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Published online: 21 September 2017 . Quantum coherence and quantum correlations are important quantum resources for quantum

: computation and quantum information. In this paper, using entropy-based measures, we investigate

the relationships between quantum correlated coherence, which is the coherence between subsystems,
and two main kinds of quantum correlations as defined by quantum discord as well as quantum
entanglement. In particular, we show that quantum discord and quantum entanglement can be well
characterized by quantum correlated coherence. Moreover, we prove that the entanglement measure
formulated by quantum correlated coherence is lower and upper bounded by the relative entropy of
entanglement and the entanglement of formation, respectively, and equal to the relative entropy of
entanglement for all the maximally correlated states.

Quantum coherence arising from quantum superposition’, represents a fundamental feature that marks the
departure of quantum mechanics from classical physics. Recently, many efforts have been devoted to develop
the resource theory of quantum coherence*”’. Meanwhile, various properties of quantum coherence have been
investigated such as the connections between quantum coherence and quantum correlations in multipartite sys-
tems®3, the distillation of coherence>'*'%, the dynamics under noisy evolution of quantum coherence'®!’, among
others. The role of coherence in thermodynamics has also been discussed!®".

Besides, quantum coherence in multipartite systems involves the essence of quantum correlations. One of
the potential quantum correlations is quantum entanglement®*-*, which has been widely concerned. Another
kind of quantum correlations is quantum discord®?, which may even exist in a separable state with vanished
entanglement. Both of them are crucial resources for the development of quantum technologies, such as quantum
communication®*?!, quantum computation®**?, quantum metrology*, and many more. In these cases, quantum
correlations indicate an advantage of quantum methods over classical ones.

Note that previous results in ref."* have established a unified view of quantum discord and quantum entangle-
ment with the framework of quantum coherence based on the /;-norm of coherence. By contrast, we will adopt
the relative entropy of coherence to explore the concise relationships between quantum discord and quantum
correlated coherence'®, which is the coherence between subsystems. This is based on the fact that the entropy
plays a crucial role in quantum information theory. Remarkably, quantum correlated coherence can be seen as a
‘correlation function, which captures the correlation between subsystems. On the other hand, quantum correlated
coherence can be used to construct an entanglement measure, which is called the entanglement of coherence
(EOC)". However, many important properties, such as additivity, and relations to other entanglement measures,
have not been investigated. In this paper, using entropy-based measures, we will show that the EOC is lower and
upper bounded by the relative entropy of entanglement and the entanglement of formation, respectively, and
equal to the relative entropy of entanglement for maximally correlated states. We also compare the EOC with the
entanglement measure, which is the minimal discord over state extensions*. Our work provides clear relation-
ships between quantum coherence and correlations with entropy-based measures.

Results
Measures of quantum coherence, entanglement and discord. In the framework of coherence the-
ory*, let {|i)} be a reference basis in the finite dimensional Hilbert space, and the incoherent sates are those whose
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density matrices are diagonal in this reference basis, being of the form ), p. i) (i|, where p; are probabilities. The set
of all incoherent states is denoted as Z. It is known that a quantum operation is characterized by a set of Kraus
operators {K}} satisfying 3", KK, =1I.In partict:lar, an incoherent quantum operation is that for which there
KoK,
Tr(KoK,)
with respect to the reference basis {|i)} (otherwise called the completely dephasing operation!!) is a special inco-
herent quantum operation denoted as IT= {|i) (i|}. For any state p, we have II(p) = p“* = >l pli) (dl-
Remarkably, any state p will generate an incoherent state p#* by removing all off-diagonal terms from its density
matrix in the reference basis under II. As a quantifier of coherence, we will use the relative entropy of coherence
which is defined as C,,(p) = min, .7 S(p||o), where S(p||o) = Tr(plog,p) — Tr(plog,o)is the quantum relative
entropy*® and the minimization is taken over the set of incoherent states 7. It has been shown that C, () satisfies
all the conditions mentioned in ref.*. Crucially, this quantity can be evaluated exactly: C,(p) = S(p a8y — S(p),
where §(p) = —Tr(plog, p) is the von Neumann entropy™.

