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We examine the case when equally sized small moons arrange themselves on the
vertices of a regular n-gon for n > 7. For n > 4, there are at least 3 pure imaginary
characteristic exponents, each of which has multiplicity =1, a surprising result
that makes it possible to apply the Lyapunov center theorem to verify the exist-
ence of some periodic perturbations. For sufficiently large n, when the regular
n-gon is the unique central configuration, the number of families of periodic
perturbations is at least equal to 2n—| (n+1)/4 |, where x| is the greatest
integer less than or equal to x.
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1. INTRODUCTION

In the essay “On the Stability of the Motion of Saturn’s Rings,” which
James Clerk Maxwell submitted for the Adams Prize in 1855, he discussed
the linear stability of a singular planetary ring system made up of moons
of the same mass surrounding a central mass. He formulated the necessary
condition that the central mass be sufficiently larger than the total mass of
the moons (Maxwell, 1983). His analysis of the system, which was a
regular polygonal configuration, also yielded the following equation for the
characteristic exponents of the linearized equations of motion:

l4+a112+az=0

where a, and «a, are constants that depended on the central mass, the
angular velocity, the mass of each moon, and the number of moons, .
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Because of a minor error in his computations, allowing Maxwell to mis-
calculate one of the characteristic exponents, he missed discovering a
necessary condition for the linear stability of the ring system, that n>7,
which Moeckel (1994) proved.

This ring system, which is sometimes referred to as Maxwell’s Ring, is
an example of what we call a relative equilibrium because, for an
appropriately chosen uniformly rotating coordinate system, Maxwell's ring
becomes a restpoint of Newton’s equations of motion. Hall (1997) detailed
a necessary condition for the existence of relative equilibria emanating from
a limiting configuration where the mass of each moon has tended to 0.
Dealing with the so-called (1 +n)-body problem, Hall showed that the
relative equilibria of the (1 + n)-body problem must necessarily be a critical
point of some potential function. He proved that, for sufficiently large
values of n, the only relative equilibrium that can exist is Maxwell’s ring.
He also showed that there can be other relative equilibria when # is small.
As an example, when »n =3, there are two other relative equilibria besides
Maxwell’s ring.

The aim of this paper is to determine the existence of periodic pertur-
bations to Maxwell’s ring. The main result used is the Lyapunov center
theorem, which requires certain information about the eigenvalues of the
linearized equations. It is shown that, when » is sufficiently large, the eigen-
values turn out to be pure imaginary and distinct except for a pair of null
eigenvalues. This is actually enough to show that there is at least 1 periodic
perturbation. But it is shown that the actual number is at least
2n—[(n+1)/4] where [_x_|= the greatest integer less than or equal to x.

2. PRELIMINARY EQUATIONS

2.1. The Equations of Motion

For i, j=0, I,..,n, let x;, x;€eR* and r;=|x;—x,|, the Euclidean dis-
tance between x; and x;. Consider the Newtonian potential function U with

m;m

L (1)

Ux)=Y —

i<j Py

where m;= the mass of the body at x;. The equations of motion for the
Newtonian 1+ #n body problem is given by

m; %=V, Ux) (2)

where V, represents the partial gradient with respect to x;.
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Let x,=(x;;, X;2) = (r;cos 8, r;sin ;). Using the chain rule,

(3}

X; =F;cos 0,—2F;0;sin 0,—r; 62 cos §;—r,; 6,sin 0,
Xig=F;sin 0;+ 2,0, cos §;,—r; 6% sin 6, + r, 8, cos 0,

Also,

(OUor,, U0, = (0U)dx 0, dUfox) (°°S Oi —risin 9")

sinf; r;cos b,
(S, § )(cosﬁi —risin8i>
SRR G g rcos 8,
Define Fi(r, 8) = (1/m;)(0U/or,) and G,(r, ) = (1/m; r;)(0U/28,). Hence, by
Eq. (3),

{F,.(r,(?):i",-——riéf

Gi(r, 0)=r0,+2/,6, (4)

which is a system of 2xn + 2 equations.

