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Abstract

The Raman and Brillouin spectra in bismuth vanadate crystals near the ferroelectric phase-transition
point are studied. The intensity maximum corresponding to the soft mode in light scattering spectra is
found. This mode is responsible for the instability of the bismuth vanadate crystal lattice in the vicinity
of the ferroelectric phase-transition point. Strong interaction of the soft optical mode with an acoustic
mode of the corresponding symmetry is revealed by an analysis of the Raman and Brillouin spectra
observed. The theory of light scattering by coupled lattice modes based on the model of two strongly
coupled oscillators is developed. The introduction of an additional oscillator strongly interacting with
the fundamental soft mode is shown to result in a temperature shift of the structural phase transition
to higher temperatures. The results obtained confirm the possibility of changing the phase-transition
temperature by modification of the vibrational spectrum through introduction of additional degrees
of freedom or comminution of the macroscopic sample with formation of the ordered superdispersed
structure (globular crystal). These results are general and can be subsequently used to increase the
phase-transition temperature in ferroelastics, ferroelectrics, and superconductors.
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1. Introduction

Modern achievements in optoelectronics, acoustics, and acousto-optics rely on the use of new synthetic
single crystals. These materials exhibit electrooptic, piezooptic, and acoustooptic properties important
for applications. Along with the ferroelectric crystals LiNbO3, KH2(PO4) (KDP), LiTaO3, and so on
that are customarily used, the new ferroelastic materials (TeO2, Hg2Cl2, BiVO4, Pb3(VO4)2, and so on)
are of significant promise for applications. These new materials are characterized by anomalously high
refractive indexes and small sound velocities. Thus, they possess improved acoustooptic efficiency and
ferroelectric properties.

Studies of the ferroelastic phase transition in these materials are of both fundamental (associated with
the study of the general mechanisms of structural phase transitions) and applied importance. The latter
consists in the prospects of using the high lattice lability arising in the phase-transition region for creation
of new highly sensitive technical tools and devices. In this case, the thermal stability of parameters of
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the specific devices operating at temperatures far from the phase-transition region is defined in many
ways by the nature and magnitude of the anomalies in physical properties in the phase-transition region.

According to the modern theory of structural phase transitions in condensed matter, the dielectric,
elastic, and elasto-optical anomalies of crystals are due to the lattice instability with respect to the
specific vibration. This vibration is called a soft mode and strongly interacts with other modes. The
interaction of the soft mode with other lattice vibrations can be studied by an analysis of the spectra of
IR absorption, Raman scattering, and Brillouin scattering.

Such an interaction results in renormalization of the thermodynamic characteristics of the phase tran-
sition. This provides the possibility of variation of the phase-transition temperature at the expense of
changing the parameters of low-frequency lattice vibrations by the introduction of impurities, intercala-
tion, and so on.

It should be noted that the relation of the vibrational spectra of crystals to their elastic and optical
properties was previously studied mainly for ferroelectrics. One should expect similar results for ferroe-
lastic crystals without the piezoelectric effect but with the symmetry-allowed linear interaction of the
order parameter and deformation.

In this connection, this paper studies the problem of the vibrational spectra of ferroelastic crystals of
bismuth vanadate (BiVO4). These crystals undergo ferroelastic phase transitions of the second kind at
Tc = 522 K and possess high acousto-optical efficiency, small sound damping, and good optical quality.
Because of these characteristics, bismuth vanadate shows promise for acousto-optics.

However, practical implementation of this material was hampered by the lack of data on the refractive
indexes and elastic moduli and their temperature dependences. In addition, lack of these data hampers
a correlation between the results of the experiment and phase-transition theory for bismuth vanadate.

The main goal of the present paper is to study the specific features of light scattering by the acoustic
and optical modes of BiVO4 ferroelastic crystals under the condition of strong coupling between these
modes in a temperature range that includes the phase-transition point (Tc = 522 K).

2. Theory of Light Scattering in the Region of the Ferroelastic Phase
Transition

2.1. Theory of Light Scattering by Lattice Vibrations in the Case of Coupling Be-
tween Oscillators

Studies of phase transitions in detail were started by Ginzburg and Levanyuk [1–3] and Cochran [4]. In
these papers, the specific features of light scattering by the so-called soft modes near the phase-transition
points of the second kind were indicated.

As is well known [5, 6] the condition of stability of the crystal lattice is the reality and distinction
from zero of all characteristic frequencies ω defined by the secular equation

|Φµν
ij −mµω2δµνδik| = 0. (2.1)

Here, Φ is the force-constant matrix, m is the mass, and δ is the Kronecker symbol.
The condition of existence of only positive solutions is fulfilled when all principal minors of the

determinant of the matrix Φ are positive, i.e.,

det|Φ| > 0. (2.2)

536



Volume 25, Number 6, 2004 Journal of Russian Laser Research

Fig. 1. System of two coupled oscillators.

It is apparent that one should not restrict oneself to the purely harmonic approximation in the origi-
nal equations to obtain the temperature dependences of the parameters entering the matrix Φ. These
dependences result in the violation of condition (2.2) at a certain temperature. However, even a small
anharmonicity entering into these equations causes a considerable complication of the whole problem.
In this case, it is appropriate to seek a violation of condition (2.2) for some individual (soft) modes [7]
that determine the change in the crystal symmetry and to account for the anharmonicity of other modes
through their coupling with the soft modes. In these conditions the mean value of the normal coordinate
of the soft mode can serve as an order parameter. One can also try to consider the dielectric, elastic, and
elasto-optical anomalies from the unified point of view in terms of the lattice stability.

The results of coupling of the lattice vibrational modes manifest themselves clearly in the spectra of IR
absorption and Raman and Brillouin scattering in the form of the characteristic “repulsion” of lines and
redistribution (“transfer”) of intensity from one mode to another [8, 9]. The specific features of Raman
scattering by the bound vibrational states in ferroelectric crystals were studied in detail by Gorelik [8,10].
The extensive literature dedicated to the soft ferroelectric modes can be found in reviews [8–11].

To better understand the essence of the processes occurring on interaction of the soft mode with
other fundamental vibrations, we turn our attention to the idealized model of two coupled oscillators
considered in [8] (see Fig. 1). The equations of motion of such a system have the form

m1ü1 = −γ − γ(u1 − u2)− α1u̇1 − β(u̇1 − u̇2), (2.3)

m2ü2 = −γ02u2 − γ(u2 − u1)− α2u̇2 − β(u̇2 − u̇1). (2.4)

Using the Green’s function formalism the author of [8] showed the possibility of existence of two
normal modes in a system with frequencies
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The spectral distribution of inelastically scattered radiation for a system of such type has the form

I(Ω) =
(

∂α

∂u

)2

χ′′(Ω)|m(Ω) + 1|. (2.6)

Here, ∂α/∂u is the derivative of polarizability with respect to the normal coordinate, which characterizes
the Raman intensity, [m(Ω) + 1] is the Bose–Einstein factor, and χ′′(Ω) is the imaginary part of the
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Fig. 2. The effect of “frequency repulsion” in the interaction of two oscillators.

susceptibility
χ(Ω) =

∑
i,j=1,2

pipjGij(Ω). (2.7)

The coefficients pi and pj characterize the contribution of each oscillator to the Raman intensity and
Gij(Ω) is the Green’s function,

||G−1
ij || =
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The separation between the frequencies of the interacting oscillators is determined by the relationship

Ω2
+ + Ω2

− =
√

(Ω2
1 − Ω2

2)2 = 4∆2
12∆

2
21 . (2.9)

When the partial frequency of one of the coupled oscillators strongly varies with some external factor
(temperature, pressure, and so on), i.e., γ01/m1 = f(p), while the corresponding frequency of the other
oscillator remains constant, γ02/m2 = const (such a case can be realized near the phase-transition point
in a crystal), the strong interaction of modes sets in under certain conditions. This interaction is accom-
panied by drastic frequency tuning according to (2.5). With the equality of the frequencies (Ω1 = Ω2)
their “repulsion” occurs by the value

∆0 =
√

2∆12∆21 = γ
√

2/m1m2 . (2.10)

The variations in the spectrum caused by this interaction are shown in Fig. 2.
The characteristics of the phase transition change with switching on of the interaction of the soft

mode with some additional low-frequency vibration. Let us assume that the partial frequency of one of
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the modes is Ω2
01 = γ01/m1 = a(θ−T ), while that of another mode is Ω2

02 = γ02/m2 = const (Ω2
02 < Ω2

01,
θ is the transition temperature). Using expressions (2.5) we obtain the following relationship for the
renormalized frequency of the soft mode:
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In this case, the expressions for the parameters a′ and θ′ have the form
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. (2.13)

From relationships (2.12) and (2.13), one sees how the characteristics of the phase transition are
renormalized because of the interaction of the soft mode with the low-frequency crystal modes and how
one can “control” these characteristics. In particular, with interaction between the soft and deformation
modes, a phase transition always takes place at the temperature Tc, which exceeds the temperature T0 of
the phase transition of the system without interaction [12,13]. This allows one to vary the phase-transition
temperature T0 at the expense of change in the parameters of the low-frequency crystal vibrations, by
doping, intercalation, comminution, and other external actions [8].

It is important that the effects discussed should take place not only for the structural phase transi-
tions (in particular, for the ferroelectric and ferroelastic ones) but also for the other phase transitions
characterized by the presence of the soft mode, i.e., described by a theory of the Ginzburg–Landau
type. Of particular interest from this point of view is the possibility of enhancing the temperature of
the superconducting phase transition close to the superconductor surface at the expense of the con-
tact of the superconductor with a material characterized by the availability of high-Q lattice modes in
the region of the superconducting gap (10–20 cm−1 for ordinary superconductors and 200-300 cm−1 for
high-temperature superconductors) as well as at the expense of the comminution of the material and
realization of a highly dispersed medium of the type of a globular photonic crystal.

These effects were studied in greater detail for ferroelectric crystals. As was demonstrated with
KH2PO4 ferroelectric (KDP) [14], the interaction of acoustic vibrations with the optical soft mode
strongly affected the acoustic and acousto-optical parameters of ferroelectric crystals with a linear relation
of the order parameter (spontaneous polarization) and deformation through the piezoelectric effect. For
the KDP the elastooptic constant Peff increases sixfold in the vicinity of the phase-transition point at the
expense of the energy transfer from the soft optical mode to the acoustic mode, while the acousto-optical
efficiency M2 = Peff/ρν increases tenfold on the whole, since the phase transition is the ferroelastic one
in this case. It should also be noted that the temperature difference ∆T = Tc − T0 characterizes the
magnitude of this interaction and comprises ∆T = 4.7 K for KDP [15].

