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It has been shown that local four-fermion interactions on the edges of two-dimensional time-reversal-

. invariant topological insulators give rise to a new non-Fermi-liquid phase, called helical Luttinger liquid
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Topological insulators represent a large family of materials characterized by gapped bulks and metallic edge
states. The topological quantum numbers associated to the bulk depend on the discrete symmetries of the micro-
scopic Hamiltonians, such as time-reversal, particle-hole and chiral symmetries"?. Further spatial (crystalline)
symmetries have been proposed in order to extend the periodic table of topological free-fermion systems®*,
and more recently inversion symmetry has also gathered attention®®. However, time-reversal-invariant topo-
logical insulators are certainly the most studied so far”8. These time-reversal-invariant topological insulators
were theoretically proposed to occur in two-dimensional models involving a strong spin-orbit interaction®'?, and
were then experimentally observed in HgTe quantum wells'!. The spin-orbit interaction locks the spin and the
chirality together and produces counter-propagating edge currents, giving rise to the quantum spin Hall effect.
These topologically protected edge modes are right-handed and left-handed Dirac modes that always come in
pairs, in agreement with the time-reversal symmetry of the bulk. Their dynamics is consistently described by a
1+ 1-dimensional massless Dirac theory.

Moreover, it has been shown that local four-fermion interactions on the edge can transform the free-fermion
phase into a new non-Fermi-liquid phase, called helical Luttinger liquid (HLL)'>"°. In this picture, the strength of
the interactions is encoded in the Luttinger parameter K, which depends on the value of the coupling constant g

. of the four-fermion term. Although many studies have pointed out for which values of K the interactions are rele-

: vant, it is still unclear how the constant g is related to the microscopic properties of the Dirac edge modes, such as

. their spin, electric charge, etc. The relevant open question is whether there is any fundamental way to derive the
HLL from the universal properties of topological insulators.

The main goal of this paper is to provide an answer to this question. Firstly, we consider massless Dirac fermi-
ons constrained in one spatial dimension (the boundary), while the quantum excitations (i.e. the virtual photons)
of the U(1) gauge field are free to propagate in all the three spatial dimensions that represent the physical space
where the topological insulator is embedded, see Fig. 1. From this assumption, we derive the interacting fermi-
onic theory for the edge states of two-dimensional (2D) time-reversal-invariant topological insulators. By using a
Hubbard-Stratonovich transformation, we determine the effective 1 4- 1-dimensional gauge theory that mediates
the fermionic interaction, which is given by the sum of a conformal quantum electrodynamics (CQED)'*" plus
the 1+ 1-dimensional massless QED, also known as the Schwinger model'®7.

In this work, we focus on the CQED because describes a massless mode along the whole edge and is dominant
in the low-energy regime. It also preserves the dimensionality of both, the electric charge and the gauge field of
the 3 + 1-dimensional QED from which the CQED will be derived by using a dimensional reduction procedure.
This method has been already used in studies of graphene'®!? and related 2D massive Dirac systems, such as
silicene and transition metal dicalcogenides®, but to the best of our knowledge, it has not yet been employed
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Figure 1. The red wavy lines represent the virtual photons that are free to propagate in all the three spatial
dimensions, while the massless Dirac fermions with electric charge e are confined on the one-dimensional
boundary of the topological insulator. The arrows at the edges indicate the propagation of the topologically
protected right- and left-handed chiral modes.

in the description of one-dimensional systems, such as the edge currents of topological insulators. Notice that
in ref.?!, a projection of QED in 3+ 1-dimensions to a 1 4 1-brane was performed. However, a finite-size regu-
lator was introduced to avoid ultraviolet divergences that appear when confining the system to one dimension.
Therefore, the effective theory obtained is not scale invariant and cannot be conformal. In our approach, we found
an explicit way to deal with the divergences, such that we obtain the CQED without any regulator. Furthermore,
by integrating out the CQED gauge field in the corresponding partition function, we find that this gauge the-
ory gives rise to a 1 + 1-dimensional Thirring model?2. We then demonstrate that the bosonized version of the
interacting-fermion Hamiltonian describes exactly a HLL with a Luttinger parameter K and a renormalized Fermi
velocity that depend on the value of the fine-structure constant cv.