In this paper, unless otherwise stated, we will often refer to a bipartite composite quantum system AB, where
A and B are local subsystems. For convenience, we say the subsystems A and B are held by Alice and Bob, respec-
tively. For a given state p,p in system AB, the local states of Alice and Bob are denoted as p, = Try(p,5) and
pp=Tr,(p4p), respectively, which are obtained by performing a partial trace on p,p.

Quantum entanglement?-?* is a popular kind of quantum correlations which can not be prepared by local
operations and classical communication (LOCC). Any state prepared by LOCC is separable. As a quantifier of
entanglement, we will employ the relative entropy of entanglement"** defined as E, (p, ;) = min,, . sS(p| o) with
the minimization over the set of separable states S. Another closely related quantity is entanglement of forma-

tion? defined as Ef(p,,) = min o) 2k P.Ero(|¥1) (x| )» where the minimization is taken over all decomposi-

tions of the state p, ;= 3P, Wk)(¢k|: ' o
Quantum discord measures the disturbance induced by local measurements to multipartite states*>~?°. Here,

we use the discord measure which is based on the entropy theory. Let {|i) 4} and {|j) 5} be some orthonormal bases
of subsystems A and B, respectively. If Bob performs the von Neumann measurement IT; = {|j) (j|} on his subsys-
tem, the post-measurement state of p, is denoted as

HB(PAB) = Z(IA ® (j'B(j‘)pAB(IA ® (jlz (i) )
j

where I, is the identity operator on subsystem A. Then, the asymmetric quantum discord with respect to IT; can
be written in terms of a difference of relative entropies®~%,

exists a Kraus representation {Kj} such that ¢ 7 forallland allo € Z. The von Neumann measurement

D (p,) = S(p,ll, ® py) — Sy, ), © Thylpy))- @)

In the classical-quantum dichotomy, to remove the measurement-basis dependence, the asymmetric quantum
discord is defined as 4P () = minHBDHAJB (p,p) with the minimization over all local von Neumann measure-
ments IT,. If Alice only performs the von Neumann measurement IT, = {|i), (i|} on her subsystem, the similar
results are available. Besides, if both Alice and Bob perform local von neumannn measurements II, and IT; on
their respective subsystems, the symmetric quantum discord (global quantum discord in bipartite system?’) with
respect to I, ® Il is defined as:

DHA®HB(pAB) = S(pAB"pA ® pB) - S(HA ® HB(pAB)”HA(pA) ® HB(pB))

Then, the symmetric quantum discord is defined as D(p, ,) = miny; o D (p, )> with the minimization over
X ‘AB [, T 11, @11
all the local von Neumann measurements of Alice and Bob.
Recently, Yadin et al.*” studied the asymmetric basis-dependent discord DI%JB( -), which can be seen as the
r‘[“BlB( -) under the strictly
incoherent operations were investigated. Here, we will connect the basis-dependent discord and quantum

correlated coherence.

pAB

basis-dependent measure of quantumness of correlation, and the properties of D

Quantum correlated coherence and quantum discord.  Let {|i) 1} and {|j) 5} be the local reference bases
of subsystems A and B, respectively, and we usually use their tensor product {|if),} as the reference basis of the
composite system AB. For a state p,p in system AB, its total coherence is C,,(p, ), while C,(p,) and C, (p;) are
known as local coherences. Whenever p,; is a product state, the sum of local coherences is equal to the total
coherence. Generally, the relative entropy of coherence admits the super-additive property'®:

Crolpyp) = Crolpy) + Crolpp)- (3)

Thus, the definition of quantum correlated coherence with respect to the relative entropy of coherence is given
in the following.

Definition 1. (K. C. Tan et al.'®) Let {|i) 1} and {|j)} be the local reference bases of subsystems A and B, respectively.
For a given state p,p in system AB, its quantum correlated coherence is defined as

sz(pAB) = Cre(pAB) - Cre(pA) - C,g(PB)- (4)
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Obviously, quantum correlated coherence is the total coherence between subsystems and non-negative. In fact, quan-
tum correlated coherence is a ‘correlation function, which is similar as quantum mutual information®. For a state p,p,
whatever the reference bases of subsystems are, its quantum correlated coherence is always zero, if and only if p,5 has
no correlationsie., p, , = p, ® p,. The ‘only if” part is directly derived from the Theorem 1 below. In this sense, quan-
tum correlated coherence can be seen as the basis-dependent measure of quantumness of correlation and accounts for
quantum correlations, for example, quantum discord.