The outlined relation of the fluctuations of the order parameter and deformation also results in the
specific anisotropy of the acoustic anomalies in uniaxial ferroelectrics whose origin is the subject of
considerable studies at present [16–20].

Note that the effect of the relation between the crystal vibrational modes and the fluctuations of the
order parameter on the elastic and elasto-optical properties was studied mainly for ferroelectrics [14–
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19]. Similar results should be expected for ferroelastics lacking a piezoelectric effect but with a linear
interaction of the order parameter with a deformation allowed by symmetry.

2.2. Two-oscillator Model of the Phase Transition in Bismuth Vanadate

The phase transition in BiVO4 was first reported in [21, 22] where this crystal was shown to be a
ferroelastic. This means that at Tc = 523 K bismuth vanadate undergoes a phase transition of the second
kind with change in the space symmetry group I 41/a ↔ I 2/a or 4/mF2/m according to Aizu [23]. The
BiVO4 crystal belongs to “pure” ferroelastics since it is centrosymmetrical in both phases and lacks the
anomaly in the temperature dependence of the permittivity ε(T ) [21] at the phase-transition temperature
Tc.

The temperature studies of the separate Raman lines in bismuth vanadate [24] resulted in the detection
of the temperature-dependent soft optical mode of symmetry Bg in the high-temperature phase. The
squared frequency of this mode decreases linearly as the temperature decreases, ω2 ∝ (T − Tc), but does
not vanish at the phase transition temperature. To analyze the Raman data, the authors of papers [24,25]
speculated that the mean value of the normal coordinate Q served as the order parameter in this case,
while the change in the crystal symmetry with the phase transition was associated with the irreducible
representation Bg of the original group C4h (4/m). Thus, the crystal symmetry admits the linear in Q
interaction between the order parameter and the elastic strain, whose components rearrange in the same
manner as the order parameter. Because of this interaction, the optical mode induces the ferroelastic
phase transition. The elastic modulus associated with the coordinate Q of the acoustic mode tends to
zero at the temperature Tc, which appears to be greater than the phase-transition temperature of the
system without regard for the interaction discussed (T0). The spontaneous strain εB arising in this case
distorts the unit cell of the high-temperature phase and reduces the crystal symmetry.

The strong coupling between the optical and acoustical vibrations in bismuth vanadate is confirmed
by the results of neutron diffraction studies [26] and the manifestation of the soft acoustic mode in the
spectra of Brillouin scattering [27–31]. However, these studies were carried out only for one scattering
geometry. This prevented the study of the dynamics of the acoustical properties of BiVO4 crystals in
detail. Moreover, experimental data on the elastic moduli of the crystals under discussion and their
temperature dependence have been lacking until the present paper.

In papers [32–35] the experimental and theoretical results of studies of the structural ferroelastic
phase transition in bismuth vanadate were most fully systematized and a thermodynamic potential of
the Landau type was constructed. The expansion of the difference of the Gibbs free energies of the two
phases of bismuth vanadate into a power series of the order parameter Q has the form

∆G = ∆Gopt + ∆Gac + ∆Gint + ∆Gext. (2.14)
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is the contribution of the acoustic modes determined by the elastic energy (1/2)C0
µνεµεν [36],

∆Gint = −k1Q[m′(ε1 − ε2) + n′ε6]− k2Q
2[m′′(ε1 + ε2) + n′′ε3]−

1
2
k3Q(ε2
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5)− k4Qε4ε5 (2.17)

is the interaction energy of the soft optical and acoustic modes, and

∆Gext = −
6∑

µ=1

σµεµ = −
3∑

i,j=1

σijεij (2.18)

is the result of the effect of the external applied stresses.

Theoretical dependences of various spontaneous deformations on the temperature and pressure as well
as similar dependences for the matrix of elastic moduli were calculated in [33] using the thermodynamic
potential containing expressions (2.14)–(2.17) (without regard for external actions). The anomalous
behavior of the acoustic properties of bismuth vanadate in the vicinity of the phase-transition point was
predicted.

The study of the domain structure of BiVO4 is of particular interest. The theoretical and experimental
aspects of this structure were discussed in [37–43]. The transverse wave of acoustic deformation with
propagation direction collinear to the domain walls of the crystal was shown [7] to be the acoustic
soft mode with wave vector ~q = 0. Because of this, the temperature studies of the domain-structure
parameters provide information on the variation in the propagation direction of the soft acoustic modes
in the crystal with temperature. Furthermore, this crystal provides a good example of the peculiar
twinning in which the flat domain walls not only do not coincide with the symmetry-preferred directions
but are not crystallograplic planes with rational Miller indexes at all. In this case, as indicated in [37],
a temperature-dependent variation in the orientation of the domain walls should be observed, which are
90◦ only at T = Tc.

The theory of twinning in bismuth vanadate was constructed in [37] on the basis of [35, 38–42]. The
temperature dependences of the domain-structure parameters were calculated in [35]. However, direct
measurements of these parameters that would allow one to verify the conclusions of [35,37] are lacking.

The number of domain types in BiVO4 crystals is also a debatable point. In some papers (see,
e.g., [41,43]) only two types of domains were suggested. However, the existence of four types of domains
in bismuth vanadate was predicted in [37,42] and the compatibility conditions for the crystal structure at
the boundaries of neighboring domains were obtained. From these conditions it follows that the domains
should turn around with respect to each other since in each type of domain the crystal lattice basis is
modified with respect to the basis of a paraelastic crystal phase in such a way as to prevent the lattice
from rupturing when going to the ferroelastic phase. However, experimental studies of this type have not
been performed earlier.

Thus, the effects of coupling of vibrational modes in bismuth vanadate and their effect on the elastic
and elasto-optical properties of this crystal remain little known in spite of the number of papers [21–37,
41–46] devoted to the physical properties of BiVO4 crystals.
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Fig. 3. Schematic diagram of the set-up for studies of the temperature dependences of refractive indices: 1) GS-5
goniometer, 2) optical thermostat, 3) heat controller, 4) temperature meter, and 5) laser.

3. Experimental Set-ups and Techniques Used

3.1. Set-up for Studies of Temperature Dependences of the Principal Refractive
Indices

The autocollimating technique [47] was used to measure the refractive indexes. To study the temper-
ature dependences of the refractive indexes of BiVO4 crystals, a set-up was created based on the GS-5
goniometer. The schematic diagram of this set-up is shown in Fig. 3. A thermostat was positioned on
the worktable of the goniometer. The thermostat table was rigidly mounted on the rotary table of the
goniometer, while the thermostat case was rigidly connected with the stationary part of the goniometer.
This gave immobility to the optical window of the thermostat with respect to the autocollimation tube of
the goniometer. The temperature in the thermostat was set and maintained constant within 0.1 K during
the time necessary for measurements with a thermostatic switch. A He–Ne laser LG-56 (λ = 6328 Å)
was used as a light source. The control measurement for fused quartz provided the refractive index
n = 1.4572± 0.0002 at T = 293 K. This value agrees well with the data of [47] (n = 1.45729± 0.00004).

3.2. Set-up for Measuring the Longitudinal Strain

Measurements of the longitudinal strain ε3 were performed on the set-up shown in Fig. 4. It is based
on the interference dilatometer as a modified Michelson interferometer with the use of the prism as a
dividing mirror. An LG-78 He-Ne laser (λ = 6328 Å) was used as a light source.

A laser beam 4 was incident on one of the lateral faces of a prism 3 and was divided at its semi-
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Fig. 4. Schematic diagram of the set-up for measuring longitudinal strains: 1) optical thermostat, 2) thermostatic
switch, 3) prism, 4) laser, 5) photodetector, 6) XY-recorder, and 7) sample.

transparent boundary S into two beams 1 and 2 equal in intensity. The beam 1 was reflected from the
boundary S and from the entrance lateral face of the prism, emerged through the prism base normal to
its surface, and was incident normally upon one of the parallel faces of the sample under study. Reflecting
from the sample surface, it traveled the same path to the boundary S where it was divided in two again.
A portion of radiation was returned to the laser, while the other portion (beam 1′) passing through the
boundary S was perpendicular to the other lateral prism face. The beam 2 passing through the transpar-
ent boundary S was reflected from the second lateral prism face, emerged from it normally to the prism
base, and impinged normally on the mirror surface made coincident with the other plane-parallel face
of the sample studied. Reflecting from the mirror, the beam 2 traveled the same path to the boundary
S where it was divided into two. A portion of radiation passing through the boundary S was returned
to the laser, while the other portion (beam 2′) impinged normally on the other lateral prism face. The
beams 1′ and 2′ traveling nearly the same optical path were collected by a lens and produced a stable
interference pattern. The smooth variation in one of the optical paths (elongation of the sample because
of thermal expansion and contraction) resulted in motion of the interference pattern. Such an optical
arrangement allowed one to measure the variation in the path-length difference of the beams reflected
from the parallel faces of the plane-parallel plate and provided high stability of the interference pattern
due to the small spatial separation of the interferometer arms.

The BiVO4 sample and mirror were placed in the optical thermostat to measure the temperature
dependence of the longitudinal strains. The temperature in the thermostat was set and maintained
constant within 0.1 K. A differential chromel–alumel thermocouple was used as a temperature probe.
The voltage from the thermocouple was applied to the X-input of the recorder. The variation in the light
intensity determined by the motion of the interference pattern was detected by the photodetector. The
signal from the photodetector was fed into the Y-input of the recorder. The temperature dependence
of the elongation of the crystal was recorded on the plane-table of the XY-recorder. The strain ε3 was
calculated by the formula ε3 = ∆l/l = mλ/2l, where ∆l is the change in the length l of the crystal
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Fig. 5. Schematic diagram of the set-up for measuring shear strains and studies of the domain structure parameters
of BiVO4 crystals: 1) GS-5 goniometer, 2) optical thermostat, 3) thermosatic switch, 4) temperature meter, 5) MBS-
1 microscope, 6) laser, and S, L, and M are the components of the illuminating system (S is the lamp, L is the
lens, and M is the turning mirror).

along the Z axis (l = 4 mm), m is the number of orders of interference crossing the entrance slit of the
photodetector D, and λ = 6328 Å is the wavelength of the light source.

3.3. Set-up for Studies of Temperature Dependences of the Domain-Structure
Parameters and Measurements of the Components of the Spontaneous-Strain
Tensor

The temperature dependences of the slope of the domain boundary W ′ with respect to the crystallo-
graphic direction [010] p(T ) and of the difference of the angle between the domain walls from 90◦ µ(T )
as well as the components of the spontaneous-strain tensor of the crystal were measured on the same
set-up that was used for the measurements of the principal refractive indexes. For this purpose the set-up
was supplemented with a MBS-1 microscope mounted on the stationary part of the GS-5 goniometer. A
thermostat with three optical windows O1, O2, and O3 (see Fig. 5) was mounted on the worktable of the
goniometer.

