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Bose gas far from equilibrium
Sebastian Erne1,2,3, Robert Bücker1,4, Thomas Gasenzer2,5, Jürgen Berges2 & Jörg Schmiedmayer1*

Understanding the behaviour of isolated quantum systems far from 
equilibrium and their equilibration is one of the most pressing 
problems in quantum many-body physics1,2. There is strong 
theoretical evidence that sufficiently far from equilibrium a wide 
variety of systems—including the early Universe after inflation3–6, 
quark–gluon matter generated in heavy-ion collisions7–9, and 
cold quantum gases4,10–14—exhibit universal scaling in time and 
space during their evolution, independent of their initial state or 
microscale properties. However, direct experimental evidence is 
lacking. Here we demonstrate universal scaling in the time-evolving 
momentum distribution of an isolated, far-from-equilibrium, one-
dimensional Bose gas, which emerges from a three-dimensional 
ultracold Bose gas by means of a strong cooling quench. Within the 
scaling regime, the time evolution of the system at low momenta is 
described by a time-independent, universal function and a single 
scaling exponent. The non-equilibrium scaling describes the 
transport of an emergent conserved quantity towards low momenta, 
which eventually leads to the build-up of a quasi-condensate. Our 
results establish universal scaling dynamics in an isolated quantum 
many-body system, which is a crucial step towards characterizing 
time evolution far from equilibrium in terms of universality classes. 
Universality would open the possibility of using, for example, cold-
atom set-ups at the lowest energies to simulate important aspects 
of the dynamics of currently inaccessible systems at the highest 
energies, such as those encountered in the inflationary early 
Universe.

Relaxation and thermalization generally result in loss of information 
about the details of the initial state of the system. However, the unitary 
quantum evolution of isolated systems preempts any such loss on a 
fundamental level. One way to resolve this contradiction reasons that 
the complexity of the many-body states involved and their dynamics 
lead to an insensitivity to the initial state for any realistic observable1,2. 
Consequently, at late times, the system can be characterized by only a 
few conserved quantities.

Another path to loss of details about the underlying, microscale 
physics is through universality, such as critical scaling of correlations 
near phase transitions15. Aspects of universality in non-equilibrium 
systems have been discussed in many contexts, such as turbulence16, 
driven dissipative systems17,18, defect formation when crossing a phase 
transitions19–21, and the phenomenon of coarsening22 and ageing23. 
Little is known about whether and how unitary time evolution from a 
general far-from-equilibrium state is connected to universality.

It has recently been proposed that isolated systems far from equi-
librium can exhibit universal scaling in time and space associated 
with non-thermal fixed points3,4,7,10. There is growing theoretical  
evidence for non-thermal universality classes, even away from any 
phase transition, that encompass relativistic and non-relativistic 
systems4,7. In contrast to equilibrium critical phenomena, these 
non-equilibrium attractor solutions do not require any fine tuning 
of parameters. Moreover, the non-thermal scaling solutions do not 

describe a time-translation-invariant state, whereas, for example, the 
scaling around a thermalized15 or pre-thermalized state does24–26.

Here we study the dynamics of a repulsively interacting Bose gas after 
a strong cooling quench and identify a time window during which the 
system exhibits universal behaviour far from equilibrium. We start our 
experiment with a thermal gas of ultracold 87Rb atoms in an extremely 
elongated, quasi-one-dimensional (in the z direction) harmonic trap 
(transverse confinement ω⊥ = 2 × 104 s−1, longitudinal confinement 
ω∥ = 30 s−1) just above the critical temperature. In the final cooling step, 
the trap depth is lowered rapidly compared to the longitudinal thermal-
ization timescale (Fig. 1a). This leads to fast removal of high-energy 
atoms, predominantly in the radially excited states, and hence consti-
tutes an almost instantaneous cooling quench of the system. At the end 
of the cooling ramp, the trap depth lies below the first radially excited 
energy level and only longitudinal excitations remain. After a short 
holding period of 1 ms, which allows the atoms with large transverse 
energies to leave, we rapidly increase the trap depth. In this way, we pre-
pare an isolated, far-from-equilibrium, one-dimensional system. The 
gas is then left to evolve in the deep potential for variable times t up to 
about 1 s, during which time the universal scaling dynamics takes place.