With respect to the local reference bases of {|i),} and {|j) 3} of subsystems A and B, respectively, the local von
Neumann measurements of Alice and Bob are denoted as IT, = {|i), (i|} and II;={|j)5 (j|}, respectively. IT, and
I are also called completely resource (coherence) destroying maps which play a crucial role in the resource
theory of coherence®®. By direct calculation, we get that the consumption of quantum correlated coherence for
any state p,p under II; coincides with the asymmetric basis-dependent discord DﬁquB(pAB), ie.,
Cﬁ%(p B~ Ciﬁ(Hfg(pA B = Df?BIB(pA ) Ac.cording to the condition for the asymmetric basis-dependent discord
Dy, (p,p) t0 vanish?’, we have the following result.

Proposition 1. Let {|i),} and {|j)s} be the local reference bases of subsystems A and B, respectively, and the local
von Neumann measurement in the basis {|j)g} is denoted as IT;. For a given state p,p in system AB, its quantum
correlated coherence remains unchanged under I, i.e., C;;(p, ) = C;(Il5(p, ), if and only if there exists a
decomposition p, , = 3, p p," ® p,* such that p, are probabilities and all the states p," are perfectly distinguish-
able by the von Neumann measurement in the reference basis {|j)s}.

In Proposition 1, two different states, which are perfectly distinguishable by the von Neumann measurement
in the reference basis {|f)}, must have disjoint coherence support. The coherence support of a state is the set of
some incoherent basis vectors which have nonzero overlap with the state*”. Proposition 1 provides a concise rela-
tionship between quantum correlated coherence and quantum-classical states? for some local reference bases of
subsystems A and B.

Using the very similar arguments as Dr‘}‘IJB(pAB), we obtain that quantum correlated coherence is corre-
sponding to the symmetric basis-dependent discord C7(p, ;) = Dy, o1, (p, )- Moreover, we also find the con-
dition for quantum correlated coherence (the symmetric basis-dependent discord) to vanish.

Theorem 1. Let {|i),} and {|j)s} be the local reference bases of subsystems A and B, respectively. For a given state
pap in system AB, its quantum correlated coherence is equal to zero, i.e., Cy(p, ,) = 0, if and only if there exists a

- P
decomposition,

k I
Pap = ZpklpA @ Pp>
Kl (5)

such that p,, are probabilities, and all the states p: and pBZ are perfectly distinguishable by the local von Neumann
measurements with respect to the local reference bases {|i),} and {|j) g}, respectively.

Proof. To prove the sufficiency, we will use the following property of von Neumann entropy,

S[Zp,-p,] = h(ph) + 2opS(p), o

where h({p;}) is Shannon entropy and all p; have support on orthogonal subspaces. Since all p: and pBl are perfectly
distinguishable by the local von Neumann measurements in the local reference bases {|i) 1} and {|j) s}, respectively,
{ p:(l)}, {p: ® pé}, {p:(’)di“g}, and { p:di“g ® pl;’di“g } are sets of states with support on orthogonal subspaces. Direct
calculation shows that Cy(p, ;) = 0.

Note that C7(p, ;) = S(p,gllp, @ pp)—S(T, ® Ta(p, ) ITL(p,) ® TIx(py)), where IT, and 11 are the local von
Neumann measurements in the local reference bases {|i),} and {|j) 5}, respectively. To prove the necessity, we will
use the condition for the quantum relative entropy which is unchanged under a quantum operation**° and the
explicit proof is left to the Methods.