Conformal QED on the boundary of topological insulators

We start by considering two-dimensional time-reversal invariant topological insulators in class AII%. They have a
gapped bulk and topologically protected Dirac edge modes. These systems realize the quantum spin Hall effect,
i.e. the chirality of the Dirac edge modes is locked to the spin, which is preserved due to the time-reversal sym-
metry. Thus, the dynamics of the edge modes can be described by a 1 + 1-dimensional massless Dirac theory with
a two-component Dirac spinor 9 = (g, 1;)7, where 1 and v, are the right-handed spin-up and left-handed
spin-down chiral modes, respectively. It was theoretically proposed in refs'>!* and experimentally confirmed
in ref.?® that these topological insulators can support HLLs on the boundary due to the presence of unavoidable
electron-electron interactions. These non-Fermi liquid phases fully preserve the time-reversal symmetry and
are formally described by the free Dirac theory plus suitable four-fermion interactions. We now show that this
model and the corresponding HLL can be derived from a gauge theory by simply assuming that the electrically
charged propagating Dirac fermions on the edge interact through a quantum dynamical electromagnetic field
A, The essential point of our approach is that the massless Dirac fermions are confined on the one-dimensional
boundary, whereas the quantum excitations (i.e. photons) of the electromagnetic field are free to propagate in all
the three spatial dimensions, as shown in Fig. 1. The corresponding covariant QED action reads

SaeolA,, T, U] = ih f &r Pyt — f d*r [i‘}i EF” + ¢l A, 0
where d?r=vdxdt and d*r = cdxdydzdt, with v and ¢ the Fermi velocity and the speed of light, respectively. / is the
Planck constant divided by 2, e is the electric charge carried by each fermion, ¢, is the vacuum dielectric con-
stant, v are 2 x 2 Dirac matrices with ;1=0, 1 and {", ¥} =2¢g"", where g’ =diag(1l, —1, —1), F 5= GPAH — agAp
is the field-strength tensor, j3” = 1y, and P = wtyo with p, =0, 1, 2, 3. The effective interaction felt by the
massless Dirac fermions due to the gauge field can be obtained by integrating out the A -field in the partition
function Z, i.e.

z= (o7 [Dy fDApexp[;;sQED] - [p7 fpwexp[;—'seff[a, zp]], o

where S.z= Sp+ Siy, is the effective action, with Sj, the free Dirac action, given by the first term in Eq. (1), and S
the interaction term, given by

2
e

1
Sy = ——— | d*rd*'j?  (r)——> (),
int 2o 3 ( )(_D)J,, (r') )

where we performed the Wick rotation and [J is the dAlembertian operator in the Euclidean space. Now, by
imposing a constraint on the matter current,

o x, y,2) =Gl (8 %) 6(y) 8(2), (4)

we create the dimensional mismatch between the Dirac fermions and the virtual photons, preserving the 341
spacetime dimensionality of the electromagnetic field. Hence, by inserting Eq. (4) into Eq. (3), we get
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Table 1. The bosonic sector of the QED, PQED and CQED in the second column for ¢y=c=1. In lower
dimensions, the Maxwell theory is replaced by suitable versions that contains pseudo-operators, i.e. (3?) ™" with
n=1or 1/2, to adjust and preserve the dimensionality of the coupling constant [e] = 1. This means that QED,
PQED and CQED are renormalizable theories.