We probe the evolution of the system through two sets of meas-
urements (see Methods for details). First, the in situ density ρ(z, t) is 
measured using standard absorption imaging27 after a short time of 
flight of ttof = 1.5 ms, during which the expansion is predominantly 
along the tightly confined radial direction. Second, the momentum 
distribution n(k, t) of the trapped gas is measured after a long time of 
flight of ttof = 46 ms using single-atom-resolved fluorescent imaging in 
a thin light sheet28. For each hold time t, the distributions are averaged 
over many independent measurements (Methods).

A typical time evolution of each of these profiles is shown in 
Fig. 1b. The far-from-equilibrium state at early times exhibits strongly 
broadened density and momentum distributions. At early times, the 
momentum distribution n(k) follows a characteristic exponential decay, 
n(k) ∝ exp(−kξs), for large k. At late times, the system relaxes to thermal  
equilibrium and is well described by a thermal quasi-condensate 
(Fig. 1c, Extended Data Fig. 1; see Methods for details). The momentum  
distribution is then described by only a Lorentzian function, with 
width given by the thermal coherence length λT = 2ħ2ρ(z)/(mkBT),  
where ħ is the reduced Planck constant, m is the mass of the atoms, 
kB is the Boltzmann constant and T is the temperature. During the 
evolution, a clear peak emerges at low momenta, signalling the quasi- 
condensation of the system in momentum space. In the following, 
we analyse the thermalization process, providing a link between the 
far-from-equilibrium state at early times and the final equilibrium state 
that is observed.

For the initial state of the far-from-equilibrium evolution, we find 
n(k) in good agreement with a theoretical model of randomly distrib-
uted solitonic defects12 (RDM; Fig. 1c). At low momenta, the RDM 
has a Lorentzian shape, n(k) ∝ [1 + (k/ns)2]−1, with width defined by 
the defect density ns. At high momenta, n(k) exhibits characteristic 
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exponential decay, n(k) ∝ exp(−kξs), determined by the width ξs of the 
localized density suppression associated with a solitonic defect.

Because we probe the system immediately after the almost instanta-
neous quench, these defects are not equilibrated (Extended Data Fig. 1); 
they have a reduced defect width of ξs = 0.07 μm ≈ ξh/3 and a very high 
density of ns = 1.4 μm−1. The peak healing length ξ = /ħ mg n2h 1D 0  
determines the equilibrium width of a soliton, where g1D = 2ħasω⊥ is 
the one-dimensional interaction constant, as is the s-wave scattering 
length of 87Rb and n0 is the peak density. Although the nucleation of 

solitons is predicted by the Kibble–Zurek mechanism19, the almost 
instantaneous quench creates an initial state with a strong overpopu-
lation of high-energy modes. This very far-from-equilibrium state sets 
the initial conditions for the subsequent thermalization process and 
facilitates the observation of the emerging universal dynamics during 
the relaxation of the system.

The time evolution of the normalized momentum distribution 
n(k, t)/N(t), where N(t) is the total atom number at time t, is shown 
in Fig. 2a for the first 75 ms following the quench. The distribution 
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Fig. 1 | Cooling quench and late-time evolution. a, Schematic of the 
experimental cooling quench. During the quench (blue-shaded region), 
the trap depth V in the radial direction r (upper panel) is ramped linearly 
to its final value within a time τq ≈ 7 ms by applying radio-frequency 
radiation at a time-dependent frequency (radio-frequency knife; lower 
panel). The final value of V is below the first radially excited state 
(indicated by the dashed lines), which allows atoms (red dots) at higher 
energies to leave the trap (red arrows). The trap depth is held at its final 
position for approximately 0.5 ms to allow the hot atoms to leave and then 
raised within 1 ms to close the trap (see Methods). The resulting isolated, 
far-from-equilibrium, one-dimensional Bose gas is then measured after 

a variable time t. b, Time evolution of the density ρ(z, t) (upper panel; 
colour scale) and of the single-particle momentum distribution n(k, t) 
(lower panel). Each distribution is normalized to the time-dependent atom 
number N(t). c, Initial (upper panel) and final (lower panel) momentum 
distributions n(k). The data for high momenta are binned over seven 
adjacent k values to lower the noise level. Error bars mark the standard 
error of the mean. The solid blue and red lines are theoretical fits using 
the random-soliton model and a thermal quasi-condensate, respectively 
(Extended Data Fig. 1). The vertical dashed lines correspond to the 
momenta of the first radially excited state.
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Fig. 2 | Universal scaling dynamics. a, Time evolution of the momentum 
distribution. For better visibility, the data are binned over three adjacent 
points in momentum space, with the time encoded by the colour scale. 
The grey line indicates the reference distribution at t0 = 4.7 ms; its width 
depicts the 95% confidence interval at t0. The vertical dashed line marks 
the high-momentum cut-off for the scaling region. The arrows indicate the 