The thermostat table with the crystal under study mounted on it was rigidly bound with the goniome-
ter worktable, while the thermostat case and MBS-1 microscope were rigidly bound with the stationary
part of the goniometer. This made the window O1 immobile with respect to the autocollimator, whereas
the sample under study could be rotated by any angle. Such a method allowed one to measure the
variation in the angles between the portions of the lateral prism faces associated with different domains
with an accuracy of 10′′–20′′. At the same time, the domain boundaries of the sample under study could
be observed through the windows O2 and O3 using the microscope and illuminating system S, L, and M
(see Fig. 5).

The dependences p(T ) and µ(T ) were measured in the following manner. The particular temperature
was set and maintained constant within 0.1 K by the thermostatic switch during the time necessary for
the measurement. Then the cross-hairs of the microscope eyepiece were consecutively made coincident
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Fig. 6. Schematic diagram of the automated Raman spectrometer: 1) LG-38 laser, 2) polarizer, 3) and 6) objec-
tives, 4) optical thermostat, 5) sample, 7) analyzer, 8) diaphragm, 9) DFS-12 spectrometer, 10) photomultiplier
tube and pulse shaper, 11) interface block, 12) computer, 13) thermostatic switch, 14) temperature meter, and
15) thermos flask with thawing ice.

with the directions measured by turning the goniometer table. The difference in the goniometer readings
yielded the desired angle. The measurement error was defined by the accuracy of coincidence of the
eyepiece cross-hairs with the image of the domain boundary or the edge of the prism and was ±5′. The
temperature dependence of the components of the spontaneous-strain tensor of the single-domain crystal
of bismuth vanadate was determined from the measured temperature dependence of the change in the
prism angle. The latter was used previously for studies of the temperature dependences of the principal
refractive indexes. The prism angles were measured by the autocollimating technique through the optical
window O1. In this case, the accuracy of measuring the angles was 10′′–20′′.

3.4. Set-up for Studies of Temperature Dependences of Raman Spectra
in Bismuth Vanadate Crystals

The optical soft mode was studied on the automated Raman spectrometer. Its schematic diagram is
shown in Fig. 6. The sample under study 5 was placed into an optical thermostat 4. The temperature
in the thermostat was set and maintained within 0.1 K during the time necessary for the spectrum to
be recorded using the thermostatic switch 13. The temperature was measured with a chromel–alumel
differential thermocouple whose cold junction was kept at a temperature T = 0◦C. The Raman spectra
were excited in the sample with the radiation of a He–Ne laser 1 (λ = 6328 Å, exciting power 20 mW).
The image of the scattering volume was formed by an objective 3 at the entrance slit of an automated
Raman spectrometer 9 controlled with a computer 12 through the interface block 11. Polarizers 1
and 6 were used to realize the necessary polarization geometry of Raman scattering. A diaphragm 8
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Fig. 7. Schematic diagram of the automated spectrometer for Brillouin scattering: 1) laser, 2) focusing lens,
3) diaphragm, 4) magnetic switch, 5) sample, 6) optical thermostat, 7) movable mirror, 7′) turning mirror, 8) diffuser
filter, 9) glass plate, 10) and 15) collecting optics, 11) Fabry-Perot interferometer, 12) and 13) corner reflectors,
14) interface block for the control unit of the Fabry-Perot interferometer, 16) output diaphragm, 17) photomultiplier
tube and pulse shaper, and 18) computer.

eliminated glares associated with the diffuse scattering at the sample boundaries. The Raman spectra
were detected with an FEU-79 photomultiplier tube operating in the single-electron mode. The pulses
from the photomultiplier tube were converted by a pulse shaper 10 and were fed into the counter in the
interface block. The counting time was set by software. The spectrum detected was displayed on the
screen, with subsequent recording into the memory of a computer 12.

3.5. Set-up for Studies of Temperature Dependences of Parameters
of the Acoustical Modes in Bismuth Vanadate

A schematic diagram of the set-up used in studies of acoustical soft modes is shown in Fig. 7. The
set-up consisted of a scanning Fabry-Perot interferometer 11 controlled by a computer 18 through an
interface block 14, an optical thermostat 6 with a system of stabilization and temperature measurement
(not shown in Fig. 7), an optical modulator 4-7-7′-8-9, an LG-38 laser 1 (λ = 6328 Å, exciting power
20 mW), and a photon counter 17. A sample 5 was mounted in the optical thermostat equipped with a
system of stabilization and temperature measurement. The design, operation, and characteristics of this
system are described above (see Fig. 6). Radiation of the laser 1 was focused by a lens 2 in such a way
that the beam focal waist was within the sample under study and at the focus of a lens 10. The scattered
light passed through a Fabry–Perot interferometer 11 three times, reflecting from corner reflectors 12
and 13. The image of the isoclinic rings was focused by an objective 15 and through a diaphragm 16,
and an interference filter fell on the photocathode of the FEU-136 photomultiplier tube operating in the
photon counting mode. The pulses from the photomultiplier tube converted by a pulse shaper 17 arrived
at the counter in the interface block 14. The counting time was set by software. The spectrum recorded
appeared on the display of the computer 18. The scanning and automatic tuning of the Fabry-Perot
interferometer was performed by a digital-to-analog converter in the interface block through a specially
designed three-channel high-voltage amplifier (control unit of the Fabry-Perot interferometer).

546



Volume 25, Number 6, 2004 Journal of Russian Laser Research

The optical modulator was included in the set-up for adjustment and automatic tuning of the Fabry-
Perot interferometer without changing the sample position. It was controlled by software and consisted
of a light chopper 4 with a moving mirror 7, a turning mirror 7′, a diffuser filter 8, and a plane-parallel
glass plate 9. With this modulator, light passed through the interferometer, by-passing the sample when
manual adjustment and self-tuning of the Fabry-Perot interferometer were necessary, as well as when
passing the central peaks and in reverse motion. This allowed one to choose the intensity of the central
peaks optimum for the adjustment program using a filter 8.

4. Relation of the Physical Properties of BiVO4 Crystals
with Variations in the Order Parameter

4.1. Studies of the Spontaneous Strain of a Single-domain BiVO4 Crystal

Data on the temperature dependences of the refractive indexes and order parameter, i.e., of the
spontaneous strain, are necessary for the quantitative description of characteristics of light scattering
in crystals. The techniques for measuring these quantities for BiVO4 crystals were described earlier
in [29,48–53].

In the case of the ferroelastic phase transition the spontaneous strain is the order parameter. As
mentioned above, the phase transition in bismuth vanadate is induced by the soft optical mode whose
normal coordinate according to [35] is associated with a displacement of Bi3+ ions and is transformed by
the Bg representation of the initial symmetry group C4h. Interaction of this mode with the acoustic mode
εB of the same symmetry results in “condensation” of this mode [25]. This gives rise to the spontaneous
strain ε at T < Tc. This strain distorts the unit cell of the high-temperature (paraelastic) phase and
transforms it from the tetragonal cell (with the parameters aT and cT ) to the monoclinic one (with the
parameters aM , bM , cM , and γ) [35],

εs =

−a b 0
b a 0
0 0 0

 , where a =
aM − bM

aT
, b = tan

(
90◦ − γ

2

)
. (4.1)

In this case, the spontaneous strain of the low-temperature (ferroelastic) phase has the form εB =
m(ε1−ε2)+nε6, while the acoustic soft mode in the paraelastic phase contains the combinations (ε−ε2)
and ε6. These combinations are transformed by the Bg representation of the symmetry group C4h [31,33]
and correspond to the shear strain of the crystal [36].

The proposed mechanism of the phase transition in BiVO4 also assumes the strong coupling of the
soft optical mode with the acoustic one εA. The strain components of the latter are transformed by the
unit representation Ag of the initial symmetry group C4h and have the form εA = ε1 + ε2 + ε3.

The temperature dependences of spontaneous strains were studied in single-domain and polydomain
crystals of bismuth vanadate. Both the shear strains of the symmetry Bg, εB = m(ε1 − ε2) + nε6,
and the longitudinal strains of the symmetry Ag, εA, were measured in single-domain BiVO4 samples.
The shear strains were measured from the change in the angle of the prism cut from the single-domain
BiVO4 crystal. The temperature measurements of some components of the spontaneous strain tensor
were carried out for a polydomain crystal of bismuth vanadate.
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Fig. 8. Variation in the angle θ on the strain in the crystal.

Let us consider the linear element δ~r = PQ (see Fig. 8) to determine δθ, the variation in the angle θ
between the direction [cos θ, sin θ, 0] in the crystal and the X axis under the action of spontaneous strain.
If the displacement of the point P is defined by the vector ~u, then the displacement of the point Q is

~u +
∂~u

∂r
= ~u + ω̂ · δ~r + ε̂ · δ~r,

where

εij =
1
2

(
∂ui

∂xj
+

∂uj

∂ui

)
is the tensor of small strains, and

ωik =
1
2

(
∂ui

∂xk
+

∂uk

∂ui

)
is the tensor of small rotations.

Since QR =
∑
k

(ω1k + ε1k)δxk, RQ′ =
∑
k

(ω2k + ε2k)δxk, and QS = −QR sin θ + RQ′ cos θ, we obtain

δθ =
QS

δR
= ω21 +

1
2
(ε22 − ε11) sin 2θ + ε12 cos 2θ. (4.2)

Expression (4.2) is valid both for single-domain and polydomain crystals.
A single-domain BiVO4 sample was used for measurement of the shear spontaneous strain of the

symmetry Bg, εB = m(ε1 − ε2) + nε6. It represented a right-angle prism with the lateral faces normal
to the symmetry plane (001) of the crystal and forming the angles θ1 = 105◦ and θ2 = 114◦ with the
positive direction of the X axis. The temperature dependence of the prism angle formed by these faces
was measured on the set-up for measurements of the refractive indexes described in [53]. One can show
using Eq. (4.2) that the variation in the prism angle caused by the strain εB is equal to

∆ϕ = a(sin 2θ2 − sin 2θ1) + b(cos 2θ2 − cos 2θ1), (4.3)

where

a =
aM − bM

2aT
and b = tan

(
90◦ − γ

2

)
.
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Fig. 9. Temperature dependence of the strain ε3 and of the parameters ∆ϕ and (∆ϕ)2.