For a given relative equilibrium, we can choose r;(1)=F; and
0,(1)=wt+8,, where 7, §, and w are real and depend only on m,,
... m,. Thus at a relative equilibrium, it follows from Eq. (4) that

F(r,0)= —w?F, and G(r,0)=0

Let my=1 and m, =m,= ... =m, =¢, where 0 <e << 1, and without
loss of generality, set the center of mass at the origin, >7_,m,; x,=0, so
that

Xo=—¢ ). X (5)
i=1

For each £ >0, denote a corresponding relative equilibrium x* and let x°
be the limit of such equilibria as ¢ — 0. Hall found that x° must necessarily
be a critical point of the function

o)=[Ur, 0)+1r, N |

where

Or,0)= Y 1 and o)== % I

0<j<k Tk

865/10/1-4
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By treating x° as a critical point of V, it is possible to prove the existence
of certain families of relative equilibria for ¢ >0 emanating from x° when-
ever the nullity of the Hessian matrix (8%V/00,00,) at x° is at most 1. For
example, the nullity of this matrix for Maxwell’s ring is known to be
exactly 1. Furthermore, we can discard the lone 0 eigenvalue by using a
technique outlined by Siegel and Moser (1971). As a result, the families of
relative equilibria turn out to be analytic in ¢ as well. By choosing an
appropriate uniformly rotating coordinate system, we simply set

=1
1
P i for i=1,2,.,n and w=1+iaw1+0(82) (6)

" on

)

i

[\

for Maxwell’s ring.
In order to examine the nonzero eigenvalues for the rest of paper, we
need the following important theorem. Let J=( %, ).

Theorem 1 (Lyapunov Center Theorem). Consider a Hamiltonian
system v = JVH(w), where H(w)= 3w’ Kw+ O(|w|?), a real power series in
some neighborhood of w=0 with JK having the 2n eigenvalues Ay, Ayy., Ay,
—Ats —Azys —Au. Let Ay be pure imaginary, with A;/%; not an integer for
Jj> 1. Then there exists a family of real periodic solutions to the Hamiltonian
system which are analytic with respect to a real parameter a =0 with period
t(a) which is also analytic in a and ©(0) =2n/|4,|.

The reader should refer to Siegel and Moser (1971) or Chow and Hale
(1982) for the details of the proof of the theorem, which we refer to as
LCT.

2.2. The Main Results

We now present the main results that we wish to prove. Because of the
symmetries of Maxwell’s ring, it is not unreasonable to think that certain
eigenvalues may be repeated, rendering the LCT useless and perhaps making
the problem of deciding the validity of Theorem 1 extremely difficult if not
impossible to resolve. Fortunately, this was not the case as indicated by the
following surprising result.

Theorem 2. The nonzero eigenvalues of Maxwell’s ring for n=1 are
distinct. This theorem makes it possible for us to conclude that periodic
perturbations to Maxwell’s ring can actually exist.
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Definition 1. An open subset ¢ of R is said to be a segmented inter-
val if # =), (&x. €x 1), Where g, — 0 as k — oc. If # 1s nonempty, then
we say that # is a ns.i. (nonempty segmented interval).

Theorem 3. For Maxwell’s ring and n =7, there exists a n.s.i. ¢ such
that, whenever ¢ € ¢, there exists at least one family of periodic perturbations
to uniform motion. These perturbations are analytic in ¢.

Finally, we have the following.

Theorem 4. For Maxwell’s ring and n>=7, there are at least
2n—| (n + 1)/4 | families of analytic and periodic perturbations.

The eigenvalues that we have to study are the eigenvalues of the
linearization of (4) after we eliminate the Oth body from the equations. We
accomplish this by using (5), leading to the following set of equations: for
i=1ton,

Fi=Fi(ro{ryseer Tys Oy s 0,), Flsees Frs
Bl ¥y senr s 840, 8,), o;,... 8,)

Gi=G(rolriss Fus Oy .y 6,), Fyges ¥
ol i s Ty B,..n B,), f,...8,)

(7)

which is a reduced system of 2n equations. Let 4 =7 and v=6. Then the
first-order system of differential equations corresponding to (4) is given by

G—2u,v;

¥y

(Fir tis 0y, v'i)=<yi,17‘j+ri v2, v, ) for i=12,..,n (8)

Using Eq. (7), we define the following matrices:

F - @_Fzﬁf_’i_%ﬁffi@_o) F _<8_F2+6E@_@ a_i;%>
r a}’j 5ro 5r1- 690 arj 3 g 60} 51'0 661 600 601
G_<5Gi mféﬁJﬁQ%) _<5Gf+aéi@q+a_@%>
\ar, Targ ar, Ta0, ar, )0 T T\a0, Targ 26, " 20, 06,

It is important to realize that F, is not the same as G, and that the matrices
above are not submatrices of the Hessian of U.

