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Published online: 07 August 2017 . We present a new generalized Dicke model, an impurity-doped Dicke model (IDDM), by the use of an
. impurity-doped cavity-Bose-Einstein condensate (BEC). It is shown that the impurity atom can induce
Dicke quantum phase transition (QPT) from the normal phase to superradiant phase at a critic value
. of the impurity population. It is found that the impurity-induced Dicke QPT can happen in an arbitrary
. field-atom coupling regime while the Dicke QPT in the standard Dicke model occurs only in the strong
coupling regime of the cavity field and atoms. This opens the possibility to realize the control of
quantum properties of a macroscopic-quantum system (BEC) by using a microscopic quantum system (a
single impurity atom).

In recent years ultracold atoms in optical cavities have revealed themselves as attractive new systems for studying
: strongly-interacting quantum many-body theories. Their high degree of tunability makes them especially attrac-
- tive for this purpose. One example, which has been extensively studied theoretically and experimentally, is the
. Dicke quantum phase transition (QPT) from the normal phase to the superradiant phase with a Bose-Einstein
condensate (BEC) in an optical cavity'~'°. The Dicke model!! describes a large number of two-level atoms inter-
© acting with a single cavity field mode, and predicts the existence of the Dicke QPT*®2-1° from the normal phase
. to the superradiant phase. However, it is very hard to observe the Dicke QPT in the standard Dicke model, since
. the critical collective atom-field coupling strength needs to be of the same order as the energy separation between
© the two atomic levels. Fortunately, strong collective atom-field coupling has realized experimentally in a BEC
: coupling with a ultrahigh-finesse cavity filed'®!”. C. Emary and T. Brandes'® first indicated that the Dicke model
. exhibits a zero-temperature QPT from the normal phase to the superradiant phase in the thermodynamic limit.
. Then, D. Nagy et al.* pointed out that the Dicke QPT from the normal to the superradiant phase corresponds
: to the self-organization of atoms from the homogeneous into a periodically patterned distribution. Soon after
. this, the Dicke QPT was experimentally observed in the sense of the self-organization of atoms by using the
. cavity-BEC system?. In the Dicke QPT experimental realization?, the normal phase corresponds to the BEC being
in the ground state associated with vacuum cavity field state while both the BEC and cavity field have collective
excitations in the super-radiant phase. A few extended Dicke models® ° have been proposed to reveal rich phase
diagrams and exotic QPTs, which are different from those in the original Dicke model.
Impurities in a BEC have motivated the investigation of a wide range of phenomena?’-**. For instance, a single
impurity can probe superfluidity?”2!. A neutral impurity can self- localize in BECs*****, and can be dressed into
a quasiparticle, the Bose polaron*-*° and the soliton for very large coupling strength between the impurity atom
and BEC®!. Rydberg impurities in the BEC can be used to engineer the phase file of the BEC, and to produce
a Yukawa interaction between impurities through phonon?2. Recently, several groups*—* have experimentally
. demonstrated the controlled doping of impurity atoms or ions into the BEC. These experimental progress have
: paved the way for a coherently interacting hybrid system of individually controllable impurities in a BEC system.
The realization of various impurities in a BEC presents a new frontier where microscopic atomic physics meets
condensed matter and mesoscopic physics.
: In this paper, motivated by the recent experimental progress of cavity-BEC and impurity-doped BEC system
: we propose a generalized Dicke model, an impurity-doped Dicke model (IDDM), by the use of an impurity-doped
. cavity-BEC. In our model, the impurity atom is treated as a two-level system (a qubit). Physically, there may exist
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Figure 1. Schematic of the physical system under consideration: An impurity qubit with energy separation w,
is doped into a atomic BEC in a ultrahigh-finesse cavity. Both the impurity and BEC couple to a single cavity
field and a transverse pump field.

two ways to realize the impurity qubit. The first one is to choose two proper internal states of the impurity atom to
denote the qubit. The second one is to use the double-well qubit* which consists of the presence of one impurity
atom in the left or right well of the double well, denoted by |0) and 1), respectively. The impurity-BEC interac-
tion is tunable by an external magnetic field in the vicinity of Feshbach resonances*® .. The cavity-BEC system
adopted in our scheme is the same as that in the Dicke QPT experiment?. The IDDM can reduce to the original
Dicke model when the impurity-BEC interaction is switched off. We discuss how the presence of an impurity
atom modifies the results of the original Dicke model. We show that the impurity atom can induce the Dicke QPT
from the normal phase to the superradiant phase with the impurity population being the QPT parameter. It is
predicted that the impurity-induced Dicke QPT can happen in an arbitrary coupling regime of the cavity field and
atoms while the Dicke QPT in the standard Dicke model occurs only in the strong coupling regime of the cavity
field and atoms. This opens a possibility to observe the Dicke QPT in the intermediate and even weak coupling
regime of the cavity field and atoms.