scaling of the distribution in time according to equation (1). b, Momentum 
distribution rescaled according to equation (1). When depicted as a 
rescaled function / α− �t t n k t( ) ( , )0  of the rescaled variables = / β�k t t k( )0 , the 
data for all times collapse to a single curve, representing the distribution at 
the reference time t0. The exponents α = 0.09 ± 0.05 and β = 0.10 ± 0.04 
are determined from the maximum-likelihood function.
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function shifts with time towards lower momentum scales while the 
occupancy grows in the infrared. In general, n(k, t) depends on k and 
t separately.

However, it has been suggested4 that overpopulated fields far from 
equilibrium can give rise to universal behaviour, signalled by the infra-
red scaling property of the distribution function

= / /α βn k t t t f t t k( , ) ( ) (( ) ) (1)0 S 0

where t0 denotes an arbitrary reference time within the period when 
n(k, t) exhibits the scaling behaviour.

Figure 2b demonstrates that scaling exponents α and β can indeed 
be found such that, in the infrared, the rescaled distributions 

/ α− �t t n k t( ) ( , )0  as functions of the rescaled momenta = / β�k t t k( )0  col-
lapse to a single curve =� �f k n k t( ) ( , )S 0 . This indicates that below a char-
acteristic momentum scale kS, the distribution function n(k, t) depends 
on space and time only through the scaling of a single universal func-
tion �f k( )S

. The scaling exponents are found to be α = 0.09 ± 0.05 and 
β = 0.1 ± 0.04, which indicates that α ≈ β (see Methods for details on 
the error estimation).

We demonstrate the predicted insensitivity of the universal prop-
erties to the initial state by comparing the evolution for different ini-
tial conditions before and after the cooling quench. We find excellent 
agreement for the scaling exponents, obtained independently by using 
a scaling analysis for each of the three measurements (Extended Data 
Figs. 2–5). This shows the generality and robustness of these non- 
equilibrium attractor solutions: in contrast to equilibrium critical 
phenomena, for which the temperature has to be adjusted to observe 
scaling, no fine-tuning of parameters is required.

The universal character allows us to relate the predictions for each 
measurement directly, resulting in the combined likelihood func-
tion presented in Fig. 3a. We consider, for the analysis, the approx-
imately uncorrelated exponents β and Δαβ = α − β. In agreement 
with each individual measurement, we find a clearly non-vanishing 
exponent β = 0.1 ± 0.03 and a vanishing (within errors) exponent 
Δαβ = −0.01 ± 0.02, and thus α = 0.09 ± 0.03. The expected inde-
pendence of the scaling exponents α and β on the reference time t0 is 
shown in Fig. 3b.

We further demonstrate that the shape of the scaling function �f k( )S
 

in Fig. 4 is universal: the data for three different initial conditions follow 
a single universal function �f k( )S

 for all times during which the system 
shows scaling dynamics. This reflects an enormous reduction of the 
possible dependence of the dynamics on variations in time and 
momentum, because the scaling function depends on only the relevant 
parameters of the system. For instance, if an initial field amplitude rep-
resented a relevant parameter, then the scaling function would addi-
tionally depend on the product of time or momentum and this field 
amplitude, with a new scaling exponent. In this case, extracting the 
scaling function as in Fig. 2 or Fig. 4 as a function of only the product 
of time and momentum would fail to describe the data.
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Fig. 3 | Scaling exponents. a, The combined two-dimensional likelihood 
function (colour scale), averaged over all times t and reference times 
t0 within the scaling period and over three different initial conditions, 
reveals a clear peak that yields the non-vanishing scaling exponents 
α ≈ β = 0.1 ± 0.03, with a deviation between the two exponents of 
Δαβ = α − β = −0.01 ± 0.02. The error is estimated using a Gaussian fit 
(black dashed lines) to the marginal-likelihood function (top and right). 
b, Dependence of the scaling exponents on the reference time t0. The 
exponents are, to a good approximation, independent of t0 and agree 
well with the mean predictions (black solid and dashed lines). The error 
bars denote the standard deviation obtained from a Gaussian fit to the 
marginal-likelihood functions at each reference time separately.
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Fig. 4 | Universal scaling function and spatially averaged observables.  
a, Normalized universal scaling function for varying initial conditions: (1) 
blue, N = 1,700, ns = 1.4 μm−1; (2) red, N = 2,800, ns = 0.9 μm−1; (3) green, 
N = 1,150, ns = 2.3 μm−1. All initial conditions collapse to a single 
universal function fS with exponent ζ = 2.39 ± 0.18 (grey solid line) for all 
times within the scaling region. The non-universal scales are the 
characteristic momentum scale, k0 = 2.61 μm−1 (blue), 2.28 μm−1 (red) 
and 3.97 μm−1 (green), and the global scaling factor of the momentum 
distribution, n0 = 0.14 μm, 0.15 μm and 0.10 μm, respectively. The rescaled 
experimental data are binned over three adjacent points in k for clarity. 
The small deviations at low momenta are due to the finite expansion time 