With parameters of the tetragonal cell aT and of the monoclinic cell aM , bM , and γ at T = 300 K
taken from [35], we obtain ∆ϕ = 3.1 ·10−3. This value agrees satisfactorily with ∆ϕ = 3.5 ·10−3 obtained
by us [48]. Figure 9 presents the experimental temperature dependences ∆ϕ ∼ εB. One can see that
the temperature dependence of the strain εB can be approximated by the function (Tc − T )1/2 in the
temperature range 300–522 K.

The temperature dependence of the longitudinal strain ε3 belonging to the symmetry type Ag was
measured on the set-up whose mode of functioning was described in [48]. The experimental temperature
dependence of the strain ε3 is shown in Fig. 9. As the temperature varies from 295 to 566 K, the elongation
of the crystal is 1.8·10−3 [48]. This result agrees satisfactorily with the value 1.8·10−3 calculated from
the data of [49]. The coefficient of linear expansion of the crystal changes stepwise at T = Tc from the
value α1 = (18.9 ± 0.6) · 10−6 deg−1 to α2 = (5.3 ± 0.1) · 10−6 deg−1 because of the spontaneous strain
ε3 arising at T < Tc.

For the analysis of the results obtained we use the expansion in terms of Q, εB, and ε3 of the portion
of the free energy density of the crystal, which depends on these variables,

F − F0 =
1
2
A0(T − T0)Q2 +

1
4
BQ4 + kBεBQ + k3ε3Q

2 +
1
2
CBε2

B +
1
2
C0

33ε
2
3. (4.4)

Here, the constants A0, B, kB, k3, CB, and C0
33 are perceived to be independent of temperature. The first

and last two terms of expansion (4.4) correspond to the energy of optical and acoustic phonons of the
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Bg and Ag symmetries, while the third and fourth terms characterize the relation of the corresponding
modes. Using the equilibrium conditions

∂F

∂Q
= 0,

∂F

∂ε
= 0,

we obtain the equilibrium values of the strain and the order parameter,

Q2
0 =


0 with T ≥ Tc,

−A(T − Tc)
B(1− x)

with T < Tc,
εB = − kB

CB
Q0, ε3 = − k3

C0
33

Q2
0. (4.5)

Here, x = 2k2
3/BC0

33 and Tc − T = k2
A/ACB are the parameters that characterize the relation of the

acoustic modes εB and ε3 to the optical soft mode. The experimental temperature dependences of the
spontaneous strains εB and ε3 (see Fig. 9) support linear and quadratic dependences of the equlibrium
values of strains of Bg and Ag symmetry types and of the order parameter predicted by the theory.
The linear dependences (∆ϕ)2 and ε3 (see Fig. 9) correspond to the presumed temperature dependence
of the strains εA and εB and demonstrate that the behavior of the order parameter in BiVO4 within
the temperature range 300–600 K correlates with the Landau theory. Our experimental data [48] are
indicative of the strong relation between the elastic strains εA and εB and the order parameter. This
supports the mechanism of the phase transition in BiVO4 proposed in [25].

4.2. Temperature Dependence of the Domain-Structure Parameters and
Spontaneous Strain of Polydomain BiVO4 Crystals

The acoustic soft modes were shown [35] to propagate in BiVO4 crystals along directions collinear to
the directions of the domain boundaries. It will suffice to study the temperature behavior of the domain
boundaries to obtain information on the variation in the propagation direction of acoustic modes in the
crystal with temperature.

Furthermore, as mentioned above, the domain structure of bismuth vanadate shows that the unusual
twinning type is defined by the spontaneous strain of the crystal rather than occurs along symmetry-
preferred crystallographic directions. As was shown in [37,39], the orientation of the domain boundaries
and the angle between them should be temperature dependent. It was shown [37] on the basis of the
macroscopic strain compatibility conditions at the domain boundaries [39] that formation of the two types
(S1 and S2) of domains in BiVO4 was possible at T = Tc. In this case, 90◦ plain boundaries are formed
whose orientation (p, 1, 0) and (1,−p, 0) with respect to the crystal coordinate system of the prototype
is determined by the components of spontaneous strain,

p = [b + (a2 + b2)1/2]a−1, (4.6)

where

a =
aM − bM

2aT
, b = tan

(
90◦ − γ

2

)
. (4.7)

Relationship (4.6) was obtained under the assumption that the components of spontaneous strain of
all possible orientation states S1 and S2 at T = Tc were associated with rotation through the angle π/2
(C4 is the symmetry element, which is lost during the phase transition). It is not the case at T < Tc, and
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Fig. 10. View of the polydomain BiVO4 crystal in the plane (001) at T = 300 K. Figures 1–6 denote the normals
to the exterior faces of the domains.

the macroscopic condition of coherence of the domain boundary [37] should be used to find the orientation
of the domain walls. In this case, relationship (4.6) remains valid when considered with respect to the
nonorthogonal coordinate system of monoclinic syngony. Additional rotation of the adjacent domains
through the angle ±µ/2 is required for their compatibility. This angle is defined by the spontaneous
strain [37,40,42],

tanµ = 2(a2 + b2)1/2. (4.8)

Thus, because of the temperature dependence of spontaneous strain, the orientation of the domain
boundaries (defined by the value of p) and the angle between them (which is equal to π/2 ± µ) should
also be temperature dependent.

With consideration for the relative rotation of the adjacent domains through the angle µ/2, the tensor
of spontaneous strain can be written as follows [37,40,42]:

εs(S) = ±

(
−a b

b a

)
±

(
0 µ/2

−µ/2 0

)
. (4.9)

In what follows we omit the insignificant components of εs, since the domain boundaries are parallel to
the symmetry axes of the crystal and the problem can be considered as a two-dimensional one. Various
combinations of signs in (4.9) correspond to the four possible orientation states, which are designated
as S+

1 , S+
2 , S−

1 , and S−
2 . In this case, the states with different superscripts indicating the directions of

domain rotation should be compatible.
We use the BiVO4 sample in the form of a right-angle prism with the base parallel to the (001)

symmetry plane of the crystal to measure the temperature dependences p(T ) and µ(T ) and compare
them with the theoretical ones [37]. The sample was divided into several large domains. Both types of
domain boundaries were observed in this case (see Fig. 10). The angle between the domain boundaries
and the angle θ between the direction of the domain boundary W1 and the prism edge [direction (010)]
were measured on the set-up described earlier [50].

Our measurements provide the values µ = 1.2◦, θ = 35.0◦, and p = 0.70 ± 0.02 at T = 300 K [50].
These values correlate well with both the calculated ones (µ = 1.2◦, θ = 35.7◦, and p = 0.72) and those
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Fig. 11. Temperature dependences of the domain-structure parameters of BiVO4, p(T ) and µ(T ). The solid lines
correspond to the dependences calculated by relationships (4.6) and (4.7).

found in [42] (µ = 1◦, θ = 37.4◦, and p = 0.78) and [41] (p = 0.735). The main error in the determination
of the parameter p is associated with poor accuracy (∼ 1◦) of the sample orientation with respect to the
crystal coordinate system. The components of the spontaneous strain tensor obtained in x-ray diffraction
studies [35] were used in the calculations of the parameters p and µ and their temperature dependences.
The temperature in the thermostat was varied and fixed with an accuracy of 0.1 K to construct the
temperature dependences p(T ) and µ(T ). The character of the domain structure in the crystal does
not change with increase in the temperature up to 160◦. The formation of smaller domains starts
at T > 160◦C. Their number rapidly increases with temperature while the dimensions decrease. The
domain walls W1 and W2 observed at room temperature can be discerned up to the temperature of 243◦.
At this temperature the whole sample is divided into small domains that prevent further measurements.
The reverse situation is observed with cooling and at room temperature the crystal reverts to the original
state. This is indicative of a pinning of domains on lattice imperfections.

Figure 11 shows the temperature dependences p(T ) and µ(T ) obtained as a result of averaging three
sets of measurements. The coincidence of the experimental points [50] with the calculated curves (solid
lines in Fig. 11) is indicative of good agreement between theory and experiment. The small shift of
the dependence p(T ) is presumably due to the systematic error resulting from inaccuracy in sample
alignment.

4.3. Spontaneous Strain in BiVO4 Polydomain Crystals

As is discussed below, the technique of studying the spontaneous strain of polydomain bismuth vana-
date crystals proposed in [52,53] provides a possibility of measuring both the symmetrical and antisym-
metrical parts of the distortion tensor components.

The bismuth vanadate crystal under study represented a right-angle prism with dimensions of several
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millimeters and base parallel to the (001) symmetry plane of the crystal. The prism was cut from the
single-domain BiVO4 crystal, polished, and used in the preliminary experiments on measurement of the
temperature dependence of the refractive indexes of the crystal [53]. During the measurement the crystal
was transformed into the polydomain phase as a result of cooling down to T = Tc. Six large domains
were formed at T = 300 K. They included all possible types of domains.

Figure 10 shows a view of the sample in the (001) plane and the relative position of the domains. As is
seen from this figure, two types of nearly perpendicular domain walls occur in the sample. The first type
corresponds to the boundary of the orientation states S−

2 and S+
1 . The second type of domain boundary,

which includes the orientation states S−
2 and S3−

1 , corresponds to the domain wall nearly perpendicular
to that of the first system. In this case, the compatibility of the S3−

1 domain requires its rotation through
the angle −3µ/2. This state designated as S3−

1 is compatible with the state S−
2 and is not compatible

with the state S+
1 , since they are turned with respect to each other through the angle 2µ.

Substituting the distortion tensor for various orientation states (4.9) into (4.2) we find the angles
between the portions of the lateral face of the prism that belong to the corresponding domains. Using
for these angles the same notation as in Fig. 10, we obtain for the S+

1 and S−
2 domains

Ψ32 = δθ1(S+
1 )− δθ1(S−

2 ) = −µ + 2a sin 2θ1 + 2b cos 2θ1, (4.10)

Ψ56 = δθ2(S+
1 )− δθ2(S−

2 ) = −µ + 2a sin 2θ2 + 2b cos 2θ2. (4.11)

For the domains S+
1 and S3−

1 we similarly find

Ψ31 = δθ1(S+
1 ) + δθ1(S3−

1 ) = 2µ. (4.12)

The lateral faces of the crystal studied were defined by the angles θ1 = 90◦ and θ2 = −108◦. This
enabled us to calculate the parameters a, b, and µ measuring the angles Ψ31, Ψ32, and Ψ44′ = Ψ56. The
values of the angles Ψ31 = 2◦28′, Ψ32 = 1◦38′, Ψ44′ = 51′, and Ψ56 = 52′ measured at T = 300 K agree
well with those Ψ′

31 = 2◦25′, Ψ′
32 = 1◦35′, and Ψ′

44 = Ψ′
56 = 50′ calculated by formulas (4.10)–(4.12).