Theorem 1 has several implications. First, it implies that a state with vanished quantum correlated coher-
ence is a specially classical-classical state?! but not necessary to be a bipartite incoherent state®!*. Particularly, a
qubit-qubit state with vanished quantum correlated coherence is a product states or a bipartite incoherent state.
More complex cases only emerge in higher dimension. For example, the following qutrit-qutrit state with van-
ished quantum correlated coherence, has yet local coherences:

= 3510000+ 31 o dranl) © (S10HO1 + 51 o Dranl) + 3120420 © (1))

where| +,j) = %( li) + |j)) and the reference basis of each subsystem is the computable basis. Second, Theorem
1 indicates the structure of bipartite states which satisfy the super-additive property of the relative entropy of
coherence with equality. This settles an important question left open in previous literature!* that whether the
equality of Eq. (3) holds if and only if p, is product or incoherent. Finally, if we choose the local eigenbases of p,
and pj; as the reference bases of subsystems A and B, respectively, Proposition 1 and Theorem 1 reduce to the
corresponding results in ref.!*. In this sense, our results somewhat generalize the previous results.

The above results show that quantum correlated coherence and the basis-dependent discord are closely related. Due
to the equality C7;(p, ,) = Dyy, o 11,(p, ) the symmetric quantum discord is rewritten as D(p, ) = min{|i>A,U>B}Cﬁg( O4p)
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Recall that the symmetric quantum discord based on the pseudo distance of relative entropy is equal to the basis-free
quantum coherence'>%, which is denoted as C/7¢( pyp) = mingy o3 Cropy ) Both of the minimization are taken over
all the local generic bases {|i),} and {|j) 5} of subsystems A and B, respectively. However, one may also consider defining
a discord measure Dpgy(-) via general local positive-operator-valued measurements (POVMs) on each subsystem>?
instead of the local von Neumann measurements. Comparing these three quantifiers of quantum discord, we easily
have the inequality C/¢¢( 2 = D(p,p) > Dpoy(p, z)- Whenever these three quantities are zero, the corresponding
states are classical-classical states?*!, Similarly, the asymmetric quantum discord D**(p,) can also be represented by
quantum correlated coherence.

In multipartite systems, the global quantum discord (GQD)?¥ can even be represented with quantum corre-
lated coherence. It is worth noting that the reference basis of a multipartite system is the tensor product of the
local reference bases of all the subsystems. For a N-partite state Pecycy its GQD is represented as
D(pclczm CN) = min{liocl,‘i2>czw,|iN>cN 1Crelp Gy CN), where the minimization is taken over all the generic bases of
the multipartite system. With respect to some reference basis of the N-partite system, {| i, lia)e, +lin)c, b it holds
that Cii(”clcz---cN) = C’e(pclcz---CN) — Zicre(pci)' Using the super-additive property of the relative entropy of
coherence given in inequality (3), we are easy to get that the GQD of any N-partite state is non-negative and for
a multipartite classical state it is equal to zero. This provides a simple proof of the non-negativity of the GQD

in ref.?’. These results mean that quantum discord in multipartite systems can be better understood with the
framework of quantum coherence.

Quantum correlated coherence and quantum entanglement. According to the above discussion,
we know that if for arbitrary local reference bases of subsystems A and B, the quantum correlated coherence
of p,p does not vanish, there must exist quantum correlation (quantum discord) between subsystems A and B.
Moreover, it is also possible to characterize entanglement with quantum correlated coherence via state extensions,
for example, the entanglement of coherence (EOC)". Then, entanglement can be seen as the irreducible residue
of quantum correlated coherence. This highlights the non-locality of quantum entanglement.

In the following, we will discuss some properties of the EOC. For a given state p, in system AB, a bipartite
state p44pp is an extension of p,p if pyarpp satisfies Tryp(paupp) = pap Where subsystems AA’ and BB’ are held by
Alice and Bob, respectively'**. The following definition of the EOC establish a connection between entanglement
and quantum correlated coherence.

Definition 2. (K. C. Tan et al.') For a given state p g, paapp i its unitarily symmetric extension and let the local
eigenbases of p, . and pyy be the local reference bases of subsystems AA’" and BB', respectively. The entanglement of
coherence (EOC) of pap is defined as

E:e‘:(pAB) = mincig(pAA/BB/)s (7)

where the minimization is taken over all possible unitarily symmetric extensions ppp.