1+1( /)

2
St = ——— | d¥rdr'jl" (1)

M 20 (- D)

5)

where the symbol ... means that we need to evaluate the Green’s function at y=3'=0 and z=2z' = 0. To evaluate
Eq. (5), we first write the Fourier transform of the Green’s function

4 ik-(r—r1)
1 _ g fd_ka
(=0) @m)" (k%) (6)
where[l = 97 + 9% + 82 + 02 acts on the coordinates. We integrate over the momenta k and then impose the

above constramts on the coordinates, to eventually find (see Supplemental Material for details)

1 1 , o

1
4m D1+1 7)

where §(x — x') and 6(t — t') are two Dirac delta functions and [, ; is the d’Alembertian in 141 dimensions.
Notice that in refs*'?*, a finite-size regulator for the Dirac delta function in Eq. (4) was introduced. This result
agrees with ours in the limit when the finite-size regulator is removed.

The replacement of the terms in Eq. (7) in the effective interaction (5) leads to

2
e
St = ——— [l ) (0) =

4mec

0" 7 ®)

By using a Hubbard-Stratonovich transformation, we rewrite individually each Gaussian-type interaction in Eq.
(8) in terms of new and independent auxiliary (1 + 1)D gauge fields AZ (with a=1, 2), and obtain

SLAL T, 01 = [ & (590 = aify A, = RSB = ail A - RacBEY)
which replaces the action (1) and represents the main result of this work. By integrating out the A®-fields in
Eq. (9) one obtains, besides the free Dirac action, exactly the interacting terms given by Eq. (8) (see Sup. Mat. for
details). From our result (9) we can derive two well-known exactly solvable models in 1 4 1-dimensions: by inte-
grating out the A’ -field, we obtain the Thirring model??, whereas the Lagrangian for the .A2-field can be identified
with the Schwinger model'®?*, The pseudo-differential operator in the kinetic term of the A’ -field determines its
dimensionality, such that the coupling constant e remains dimensionless, while & = eA is a dimensionful bare
constant and A has a mass dimension (see sup. mat. for more details).

It is known that the Schwinger-Thirring model leads to a massless and a massive bosonic mode?®*. However,
in the low-energy limit, i.e. k < evA, only the former describes a propagating mode along the whole edge. The
massive mode is localized and may be accessed only at higher values of the energy. Moreover, this massless bos-
onic mode reveals the critical - zero mass — nature of the original fermion. From now on, by focusing on the
low-energy regime, we proceed our analysis by neglecting the contribution from the massive A -field.

We want to emphasize that the dimensional reduction procedure performed here has been already employed
in the study of two-dimensional materials, such as graphene. In this case, the corresponding effective field the-
ory is the so-called Pseudo QED (PQED)*%, i.e., a (2+ 1)D QED with higher-order derivatives in the Maxwell
term (see Table 1). When electrons are confined in (1 + 1)D, the non-local (higher derivative) Maxwell term of
the effective theory in Eq. (9) leads to a conformal theory when ¢ =v'*'>. Importantly, both time-reversal and
conformal symmetries are relevant in the identification of the right interacting phase of the topological insulator
in the low-energy regime. Thus, because the boundary of a 2D non-interacting topological insulator is described
by a free conformal field theory defined in terms of a 1D Dirac theory, we will consider the conformal fixed point
(¢=v) even for the interacting phase by deriving the corresponding HLL in the following section. This CQED
shares some properties with PQED. In fact, in both theories the electric charge e is a dimensionless parameter,
as in usual (3+ 1)D QED. The fact that the coupling constant remains dimensionless makes perturbative studies
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more reliable. Moreover, just like in the Luttinger-liquid case, in PQED and in CQED the excitations are collective
modes and there are no quasi-particles because the Green’s function has branch cuts instead of poles®.