of the gas (Methods). The initial single-particle momentum distribution 
n(k) at the end of the quench is depicted in the inset. We note the double 
logarithmic scale, in contrast to Fig. 2. b, Scaling of averaged observables. 
The fraction of particles in the scaling region ¯ ∝ / ΔαβN t t( )0  (upper panel) 
becomes approximately conserved (solid black line) within the scaling 
period (grey-shaded region) while being transported towards lower 
momenta. Deviations in the scaling of the mean kinetic energy per particle 
in the scaling region, ̅ ∝ / β−M t t( )2 0

2  (lower panel), from the predicted 
scaling (solid black line) indicates the extent of the scaling period in time. 
The error bars mark the 95% confidence interval. a.u., arbitrary units.
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We consider the form ∝ + / ζ −�f k k[1 ( ) ]S 0
1  for the scaling func-

tion4,29, where the exponent ζ = 2.39 ± 0.18 is obtained from a single 
maximum-likelihood fit to all experimental realizations simultane-
ously. For a fixed exponent, the non-universal scales—the global scaling 
factor of the momentum distribution and the momentum scale k0 that 
rescales the dimensionless momentum /�k k0—are determined from a 
least-squares fit for each experimental realization (Methods). The shape 
of the momentum distribution within the scaling period is markedly 
different from the thermal distribution (compare Fig. 1c and Extended 
Data Fig.  1), which clearly indicates a non-thermal scaling 
phenomenon.

The extent of the scaling region in time is visible from the scaling 
behaviour of the spatially averaged observables N̅  and M̅2 (Methods), 
which describe the fraction of particles and the mean energy per par-
ticle in the time-dependent scaling region of momentum space 
(|k| ≤ (t/t0)βkS), respectively. From the scaling ansatz in equation (1), 
we find ¯ ∝ / ΔαβN t t( )0  and hence (because Δαβ ≈ 0) the emergence of 
a conserved quantity. This is confirmed in Fig. 4b, in which N̅  is 
approximately constant in the scaling period, whereas it shows a clear 
time dependence before and after.

The values for the scaling exponents α and β determine the direction 
and speed with which the particles are being transported. Because these 
values are positive, a given momentum k in this regime scales as 
k/k0 ∝ t−β, so the transport is directed towards lower momenta (the 
infrared). This transport of particle number leads ultimately to the 
observed build-up of the quasi-condensate and the approach to thermal 
equilibrium at late times. The mean energy also exhibits power-law 
behaviour, ̅ ∝ / β−M t t( )2 0

2 , and is in accordance with the determined 
scaling exponent β. Therefore, whereas the particle number in the scal-
ing region is conserved, energy is transported outside this region to 
higher momenta. On the basis of the scaling properties of these global 
observables, we identify the scaling period to include the times 
t ≈ 0.7–75 ms.

The far-from-equilibrium universal scaling dynamics in isolated 
Bose gases following a strong cooling quench or for equivalent ini-
tial conditions has been studied theoretically using non-perturbative 
kinetic equations4,13. In these studies, the universal scaling function is 
expected to depend on the dimensionality d. The predicted13 power-law 
fall-off n(k) ∝ k−ζ, with ζ = d + 1, is consistent with the approximate 
form of the scaling function given by the RDM and by the quasi- 
condensate at low momentum, but differs (slightly) from the experi-
mental results. A scaling analysis of the kinetic quasiparticle transport4 
yields the exponent β = 1/2 in equation (1) to be independent of d. 
However, this theory is not expected to apply fully. In particular, for 
d = 1, owing to the kinematic restrictions from energy and momentum 
conservation, the associated transport is expected to vanish.