In Definition 2, the extension p,/pp is unitarily symmetric if it remains invariant up to local unitary oper-
ations on AA’ and BB’ under a system swap between Alice and Bob. It has been shown that the EOC has the
properties'®: non-negative, vanished for separated states, invariant under local unitary operations, non-increasing
under LOCC operations, and convex. Furthermore, using entropy-based measures, we give the bounds of the
EOC.

Theorem 2. For a given state p,g, it holds that

E.(pp) < Er(pyp) < Efpyp)- (8)
If pag is a pure state, these three quantities in inequality (8) are equal.
Proof. Taking some unitarily symmetric extension p,p of psp, We have

Creltyups) = CrePyamp) = ErePyppp) = Ere(pyp)s )

where the first inequality is due to that the relative entropy of coherence is no less than the relative entropy of
entanglement for a state!?, and the last inequality is due to that entanglement is un-increased under LOCC oper-
ations”"**. Then, the inequality (9) means that E,(p, ;) < Ex(p, ,)-

To prove the inequality E;[(p,,) < Ef(p,,) we consider the optimal decomposition of the state
Py = b [ (| such that E(p, ) = 37, p°E,(|1;") (1)) Every state |¢)) is represented with the Schmidt
decomposition|y);*) = 32 iA ilii )A lj;) - For every i, {lj:ya} and {]j;) s} are expanded to be the orthonormal bases of

subsystems A and B, respectively, but both of them are still labeled with original symbols. Define the state

D = S A @ 18, 110,01 1), il
! Tpli

where {|i) 41z} is the orthonormal basis of system A’(B’). Note that {[j;)4|i) '} and {|j;)|i) '} are local eigenbases
of psa and pgp, respectively. Let U, ,, = Zi)ji lj )BA il ® |i)B,A,(i| and Uy = Zi)ji Ui)AB il ® \i)A,B,(i| and a little
thought shows that these two unitary operators satisfy
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Ao T t= R
Usar ® Upp(TopapPy g Tswap) Uaar @ Upp = Dy ippn

where T,,, denotes the swap operator with respect to the local eigenbases of p,, and pgg, i.e., {|j;)ali)a} and
{lj:)sli) 5}. Therefore, p,pp is unitarily symmetric. Consequently, we calculate the quantum correlated coherence

of D) rgpe

A
Cilopms) = Crlpinps)

Zpi*s ZA]le],)AO,l ® |],)B(]1l
i j;

22p S| 20, G
i J;
= Ef(pAB)>

where the second equality is due to the property of von Neumann entropy given in Eq. (6). The above equality implies
that E;(p, ) < C “( Piaps) = Ef(p,5)- I pap is a pure state, its relative entropy of entanglement is equal to its entan-
glement of formation, and then equal to its EOC. Hence, the desired results of Theorem 2 are obtained. O
From Theorem 2, we conclude that the EOC is not strictly less than the relative entropy of entanglement for a
bipartite state, since for pure states they are equal. Moreover, for a maximally correlated state*, it is of the form:

Ze,l (t| ® [s)s(t],

(10

where {|s),} and {|¢);} are some orthonormal bases of subsystems A and B respectively and p,, are the matrix
elements. Then, its EOC is also equal to its relative entropy of entanglement. We show this result in the following
theorem.

Theorem 3. For any maximally correlated state p,p as given in Eq. (10), its EOC is equal to its relative entropy of
entanglement, i.e., E,. (pAB) E, (p,p)

Proof: For the maximally correlated state p,p, it has the form given in Eq. (10). Let the local eigenbases of p, and
Pp 1.e., {|s)4} and {|t) 5}, be the local reference bases of subsystems A and B, respectively. According to the
ref.®,we have C (o) = E,(p,,), Where pr =3 tf’l Ya(t| in subsystem A. Direct calculation yields
CCC(pAB) _ S(pdmg) = S(p,)=S(p; diagy _ S(p;) = C,(p;)- Obviously, p, . ® |00) 45 (00]ia a unitarily symmetric
extension of p,5. With respect fo the localAe1genbases of pau and ppp as the fixed bases of subsystems
AA’ and BB, respectively, we have the equality Cjy(p, , ® |00),(00]) = C;o(p, ,)- Then, it holds that