Thirring model and helical Luttinger liquid

Here, we derive in a straightforward way the HLL from our effective field-theory model. The fermionic kine-
matical term in Eq. (1), together with the local interaction term in Eq. (8), allow us to write the purely effective
fermionic action

st = [ dlindy o - g} 10)
which can be recognized as the massless Thirring model?, with the coupling constant g=e?/4mec. The corre-
sponding Hamiltonian is then calculated by employing a Legendre transformation,

Heff: Vfd.x

>

2
iy — Uiy + ——bibrbi vy
TEWC

(1m

where the interaction term is nothing but the forward scattering, and we have used the chiral basis with ¢ = (1,
)T, with the fermion operators satisfying usual anti-commutation relations. The bosonization of Eq. (11) is
straightforward®’, and we obtain

i =7 [dx| (0,0 + KO0’
which is the HLL Hamiltonian, with the scalar fields ¢ = (¢ + ¢;)/~/2 and 6 = (¢ — ¢;)/~2. Here, the bos-
onization rules read

1
E( (12)

L iime L iame
= —¢ R) = ——¢ L,
Vr 2 V1 2r (13)

with the Luttinger parameter K and the renormalized velocity ¥ respectively given by

K:J[l - 2] [Hz_a]‘i
T T (14)

2

%

vV =hy 1——2,
T (15)

where o = e*/4mhev is a measure of the strength of the electron-electron interaction, also known as the
fine-structure constant. Because « is an observable that depends on the material, i.e. on the dielectric constant of
the medium, € =¢,6, and v is the velocity of the fermions when they propagate in this material. Thus, due to gauge
principle and to the projection from QED to CQED, we have been able to derive the HLL on the boundary of the
topological insulator. Moreover, we have determined the value of the Luttinger parameter and the renormalized
velocity, which depend, in our framework, only on the generic properties of the Dirac modes, i.e. the value of their
electric charge, the Fermi velocity and the dielectric constant by means of the fine-structure constant .

Luttinger-parameter discussion

The parameter K in the HLL defines different regimes of the interaction, which changes from repulsive (K < 1),
passing through non-interacting (K= 1), to attractive (K > 1)*'. Nonetheless, how this parameter relates to fun-
damental properties of the materials was still unclear. In refs*>*, a formula that connects K with « is derived
by employing perturbation theory with either the Kondo or the backscattering interaction. Here, we have pre-
sented a gauge-principle derivation of the Luttinger parameter, which is found to depend on the strength of the
electron-electron interaction ov.

Now, we compare our results with a prior theoretical prediction proposed in refs*>**, K = [1 + (8«a/7)In(d/{)]
Here, d is the distance from the quantum wells to a closeby metallic gate, and £ acts as a cutoff for short distances. This
dependence of the parameter K on o was obtained at the level of perturbation theory on the HLL Hamiltonian, i.e.
additional interaction terms had to be taken into account, such as the Kondo or the backscattering interaction.
Although our approach is non-perturbative, there are implicit approximations based on the theoretical description of
the edge states in terms of QED. The presence of metallic gates in realistic experiments, for instance, could have crucial
influence on the field lines of the virtual photons and would modify the effective action in a non-trivial way. Using the
values of the parameters reported experimentally for HgTe quantum wells, v~ 5.5 x 10°m/s'¥, ¢, = 15333,
d=150nmand ¢ = max {30, 12} nm?, the authors in ref.** find K~0.8. Within our model, which depends only on
v, we obtain K~0.84.

Notice that our approach does not involve the backscattering term, which induces further corrections to
the parameter K, as seen in the case of InAs/GaSb quantum wells*. This implies that our theoretical predic-
tion applies to materials that have weak backscattering and high Fermi velocities, such as HgTe*. Nevertheless,
the backscattering term can be obtained within our approach upon considering the massive Thirring model.
The corresponding bosonization is discussed in the supplemental material with the Klein factors defined as in
ref.?”. Other possible 2D topological insulators that would be good candidates to test our theoretical proposal

—1/2
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Figure 2. Luttinger parameter K dependence on the dielectric constant ¢, for fixed values of the Fermi velocity
v. (a) The blue (black) and green (grey) curves are for v=10°m/s and v=5 x 10°m/s, respectively, and they
indicate that for sufficiently large values of ¢, the system becomes non-interacting (K= 1), while for smaller
values of ¢, the interaction is repulsive (K < 1). (b) A proposal to obtain attractive interactions K> 1 by
changing the sign of the dielectric constant (red/grey curve) for a sample with v=10°m/s.

are plumbene monolayers®® and germanene films*. The Fermi velocity in these materials has the same order of
magnitude as that in HgTe, indicating that backscattering might not be so relevant.