The contributions of higher dimensions to the one-dimensional 
physics provide a plausible way of explaining the non-standard scal-
ing function and scaling exponents observed. Initially, there is a small 
population of atoms with momenta large enough to excite thermalizing 
collisions30, and a very small initial seed can lead to thermalization, as 
observed previously31. This is confirmed by a quasi-condensate fit to 
the final momentum distribution, which, assuming thermal equilib-
rium, yields an excited-state population of 11% (T = 95 nK = 0.6ħω⊥). 
Our experimental results provide a quantum simulation near the 
dimensional crossover between one- and three-dimensional phys-
ics, establishing universal scaling dynamics far from equilibrium in 
a regime in which no theoretical predictions are currently available.

The direct experimental evidence that we have presented of scaling 
dynamics in an isolated far-from-equilibrium system is a crucial step 
towards a description of non-equilibrium evolution by non-thermal 
fixed points. Similar phenomena have recently been observed32 in a 
spin-1 system, but with a scaling exponent of β ≈ 1/2. The concept of 
non-thermal fixed points has the potential to provide a unified descrip-
tion of non-equilibrium evolution, reminiscent of the characterization 
of equilibrium critical phenomena in terms of renormalization-group 
fixed points33. Such a description may lead to a comprehensive 

classification of systems on the basis of their universal properties far 
from equilibrium, which would be relevant for a large variety of systems 
at different scales.
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Methods
Preparation of the gas and cooling quench. The initial thermal Bose gas is prepared 
using a standard procedure to produce ultracold gases of 87Rb on an atom chip34. 
The description of the system at the microscale is given by the Bose Hamiltonian 
with contact interactions, determined by the s-wave scattering length as = 5.2 nm. 
We prepare a thermal cloud of typically N = (2.7–3.2) × 104 atoms initially in an 
elongated, ω∥ = 2π × 23 Hz and ω⊥ = 2π × 3.3 kHz, deep trapping potential  
Vi ≈ h × (130–160) kHz at a temperature T ≈ 530–600 nK. The atoms are held in this 
configuration for 100 ms to ensure a well defined initial state. The thermal cloud 
is above both the dimensional crossover to an effective one-dimensional system  
and the critical temperature Tc for the phase transition to a three-dimensional  
Bose–Einstein condensate, and therefore has a large excess of particles in transver-
sally excited, high-energy states. The trap depth is reduced to its final value Vf at a 
constant rate Rq = (Vi − Vf)/τq = h × 25 kHz ms−1 by applying radio-frequency radi-
ation at a time-dependent frequency (RF-knife), leading to an energy-dependent  
transition of atoms from a trapped to an un-trapped spin state. This allows the 
high-energy particles to rapidly leave the trap, leading to the competing times-
cales τq of the cooling quench (see Fig. 1) and the typical collision times needed 
for re-equilibration of the system. The final trap depth is Vf ≈ h × 2 kHz, which 
is below the first radially excited state of the trapping potential, hVf < ħω⊥. At 
the end of the cooling ramp, the RF-knife is held at its final position for 0.5 ms 
before it is faded out within 1 ms, thereby raising the trap depth to V ≈ h × 20 kHz. 
In addition, because the RF-knife reduces the radial trapping frequency slightly, 
there is a small interaction quench (about 10%) of the one-dimensional system. 
The system is therefore rapidly quenched to the quasi-one-dimensional regime, 
finally occupying only the transverse ground state. Experimental realizations 1 to 
3 reported in the main text have final atom numbers of N ≈ 1,700, 2,800 and 1,150, 
respectively, and agree well with the RDM with a defect density of ns = 1.4 μm−1, 
0.9 μm−1 or 2.3 μm−1 and defect width of ξs = 0.07 μm, 0.06 μm or 0.05 μm (cor-
responding to ξs/ξh = 0.3, 0.3 or 0.17). The resultant far-from-equilibrium state 
is held for variables times of up to t ≈ 1 s, during which the universal dynamics 
develops and takes place.
Measuring the density and momentum distributions. The density and momentum  
distribution of the gas are measured after finite time of flight for ttof = 1.5 ms and 
ttof = 46 ms of free expansion. This gives access to the in situ (iS) and time-of-
flight (tof) density profiles, for which the atoms are detected using absorption and  
fluorescent imaging in a thin light sheet, respectively. We then calculate the radially 
centred and integrated density profiles in the longitudinal direction. We correct 
the profiles for possible random sloshing effects. The quench and measurement 
is repeated for each experimental shot and hold time t, 10–15 times for the in situ 
data and 25–50 times for the time-of-flight data. The fast expansion in the radial 
direction dilutes the gas and leads to ballistic expansion in the longitudinal direc-
tion. Because the momentum of the particles during the expansion is therefore 
approximately conserved, the density distribution after expansion converges to 
the in situ momentum distribution of the cloud. We checked the effects of a finite 
dilution time via numerical simulations of the Gross–Pitaevskii equation, using 
hydrodynamic models to determine the time dependence of the interaction con-
stant g for early times of the expansion. For the parameters of the experiment, we 
did not find any substantial deviations from a completely ballistic expansion in 
the longitudinal direction.