Results

The impurity-doped Dicke model. In this section, we establish the IDDM through combining cavity-BEC
and impurity-doped BEC techniques. Our proposed experimental setup is indicated in Fig. 1. A two-level impu-
rity atom (qubit) with energy splitting wy, is doped in an atomic BEC, which is confined in a ultrahigh-finesse
optical cavity.

In the absence of the impurity atom, the cavity-BEC system under our consideration is the same at that
employed in the experiments to observe the Dicke QPT? The cavity contains N #Rb condensed atoms interact-
ing with a single cavity model of frequency w, and a transverse pump field of frequency w,. The excited atoms
may remit photons either along or transverse to the cavity axis. This process couples the zero momentum atomic
ground state to the symmetric superposition states of the k-momentum states. This yields an effective two-level
system. Suppose that the frequency w, and w, are detuned far from the atomic resonance frequency w,, the excited
atomic state can be adiabatically eliminated. In this case, the single atom Hamiltonian of the system under our
consideration can be written as
B E

2m
+V cos® (k2) + n(a" + a)cos (k%) cos (k2). 1)

A, = + (Ucos’ks — A)d'a

Here the first term is the kinetic energy of the atom with momentum operators p . The second term describes the

cavity field, where 4'(4) is the creation (annihilation) operator of the cavity field, which satisfy the bosonic com-
2

mutation[d, 4] = 1,U = £ is the light shift induced by the atom where g, is the atom-cavity coupling strength,

Ay=w,~w,and A =w, — {,, k is the wave-vector, which is approximated to be equal on the cavity and pump
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fields. The third term describe the potential along the z-axis created by the pump field, the depth of the potential
V = Q2/A, controlled by the maximum pump Rabi frequency Q,. The last term is the potential induced by the
scattering between the cavity field and the pump field, where n=g,Q,/A,. The atom can be excited from the
zero-momentum state |p,, p.) = |0, 0) to the k-momentum state|p , p ) = >0, 0,—41| Uik, k) through the scat-
tering between the cavity field and the pump field due to the conservation of momentum. So the atomic field can
be expanded in terms of two-mode approximation ¥ = <I)0h + <I>1h1, where h and h are bosonic operators and

D, (D)) is the zero (k)-momentum single atom wave function. Here N = h h + h h represents the total num-
ber of condensed atoms, which holds conservation in this paper. Substltutmg ¥ = <I>0h + @k, into the second
quantization form

Hy = f\ilf(x, Z)ﬁ(l)\i!(x, z)dx dz

+3% f ', 28 (x, 2)0(x, 2)0(x, 2)dxdz, o)

where s = 2-2ma/ ml,, a being s-wave scatterlng length and , being trapped length in the y direction. If one

introduces the collectlve spin operators J, = (h h — h h 02T = =] =h ho, up to a constant term we obtain
a extended Dicke model about the cavity-BEC system

A

HCB—waa—t-wO]Z—t-ﬁ(a—t-aT)(Lr—i-])+ ]Z, 3)
where the effective frequency of the cavity field w=—A + NU,/2 and the atomic effective transition frequency
wy=w,+ X', where w,=k*m with k*/2m being recoil frequency and x'=(N—1) (x, — x,)/2 with
Xy(g) = § | dxdz | Py g)(x, 2)|* being the intraspecies coupling strength. A\ = /N, NgQ,/2A, is the coupling strength
induced by the cavity field and pump field, where Q, denotes the maximum pump Rab1 frequency which can be
ad)usted by the pump power The nonlinear coupllng strength is given by x = N[(x, + X1)/2 — Xo1] with

=s f dxdz|®,(x, z)[F|®,(x, z)[* being interspecies coupling strength.

*'Next we consider interactions between the impurity qubit and the cavity-BEC. The impurity simultaneously
interacts with the BEC, the cavity field, and the pump field. Firstly, we consider the impurity-BEC interaction. We
assume that the impurity interacts with the condensates via coherent collisions and only the upper state |0} inter-
acts with the condensate considering its state-dependent trapped potential. Similar treatment can also be found
in the ref. 42. Neglecting the constant term, the impurity-BEC coupling Hamiltonian has the form

I:IQB = —k(8, + DL, (4)

where g, is the Pauli operator of the impurity qublt and the impurity-BEC coupling strength £ = (ko — ,)/2,
where k) = 227/ (M‘/_ ) f dxdz | Dy (x, 2) P |py(x, 2)[ is the coupling strength between the impurity and
zero(k)- momentum component BEC with M being the reduced mass, I/ |, being the trapped length of the impurity
in y direction, ¢,(x, z) being the wave function of the impurity in the upper state and b being the s— wave scatter-
ing length. In a frame rotating with the pump field frequency w,, the Hamiltonian of impurity qubit interacting
with the cavity field and the pump field reads as

A N A, L i a . R R
Hop = —Ad'a + 7202 + gQ(aTU, +46,) + Qo(6, +6.), )
where A, = wq — w, is the detuning between the energy separation of the impurity qubit wg and the pump field
frequency w,, 6,(6_) is the raising (lowering) operator of the impurity qubit, g, the coupling strength between the
impurity qubit and the cavity field, Q, the pump Rabi frequency. The Hamiltonian H, can be divided into two
parts:

A0 A
Hop = Hop + Hop» (6)

with Hé?,) =-Ad afa + 5 =24, and HQF =g, @6+ a6,) + Qu(6, + 6.). In the far- detunlng regime

(gQ <A = \wQ — w| Qg < |A,]), one can introduce a anti-hermitian operator § = gQ/A @' — ag)+
Qo/A,(6_ — 6,)to transform the Hamiltonian in Eq. (5) as

Al AL A A
Hor = exp(—S)HQFexp(S)

1%

HQF + 1/2[HQF, $1 + O(g/AD) + O(QG/AY). @

Above transformation is called the Frohlich-Nakajima transformation®’. Under this transformation, the
Hamiltonian in Eq. (5) become the following expression

" e Do
HQF:—AaTa—t— Q ®)
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where¢ = gQ/Al, £, = 88/ A1 + 882/ A, andAQ =A, + gQ/A + ZQQ/A Under the Frohlich-Nakajima
transformatlon the Hamiltonian Hgy and HQB will 1nduce impurity-BEC interaction terms 88t/
(ZA A)) (6, + 6.) (]+ +1) - KQol Ay (6, + & )] and an impurity-cavity-BEC interaction term — —Kg, 1A
(a 6_+ aa+)] Under the large detuning condition g Q,/2A,, |k < 8 Qo these terms can be neglected
Hence, combining Eq. (3) with Eqs (4) and (6) we arrive at the total Hamlltoman of the IDDM

= W+ £6)a"a + [w, — #(6, + DI

2 Ay A
Aj +7%Z+ m(a+a*)(/++1)
+6,6.a + a"). (9)

The IDDM Hamiltonian reduces to that of the original Dicke model when the impurity-cavity-BEC interactions
are switched off (i.e., k = 0,§, = & =0) and the atomic nonlinear interaction in the BEC vanishes (i.e., x =0).

Dicke quantum phase transition. 'We now study quantum phases and QPTs in the IDDM proposed in the previ-
ous section. Ground-state properties of the IDDM can be analyzed in terms of Holstein-Primakoff transforma-
tion* due to the large number of atoms in the BEC. From the Hamiltonian (9), we can see that the properties of
the cavity-BEC system is related to the initial state of the impurity qubit. We consider the impurity qubit as a
control tool over the cavity-BEC system which is the controlled target system. Let the impurity population
6=(0,), and make use of Holstein-Primakoff transformation to represent the angular momentum operators as
single-mode bosonic operators ([, ¢ =1

J, =N - ¢e, [ =+N-¢lee,
L =& - Np. (10)

After taking the mean value over a quantum state of the impurity atom we can rewrite the Hamiltonian (9) as the
following form

— fa a+f2ATA+§6(a+a)+N( &)y

L et IN — e — tas
—Q—ma—i-a w/N +JN c'ce), ()

where we have neglected a constant term, and effective frequencies of the two bosonic modes are given by
fi=wt+és fi=w X" - K(1+9), (12)

which clearly indicate that the impurity atom induces frequency shifts of the cavity mode and the atomic mode.
Here the interatomic interacting parameter x” = N(x, — X01) = Ns f dxdz | By (/@[> — |®,(x, 2)[*). From the
expression of f2 in Eq. (12) we can see that the presence of the interatomic nonlinear interaction described by the
parameter x” can be understood as the reduction of the recoil energy of the atoms from w, to w, — x”.

In order to describe the collective behaviors of the condensed atoms and the photon, one can introduce new
bosonic operatorsd = a + /Naandb = & — /N3, where o and f3 are real numbers. Substituting bosonic
operators d and b into the Hamiltonian (11) and neglecting terms with N in the denominator, the Hamiltonian
(11) can be expanded by

H' = NE, + -/NH, + H,, (13)

where we E;, H,and H, are defined by

Eo=fo’ + f,8° + xB* — 4\Kaf3, (14)
H = 2/\(1[K— —] £8 = 2x5° b+ fjr)
+fa — 20KB) (@ + d) — 26,60, (15)
i, - fdd+[f2 + 28 + zmﬁ]
+>\[K— 5_2]@ +dY G4 by = 28
K K

4.