Er(pp) < Cralpyp ® lOO) ap{00]) = Cri(p, p)- Combining the aforementioned results and Theorem 2, we arrive

at the result E;/(p, ) = E, (0, )- -

Using the prool3 of Theorem 3, we confirm that for a maximally correlated state p 5, its EOC is even equal to its
quantum correlated coherence with respect to the local eigenbases of p, and p, respectively. Moreover, with
Theorem 3, it is easy to find a state for which the EOC is strictly less than the entanglement of formation for
example, the max1mally correlated Bell diagonal state in the two-qubit system?®2!, p"¢ |<I>+) (®*] + l<I> WP )
where |§*) = —(|00> + |11)). However, we do not know whether the EOC is equal {o the relative entropy of
entanglement for any mixed state. In addition, for any bipartite state p,5 and 7¢p, the EOC satisfies the following
sub-additivity,

max {E (pAB) E (TCD)} < E (pAB ® 7p) < Ere(pAB) + E (T(;D)

An alternative measure of entanglement formulated by quantum correlated coherence (quantum discord) is
defined as E::(pAB) = minD(p, , /) Where the minimization is taken over all possible unitarily symmetric
extensions pu e Of pap, and D(p, 4pp) = min, /AA T re(PA wp) with the minimization over all reference
bases {|i) 4o/} and {|) g} of subsystems AA’ and BB/, respectively. Removing the the property of unitary symmetry
of extension  Paasp in the definition Ere (p,)» We denote this new measure of entanglement as E,e (pyp)-
Remarkably, E ( Py B) is equ1valent to the entanglement measure E which is the minimal discord over state exten-
sions®. Moreover, E,. ( p,p) and E ( A ) have the properties: non-negative, vanished for separated states, invariant
under local unitary 0perat10ns, non- increasing under local 0perat1ons convex and upper bounded by entangle-
ment of formation E;(p,5). However, the properties of E,e (o) and E,e (P4 which are the invariance
(non-increasing property) under classical communication and the relation to the relat1ve entropy of entangle-
ment, are not clear. In this sense, the EOC is more advantageous than Em (P4p) and E,e (0,p)

In multipartite systems, there exists an entanglement measure like the definition of EOC. For a N-partite state
Pec,cy , its entanglement of coherence is defined as E; ( Pec,ycy ) = min C,e(pc CIC,Cl-CrCly ) where the min-
imization is taken over all possible unitarily symmetrlc extensions pC1€1C2C2~-~CNCN of Pecycy

Trg; , and the local fixed bases are the eigenbases of p ccrPecp and p e
1

cp-hlPecic,clcycly) = PocyCy

respectively. Note that the extension p . ...
1 2

1C,Ch - CyClh is unitarily symmetric if it remains invariant up to local uni-
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tary operations on C,C/ and CJC]’ under a system swap between C,C/ and CJC]/ foranyi,j=1,2, ..., N. Referring
to the proofs of EOC as an entanglement measure'’, we can show that Efec(pclczch) has the properties:
non-negative and vanished for separated states, invariant under local unitary operations, non-increasing under
LOCC operations, and convex. These results show that the entanglement in multipartite systems can also be char-
acterized by quantum correlated coherence via state extensions.

Discussion

In this paper, using entropy-based measures, we have obtained the concise relationships between quantum coher-
ence and quantum discord as well as quantum entanglement. The results mean that quantum discord and entangle-
ment can be well characterized by quantum correlated coherence. In particular, we gave the condition for quantum
correlated coherence (symmetric basis-dependent discord)to vanish, and this condition provides the explicit struc-
ture of states which satisfy the super-additive property of the relative entropy of coherence with equality. We further
proved the lower and upper bounds of the EOC and showed that the EOC is equal to the relative entropy of entan-
glement in a large number of scenarios including all pure states and maximally correlated states. For pure states,
the LOCC monotonicity (monotonicity on average under LOCC operations****) of EOC is easily obtained with
Theorem 2. However, we do not know whether the EOC of a general mixed state is LOCC monotone?**, and we
leave it open for future research. Finally, we also generalized our results to multipartite settings.