The pulled-back momentum distribution converges rapidly for high k towards 
the true momentum distribution of the gas. For low k the finite in situ size of 
the cloud does not allow for a clear separation of different momentum modes 
and atoms of different momentum overlap in the measured density after time of 
flight. This means that for a cloud of size R, particles with momentum less than 
about kiS = Rm/(ħttof) do not have time to propagate sufficiently far outside the in 
situ bulk density to be clearly separated. Therefore, the pulled-back momentum 
distribution for k ≲ kiS resembles the in situ density profile rather than the actual 
momentum distribution of the gas.
Scaling analysis. We extract the universal scaling exponents α and β using a least-
squares fit of the analytical prediction in equation (1), minimizing
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where σ denotes the standard error of the mean, and = /~n k t n k t N t( , ) ( , ) ( )  and 
σ σ= /� k t k t N t( , ) ( , ) ( ) are normalized by the total atom number to minimize the 
influence of atom loss during the evolution; however, the atom loss is negligible 

during the time period when the system shows scaling behaviour. For later times 
the atom loss is roughly 10% per 100 ms, with a final atom number of approxi-
mately 40% at the end of the evolution. The rescaling of the momentum variable 
inevitably necessitates a comparison between the momentum distributions at 
momenta lying between the discrete values measured in the experiment. We there-
fore linearly interpolate the spectrum and its error at the reference time t0, which 
allows us to evaluate the experimental spectrum at all momenta (t/t0)βk. For the 
scaling analysis we symmetrize the spectrum by averaging the momentum distri-
bution over ±k to lower the noise level.

Estimating the exponents and their error is done via the likelihood function. 
To decouple the two exponents we take α = β + Δαβ and fit the deviation Δαβ 
of the exponent from the theoretical expectation α ≡ β. We therefore define the 
likelihood function
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The most probable exponents are determined by the maximum of the likelihood 
function. The error of the estimate is determined by integrating the two- 
dimensional likelihood function along one dimension and extracting the variance 
of the remaining exponent using a Gaussian fit to the marginal-likelihood func-
tions. We find excellent agreement between the marginal likelihood functions and 
the Gaussian fits. Therefore, the Gaussian estimate of the error is equivalent to the 
(asymmetric) estimate using a change in the log-likelihood function by 1/2. The 
reason for this good agreement is the aforementioned decoupling of the exponent, 
which results to a good degree in a two-dimensional, Gaussian likelihood function 
for L(Δαβ, β). The estimates of the scaling exponents for different reference times 
are calculated equivalently (neglecting the sum over t0 in equation (2)). The esti-
mate is insensitive to the upper cut-off kh (within reasonable limits). The momen-
tum kS, which limits the scaling region in the ultraviolet, is determined as the 
characteristic scale for which the mean deviation of the rescaled momentum dis-
tributions for |k| ≤ kS and averaged over all times t in the scaling period exceeds 
the 95% confidence interval at the reference time t0. The lower cut-off is taken as 
kl = 0. Excluding momenta |k| ≤ kS leads to a small shift in the exponents towards 
lower values, but agrees well within the estimated errors of the exponents (less than 
about 0.3σ deviation). The results of the scaling analysis for three independent 
experimental realizations are shown in Extended Data Figs. 2–4. We find similar 
results in all cases. The exponents and errors reported in the main text are  
estimated from the combined likelihood function = ∏L Li i , where i labels the 
independent experimental realizations.