Hxs? +M;‘”<b+b> + s+ d),

(16)
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where we have introduced the parameter K = /1 — (3. The collective excitation parameters a and 3 can be
determined from the equilibrium conditions 9E,/Oca =0 and 9E,/03 =0, which leads to the following two
equations
ﬂz
fa—2XKB=0, 2Xa|K - =|—f3—2xF =0,

K (17)

from which we can obtain an equation governing the fundamental features of the QPT in the IDDM

BLXf, + 8N)B* + ff, — 4N = 0. (18)

Now we discuss quantum phases and QPT in the impurity-doped Dicke model. For the convenience of discus-
sion, we choose the range of interatomic nonlinear interaction x€[0,00). When f,f, > 4%, from Eq. (18) we can
find = 3=0 due to 2)f, +8A?> 0. This means that both the condensed atoms and the photon have not collec-
tive excitations. Hence the cavity-BEC system is in the normal phase. However, when f,f, <4)? from Eqs (17) and
(18) we can obtain the two nonzero collective excitation parameters

o NON LR AN S ) S
FOf, + 4N 2xf, + 8\ (19)

Eq. (19) implies that there exist macroscopic quantum population of the collective excitations of the condensed
atoms and the photon in the IDDM. In this case, the cavity-BEC system is in the superradiant phase. The Dicke
QPT is the QPT from the normal phase to the superradiant phase.

From the QPT equation (18) we can see that there exist two independent QPT parameters, the
cavity-field-atom coupling strength A and the impurity population parameter §. This is one important differ-
ence between the IDDM and the original Dicke model in which there is only one QPT parameter, the coupling
strength A. Through the analysis below, we can see that it is the new QPT parameter ¢ that makes the IDDM to
reveal new QPT characteristics which do not appear in the original Dicke model. In the following, we investigate
the QPT in the IDDM for the three cases: (1) ¢ is the QPT parameter with A being an arbitrary fixed parameter;
(2) Ais the QPT parameter with 6 being an arbitrary fixed parameter; (3) Both A and ¢ are independent QPT
parameters.

In the first case, the impurity population ¢ is the QPT parameter while the cavity-field-atom coupling strength
A is an arbitrary fixed parameter. So we can understand the QPT as the impurity induced QPT. From the QPT
equation (18) we can find that the critical parameter 6, at the QPT point satisfies the following equation

5 —(wrk + P) + /\/16)\251/6 + (wk — P)?
= ,

2k (20)

where we have introduced the parameter P=¢,f,, which indicates that there does always exist a critical impurity
population 6, for an arbitrary value of the cavity-field-atom coupling strength \. From Eqs (17) and (18), we can
find the two quantum phases of the normal phase and the superradiant phase. The normal phase is in the regime
of §< 8, (6> 6,) when & <0 (£, >0), and we have o® = *=0. In the superradiant-phase regime, we have nonzero
collective excitations which are given in Eq. (19).

From the critical-point equation (20), we can see that the impurity-induced Dicke QPT happens even in the
weak coupling regime of the cavity field and atoms. This is one of important differences between the IDDM and
the original Dicke model in which the Dicke QPT appears only in the strong coupling regime of the cavity field
and atoms. It opens a way to observe the Dicke QPT in the intermediate and even weak coupling regime of the
cavity field and atoms.

We can determine the type of QPTs which happen in the IDDM through investigating the nonanalyticity of
the scaled energy E, at the critical point in the thermodynamic limit N — oo. If the nth derivative of E, shows
nonanalytic behavior then it is an nth order QPT. In the normal phase, since the scaled energy E, =0, arbitrary
order derivative with respect to the QPT parameter ¢ is zero. In the the superradiant phase, we obtain the scaled
energy from Eq. (14) after inserting the Eq. (19) into Eq. (14)

S
4 (4N + xf) 1)

then we have the first derivative and the second derivative with respect to the QPT parameter 6, respectively.

0, (4N —f£)Q

0=

95 2f7(4N + xf) (22)
P P 2 2
0%, _ (N A NS, DG QUNE D) (6, ) — QU — ) T
962 24N+ )’ (23)
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where we have introduced the parameter Q = (4\* + Xf ) (2N &+ mfl )+ 2)2 S + f) At the critical point
6= 46,, we have the critical equation fif, =4\% So it is easy to know that the first derivative of the scaled
ground-state energy E, is continuous while the second derivative 9’E;/96” is discontinuous at the quantum criti-
cal point § =§.. Therefore, we can conclude that the QPT induced by the impurity is the second-order QPT.

In the second case, the cavity-field-atom coupling strength A is the QPT parameter while the impurity popu-
lation ¢ is an arbitrary fixed parameter. So we can understand the QPT as the cavity-field-atom coupling induced
QPT. From the QPT equation (18) we can find that the critical parameter A, at the QPT point satisfies the follow-
ing equation

A ff, =0, (24)

which leads to the critical coupling strength

1
A= E,J(w +£0) [w, — X" — k(1 + )], (25)
which indicates that the critical coupling strength A can continuously vary with the impurity population §
(—1<6<1). This is another important difference between the IDDM and the original Dicke model in which the
QPT critical point A’ = _ f&(5; /2 cannot be adjusted for fixed parameters w and wo The QPT critical point of the
original Dicke model can be recovered from Eq. (25) when we take {, = x = x” = 0.