The lattice parameters of BiVO4 obtained from the x-ray diffraction studies [35] were used to calculate
the components of the strain tensor a, b, and µ.

Measurement of the temperature dependences of the angles Ψ31, Ψ32, and Ψ56 enabled us to calculate
the temperature dependences of the angle µ characterizing the deviation of the angle between the domain
walls from 90◦ (the asymmetric part of the strain tensor) as well as of the components of spontaneous
strain a(T ) and b(T ). The temperature dependences of these parameters obtained and the calculated
values of a2(T ), b2(T ), and (µ/2)2(T ) are presented in Figs. 12 and 13. The angles obtained from
averaging three sets of temperature measurements were used in the calculations. In this case, the mean
deviations were 0.2%, 2%, and 10% at the temperatures of 300 K, 470 K, and 510 K, respectively. The
results of our measurements of (µ/2)2(T ), a2(T ), and b2(T ) [51,52] agree well with the results of the x-ray
diffraction measurements (shown in Fig. 13 by the solid lines) obtained on single-domain samples [35]. It
should be noted that x-ray diffraction studies prevent the antisymmetric part of the spontaneous strain
tensor from being determined.

4.4. Temperature Dependences of the Principal Refractive Indices of BiVO4

A single-domain crystal of bismuth vanadate was used for studies of the temperature dependences of
the principal refractive indexes. This crystal represented a tetrahedral right-angle prism with dimensions
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Fig. 12. Temperature dependences of the angles Ψ31 (1), Ψ32 (2), and Ψ56 (3) for a polydomain BiVO4 crystal.

Fig. 13. Temperature dependences of the parameters a2, b2, and (µ/2)2. The solid lines show the results obtained
from the x-ray diffraction measurements of single-domain samples [35].

of 4 × 4 × 6 mm and the base parallel to the crystal symmetry plane (001). The directions of the
axes of the optical indicatrix were determined from the polarization measurements. According to these
measurements, the axes N1 and N2 are turned in the crystal symmetry plane (001) through an angle of
24◦± 1◦ with respect to the crystallographic axes a and b. For this reason the prism was cut out in such
a way that the two adjacent faces (with the angle between them 90◦) were coincident with the directions
of the N1 and N2 axes, while the prism angles between the opposite faces were smaller than 18◦. This
was done to prevent the total internal reflection of the rays, since the Brewster angle was about 72◦ with
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Fig. 14. Temperature dependences of the principal refractive indices of BiVO4.

a refractive index of 2.8.
The principal refractive indexes of bismuth vanadate measured at T = 293 K were N1 = 2.971±0.002,

N2 = 2.842 ± 0.002, and N3 = 2.555 ± 0.002. From this it follows that the crystal is optically negative
and the angle between its optical axes is 2V = 118◦.

The results of temperature measurements of the principal refractive indexes of BiVO4 are presented
in Fig. 14. These measurements ignore a small (< 2◦ ) variation in the turning angle of the axes of the
optical indicatrix in the plane (001) [32]. With T < Tc the refractive indexes N1 and N2 vary linearly with
temperature up to the value N0 = 2.962, while N3 increases linearly up to the value Ne = 2.623. With
T > Tc the refractive indexes depend only slightly on the temperature. Their temperature coefficients
are α0 = −1.5 · 10−4 deg−1 and αe = −6 · 10−5 deg−1. The drastic increase in the absorption of light
polarized in the plane (001) with the sample temperature is observed. The intensity of light passing
through the crystal drastically decreases at T > 600 K.

The temperature dependence of the refractive indexes Ni can be associated with the variation in the
permittivity tensor δBa under the action of the temperature-dependent spontaneous strain because of
the elasto-optical effect, δBa = Pαβεβ. The diagonal reduction of the tensor δBa allows one to find its
principal values δbi and to determine the variation in the principal refractive indexes δNi = −N2

i δbi/2:

δN1,2 = −N3
0

4
{[(p11 + p22)(ε1 + ε2) + p13ε3

±{[(p11 − p22)(ε1 − ε2) + 2p12ε6]2 + 4[p61(ε1 − ε2) + p66ε6]2}1/2
}

, (4.13)

δNi = −N3
e

2
[p31(ε1 + ε2) + p33ε3] . (4.14)

The experimental results are conveniently analyzed for the parameters ∆N− = δN1−δN2 and ∆N+ =
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Fig. 15. Temperature dependences of ∆N− (1), ∆N+ (2), and (∆N−)2 (3).

∆N1 + ∆N2. These parameters vary with temperature in the same way as the equilibrium spontaneous
strains εB and εA. The experimental temperature dependences ∆N− and ∆N+ are shown in Fig. 15.

The results for ∆N− correlate with the data of papers [32, 46]. In these papers, the temperature
dependences of the birefringence of BiVO4 were studied by the rotating analyzer technique. However,
the strain ε3 with the nonzero equilibrium value was included into expressions (4.13) and (4.14) as
opposed to [32]. Thus, the observed temperature dependence of the principal refractive indexes of bismuth
vanadate can be explained by the temperature dependence of the spontaneous strain of the crystal with
consideration for the elasto-optical effect.

5. Inelastic Light Scattering by Optical and Acoustic Modes

5.1. Raman Scattering in BiVO4

In this section the results of experimental studies by Raman and Brillouin scattering techniques of
the lattice dynamics of ferroelastic BiVO4 crystal are presented over a broad temperature range that
includes the phase-transition point Tc = 522 K. A correlation of the experimental data obtained with the
inferences of the phase-transition theory in this crystal is performed.

The techniques of group-theoretical analysis of fundamental vibrations in crystals were employed to
establish the selection rules in the Raman spectra. The positional symmetry technique was used [54].
This technique is based on the correlation relations between the symmetry types of vibrations of the
space group of free structural units (molecules, ions, atoms, and so on) and the positional symmetry that
depends on the position of these particles in the crystal lattice.

Let us perform a group-theoretical analysis of the Raman spectrum for bismuth vanadate at T > Tc.
In this case, the group C6

4h is the space symmetry group of the BiVO4 crystal. The point group C4h
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Fig. 16. Correlation diagram of vibrational terms of the VO3−
4 ion.

corresponds to it. The unit cell of bismuth vanadate contains two primitive cells. Each of them contains
two formula units [26,41]. Thus, the unit cell contains four bismuth atoms and four vanadium atoms as
well as 16 oxygen atoms. In this case, one can distinguish two formula units, a single-particle Bi3+ ion
and a many-particle VO3−

4 ion. It is well known [55] that for such a type of crystals containing p separate
particles and m isolated structural groups (many-particle ions) in the primitive cell the full vibrational
spectrum includes three acoustic vibrations, 6m + 3p − 3 external (optical) vibrations (3m of them are
orientation vibrations and 3m + 3p− 3 are translation vibrations), and 3N − 6m− 3p internal (optical)
vibrations (N is the number of atoms in the primitive cell). Thus, the full vibrational spectrum of BiVO4

should contain 36 vibrations, i.e., 18 internal, 15 external, and 3 acoustic vibrations. Following [54, 56]
we determine that S4 is the space symmetry group for the BiVO4 compound in the paraphase.

We dwell on the analysis of the internal vibrations of the structural group VO3−
4 . As is evident

from [54] the point group Td corresponds to ions with the structural formula XY4. In this case, the
optical vibrations are classified by the irreducible representations A1, E, and 2F2. Let us construct the
correlation diagram for the internal vibrations of the VO3−

4 (see Fig. 16) using the conventional technique
presented in [54]. Hence the full representation of the internal vibrations has the form

ΓV O3−
4

= 2Ag + 3Bg + 3Au + 2Bu + 2Eg + 2Eu.

We are coming now to the analysis of the external vibrations of the Bi3+ and VO3−
4 ions in a BiVO4

crystal. For this purpose the correlation of the symmetry types of the groups S4 and C4h is performed.
Thus the representation of the external vibrations (without regard for acoustic modes) has the form

ΓBi−V O4 = Ag + 2Bg + 3Eg + Au + Bu + 2Eu.

According to the selection rules [57] the following types of vibrations should manifest themselves in
the Raman spectra of bismuth vanadate at T > Tc: 3Ag, 5Bg, and 5Eg. The conditions of manifestation
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of the components of the Raman tensor in the spectra at various polarization geometries are defined by
the form [54] of this tensor:

Ag ⇒

a 0 0
0 a 0
0 0 b

 , Bg ⇒

c d 0
d −c 0
0 0 0

 ,

Eg(1) ⇒

0 0 e

0 0 f

e f 0

 , Eg(2) ⇒

 0 0 f

0 0 e

−f e 0

 .

In a similar way the Raman spectrum of bismuth vanadate at T < Tc (C2h group) is analyzed. In
this case, we obtain for the internal vibrations of VO3−

4

ΓVO3−
4

= 5Ag + 5Au + 4Bg + 4Bu.

Accordingly, for the external vibrations of (Bi3+–VO3−
4 ) we have without regard for the acoustic modes

ΓBi3+−VO3−
4

= 3Ag + 6Bg + 2Au + 4Bu.

The full vibrational representation with consideration for the acoustic modes (Γac = Au + 2Bu) has the
form

Γ = 8Ag + 10Bg + 8Au + 10Bu.

The corresponding matrices of the Raman tensor are as follows:

Ag ⇒

a d 0
d b 0
0 0 c

 , Bg ⇒

0 0 e

0 0 f

e f 0

 .

Thus, we carried out the group-theoretical analysis of the Raman spectra of bismuth vanadate for
both phase states. It was found that in the Raman spectrum of bismuth vanadate can be observed 18
vibrations in the low-symmetry phase (eight of symmetry Ag and 10 of symmetry Bg) and 13 vibrations
in the paraphase (three of symmetry Ag, five of symmetry Bg, and five of symmetry Eg).

The experimental studies of the Raman spectra in BiVO4 were carried out on the set-up with the
parameters given in [58]. Figure 17 presents the Raman spectra of bismuth vanadate of Ag and Bg

symmetry types taken at T = 300 K for various polarization geometries. The frequencies of the peaks
observed and their assignment by the symmetry types are presented in Table 1.

Figures 18a and 18b show the Raman spectra of bismuth vanadate taken at various temperatures.
As is seen from Fig. 18, the high-Q soft mode manifests itself in the Raman spectra. Its frequency
decreases anomalously at T → Tc. Figure 19 illustrates the temperature dependences of the frequencies
of a sequence of optical vibrations. The latter include the soft mode and are related to the Bg type in
the paraphase. The studies were carried out in the temperature range 300–600 K.