The universal function fS is determined equivalently, where for each fixed 
exponent ζ the non-universal scales are determined from a least-squares fit to 
each experimental realization separately. To minimize the influence of the finite 
expansion of the gas, we consider momenta |k| > kiS for the determination of 
fS. The likelihood function is subsequently defined by the averaged residuals of 
the scaled data as compared to the universal scaling function fS = (1 + kζ)−1 for 
all realizations simultaneously. The error is again estimated using a Gaussian fit 
to the (one-dimensional) likelihood function. The non-universal scales for the 
most likely exponent ζ = 2.39 ± 0.18 for experimental realizations 1 to 3 are the 
characteristic momentum scale, k0 = 2.61 μm−1, 2.28 μm−1 and 3.97 μm−1, respec-
tively, and the global scaling factor of the momentum distribution, n0 = 0.14 μm,  
0.15 μm and 0.10 μm.
Global observables. We define the global observables
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where kS = 6.5–8 μm−1 defines the high-momentum cut-off for the scaling region in 
k. In the main text, we consider the fraction of particles in the scaling region 
¯ ∝ / ΔαβN t t( )0  and the mean kinetic energy per particle in the scaling region 

̅ ∼ / β−M t t( )2 0
2 . The global observables N̄ and M̄  show independent scaling in time 

with the exponents Δαβ and β, whereas the integral ranges depend non-trivially on β. 
The results for each experimental realization are shown in Extended Data Fig. 5. In the 
main text, we report the result obtained by averaging over all experimental realizations.
Model fits. The density profile ρ(z) is determined by a fit to the experimen-
tal in situ density, measured after ttof = 1.5 ms of free expansion. In case of the 
RDM we consider for a fixed atom number N(t) and a scaled density profile 
ρ(z, t) =  = b−1(t)ρ(zb−1(t)) in the Thomas–Fermi approximation, leaving the 
scaling factor b(t) as the only free parameter (more precisely, a previous result35 is 
used for the density profile, which takes the radial swelling of the condensate into 
account). We neglect possible finite-temperature fluctuations and any contributions  
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from radially excited states in the RDM, assuming the gas to be dominated by soli-
tonic defects. For early times, the high-momentum modes do not have substantial 
thermal occupation, and we find good accordance with the RDM.

In case of the quasi-condensate, we determine the thermal density profile for a 
given temperature T and chemical potential μ using simulations of the stochastic 
Gross–Pitaevskii equation (see, for example, ref. 36). The broadening of the density 
distribution is herein due to the finite temperature of the gas. The density profile 
is subsequently fitted via ρ(z, t) = ρQC(z, T(t), μ(t)) + ρ⊥(z, T(t), μ(t)). Here we 
take into account the thermal occupation of radially excited states ρ⊥ within the 
semiclassical approximation, which are non-negligible for late times. The chemical 
potential μ is fixed by the total atom number, ∫ ρ =z t z N t( , )d ( ).

The fitted density profiles are used to determine the single-particle momentum 
distribution n(k, t) of the inhomogeneous system from a least-squares fit of the exper-
imental data to the theoretical predictions within the local density approximation. 
For both models we restrict the fitting region to |k| > kiS, owing to the simplified 
hydrodynamic model for the finite expansion of the gas. The RDM12 is fitted over the 
full momentum range that is accessible in the experiment. For high defect densities, 
the RDM fit shows correlations between defect density and width because these two 
scales become of the same order for the far-from-equilibrium state. Because it is theo-
retically expected that the defect width is approximately conserved during evolution, 
we fix the defect width to its mean value within the first 25 ms of evolution, leaving 
the defect density as the only free parameter. We find reasonable agreement between 
the RDM results and the independent scaling analysis. In particular, the RDM is 
clearly preferred compared to a thermal distribution within the scaling period.

For the fits in thermal equilibrium we consider a quasi-condensate model37, 
including thermal occupation of radially excited states38. Considering the validity 
regime of the quasi-condensate model, we restrict the fitting procedure to momen-
tum modes with energy less than ħω⊥. We determine the chemical potential μ by 
fixing the atom number within this region of momentum space. This leads to a 
slight shift in the chemical potential compared to the in situ fits. For late times we 
find excellent agreement with the experimental data, demonstrating the relaxation 
of the system to thermal equilibrium.

Data availability
The data that support the findings of this study are available from the correspond-
ing author on reasonable request.

 
	34.	 Reichel, J. & Vuletic, V. Atom chips (John Wiley & Sons, Weinheim, 2011).
	35.	 Gerbier, F. Quasi-1D Bose–Einstein condensates in the dimensional crossover 

regime. Europhys. Lett. 66, 771–777 (2004).
	36.	 Blakie, P. B., Bradley, A. S., Davis, M. J., Ballagh, R. J. & Gardiner, C. W. Dynamics 

and statistical mechanics of ultra-cold Bose gases using c-field techniques.  
Adv. Phys. 57, 363–455 (2008).