From equation (25) it is interesting to note that the Dicke QPT in the present model can happen in the weak
coupling regime and even in the case of A, =0 through controlling the interatomic nonlinear interaction x” and
the impurity population ¢. In fact, in the case of the interatomic attractive interaction, the condition of
w, — X" ~ kK is realizable experimentally. Under this condition we can get A\,=0 when w,— x”" =k and =0 or
when w, — x” =2k and § = 1. A realistic estimation of the present model parameters can be obtained from recent
experiments® *>~*%. From the experiments in refs 2 and 45, we find the parameters w~ MHz, w,~KHz, {I, I,
I} ~{3.2,16.6, 3.3} um, and N ~ 10°. In the present paper, we expect the nonlinear interaction among condensed
atoms can reduce the recoil energy of the atoms. This condition can be obeyed for the BEC with attractive inter-
actions between atoms. According to refs 2, 45-48, stable BECs with the negative s-wave scattering lengths can be
obtained for Rubidium atoms and Potassium atoms. The stability of the BEC with the attractive interactions
between atoms is characterized by the stability parameter C = N|a|/], with [, being mean harmonic oscillator
length*®. The condensate becomes unstable when C > 0.574. Considering the stability of the condensate, we take
C~0.1*”"5, then estimate the parameter x” ~ N#a/(ml ] ],) ~ KHz. Therefore we can make x” approach w, by
adjusting the scattering length a, trapped lengths ,, [, I, and the number of the condensed atoms N. The
impurity-BEC interacting parameters is estimated as ;. ~ 7ib/(M 1.1 lzlxlylz) ~ 10w, with the trapped lengths
{I, I, I} ~{0.1, 0.1, 0.1} um and scattering length b~ —1nm. In the following numerical investigations, we
will take w, as the unit of the related parameters, and choose w =400, x”=0.99, K =0.005 and & = 0.001.

The third case is a general situation in which two QPT parameters § and A vary independently. In this case,
nonzero collective excitations are given by Eq. (19). In the thermodynamic limit N — co we can obtain the scaled
population inversion of BEC (J,)/N and the scaled intracavity intensity I/N as

(LYIN=p3*—~1/2, IIN=d’ (26)

We have plotted the phase diagrams of the IDDM for the general case in Fig. 2, which are described by the
scaled population inversion of BEC (J,)/N. The related parameters are taken as w =400, x”" =0.99, x =0.005 and
&,=0.001 in unit of w,. From Fig. 2 we can see that the normal phase is in the region of (J,)/N= —0.5 while the
superradiant phase is in the region of —0.5 < (J,)/N < 0. The Dicke QPT happens at the critical curve AB in the
phase diagrams indicated in Fig. 2. The critical curve in the phase diagrams appears as the intersection of the two
phase regimes for the normal and superradiant phases, and it can be described by the equation

>\2+%6—l:0

2 27)
The cav1ty BEC is in normal-phase in the regime of \? + 6 — — < 0 and in superradiant phase when
A2+ L5 — L > 0.In superradiant phase, the collective excitations increase with the QPT parameters ¢ and \.

Finally, we show how to manipulate the impurity population. In order to do this, We introduce an auxiliary
atom outside the cavity, which is correlated with the impurity atom. We indicate that the impurity population can
be controlled by making projective measurements upon the auxiliary atom. As an example, we consider the case
of the impurity atom A and the auxiliary atom B initially being in the well-known Werner state

11—z

= <z<
where I is the unit operator, | ) is Bell state [T) = (|0)4]0)5 + [1)4]1 )B)/ﬁ In this state, if one dose not measure
the auxiliary atom, the impurity populat1on is zero, i.e., § = Trp[pd; 4)] = 0. We now introduce two orthogonal
complete projection operators 1T, (6) = [1)(6)). . (1(6)], in which [)(0)). are two orthogonal quantum states of
the auxiliary atom with |¢(6)),. = sin 6|1) £ cos 6]0).

For the initial state (28), after making the projective measurements f[i(@) upon the auxiliary atom B, we can
find that the impurity atom will collapse to the state
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Figure 2. Phase diagrams described by the scaled population inversion of the BEC (J,)/N with respect to the
impurity population 6 and the coupling strength \. The related parameters are taken as w =400, x” =0.99,
#=0.005 and & =0.001 in unit of w,.

+_1—zs AA
= | 0 0)].
From Eq. (29) we can obtain the impurity population 6. = £z cos 26, which indicates that the impurity popula-
tion depends on the initially state parameter z and the angle of the projection measurement 6 upon the auxiliary
atom. Therefore, we can manipulate the impurity population through making projective measurements along
different directions upon quantum states of the auxiliary atom.