The free VO3−
4 ion is characterized by the Td group and has four normal vibrations with frequencies

345 (E), 480 (F2), 825 (F2), and 870 cm−1 (A1). Three of them are degenerate vibrations.
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Fig. 17. Raman spectra of the BiVO4 crystal in various scattering geometries at T = 300 K.

TABLE 1. Frequencies of the Raman Lines Observed in Bismuth Vanadate and Their Assignment by Symmetry
Types.

Type Frequencies of external Frequencies of internal
vibrations, cm−1 vibrations, cm−1

Ag 62, 130, 212 326, 370, 386, 711, 830

Bg 47, 55, 110, 144, 280 400, 642, 743

We managed to observe only six Raman bands from 13 possible combination lines at temperatures
above Tc = 522 K (see Figs. 19 and 20). This is due to a decrease in the Raman intensity because of
an increase in absorption in the crystal with temperature. The Raman spectra corresponding to four
polarization states, HH(XX, Y Y ) and HV(XZ, Y Z), were studied at T > Tc. The Raman bands with
frequencies of 48 and 126 cm−1 were assigned to vibrations with symmetry Eg, since they were observed
for both phases. The line at 25 cm−1 (soft mode) should be assigned to the Bg symmetry type above Tc.
Below Tc the soft mode is related to the Ag symmetry type, since this mode specifies the symmetry of
the low-temperature phase (see Fig. 18).

Let us analyze the temperature dependences of the Raman frequencies of BiVO4 within the framework
of the two-oscillator model discussed above. The root-mean-square value of the normal coordinate Q of
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Fig. 18. Raman spectra of the BiVO4 crystal in the scattering geometries Z(Y Z)X (a) and Z(Y Y )X (b).

the soft mode classified as the Bg symmetry type of the initial group C4h is the order parameter for this
model. In this case, the crystal symmetry admits the linear in Q interaction of the order parameter and
the elastic strain εB (the components of the elastic strain εB are transformed in the same manner as the
order parameter) as well as the quadratic in Q interaction between the order parameter and the elastic
strain εA. The latter interaction is associated with the full-symmetric representation Ag of the initial
symmetry group of the crystal.

Let us rewrite the thermodynamic potential (2.14) to include the terms corresponding to these inter-
actions,

F − F0 =
1
2
A(T − T0)Q2 +

1
4
BQ2︸ ︷︷ ︸

∆Fopt

+
1
2
cBε2

B +
1
2
cAε2

A︸ ︷︷ ︸
∆Fac

+ kAεAQ2 + kBεBQ︸ ︷︷ ︸
∆Fint

+
1
2
mEω2

E(E2
1 + E2

2) +
1
2
a1Q(E2

1 − E2
2) + b1QE1E2 +

1
2
mAω2

AA2 + MAAQ2. (5.1)

Here, ∆Fopt is the contribution of the optical mode of the Bg symmetry type, ∆Fac is the contribution of
the acoustic modes of the symmetries Ag and Bg, ∆Fint are terms that include the contributions of the
other modes, kA, kB, a1, b1, and MA are the coupling constants, and A and Ei are the normal coordinates
of the Ag and Eg modes.

Using the equilibrium conditions in the Landau theory of phase transitions, we obtain from expres-
sion (5.1) the temperature dependences of the frequencies of optical vibrations renormalized because of
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Fig. 19. Temperature dependences of the frequencies of several Raman lines of the Ag type at T < Tc.

interaction. In this case, we have for the vibration corresponding to the soft mode

ω2
Q =

{
A0(T − T0) with T ≥ Tc,

A′
0(T

′
0 − T ) with T < Tc,

(5.2)

where

A′
0 = A0

2
1− x′

, T ′
0 = T0 +

1− x′

2
(Tc − T0).

For the mode of the Eg type the following relationships hold true:

ωE1,2 =

 ω2
0E with T ≥ Tc,

ω2
0E ±

√
a2

1 + b2
1Q0 with T < Tc.

(5.3)
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Fig. 20. Temperature dependences of the frequencies of the Raman bands of the Bg type at T < Tc.

Correspondingly for the Ag mode we obtain

ωA =


ω2

0A with T ≥ Tc,

ω2
0A −

4MAQ2
0

A(T − T0)− (3− x′)BQ2
0

with T < Tc,
(5.4)

where

Q2
0 =


0 with T ≥ Tc,

A0(Tc − T )
B(1− x′)

with T < Tc,

Tc = T0 +
k2

B

A0cB
, x′ = x +

2M2
A

BmA
, x =

2k2
A

BCA
.

As is seen from expressions (5.2)–(5.4) and Fig. 21, the interaction of the soft optical mode of the
symmetry Bg with the soft acoustic mode of the same symmetry and with the optical modes of the Ag

and Eg types results in the violation of the well-known relationship for the Curie–Weiss constants in
the paraelastic and ferroelastic phases (the “law of two,” see Fig. 21) as well as in the increase in the
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Fig. 21. Temperature dependence of the squared frequency of the soft optical mode. Points are experimental
data, while solid lines are theory. The dashed line 2 corresponds to the “law of two.”

temperature of phase transition from T0 up to Tc. The temperature behavior of the frequencies of all the
lattice modes observed can be explained by their strong dependence on the order parameter.

The treatment of the experimental dependences of Raman frequencies by formulas (5.2)–(5.4) results
in the following parameters of the interacting oscillators:

A0 = 4.6± 0.3 cm−2/K, A′
0 = 13.3± 0.1 cm−2/K, ; x′ = 0.31± 0.04,

Tc = 522 K, T0 = 330± 20 K, T ′
0 = 588± 10 K,

CA = 9.5 · 1010 Pa, CB = 3.7 · 1010 Pa,

ωE1 = 126.3± 0.5 cm−1, ωE2 = 49.4± 0.5 cm−1, ωA = 326.9± 0.5 cm−1.

The theoretical dependences (5.2)–(5.4) constructed using these parameters are shown by the solid lines
in Fig. 21.

5.2. Brillouin Scattering in BiVO4

The theory of elasticity as well as the theory of propagation of acoustic bulk waves in a linear
anisotropic medium are well developed at present [59–63]. The small strain of the continuous medium
is generally described by the distortion tensor with the components γik = ∂ui/∂xk, where ~u is the
translation vector and xk is the coordinate. The distortion tensor can be resolved into the symmetric
component

uik =
1
2

(
∂ui

∂xk
+

∂uk

∂xi

)
(5.5)
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referred to as the tensor of small strains and the antisymmetric component

ωik =
1
2

(
∂ui

∂xk
− ∂uk

∂xi

)
(5.6)

designated as the tensor of small rotations. The relation between the strain tensor (and in the general
case the distortion tensor) and the stress tensor σij is determined by the generalized linear Hooke’s law.
Without considering the temperature expansion, the latter has the form

σij = Cijklukl, (5.7)

where Cijkl is the material fourth-rank tensor referred to as the tensor of elastic coefficients. The compo-
nents of this tensor are also designated as the modulus of elasticity or elastic constants. Let us substitute
(5.7) into the equation of motion for a volume element of the solid (Cauchy equation). We have

∂σik

∂xk
= ρ

∂2ui

∂t2
, (5.8)

where ρ is the density of the body. This results in the elastodynamic equation in the form

Cijkl
∂2uk

∂xj∂xl
= ρ

∂2ui

∂t2
. (5.9)

The plane harmonic elastic wave in the medium is described by the field of the translation vector

~u(~r, t) = A~γ exp i(~k~r − ωt), (5.10)

where A is the wave amplitude, ~γ is the unit vector of polarization, ~k = 2π
λ ~χ is the wave vector, and ~χ

is the unit vector of the wave normal. Substituting (5.10) into (5.9) and differentiating we obtain the
Christoffel equation

Cijklχjχkχl = ρv2γi, (5.11)

or (in matrix form) the Green–Christoffel equation

|Γik − ρv2δik|γk = 0. (5.12)

Here, Γik = Cijklχjχi is the Christoffel tensor, v is the phase velocity of the wave, δik is the Kronecker
symbol, and γi is the unit vector of polarization, which satisfies the condition γiγi = 1.

Thus, with known elastic constant matrix Cijkl one can determine the phase velocities vn and pola-
rizations γi of three elastic waves propagating along the specified direction ~χ in the crystal from the
solution of the eigenvalue and eigenvector problem.

The inverse problem, the determination of the Cijkl matrix from the experimental velocities of the
elastic waves, presents more difficulties. In the case where the Cijkl matrix has N independent components
from the symmetry conditions, one has to select such crystallographic directions in the crystal that
provide the possibility of determining the velocities of N different nonequivalent waves. The system of N
nonlinear equations vn = fn(Cijkl) is constructed on the basis of the measured data, whose solution gives
the desired values Cijkl. In this case, the selection of these directions in the crystal should be such that
the elastic constants Cijkl in the expressions for the velocities vn to be determined enter in combinations
that provide the possibility of determining not only the modulus but also the sign of each constant Cijkl.
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The solution of the direct elastic problem (5.12), i.e., finding the acoustic wave velocity along the
specified direction χi with known elastic constant matrix Cijkl, is reduced to the solution of the corre-
sponding characteristic equation (5.12). The accuracy of calculation of vi should be determined by the
accuracy of determination of the direction χi and of Cijkl. In this case, the error in determining vi is a
complex nonlinear function of the errors in determining Cijkl.

In the general case the problem of finding n independent elastic constants of a crystal from a set of k
experimental velocities of elastic waves for k independent directions is reduced to the solution of a system
of k nonlinear equations

Fi({C}) = 0, i = 1, 2, . . . k ≥ n. (5.13)

Here, fi is a characteristic polynomial whose argument is the ith experimental velocity, while its co-
efficients are known functions of n independent elastic constants of the crystal. These functions are
independent and to be determined when solving system (5.13).

It should be noted that system (5.13) can be solved in the analytic form only for high-symmetry
crystals in the case where the set of velocities {v} is determined for the directions chosen by the symmetry.
However, for monoclinic crystals the problem is reduced to the solution of a system of 12 nonlinear
equations and can be solved only by numerical techniques.

With k = n the problem is a purely algebraic one. In this case, the solution depends on the choice of
experimental data {v}, and accidental measurement errors can strongly affect the result. In the case of
linear system (5.13) it is solved by the least-squares technique. There are no optimal estimation methods
in nonlinear problems. However, a solution can be obtained on the basis of the maximum likelihood
method. The realization of the latter is based on the various ways of linearization of the problems with
subsequent using of the least-squares technique [64–68].