Furthermore, we show how to tune K in order to obtain different regimes of interaction. From Eq. (14), we
notice that to change K we can either change v or the dielectric constant of the medium. In Fig. 2a, we depict the
dependence of K on the dielectric constant €, in the range [1-15], for a fixed velocity v=10°m/s. In the asymp-
totic limit where €, — oo (meaning that we are considering very large values of the dielectric constant, not a
mathematical infinity), it would be possible to reach the value of K= 1. For smaller velocities v, the minimum
value of the dielectric constant for which K becomes real increases, i.e., for v="5 x 10°m/s, e.g., e™" 2.7,
instead of ™" ~ 1.4 for v=10°m/s. On the other hand, if we consider negative values of the dielectric constant
by placing the topological insulator on top of a meta-material, then it is possible to switch from repulsive to
attractive interactions, i.e., K(x) — K& |x|) = /(1 + |x[)/(1 — |x|) with x=2c/7. We illustrate this situation in
Fig. 2b. The dielectric constant of the medium here plays the same role of Feshbach resonances in ultracold atoms,
which allow to tune the interaction parameter from the repulsive to the attractive regime*.

Conclusions

In this paper, we derived a gauge theory on the boundary of two-dimensional time-reversal-invariant topolog-
ical insulators. Our starting point was to assume that the interactions between the charged one-dimensional
Dirac fermions at the edge are mediated by a quantum dynamical electromagnetic field, where the virtual pho-
tons are free to propagate in all the three spatial dimensions. By implementing a dimensional-reduction pro-
cedure, we derived the corresponding CQED, which describes the HLL. We emphasize that our approach is
non-perturbative, and has a more vast applicability in condensed-matter physics. Indeed, the one-dimensional
effective theory derived here also works in the case of nanowires deposited on a substrate, in which the HLL phase
can be easily obtained**2, as done for topological insulators.

In our work, we provide, to the best of our knowledge, a field-theory derivation of the Thirring model, which
opens the path to the manipulation of the Luttinger parameter K by modifying the dielectric constant of the
substrate on which the one-dimensional system might be deposited. Interestingly, we find that upon the use of a
meta-material as a substrate, it is possible to change the interactions from repulsive into attractive. These results
might have profound implications for transport properties in nanostructures in particular, and nanotechnology
in general.

References

1. Altland, A. & Zirnbauer, M. R. Nonstandard symmetry classes in mesoscopic normal-superconducting hybrid structures. Phys. Rev.
B 55,1142 (1997).

2. Schnyder, A. P, Ryu, S., Furusaki, A. & Ludwig, A. W. W. Classification of topological insulators and superconductors in three spatial
dimensions. Phys. Rev. B78, 195125 (2008).

3. Slager, R.-J., Mesaros, A., Juricic, V. & Zaanen, J. The space group classification of topological band-insulators. Nat. Phys. 9, 98-102
(2013).

4. Fu, L. Topological Crystalline Insulators. Phys. Rev. Lett. 106, 106802 (2011).

5. Hughes, T. L., Prodan, E. & Bernevig, B. A. Inversion-symmetric topological insulators. Phys. Rev. B 83, 245132 (2011).

6. van Miert, G., Ortix, C. & Morais Smith, C. Topological origin of edge states in two-dimensional inversion-symmetric insulators and
semimetals. 2D Mater. 4,015023 (2017).