Discussion

In conclusion, we have presented a generalized Dicke model, i.e., the IDDM, by the use of an impurity-doped
cavity-Bose-Einstein condensate, and investigated QPT properties of the the IDDM. The original Dicke mode
can be recovered under certain conditions as a special case of the IDDM. We have shown that the impurity atom
can induce the Dicke QPT at a critic value of the impurity population. We have found that the impurity-induced
Dicke QPT can happen in an arbitrary coupling regime of the cavity field and condensed atoms while the Dicke
QPT in the standard Dicke model occurs only in the strong coupling regime of the cavity field and atoms. Hence,
the IDDM reveals new regions of the Dicke QPT. This opens the door to observing the Dicke QPT and studying
new physics related to the Dicke QPT in new parameter regimes of the field-atom coupling. It is interesting to
note that the impurity atom is a microscopic quantum system while the BEC is a macroscopic quantum system.
The impurity-induced Dicke QPT demonstrates that the micro-quantum system can dramatically change quan-
tum properties of the macro-quantum system. On the other hand, if there exists quantum correlations between
the external atom and impurity atom in our scheme, no matter how far apart they are, one can control the impu-
rity atom population by manipulating quantum states of the external atom to realize monitoring the Dicke sys-
tem. This opens the possibility to realize remote control of the macro-quantum system by using micro-quantum
system. Based on current experimental developments, we believe that it is possible to observe experimentally the
impurity-induced Dicke QPT by measuring the atomic population or the mean photon number of the cavity field.

Methods
The derivation of atomic collision interaction Hamiltonian. We first derive the collision interaction
Hamiltonian of BEC in Eq. (3). The collision interaction Hamiltonian of BEC is given as

H,, = % f b, 209" (v, 2)(x, 2)0(x, 2)dx de, 30)

where s = 2/2a/ml, with a being s-wave scattering length and I, being trapped length in the y direction.
Substituting U(x, z) = ®,(x, z)h, + D,(x, z)h, into above equation, we obtain

N L 242 AT272 Ata ata

Hy = Xoho ho + X By + Xoho hoh 1y (31)
where the parameters are derived as

N N
vo= 2 [1@f'dedz, =2 [1@fdrds g, = 25 [0 |8 dedz

T2 (32)

h, we obtain

(33)
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Substituting above equation into Eq. (31), we derive the following Hamiltonian

2
S ANPRY I WV I
N 4 2 (34)
where the parameters are given as
Xot X ] ,_N-1
=N , = (v, —
X [ 3 Xoi| X 5 04— x) (35)

Then we derive the impurity-BEC coupling Hamiltonian in Eq. (4). The impurity-BEC coupling Hamiltonian is
written as

I:IQB = s'le){e] f\fﬁ(x, 2)W(x, 2)|po(x, z)\zdx dz, (36)

wheres’ = 2/2mb/(M,[I 1 }', ) with b being s-wave scattering length and ; being trapped length of the impurity in
the y direction and ¢y(x, z) is the wave function of the impurity in the upper state. Substituting
U(x, z) = ®y(x, z)h, + D,(x, z)h, into above equation, we obtain

N A fa pla
Hop = rigle){elhghy + ry|e) (el s (37)

where the parameters «, and &, are given as

ro = [P lefdrdz r = [ |0 [¢fdxdz (38)

Substituting |e){e| = (1 + §,)/2 and Eq. (33) into above equation and omitting the constant term, we finally
derive the Hamiltonian as

N _ (Ko — K1) 4 N
Hop = [ 2 ](O“Jrl)]z' (39)

