connected to skin friction).

Heat transfer rate is minimized when radiation parameter escalates, while a decline in thermal diffusivity
implies a decrease in heat transfer rate. Accordingly, the heat transfer process can be controlled or supported
by larger and smaller values of Prandtl number (associated to Nusselt number)>*.
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Received: 25 January 2020; Accepted: 4 February 2021
Published online: 19 February 2021

References
1. Makinde, O. D. & Mhone, P. Y. Heat transfer to MHD oscillatory flow in a channel filled with porous medium. Rom. J. Phys. 50,
931 (2005).
2. Aliseda, A. et al. Atomization of viscous and non-Newtonian liquids by a coaxial, high-speed gas jet. Experiments and droplet size
modeling. Int. J. Multiph. Flow 34(2), 161-175 (2008).
3. Hashmi, S. Comprehensive Materials Processing (Newnes, Amsterdam, 2014).

Scientific Reports |

(2021) 11:4275 | https://doi.org/10.1038/s41598-021-83691-2 nature portfolio



www.nature.com/scientificreports/

10.

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.
33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

. Sun, J., Hensel, J., Nitschke-Pagel, T. & Dilger, K. Influence of restraint conditions on welding residual stresses in H-type cracking

test specimens. Materials 12(17), 2700 (2019).

. Kucuk, E, Karakas, M. & Ayestaran, L. Well testing and analysis techniques for layered reservoirs. SPE Format. Eval. 1(04), 342-354

(1986).

. Geindreau, C. & Auriault, J. L. Magnetohydrodynamic flows in porous media. J. Fluid Mech. 466, 343-363 (2002).
. Sharmilaa, K. & Kaleeswari, S. Dufour effects on unsteady MHD free convection and mass transfer flow fast through a porous

medium in slip regime with heat source/sink. IJSEAS 1(6), 307-320 (2015).

. RamReddy, C. & Naveen, P. Analysis of activation energy and thermal radiation on convective flow of a power-law fluid under

convective heating and chemical reaction. Heat Transf. 48(6), 2122-2154 (2019).

. Petrovi¢, J. D., Stamenkovi¢, Z. M., Koci¢, M. M. & Nikodijevi¢, M. D. Porous medium magnetohydrodynamic flow and heat

transfer of two immiscible fluids. Therm. Sci. 20, 1405-1417 (2016).

Ibrahim, S. M., Kumar, P. V,, Lorenzini, G. & Lorenzini, E. Influence of Joule heating and heat source on radiative MHD flow over
a stretching porous sheet with power-law heat flux. J. Eng. Thermophys. 28(3), 332-344 (2019).

Jain, S., Kumar, V. & Bohra, S. Entropy generation for MHD radiative compressible fluid flow in a channel partially filled with
porous medium. Glob. Stoch. Anal. 5, 13-31 (2017).

Hasnain, J., Abbas, Z. & Sajid, M. Effects of porosity and mixed convection on MHD two phase fluid flow in an inclined channel.
PLoS ONE 10(3), e0119913 (2015).

Pattnaik, P. K. & Biswal, T. Analytical solution of MHD free convective flow through porous media with time dependent tempera-
ture and concentration. Walailak J. Sci. Tech. 12(9), 749-762 (2015).

Kim, Y. J. Heat and mass transfer in MHD micropolar flow over a vertical moving porous plate in a porous medium. Transport
Porous Med. 56(1), 17-37 (2004).

Hamza, S. E. E. The effect of suction and injection on MHD flow between two porous concentric cylinders filled with porous
medium. J. Adv. Phys. 16, 2347-3487 (2019).

Casso, N. A flow equation for pigment-oil suspensions of the printing ink type. In Rheology of Disperse Systems (ed. Mill, C. C.)
84-104 (Pergamon Press, Oxford, 1959).

Dash, R. K., Mehta, K. N. & Jayaraman, G. Casson fluid flow in a pipe filled with a homogeneous porous medium. Int. . Eng. Sci.
34(10), 1145-1156 (1996).

Fung, Y. C. Bio Dynamics Circulation (Springer-Verlag, New York, 1984).

Khalid, A., Khan, I, Khan, A. & Shafie, S. Unsteady MHD free convection flow of Casson fluid past over an oscillating vertical
plate embedded in a porous medium. Eng. Sci. Technol. Int. J. 18(3), 309-317 (2015).

Oka, S. An approach to « unified theory of the flow behavior of time-independent non-Newtonian suspensions. Jpn. J. Appl. Phys.
10(3), 287 (1971).