Quite remarkably, one-way basis-dependent quantum deficit in the bibapartite quantum system is equal to the
amount of the total coherence lost by the von Neumann measurement with respect to the reference basis of one of the
subsystems!!. These results suggest that the quantum properties of correlations originate from the quantum properties
of coherence and quantum correlations can be unified understood within the framework of coherence. We hope that
this work is helpful for further understanding quantum correlations and developing quantum technologies.

Methods
Proof of Theorem 1 in the main text. Here, we prove that a state p,; with vanished quantum correlated
coherence has a decomposition given in Eq. (5) in the main text.

For a given state p,p with vanished quantum correlated coherence, its symmetric quantum discord is equal to
zero, i.e., D(p,p) =0. Then, p4p is a classical-classical state*” with the form

Pa = %Aaﬂ‘wzxﬂwa‘ ® |¢ﬁ)<¢ﬂ|,

11)
where {|1,)} and {|¢5)} are orthonormal bases of subsystems A and B, respectively. From the main text, we see
that

Crelpyp) = 0 = S(p5llp, ® pp) = SAL @ Tg(p, ) [TLy(p,) @ Tg(py)). (12)

where the von Neumann measurements IT, and IT; are with respect to the local reference bases {|i) 4} and {|j) 5} of
subsystems A and B, respectively.

Recall that the quantum relative entropy is unchanged under a quantum operation &, i.e.,
S(pllo) = S(E(p)||E(a)), if and only if there is a recovery operation R satisfying®: Ro&(p) = p, Ro&(c) = o.
Moreover, there is an explicit formula for the recovery operation: R(X) = o€ T(S(a)_%X 5(0)_%)0%. Here, £ is the
local von Neumann measurement [T, ® IT, = (IT, ® TI,)". Applied to the Eq. (12), the recovery condition says
that

s | (i120) B 6 P
R(L, ® Ii(p, ) = :
LT ;j(za,ﬁwuwr)(za,ﬂAaﬁWW)

1 1

7 z'><ip,s] . [pémopé]-

X
(13)
By letting Eqs (11) and (13) be equal, and pre- and post-multiplying by p/;% ® pr%, we obtain
2
Sairaslli 4P| (7] 9) i
- 1) =7 )il @ 1) (]
7 (S hasl610F) [Sasas i)
Aag
=Dty o Y (Yl © (D) (8-
aZ,l:?(Zﬁ)‘af) (Zv)‘ﬁ'ﬁ)‘ Mol @1 ﬂ)( ﬂ| (14)

Remarkably, pA_% and pB_% are defined as

1 -1 1
mr= )l 2= ——Ds){(P4l>
X 22 SERLCACINE ﬂzz SRR

whereall 37, ;and |1/, are the eigenvalues and eigenvectors of p,, and all 3> |\, ;and |¢;) are the same require-
ments of pg. Thus in Eq. (14) we exclude terms on either side which are not in the support of p, and pj.
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Let i/, j/, o’ and [’ be the values of 4, j, @ and § in Eqs (11) and (13). After taking the inner product
(147104} | @) on either side of Eq. (13), we have

] oa)f

(Sasraslli’ [4)F) [za,pxaﬂ 7| 44)]

CagNapl(i’ [4a)f

i (14 7109) = oSy 109

(15)
IE(#' |4 ) (| #g) = 0, Eq. (15) means that
Za,ﬁ)‘a,@ ‘(i/|wa> |2 |(],‘¢ﬂ) ‘2 _ )‘a’ﬂ’ )
(Za,ﬁ)‘aﬂ ‘(ilea) |2) (Za,ﬂ)‘aﬂ ‘(]/|¢ﬂ) |2) (Zﬂ)‘a'ﬂ) (Zcx}‘aﬂ') (16)

Due to Eq. (16) we confirm that the left sides of (16) are the same for all i’ and j/ satlsfymg (1) (|6} = 0
when we fix o’ and ['. As the same reason, the right sides of (16) are the same for all o’ and 3’ satisfying
(7'[¢u){f'|¢5) = 0 when we fix i’ and j'.