References
1. Dimer, E, Estienne, B., Parkins, A. S. & Carmichael, H. J. Proposed realization of the Dicke-model quantum phase transition in an
optical cavity QED system. Phys. Rev. A 75, 013804 (2007).
2. Baumann, K., Guerlin, C., Brennecke, F. & Esslinger, T. Dicke quantum phase transition with a superfluid gas in an optical cavity.
Nature (London) 464, 1301 (2010).
3. Keeling, J., Bhaseen, M. J. & Simons, B. D. Collective Dynamics of Bose-Einstein Condensates in Optical Cavities. Phys. Rev. Lett.
105, 043001 (2010).
4. Nagy, D., Kénya, G., Szirmai, G. & Domokos, P. Dicke-Model Phase Transition in the Quantum Motion of a Bose-Einstein
Condensate in an Optical Cavity. Phys. Rev. Lett. 104, 130401 (2010).
5. Nagy, D, Szirmai, G. & Domokos, P. Critical exponent of a quantum-noise-driven phase transition: The open-system Dicke model.
Phys. Rev. A 84, 043637 (2011).
6. Baumann, K., Mottl, R., Brennecke, F. & Esslinger, T. Exploring Symmetry Breaking at the Dicke Quantum Phase Transition. Phys.
Rev. Lett. 107, 140402 (2011).
7. Bastidas, V. M., Emary, C., Regler, B. & Brandes, T. Nonequilibrium Quantum Phase Transitions in the Dicke Model. Phys. Rev. Lett.
108, 043003 (2012).
8. Bhaseen, M. J., Mayoh, J., Simons, B. D. & Keeling, J. Dynamics of nonequilibrium Dicke models. Phys. Rev. A 85, 013817 (2012).
9. Liu, N,, Lian, J., Ma, ], Xiao, L., Chen, G., Liang, ].-Q. & Jia, S. Light-shift-induced quantum phase transitions of a Bose-Einstein
condensate in an optical cavity. Phys. Rev. A 83, 033601 (2011).
10. Yuan, J. B. & Kuang, L. M. Quantum-discord amplification induced by a quantum phase transition via a cavity-Bose-Einstein-
condensate system. Phys. Rev. A 87, 024101 (2013).
11. Dicke, R. H. Coherence in Spontaneous Radiation Processes. Phys. Rev. 93, 99 (1954).
12. Hepp, K. & Lieb, E. H. On the superradiant phase transition for molecules in a quantized radiation field: the dicke maser model.
Ann. Phys. (NY) 76, 360 (1973).
13. Wang, Y. K. & Hioes, F. T. Phase Transition in the Dicke Model of Superradiance. Phys. Rev. A 7, 831 (1973).
14. Sachdev S. Quantum Phase Transition. Cambridge University Press Cambridge (1999).
15. Huang, J. E, Li, Y, Liao, J. Q., Kuang, L. M. & Sun, C. P. Dynamic sensitivity of photon-dressed atomic ensemble with quantum
criticality. Phys. Rev. A 80, 0063829 (2009).
16. Brennecke, E, Donner, T, Ritter, S., Bourdel, T., Kéhl, M. & Esslinger, T. Cavity QED with a Bose-Einstein condensate. Nature
(London) 450, 268 (2007).
17. Colombe, Y., Steinmetz, T., Dubois, G., Linke, F, Hunger, D. & Reichel, J. Strong atom-field coupling for Bose-Einstein condensates
in an optical cavity on a chip. Nature (London) 450, 272 (2007).
18. Emary, C. & Brandes, T. Chaos and the quantum phase transition in the Dicke model. Phys. Rev. E 67, 066203 (2003).
19. Li, Y., Wang, Z. D. & Sun, C. P. Quantum criticality in a generalized Dicke model. Phys. Rev. A 74, 023815 (2006).
20. Timmermans, E. & C6té, R. Superfluidity in Sympathetic Cooling with Atomic Bose-Einstein Condensates. Phys. Rev. Lett. 80, 3419
(1998).
21. Astrakharchik, G. E. & Pitaevskii, L. P. Motion of a heavy impurity through a Bose-Einstein condensate. Phys. Rev. A 70, 013608
(2004).
22. Sacha, K. & Timmermans, E. Self-localized impurities embedded in a one-dimensional Bose-Einstein condensate and their quantum
fluctuations. Phys. Rev. A 73, 063604 (2006).
23. Kalas, R. M. & Blume, D. Interaction-induced localization of an impurity in a trapped Bose-Einstein condensate. Phys. Rev. A 73,
043608 (2006).

SCIENTIFICREPORTS |7: 7404 | DOI:10.1038/s41598-017-07899-x 8



www.nature.com/scientificreports/

24. Bruderer, M., Bao, W. & Jaksch, D. Self-trapping of impurities in Bose-Einstein condensates: Strong attractive and repulsive
coupling. Europhys. Lett. 82, 30004 (2008).

25. Boudjemaa, A. Self-localized state and solitons in a Bose-Einstein-condensate-impurity mixture at finite temperature. Phys. Rev. A
90, 013628 (2014).

26. Cucchietti, F. M. & Timmermans, E. Strong-Coupling Polarons in Dilute Gas Bose-Einstein Condensates. Phys. Rev. Lett. 96,210401
(2006).

27. Rath, S. P. & Schmidt, R. Field-theoretical study of the Bose polaron. Phys. Rev. A 88, (053632 (2013).

28. Hu, M. G,, Van de Graaff, M. ., Kedar, D., Corson, J. P,, Cornell, E. A. & Jin, D. S. Bose Polarons in the Strongly Interacting Regime.
Phys. Rev. Lett. 117, 055301 (2016).

29. Jorgensen, N. B., Wacker, L., Skalmstang, K. T., Parish, M. M., Levinsen, J., Christensen, R. S., Bruun, G. M. & Arlt, J. ]. Observation
of Attractive and Repulsive Polarons in a Bose-Einstein Condensate. Phys. Rev. Lett. 117, 055302 (2016).

30. Fabian, G. & Michael, F. Tunable Polarons of Slow-Light Polaritons in a Two-Dimensional Bose-Einstein Condensate. Phys. Rev.
Lett. 116, 053602 (2016).

31. Shabhriar, S. & Robijn, B. Impurities in Bose-Einstein Condensates: From Polaron to Soliton. Phys. Rev. Lett. 115, 135305 (2015).

32. Mukherjee, R., Ates, C., Li, W. & Wiister, S. Phase-Imprinting of Bose-Einstein Condensates with Rydberg Impurities. Phys. Rev.
Lett. 115, 040401 (2015).

33. Johnson, T. H., Yuan, Y., Bao, W, Clark, S. R,, Foot, C. & Jaksch, D. Hubbard Model for Atomic Impurities Bound by the Vortex
Lattice of a Rotating Bose-Einstein Condensate. Phys. Rev. Lett. 116, 240402 (2016).