Bhattacharyya, K., Hayat, T. & Alsaedi, A. Analytic solution for magnetohydrodynamic boundary layer flow of Casson fluid over
a stretching/shrinking sheet with wall mass transfer. Chin. Phys. B 22(2), 024702 (2013).

Mernone, A. V., Mazumdar, J. N. & Lucas, S. K. A mathematical study of peristaltic transport of a Casson fluid. Math. Comput.
Model. 35(7-8), 895-912 (2002).

Mustafa, M., Hayat, T., Pop, I. & Aziz, A. Unsteady boundary layer flow of a Casson fluid due to an impulsively started moving flat
plate. Heat Transf. 40(6), 563-576 (2011).

Mukhopadhyay, S. Effects of thermal radiation on Casson fluid flow and heat transfer over an unsteady stretching surface subjected
to suction/blowing. Chin. Phys. B22(11), 114702 (2013).

Pramanik, S. Casson fluid flow and heat transfer past an exponentially porous stretching surface in presence of thermal radiation.
Ain Shams Eng. J. 5(1), 205-212 (2014).

Arthur, E. M, Seini, I. Y. & Bortteir, L. B. Analysis of Casson fluid flow over a vertical porous surface with chemical reaction in
the presence of magnetic field. ] Appl. Math. Phys. 3, 713-723 (2015).

Sobral Filho, D. C. A new proposal to guide velocity and inclination in the ramp protocol for the treadmill ergometer. Arg. Bras.
Cardiol. 81(1), 48-53 (2003).

Ahmed, N. & Dutta, M. Transient mass transfer flow past an impulsively started infinite vertical plate with ramped plate velocity
and ramped temperature. Int. J. Phys. Sci. 8(7), 254-263 (2013).

Bruce, R. A. Evaluation of functional capacity and exercise tolerance of cardiac patients. Mod. Concepts Cardiovasc. Dis. 25, 321-326
(1956).

Myers, J. & Bellin, D. Ramp exercise protocols for clinical and cardiopulmonary exercise testing. Sports Med. 30(1), 23-29 (2000).
Malhotra, C. P,, Mahajan, R. L., Sampath, W. S., Barth, K. L. & Enzenroth, R. A. Control of temperature uniformity during the
manufacture of stable thin-film photovoltaic devices. Int. J. Heat Mass Transf. 49(17-18), 2840-2850 (2006).

Schetz, J. A. On the approximate solution of viscous-flow problems. J. Appl. Mech. 30(2), 263-268 (1963).

Hayday, A. A., Bowlus, D. A. & McGraw, R. A. Free convection from a vertical flat plate with step discontinuities in surface tem-
perature. . Heat Transf. 89(3), 244-249 (1967).

Kundu, B. Exact analysis for propagation of heat in a biological tissue subject to different surface conditions for therapeutic applica-
tions. Appl. Math. Comput. 285, 204-216 (2016).

McIntosh, R. & Waldram, S. Obtaining more, and better, information from simple ramped temperature screening tests. J Therm.
Anal. Calorim. 73(1), 35-52 (2003).

Das, S., Jana, M. & Jana, R. N. Radiation effect on natural convection near a vertical plate embedded in porous medium with
ramped wall temperature. Open J. Fluid Dyn. 1(01), 1 (2011).

Nandkeolyar, R., Das, M. & Sibanda, P. Exact solutions of unsteady MHD free convection in a heat absorbing fluid flow past a flat
plate with ramped wall temperature. Bound. Value Probl. 2013(1), 247 (2013).

Seth, G. S., Hussain, S. M. & Sarkar, S. Hydromagnetic natural convection flow with heat and mass transfer of a chemically reacting
and heat absorbing fluid past an accelerated moving vertical plate with ramped temperature and ramped surface concentration
through a porous medium. J. Egyp. Math. Soc. 23(1), 197-207 (2015).

Seth, G. S., Sharma, R. & Sarkar, S. Natural convection heat and mass transfer flow with hall current, rotation, radiation and heat
absorption past an accelerated moving vertical plate with ramped temperature. J. Appl. Fluid Mech. 8(1), 7-20 (2015).

Seth, G. S., Sarkar, S., Hussain, S. M. & Mahato, G. K. Effects of hall current and rotation on hydromagnetic natural convection
flow with heat and mass transfer of a heat absorbing fluid past an impulsively moving vertical plate with ramped temperature. J.
Appl. Fluid Mech. 8(1), 159-171 (2015).

Chandran, P, Sacheti, N. C. & Singh, A. K. Natural convection near a vertical plate with ramped wall temperature. Heat Mass
Transf. 41(5), 459-464 (2005).