Expanding Eq. (13) continuously, we obtain that

a5 | {4) G165 P
R0, ® Igp, ) = .
Lo ,Z,,»(za,ﬁAam(nwa)F)(za,ﬁAaﬂwwg)f)

2 [l

X

X

> %:Aaﬁ (i) (vl | ©

X .
%:/ f%: aﬁ(¢ﬂb)|¢ﬂ)]

X

22 2o Aasliléa) @l |

3\ a (17)
By letting Eqs (11) and (17) be equal, we firstly consider the case that|), )(|¢ 4 )) and all the other [tha) (|5)) have
disjoint coherence support. Without loss of generality, let {|i,), |i,)} and {'[/ ) [72)} be the coherence support of¢),, )
and|¢ 4 ), respectively. A litle thought shows that the sum of only the four terms (iy, j,), (i1 j»), (i j1) and (i, o) i in
Eq. (17) coincides with the term Ay, [ Vo) (Wo | @ 1, ) (¢, |in Eq. (11).

Z [ZD/; 7311?72 A ﬁ‘ |w | ‘ ‘¢3 ‘ Eﬁ)\alﬁ+2ﬁ>\ﬂ2ﬁ) (Eakaﬁ1+za/\aﬁ2)
i.:i}’i?; (Za:nl,az;ﬁ Xag (| ) |2) [Za;ﬁ:ﬁl,gz Aas ’<J ‘ %MZ]
1=l
> )‘(xﬁ | 2
[ e o
Y 5Aa 8 i 2
S e (1Y) [ (v,
(Zﬁ )‘alﬂ) (Zﬁ)‘uza)

oy (i) (i, 0, (0

(Z )‘al )(25)‘026) RWH
PAZIEL |

« . 2
e L

R reswoed (I8 | IRICHY

MEAE)

ooty T Ea s, 95,){%s,
(Zaran) (Catas) /(4
SR s S wa A )11 2] CEMLCH

Secondly, we consider the case that the coherence support of|1/;, ) has some intersection with that of other [¢),,), or
the coherence support of| ¢ ; ) has some intersection with that of other |#5). Without loss of generality, let {|i,), |i,)}
be the coherence support of |1/) Jand|¢, ), and the set of {|i1), |i>)} has no intersection with the coherence support of
other [¢),) except |4}, ) and |%2>- Similarly, let {|7y), |j>)} be the coherence support of | ; ) and|¢ ; ), and the set of

(18)
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{[j1)- lj2)} has no intersection with the coherence support of other |¢5) except|¢ 5 and|¢ 3, The sum of only the four
terms (i, fiy), (i1, j)» (5, j1) and (45, j,) in Eq. (17) will be written as the above formula (18).
Using Eq. (16), we know that the formulas
a=ay,a )\ i 20(s 2
s (1) 10s)
(Cacaraysas V) (Zass—s, 5, Nas (1957

are the same for any i =1i,, i, and j=j, j,. Then, using the orthonormality of states in sets {[¥0,)> [¥,,)} and

{|¢5,)> |#4,)} and removing the cross terms that contain [v), ) (¥, | [¢ )}V bl¢5) (05, 0F[¢5 ) (¢ | in formula
(18), we obtain the simplified form of formula (18):

Palazﬂlﬂz(ﬂl|¢al> <wa1|+ M2|¢a2> <¢a2|) ® (771‘@31) <¢51|+ n2|¢ﬂ2> <¢ﬂ2|)> (19)
where 1,5, 712 and Pra,, 3T€ non-negative, and satisfy
19927172
_ Zﬁ)‘um)ﬂ
Py = Ysdast LsAazs
o Za)‘aﬁl(z)
Tha) = Yarag T Zaras,
o, =1,
771 + 772 = 1>
pmazﬂlﬂz = 01=;1:,a2; )\Oéﬂ'
B=P1.5,

What’s more, formula (19) coincides with the sum of partial terms in Eq. (11):

2 Aalta) (Wl @ |da) (g

a=ag,0,;

ﬁ=ﬁ1ﬂ2

Finally, other cases that there exist some intersection of coherence support of [,) or |¢) can be discussed sim-
ilarly, and the results like formula (19) will be obtained. Hence, the equality of Eqs (11) and (17) means that p,p
has a decomposition as given in Eq. (5) in the main text. O
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