7. Hasan, M. Z. & Kane, C. L. Colloquium: Topological insulators. Rev. Mod. Phys. 82, 3045 (2010).

8. Bernevig, B. A. & Hughes, T. L. Topological Insulators and Topological Superconductors (Princeton, 2013).

9. Kane, C. L. & Mele, E. J. Quantum Spin Hall Effect in Graphene. Phys. Rev. Lett. 95, 226801 (2005).

0. Bernevig, B. A., Hughes, T. L. & Zhang, S.-C. Quantum Spin Hall Effect and Topological Phase Transition in HgTe Quantum Wells.
Science 314, 1757 (2006).

11. Kénig, M. et al. Quantum Spin Hall Insulator State in HgTe Quantum Wells. Science 318, 766 (2007).

12. Wu, C,, Bernevig, B. A. & Zhang, S.-C. Helical Liquid and the Edge of Quantum Spin Hall Systems. Phys. Rev. Lett. 96, 106401

(2006).

SCIENTIFICREPORTS |7: 14175 | DOI:10.1038/s41598-017-14635-y 5



www.nature.com/scientificreports/

13. Xu, C. & Moore, J. E. Stability of the quantum spin Hall effect: Effects of interactions, disorder, and Z, topology. Phys. Rev. B 73,
045322 (2006).

14. Giombi, S., Klebanov, I. R. & Tarnopolsky, G. Conformal QED,, F-theorem and the ¢ expansion. J. Phys. A: Math. Theor. 49, 135403
(2016).

15. Giombi, S., Tarnopolsky, G. & Klebanov, I. R. On C;and Cr in conformal QED. JHEP 08, 156 (2016).

16. Schwinger, J. S. Gauge Invariance and Mass. II. Phys. Rev. 128, 2425 (1962).

17. Shankar, R. & Murthy, G. Deconfinement in d = 1: Asymptotic and half-asymptotic particles. Phys. Rev. B 72, 224414 (2005).

18. Marino, E. C., Nascimento, L. O., Alves, V. S. & Morais Smith, C. Interaction Induced Quantum Valley Hall Effect inGraphene. Phys.
Rev. X 5,011040 (2015).

19. Menezes, N. et al. Spin g-factor due to electronic interactions in graphene. Phys. Rev. B 95, 245138 (2017).

20. Nascimento, L. O., Marino, E. C., Alves, V. S. & Morais Smith, C. Emerging Quantum Hall Effect in Massive Dirac Systems. Preprint
at https://arxiv.org/abs/1702.01573 (2017).

21. Gorbar, E. V., Gusynin, V. P. & Miransky, V. A. Dynamical chiral symmetry breaking on a brane in reduced QED. Phys. Rev. D 64,
105028 (2001).

22. Thirring, W. A Soluble Relativistic Field Theory? Ann. Phys. 3,91 (1958).

23. Li, T. et al. Observation of a Helical Luttinger Liquid in InAs/GaSb Quantum Spin Hall Edges. Phys. Rev. Lett. 115, 136804 (2015).

24. Kotikov, A. V. & Teber, S. Two-loop fermion self-energy in reduced quantum electrodynamics and application to the ultrarelativistic
limit of graphene. Phys. Rev. D 89, 065038 (2014).

25. Ruiz, E R. & Alvarez-Estrada, F. R. Thermodynamics of the Schwinger and Thirring models. Phys. Rev. D 35,3161 (1987).

26. Mitra, P. & Rahaman, A. The Nonconfining Schwinger Model. Ann. Phys. (NY) 249, 34 (1996).

27. Georgi, H. & Kats, Y. J. Unparticle self-interactions. High Energy Phys. 65,2010 (2010).

28. Marino, E. C. Quantum electrodynamics of particles on a plane and the Chern-Simons theory. Nucl. Phys. B 408, 551 (1993).