Seth, G. S., Ansari, M. S. & Nandkeolyar, R. MHD natural convection flow with radiative heat transfer past an impulsively moving
plate with ramped wall temperature. Heat Mass Transf. 47(5), 551-561 (2011).

Zin, N. A. M, Khan, I. & Shafie, S. Influence of thermal radiation on unsteady MHD free convection flow of Jeffrey fluid over a
vertical plate with ramped wall temperature. Math. Probl. Eng. 2016, 6257071 (2016).

Magbool, K., Mann, A. B. & Tiwana, M. H. Unsteady MHD convective flow of a Jeffery fluid embedded in a porous medium with
ramped wall velocity and temperature. Alex. Eng. J. 57(2), 1071-1078 (2018).

Scientific Reports|  (2021) 11:4275

https://doi.org/10.1038/s41598-021-83691-2 nature portfolio



www.nature.com/scientificreports/

45. Tiwana, M. H. et al. Unsteady magnetohydrodynamic convective fluid flow of Oldroyd-B model considering ramped wall tem-
perature and ramped wall velocity. Mathematics 7(8), 676 (2019).

46. Hayat, T,, Shehzad, S. A., Alsaedi, A. & Alhothuali, M. S. Mixed convection stagnation point flow of Casson fluid with convective
boundary conditions. Chin. Phys. Lett. 29(11), 114704 (2012).

47. Bhattacharyya, K. Boundary layer stagnation-point flow of Casson fluid and heat transfer towards a shrinking/stretching sheet.
Front. Heat Mass Transf. 4(2), 023003 (2013).

48. Mustafa, M. & Khan, J. A. Model for flow of Casson nanofluid past a non-linearly stretching sheet considering magnetic field
effects. AIP Adv. 5(7), 077148 (2015).

49. Bardos, C., Golse, E & Perthame, B. The Rosseland approximation for the radiative transfer equations. Commun. Pure Appl. Math.
40(6), 691-721 (1987).

50. Durbin, F. Numerical inversion of Laplace transforms: An efficient improvement to Dubner and Abate’s method. Comput. J. 17(4),
371-376 (1974).

51. Villinger, H. Solving cylindrical geothermal problems using the Gaver-Stehfest inverse Laplace transform. Geophysics 50(10),
1581-1587 (1985).

52. Hassanzadeh, H. & Pooladi-Darvish, M. Comparison of different numerical Laplace inversion methods for engineering applica-
tions. Appl. Math. Comput. 189(2), 1966-1981 (2007).

53. Vadasz, P. & Olek, S. Route to chaos for moderate Prandtl number convection in a porous layer heated from below. Transport
Porous Med. 41(2), 211-239 (2000).

54. Gargano, E, Ponetti, G., Ssmmartino, M. & Sciacca, V. Route to chaos in the weakly stratified Kolmogorov flow. Phys. Fluids 31(2),
024106 (2019).

Acknowledgements

The authors acknowledge the financial support provided by the Center of Excellence in Theoretical and Com-
putational Science(TaCS-CoE), KMUTT. Moreover, this research project is supported by Thailand Science
Research and Innovation (TSRI) Basic Research Fund: Fiscal year 2021 under project number 64A306000005.
The first author appreciates the support provided by Petchra Pra Jom Klao Ph.D. Research Scholarship (Grant
No. 14/2562).

Author contributions

Conceptualization, T.A. and P.K.; methodology, T.A; software, T.A. and W.W,; validation, T.A., PX., and W.W,;
formal analysis, PX. and W.W,; investigation, PK; resources, P.K.; writing-original draft preparation, T.A.; writ-
ing-review and editing, T.A and PK; visualization, T.A and P.K. supervision, PK. and W.W,; project administra-
tion, P.K.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to PX.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2021

Scientific Reports |

(2021) 11:4275 | https://doi.org/10.1038/s41598-021-83691-2 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Unsteady MHD natural convection flow of Casson fluid incorporating thermal radiative flux and heat injectionsuction mechanism under variable wall conditions
	Mathematical modeling of the problem
	Analytical solutions
	Limiting models
	Solution in the absence of porosity and MHD. 
	Solution in the absence of Casson parameter. 
	Solution in the absence of thermal radiation and heat injectionsuction parameters. 
	Solution for constant velocity and constant temperature conditions. 
	Solution of Newtonian fluid for constant wall velocity and ramped wall temperature conditions. 

	Skin friction and Nusselt number
	Parametric study
	Conclusion
	References
	Acknowledgements