We have created a program for solving the elasticity theory problem [69]. In this program the standard
subroutine of minimization of the sum of squares of the MINQ function according to the method of
the steepest descent is used. The operation of this program was repeatedly proved by the example
of calculating the elastic constants of α-quartz with alternate solution of both the inverse and direct
problems. In this case, various arrays Cijkl were preset as an initial estimate and the program was tested
with various preset spreads of vi. Tests revealed the high reliability and efficiency of the program.

The temperature studies of the acoustic properties of bismuth vanadate were carried out with the
technique [70, 71] of analysis of the spectra of Brillouin scattering. Information on the lattice transfor-
mation with temperature is contained in the frequency shifts of the components of Brillouin scattering
and in the variation in their intensity. The relationship

v =
Ωλ

2π
√

n2
i + n2

s

(5.14)

was used to find the velocities v of the elastic waves. Here, λ is the wavelength of incident light, ni and
ns are the refractive indexes of the crystal determined by the polarization of incident and scattered light,
and Ω is the acoustic phonon frequency.

The intensity of light scattering by acoustic phonons in the crystal is determined up to a geometrical
factor by the following expression:

I ∼
(Pijkldidjχkγl)2

ρv2
n2

i n
2
s. (5.15)

Here, ni and ns are the refractive indexes of the crystal, v is the acoustic wave velocity, ρ is the crystal
density along the direction of acoustic wave propagation, Pijkl is the effective value of the elasto-optical
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Fig. 22. Temperature dependences of the absorption coefficients in the BiVO4 crystal with HH (upper curve) and
VV polarizations of the incident and scattered light.

modulus, and χ and γ are unit vectors along the directions of propagation and polarization of the elastic
wave.

The results of Raman studies of BiVO4 bear witness to the “softening” of the optical phonon of
symmetry Bg in the paraphase. This results in the strong coupling of this vibration with acoustic
modes of the Bg type of symmetry and eventually in their strong temperature dependence [31]. For
experimental verification of this assumption we studied several types of acoustic modes of BiVO4 crystal
using the Brillouin scattering technique [69, 70]. The temperature dependences of combinations of the
elastic moduli corresponding to the Ag and Bg symmetry types were determined [69].

The temperature dependences of the components of Brillouin scattering for 14 acoustic waves within
the temperature range 300–550 K were studied using an automated Brillouin scattering spectrometer [71].
The temperature dependence of the absorption coefficient should be taken into account when determining
the variations in the intensity of the components of Brillouin scattering, since BiVO4 crystals possess
strong light absorption at high temperatures. For this purpose the intensity of laser radiation before
the sample (J0) and after it (J1) was measured. The absorption coefficient α was determined from the
expression J1 = J0 exp(−αl), where l is the distance traveled by light in the crystal. The temperature
dependences of the absorption coefficients for HH (the electric-field vector of the incident light wave
is parallel to the crystal symmetry axis) and VV (the electric-field vector of the incident light wave is
perpendicular to the crystal symmetry axis) polarizations of the incident and scattered light are presented
in Fig. 22.

The spectra of Brillouin scattering by the acoustic soft mode at various temperatures are shown
in Fig. 23. The temperature variations in this mode (frequency shift and variation in the intensity of
Brillouin scattering) are well pronounced here.

The temperature dependences of the frequency of the soft acoustic mode in BiVO4 were obtained on
the basis of these measurements (see Fig. 24). The corresponding calculated values of the critical elastic
modulus Cc(T ) are presented in Fig. 25.

Four bismuth vanadate samples with the corresponding orientations were used to find the full elastic
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Fig. 23. Spectra of Brillouin scattering by the acoustic soft mode in bismuth vanadate. The central maxima of
the neighboring orders of interference are marked off by asterisks.

Fig. 24. Temperature dependences of the frequency of the soft acoustic mode of BiVO4 and its square.
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Fig. 25. Temperature dependence of the critical elastic modulus Cc(T ).

Fig. 26. Temperature dependence of the velocities of acoustic waves along different directions in BiVO4 crystals
within the range 3.6–5.2 m/s.
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Fig. 27. Temperature dependence of the velocities of acoustic waves along different directions in BiVO4 crystals
within the range 1–2.5 m/s.

Fig. 28. Temperature dependence of the elastic moduli in BiVO4 crystals.
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modulus matrix. For these samples we determined 14 frequencies of the components of Brillouin scattering
for 14 various nonequivalent acoustic waves of the crystal at different fixed temperatures. The velocities
of the acoustic waves were determined with expression (5.14). The refractive indexes obtained in [53]
were used in the calculations of the velocities. The results of these calculations can be seen in Figs. 26
and 27.

The full elastic constant matrix of a crystal was found for each temperature with the technique
described above using the temperature dependences of the velocities of 14 elastic waves. For this purpose
the developed program optimized the coefficients of the parent matrix to minimize the sum of the squared
deviations of the experimental and calculated velocities for all waves. The calculation procedure for the
elastic constants, orientation of the bismuth vanadate crystals, and, correspondingly, the directions of
propagation of the acoustic waves were the same as in [72]. The temperature dependences of the principal
refractive indexes of BiVO4 [53] were taken into account in the calculations of the sound velocities. The
temperature dependences of the velocities of acoustic waves are shown in Figs. 26 and 27, and the
corresponding dependences of the coefficients Cij(T ) are shown in Figs. 25 and 28.

To calculate the theoretical dependences Cij(T ) we use according to [33] the expansion of the crystal
free energy in terms of the order parameter Q [see (2.14)]. In this case, we take into account in (2.14)
all the contributions of the optical and acoustic soft phonons to the free energy as well as terms that
describe the coupling of the optical soft mode with acoustic modes of the Ag and Bg symmetries. We
have

∆F =
1
2
A(T − T0)Q2 +

1
4
BQ2 + [kBα(ε1 − ε2) + kBβε6]Q

+[kA(ε1 + ε2) + kAε3]Q2 +
1
2
K3(ε4 − ε5)Q + K4ε4ε5Q

+
1
2
C0

11(ε
2
1 + ε2

2) + C0
12ε1ε2 + C0

13ε1ε3 + C0
23ε2ε3 +

1
2
C0

33ε
2
3

+
1
2
C0

ggε
2
6 + C0

16(ε1 − ε2)ε6 +
1
2
C0

44(ε
2
4 + ε2

5). (5.16)

Note that the asymptotic elastic moduli C0
ij are used in the terms corresponding to the elastic crystal

energy in expression (5.16) for T � T0.
To calculate the temperature dependences of the elastic moduli we use the relationship [73]

Cik =
(

∂2F

∂εiεk

)
Q

∂2F

∂εi∂Q
· ∂2F

∂Q∂εk

∂2F

∂Q2

. (5.17)

For the temperature dependences Cαβ(∆T ) (∆T = Tc−T ) we obtain for the ferroelectric phase at T < Tc

C11 = C0
11 −

M2∆T + 2
√

α2C0
BM1M2∆T + α2C0

BM1

∆T + M1

= C̄11 −
2
√

α2C0
BM1M2∆T + (M2 − α2C0

B)∆T

∆T + M1
, (5.18)
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C22 = C0
22 −

M2∆T − 2
√

α2C0
BM1M2∆T + α2C0

BM1

∆T + M1

= C̄11 +
2
√

α2C0
BM1M2∆T − (M2 − α2C0

B)∆T

∆T + M1
, (5.19)

C12 = C0
12 −

M2∆T − α2C0
BM1

∆T + M1
= C̄12 −

(M2 + α2C0
B)∆T

∆T + M1
, (5.20)

C66 = C0
66 −

β2C0
BM1

∆T + M1
= C̄66 +

β2C0
B∆T

∆T + M1
, (5.21)

C16 = C0
16 −

√
β2C0

BM1M2∆T + αβC0
BM1

∆T + M1
= C̄16 −

αβC0
B∆T −

√
β2C0

BM1M2∆T

∆T + M1
, (5.22)

C26 = C0
26 −

√
β2C0

BM1M2∆T − αβC0
BM1

∆T + M1
= C̄16 −

αβC0
B∆T +

√
β2C0

BM1M2∆T

∆T + M1
, (5.23)

C33 = C0
33 −

M2∆T

∆T + M1
= C̄33 −

M2∆T

∆T + M1
, (5.24)

C13 = C0
13 −

M2∆T + 2
√

α2C0
BM1M2∆T

∆T + M1
= C̄13 −

M2∆T + 2
√

α2C0
BM1M2∆T

∆T + M1
, (5.25)

C23 = C0
23 −

M2∆T − 2
√

α2C0
BM1M2∆T

∆T + M1
= C̄23 −

M2∆T − 2
√

α2C0
BM1M2∆T

∆T + M1
, (5.26)

C36 = C0
36.

The temperature dependences Cαβ(∆T ) at T > Tc are the following:

C11 = C22 = C0
11 − α2C0

B

Tc − T0

T − T0
= C̄11 + α2C0

B

T − Tc

T − T0
, (5.27)

C12 = C0
12 + α2C0

B

Tc − T0

T − T0
= C̄12 − α2C0

B

T − Tc

T − T0
, (5.28)

C66 = C0
66 − β2C0

B

Tc − T0

T − T0
= C̄66 − β2C0

B

T − Tc

T − T0
, (5.29)

C16 = C0
16 − αβC0

B

Tc − T0

T − T0
= C̄16 + αβC0

B

T − Tc

T − T0
, (5.30)

C26 = C0
26 + αβC0

B

Tc − T0

T − T0
= C̄26 − αβC0

B

T − Tc

T − T0
, (5.31)

C33 = C0
33 = C̄33, C13 = C0

13 = C̄13. (5.32)
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As is seen from expressions (5.18)–(5.32), the temperature dependences of all the elastic moduli can
be expressed in terms of the values of these constants at the phase transition point C̄αβ(T = Tc) as well
as of the six parameters

M1 =
(1− x)

2
(Tc − T0), M2 = xC0

A, C0
B, α, β, and T0.

The exception are the elastic constants C44, C55, and C45. Their temperature dependence is weak because
of the weakness of interaction of their associated acoustic modes with the order parameter.

Considering these six parameters as the fitting ones and using the experimental values of C̄αβ(T = Tc),
we determine their values that provided the best agreement of the experimental values of Cαβ(T ) with
theoretical curves (5.18)–(5.32) (see Fig. 28). These values are the following: M1 = 69 K, M2 = 2.9 ·
1010 Pa, C0

B = 3.7 · 1010 Pa, α = 0.943, β = 0.332, and T0 = 330 K.
Using the values of M1, M2, and T0, we find that x = 0.303 and C0

A = 9.5 · 1010 Pa. These values
agree well with those found previously [25,29].