29. Marino, E. C., Nascimento, L. O., Alves, V. S. & Morais Smith, C. Unitarity of theories containing fractional powers of the
d’Alembertian operator. Phys. Rev. D 90, 105003 (2014).

30. Senechal, D. An introduction to bosonization. Preprint at http://arxiv.org/abs/cond-mat/9908262 (1999).

31. Giamarchi, T. Quantum Physics in One Dimension (Oxford, 2003).

32. Maciejko, J. et al. Kondo effect in the helical edge liquid of the quantum spin Hall state. Phys. Rev. Lett. 102, 256803 (2009).

33. Teo, J. C. Y. & Kane, C. L. Critical behavior of a point contact in a quantum spin Hall insulator. Phys. Rev. B 79, 235321 (2009).

34. Gusev, G. M. et al. Temperature dependence of the resistance of a two-dimensional topological insulator in a HgTe quantum well.
Phys. Rev. B 89, 125305 (2014).

35. Tkachov, G. et al. Backscattering of Dirac fermions in HgTe quantum wells with a finite gap. Phys. Rev. Lett. 106, 076802 (2011).

36. Spanton, E. M. et al. Images of edge current in InAs/GaSb quantum wells. Phys. Rev. Lett. 113, 026804 (2014).

37. Lee, T. Klein factors and Fermi-Bose equivalence. J. Korean Phys. Soc. 68, 1272 (2016).

38. Zhao, H. et al. Unexpected giant-gap quantum spin Hall insulator in chemically decorated plumbene monolayer. Sci. Rep. 6, 20152
(2016).

39. Zhang, R.-W. et al. New family of room temperature quantum spin Hall insulators in two-dimensional germanene films. J. Mater.
Chem. C 4, 2088 (2016).

40. Chin, C., Grimm, R, Julienne, P. & Tiesinga, E. Feshbach resonances in ultracold gases. Rev. Mod. Phys. 82, 1225 (2010).

41. Oreg, Y., Refael, G. & von Oppen, F. Helical liquids and Majorana bound states in quantum wires. Phys. Rev. Lett. 105, 177002
(2010).

42. Egger, R., Zazunov, A. & Levy Yeyati, A. Helical Luttinger Liquid in Topological Insulator Nanowires. Phys. Rev. Lett. 105, 136403
(2010).

Acknowledgements

This work was supported by CNPq (Brazil) through the Brazilian government project Science Without Borders.
The work of G.P. and C.M.S. is part of the DITP consortium, a program of the Netherlands Organisation for
Scientific Research (NWO) that is funded by the Dutch Ministry of Education, Culture and Science (OCW). We
are grateful to Eduardo C. Marino, Vladimir Gritsev, Dirk Schuricht, George Japaridze and Lars Fritz for inspiring
discussions.

Author Contributions
C. Morais Smith and G. Palumbo designed the research, N. Menezes performed the calculations. All authors
discussed the results and wrote the manuscript.

Additional Information
Supplementary information accompanies this paper at https://doi.org/10.1038/s41598-017-14635-y.

Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS |7: 14175 | DOI:10.1038/s41598-017-14635-y 6


https://arxiv.org/abs/1702.01573
http://arxiv.org/abs/cond-mat/9908262
http://dx.doi.org/10.1038/s41598-017-14635-y
http://creativecommons.org/licenses/by/4.0/

	Conformal QED in two-dimensional topological insulators

	Conformal QED on the boundary of topological insulators

	Thirring model and helical Luttinger liquid

	Luttinger-parameter discussion

	Conclusions

	Acknowledgements

	Figure 1 The red wavy lines represent the virtual photons that are free to propagate in all the three spatial dimensions, while the massless Dirac fermions with electric charge e are confined on the one-dimensional boundary of the topological insulator.
	Figure 2 Luttinger parameter K dependence on the dielectric constant εr for fixed values of the Fermi velocity v.
	Table 1 The bosonic sector of the QED, PQED and CQED in the second column for ε0 = c = 1.