	37.	 Richard, S. et al. Momentum spectroscopy of 1D phase fluctuations in 
Bose–Einstein condensates. Phys. Rev. Lett. 91, 010405 (2003).

	38.	 Davis, M. J., Blakie, P. B., van Amerongen, A. H., van Druten, N. J.  
& Kheruntsyan, K. V. Yang-Yang thermometry and momentum  
distribution of a trapped one-dimensional Bose gas. Phys. Rev. A 85, 031604 
(2012).

© 2018 Springer Nature Limited. All rights reserved.



LetterRESEARCH

Extended Data Fig. 1 | Results of random-defect and quasi-condensate 
models. The time evolution of the characteristic scales for the 
experimental data presented in Fig. 4a (initial condition 1) are shown. 
The resulting temperature T (blue) and defect density ns (red) are shown 
in the upper panel for the full time evolution. The defect width for the 
random-defect model is fixed to ξs = 0.087 μm, determined by the mean 
over the first 25 ms of the evolution. The defect density within the scaling 
region shows a power-law dependence consistent with the exponent β of 
the scaling evolution reported in the main text. For later times deviations 

occur, signalling the end of the scaling region. The quality of the model 
fit is depicted in the lower panel (black squares), where positive and 
negative values favour the random-defect and quasi-condensate models, 
respectively. The random-defect model is strongly preferred for the first 
roughly 100 ms, after which the system converges to a thermal quasi-
condensate within about 400 ms. The absolute values of the reduced χ2 for 
the random-defect (RD) model are about 1 and 5 for early and late times, 
respectively; those for the quasi-condensate (QC) model are about 25 and 1.

© 2018 Springer Nature Limited. All rights reserved.
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Extended Data Fig. 2 | Rescaling analysis for different initial 
conditions. a–c, Original (left) and rescaled (right) single-particle 
momentum distribution n(k, t) for different initial conditions  
(a–c correspond to initial conditions 1–3 in Fig. 4a). Each distribution 
is normalized by the time-dependent atom number N(t) and the time 
is encoded in the colour scale. The grey dashed vertical lines indicate 

the scaling regime in k. The scaling exponents α ≈ β and the deviation 
between them Δαβ = α − β are in excellent agreement with the mean 
values reported in the main text. We note that here we compare the data 
for the full experimental resolution in k. The distribution at the reference 
time t0 = 4.7 ms is given by the grey line; its width indicates the 95% 
confidence interval.
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Extended Data Fig. 3 | Likelihood function for different initial 
conditions. a–c, Two-dimensional likelihood functions (colour scales) 
and marginal-likelihood functions (top and right) for different initial 
conditions (a–c correspond to initial conditions 1–3 in Fig. 4a). A clear 
peak at non-zero α ≈ β is visible for each realization, whereas the deviation 

between the two exponents is Δαβ = α − β ≈ 0. For scan 2 (b), a small 
condensate may have been present before the quench, which led to the 
larger extent of the likelihood function. Gaussian fits are in excellent 
agreement with the marginal-likelihood functions and determine the error 
of the scaling exponents reported in Extended Data Fig. 2.
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Extended Data Fig. 4 | Time evolution of scaling exponents for 
different initial conditions. a–c, Scaling exponents α ≈ β (blue) and 
deviation between the two exponents Δαβ = α − β (red) for different 
initial conditions (a–c correspond to initial conditions 1–3 in Fig. 4a), 

determined from the likelihood function for each reference time t0, are in 
good agreement with the predicted mean (black solid and dashed lines). 
The error bars denote the standard deviation obtained from a Gaussian fit 
to the marginal-likelihood function at each reference time separately.
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Extended Data Fig. 5 | Spatially averaged observables for different 
initial conditions. a–c, Time evolution of the fraction of particles in the 
scaling region ¯ ∝ / ΔαβN t t( )0  (red) and the mean kinetic energy per particle 
in the scaling region ̅ ∝ / β−M t t( )2 0

2  (blue) for different initial conditions 

(a–c correspond to initial conditions 1–3 in Fig. 4a). Within the scaling 
region (grey-shaded areas), N̄  is approximately conserved. The solid black 
lines are the approximately conserved value and scaling solutions (5). The 
error bars indicate the 95% confidence interval.
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