For combinations of the elastic moduli of symmetry Ag, we have

1
2
(C11 + C12) =

1
2
(C0

11 + C0
12)− (4k2

AQ2 + 2αkAkBQ)Ψ, (5.33)

1
2
(C22 + C12) =

1
2
(C0

11 + C0
12)− (4k2

AQ2 − 2αkAkBQ)Ψ, (5.34)

C33 = C0
33 + 4k2

AQ2Ψ, (5.35)

C13 = C0
13 − (4k2

AQ2 + 2αkAkBQ)Ψ, (5.36)

C23 = C0
23 − (4k2

AQ2 − 2αkAkBQ)Ψ, (5.37)

where
Ψ = [A0(T − T0) + (3− x)BQ2]−1. (5.38)

For combinations of the elastic moduli of symmetry Bg, we obtain

1
2
(C11 − C12) =

1
2
(C0

11 − C0
12)− (α2k2

B + 2αkAkBQ)Ψ, (5.39)

1
2
(C22 − C12) =

1
2
(C0

11 − C0
12)− (α2k2

B − 2αkAkBQ)Ψ, (5.40)

C66 = C0
66 − β2k2

BΨ, (5.41)

C16 = C0
16 − (αβk2

B + 2βkAkBQ)Ψ, (5.42)

C26 = C0
26 − (αβk2

B + 2βkAkBQ)Ψ, (5.43)

The dependences obtained are shown in Figs. 29 and 30. As is seen from Fig. 29 there are no variations
in the elastic moduli of symmetry Ag at T > Tc.

From a comparison of the theoretical dependences (5.33)–(5.43) (shown in Figs. 29 and 30 by the
solid lines) with the experimental data, six fitting parameters were determined that provide the minimum
discrepancy between theory and experiment throughout the temperature range. The values of these
parameters are the following: CA = 7.84 · 1010 Pa, CB = 3.7 · 1010 Pa, α = 0.943, β = 0.332, T0 = 330 K,
and x = 0.37. Note that the values of the last three parameters agree satisfactorily with those obtained
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Fig. 29. Temperature dependence of the linear combination of elastic moduli of symmetry Ag for the BiVO4

crystal.

Fig. 30. Temperature dependence of the linear combination of elastic moduli of symmetry Bg for the BiVO4

crystal.
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earlier in studies of optical [25] and acoustic [29] soft modes. The calculated moduli have the following
values (in units of 1010 Pa):

1
2
(C0

11 − C0
12) = 4.3,

1
2
(C0

11 + C0
12) = 11.7,

C0
66 = 5.9, C0

16 = −1.1, C0
33 = 13.3, C0

13 = 6.2.

Thus, the temperature dependences of the elastic modulus matrix of bismuth vanadate crystals as
well as of the frequencies of the acoustic modes studied can be described within the framework of the
Landau theory with consideration for the coupling of the acoustic modes with the optical soft mode of
symmetry Bg.

5.3. Intensity of Light Scattering in BiVO4 Crystals by Soft Modes in the Vicinity
of the Phase Transition

In considering the kinetics of permittivity fluctuations that defines the spectrum of scattered radiation,
one has to consider the contributions of fluctuations of the order parameters and of the acoustic strain,
which are linearly related to each other by long-range elastic forces [74]. Using the general theory of light
scattering by coupled modes [74–77], we obtain the following expression for the spectral density of the
scattered light intensity in the HH polarization (horizontal orientation of the polarizer and analyzer) in
terms of the generalized susceptibilities:

IHH(ω) = Dε4
q Im

2∑
i,j=1

pipjχij = Dε4
q

kT

πω
(p2

qQχ′ ′′QQ + 2pqQpqεχ
′′
Qε + p2

qεχ
′′
εε). (5.44)

Here, ε2
q = ε2

ααε2
ββ is the permittivity corresponding to the wave vector q, pqQ and pqε are the elasto-

optical constants related to the order parameter Q and the acoustic strain εB, and D is a constant that
takes into account geometrical and other factors that are independent of frequency ω and temperature
T . The quantity χij can be found from the matrix equation∥∥∥∥∥χ−1

Q a

a χ−1
ε

∥∥∥∥∥ ·
∥∥∥∥∥χQQ χQε

χεQ χεε

∥∥∥∥∥ =

∥∥∥∥∥1 0
0 1

∥∥∥∥∥ , (5.45)

while the susceptibilities for each mode in the absence of interaction (a = 0) are as follows:

χ−1
Q = m∗(ω2

0 − ω2 − iωΓ), χ−1
ε =

ρ

q2
(ω2

0 − ω2 − iωΓ). (5.46)

Assuming that for the acoustic soft mode Γ � γ ' 0 and ω � ω0, we obtain

1
mω

χ′′QQ =
Γ[

ω2
0 −

a

m∗β(ω)
]2

+ [Γω]2
,

1
mω

χ′′εε =
Γβ2(ω)[

ω2
0 −

a

m∗β(ω)
]2

+ [Γω]2
,

1
mω

χ′′Qε =
Γβ(ω)[

ω2
0 −

a

m∗β(ω)
]2

+ [Γω]2
,

(5.47)
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where

β(ω) =
aq2

ρ
(ω2

A − ω2)−1.

In this case, expression (5.44) can be rewritten in the form

IHH(ω) = D′ε4
qT

[
pqε + pqQ

1
β(ω)

]2

[
ω2

0

β(ω)
− a

m∗

]2

+
[

Γω

β(ω)

]2
, (5.48)

which coincides with the corresponding expression obtained in [78].
The intensity of light scattering by the soft acoustic mode has a maximum at the resonance frequency

ωR, which is determined from the condition of equality to zero of the first term in square brackets in the
denominator of (5.48). In this case, the following relationships hold:

ω2
R = ω2

A −
a2q2

ρm∗ω2
0

, β(ωR) =
m∗ω2

0

a
, and

IR
HH(ωR) = D′Tε4

q

[pqεβ(ωR) + pqQ]2

Γ2ω2
R

.

Assuming a line shape close to the Lorentz one with width ∆ = Γ/β2(ω), we obtain for the integrated
intensity IHH measured in the experiment

IHH = IR
HH∆ = D′′Tε4

q

[
pqε +

pqQ

β(ωR)

]2

ω2
R

. (5.49)

To analyze the experimental data we use the so-called “reduced” intensity JHH [76], in which the
factors T and ε3

q = n6(T ) are excluded. These factors are quite smooth in the transition region [53].
Since the flux of scattered light is considered outside the crystal, we use ε3

q instead of ε4
q . We have

JHH =
IHH

Tn6(T )
= D′′ |P |2

Cc
. (5.50)

According to [29] the value of P in (5.50) is

P =
∣∣∣∣pqε +

∆C

a
pqQ

∣∣∣∣ =


pqε +
a

A
·

pqQ

T − T0
with T ≥ Tc,

pqε +
a

A
· 1− x

2
·

pqQ

Tc(3− x)− T0(1− x)− 2T
with T < Tc.

In Fig. 31, the observed temperature dependence of the intensity of light scattering by the soft
acoustic mode is represented. Figure 32 illustrates the temperature variation of the reduced intensity of
light scattering by the soft acoustic mode normalized to the absorption coefficient (see Fig. 22).
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Fig. 31. Temperature dependence of the observed intensity of light scattering by the soft acoustic mode in bismuth
vanadate.

Fig. 32. Temperature dependence of the reduced intensity of light scattering by the soft acoustic mode in bismuth
vanadate normalized to the absorption coefficient.
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6. Conclusions

The temperature dependences of all components (13 coefficients) of the elastic modulus matrix of
bismuth vanadate within the temperature range 300–600 K were obtained for the first time in this paper
using the Brillouin scattering technique. It was shown that in the Raman spectra of bismuth vanadate
the high-Q soft mode of symmetry Ag (with T < Tc) and symmetry Bg (with T > Tc) was observed when
heating this crystal from room temperature to the phase transition point (Tc = 522 K). The soft acoustic
mode was observed in the Brillouin scattering spectra close to Tc. The effects of strong coupling of acoustic
and optical modes of a ferroelastic BiVO4 crystal were studied by the Brillouin and Raman scattering
techniques. The elastic anomalies in the paraelastic phase of bismuth vanadate when approaching Tc

were shown to be due to the coupling of the acoustic modes of the crystal with the soft optical mode of
symmetry Bg and can be described within the framework of Landau theory with consideration for the
interaction terms linear and quadratic in Q. It was found that the strong coupling between the optical
and acoustic modes of the same symmetry results in the “repulsion” of their frequencies. It was shown
that the mode coupling should result in the renormalization of the phase-transition parameters (increase
in Tc and variation of the Curie-Weiss constant).

Experimental studies of the temperature dependences of the components of the spontaneous strain
tensor of a single-domain bismuth vanadate crystal were carried out. It was shown that the temperature
dependences of the spontaneous strains resulted from their linear (for the Bg strains) and quadratic
(for the Ag strains) relation to the order parameter and can be described within the framework of
the thermodynamic Landau theory in the temperature range (T − Tc)/Tc < 0.1. The temperature
dependences of the principal refractive indexes were studied. These dependences were shown to be due
to the elasto-optical effect. In this case, the contributions of the primary (of symmetry Bg) and secondary
(of symmetry Ag) strains in the paraelastic phase are comparable.

The temperature dependences of the domain-structure parameters of bismuth vanadate were deter-
mined experimentally for the first time. The existence of four types of domains differing in the sign of
the components of the distortion tensor was shown. Their compatibility is provided by the reciprocal
rotation of domains of different types. The temperature dependence of the domain-structure parameters
was shown to be due to the temperature dependence of the spontaneous strain.

A technique for determining the components of both the symmetric and antisymmetric parts of the
distortion tensor of the polydomain crystal was proposed. This technique is based on the variation in the
angles between the wedging out areas of the neighboring domains at the crystal surface. This allowed us
to study the temperature dependence of the strain in domains of various type and to verify experimentally
the twinning mechanism in BiVO4.

The temperature dependence of the intensity of Brillouin scattering by the soft acoustic mode in
BiVO4 in the phase-transition region was studied. A drastic increase in the intensity of Brillouin scattering
was observed close to the transition point (Brillouin opalescence). This is explained by the anomaly of
the critical elastic modulus and the variation in the elasto-optical constants.

The results obtained on the possibility of variation in the phase-transition temperature when the
vibrational spectrum is modified because of introduction of additional vibrational degrees of freedom or
comminution of the macroscopic sample with formation of the ordered superdispersed structure have a
common origin. These results can be used to increase the phase-transition temperature in ferroelastics,
ferroelectrics, and superconductors.
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