34. Chikkatur, A. P, Gélitz, A., Stamper-Kurn, D. M., Inouye, S., Gupta, S. & Ketterle, W. Suppression and Enhancement of Impurity
Scattering in a Bose-Einstein Condensate. Phys. Rev. Lett. 85, 483 (2000).

35. Spethmann, N., Kindermann, E, John, S., Weber, C., Meschede, D. & Widera, A. Dynamics of Single Neutral Impurity Atoms
Immersed in an Ultracold Gas. Phys. Rev. Lett. 109, 235301 (2012).

36. Zipkes, C., Palzer, S., Sias, C. & Kohl, M. A trapped single ion inside a Bose-Einstein condensate. Nature(London) 464, 388 (2010).

37. Will, S., Best, T, Braun, S., Schneider, U. & Bloch, I. Coherent Interaction of a Single Fermion with a Small Bosonic Field. Phys. Rev.
Lett. 106, 115305 (2011).

38. Balewski, J. B., Krupp, A. T., Gaj, A., Peter, D., Buchler, H. P, Low, R., Hofferberth, S. & Pfau, T. Coupling a single electron to a Bose-
Einstein condensate. Nature (London) 502, 664 (2013).

39. McEndoo, S., Haikka, P, De Chiara, G., Palma, G. M. & Maniscalco, S. Entanglement control via reservoir engineering in ultracold
atomic gases. Europhys. Lett. 101, 60005 (2013).

40. Ferlaino, E, D’Errico, C., Roati, G., Zaccanti, M., Inguscio, M. & Modugno, G. Feshbach spectroscopy of a K-Rb atomic mixture.
Phys. Rev. A 73, 040702 (2006).

41. Klempt, C., Henninger, T., Topic, O., Will, J., Ertmer, W., Tiemann, E. & Arlt, J. “*K-¥Rb Feshbach resonances: Modeling the
interatomic potential. Phys. Rev. A 76, 020701 (2006).

42. Ng, H. T. & Bose, S. Single-atom-aided probe of the decoherence of a Bose-Einstein condensate. Phys. Rev. A 78, 023610 (2008).

43. Frohlich, H. Theory of the Superconducting State. I. The Ground State at the Absolute Zero of Temperature. Phys. Rev 79, 845 (1950).

44. Holstein, T. & Primakoff, H. Field Dependence of the Intrinsic Domain Magnetization of a Ferromagnet. Phys. Rev 58, 1098 (1940).

45. Mottl, R., Brennecke, E, Baumann, K., Landig, R., Donner, T. & Esslinger, T. Roton-Type Mode Softening in a Quantum Gas with
Cavity-Mediated Long-Range Interactions. Science 336, 1570 (2012).

46. Roberts, J. L., Claussen, N. R, Cornish, S. L., Donley, E. A., Cornell, E. A. & Wieman, C. E. Controlled Collapse of a Bose-Einstein
Condensate. Phys. Rev. Lett. 86,4211 (2001).

47. Compton, R. L, Lin, Y. J., Jiménez-Garca, K., Porto, J. V. & Spielman, I. B. Dynamically slowed collapse of a Bose-Einstein condensate
with attractive interactions. Phys. Rev. A 86, 063601 (2012).

48. Eigen, C., Gaunt, A. L., Suleymanzade, A., Navon, N., Hadzibabic, Z. & Smith, R. P. Observation of Weak Collapse in a Bose-Einstein
Condensate. Phys. Rev. X 6, 041058 (2016).

Acknowledgements

This work was supported by the National Fundamental Research Program of China (the 973 Program) under
Grant No. 2013CB921804, the National Natural Science Foundation of China under Grants Nos 11375060,
11434011, 11547258, and the Hunan Provincial Innovation Foundation For Postgraduate under Grant No.
CX2016B162.

Author Contributions

L.M.K. conceived the idea. ].B.Y. and W.J.L. performed the calculation, and contributed to the work equivalently.
L.M.K. wrote the manuscript. All authors contributed to the discussion of the results and participated in the
manuscript preparation.

Additional Information
Competing Interests: The authors declare that they have no competing interests.

Publisher's note: Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

M | jcense, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2017

SCIENTIFICREPORTS | 7: 7404 | DOI:10.1038/s41598-017-07899-x 9


http://creativecommons.org/licenses/by/4.0/

	Single-impurity-induced Dicke quantum phase transition in a cavity-Bose-Einstein condensate

	Results

	The impurity-doped Dicke model. 
	Dicke quantum phase transition. 


	Discussion

	Methods

	The derivation of atomic collision interaction Hamiltonian. 

	Acknowledgements

	Figure 1 Schematic of the physical system under consideration: An impurity qubit with energy separation ωQ is doped into a atomic BEC in a ultrahigh-finesse cavity.
	Figure 2 Phase diagrams described by the scaled population inversion of the BEC 〈Jz〉/N with respect to the impurity population δ and the coupling strength λ.