If we linearize (8) about the relative equilibrium where r; =1,
6,=(27i/n), and 8= w, the resulting system is given by
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¥ 0 1 0 0 r
P F 4ol 0 Fy, 2wl u
g 0 0 0 I 0
v G, —2w! G, 0 v

The eigenvalues that we need will be precisely the eigenvalues of the coef-
ficient matrix above evaluated at Maxwell’s ring,
The equation for the eigenvalues 4 is, then, given by

=0 9

2__ 92
P(A):det(F'+(w AT F,,+2a)/11>

G,— 2wl Gy— 2

P(A) is known to be an even polynomial (Siegel and Moser, 1971).
Near ¢ =0, we find that

{F,=2]+8A+0(82), Go=¢B + O(c%) (10)

Fy=¢eC+ 0(&?), G,=¢eD+ O(&?)

where 4, B, C, and D, are independent of &. With w =1+ O(¢), it follows
that

(3—2% 1+ O(¢), 241+ O(e)

P(’“=det<—2u+ Oe),  —20+0()

>=/12"(iz+1)"+0(8) (11)

which leads us to believe that
A= —el + 0 or M= —1+el+0)

Each of the eigenvalues does have one of these forms, and we classify these
eigenvalues as class (0) or class (—1), respectively. A few lemmas are now
in order.

Lemma 1. Let A, be a nonzero class (0) eigenvalue. Suppose that
(e ={; implies that either j=k or Ay=2; If {eR™, then A, is pure
imaginary.

Proof. Let {,={; with j#k Then 1k=/1j. Also, 2,,=—1; is an
eigenvalue since P(A) is an even polynomial. Because {,=(,,, Ar=
A, = — 4. This can happen only if 1, is pure imaginary. O

A similar proof leads to the next lemma.

Lemma 2. Let A be class (—1). Furthermore, suppose that {, ={;
implies that either j=k or A, =24, If {, €R, then Ay is pure imaginary.
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Remark 1. Note that if 4 is class (0) and 4, is class (—1), we can
see that (43/47), cannot be an integer for small values of &> 0.
Suppose

AP —1+el+ 0(e?)

E: — &l + O(e*?) =
If ¢ is sufficiently small and {, >0, then
1
EC—+O(1)=m (12)
k

For sufficiently small values of ¢, the left side of Eq. (12) is monotonically
increasing as ¢ — 0. Thus, there exists &y;> 0 such that, given me Z, there
is at most one value of e€(0, &y,) that satisfies (12). Furthermore, these
values of ¢, as m ranges over all the integers, are isolated. Since, for each
n, there is only a finite number of class (—1) cigenvalues, we can find
go=min, {&,,} that will work for all class (—1)4;. As such we have just
proven the next lemma.

Lemma 3. Let A; be class (—1) and A, #0 be class (0). Then there
exists a n.s.i. ¢ such that, for every e€ ¢, (X;/A,) is neither an integer nor
the reciprocal of an integer.

We, also, have the following result.
Lemma 4. Let 1; and 4, be two class (—~1) eigenvalues with {;#(,.

Then there exists a n.s.i. ¢ such that, for every e€ ¢, (A;/1,) is neither an
integer nor the reciprocal of an integer.

Proof. Suppose {, <(;. If >0 is sufficiently small so that |17 + 1],
|12+ 1] <3, then (13/A7) =(1 —e{;+ O()/(1 — el + O(*)) = 1 + &({ =)
+(£%). We can choose ¢ so that

1
0<£<§
1
0<E(Ck_Cj)<§ (13)

1
é’k“‘Cj>‘E 0(82)

in the last equation. Therefore, 1 <(42/47) <1+3+3. So (4/4;) cannot
be an integer. Obviously, the reciprocal is also not an integer. O
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Eventually, we need to examine the higher-order terms of 4 and, there-
fore, the matrices 4, B, C and D in Eq. (10). Let

C,=cos b, S;=sing;

i i 14
Cj=cos{ﬂ}, szsin[ﬂ] (14)
n n

where 0,=0,—0,. If A=(ay), etc., then for Maxwell’s ring,

1-3C,
9 _ - - for i=
g kz#li 16 |Sln3[(7'[/n)(k_l)]| / (lsa)
" ac 4 3-Cy for i)
7716 |sin®[ (n/n)(j — )] ’
3+Cy } .
Co+—— . for i=
bij= kéi{ e 16|Sll‘l3[(7l/n)(k_l)]| / (15b)
-C,— . 33+C’7_ ' for i#j
Y16 |sin’®[ (n/n)(j—i)]]
0 for i=j (15¢)
cy—dy= — S, ——-—8, for i#]
8 [sin”[(z/n)(j— )]l

These formulas were obtained with the help of Mathematica. Note that
C — D is skew-symmetric.

3. MAXWELL RING

3.1, Preliminaries

Maxwell had already shown that when #>7 and if ¢ is small enough,
then with two exceptions that he left out, the eigenvalues of the linearized
system are 0 or pure imaginary. The two unaccounted eigenvalues turned
out to be a conjugate pair of pure imaginary cigenvalues. We also remark
that if 3 <n <6, exactly four of the eigenvalues have nonzero real parts
(Moeckel, 1997). Let r;=1 and 8;=(2rj/n) for j=1, 2,.., n.

Lemma 5. For n=7 and for sufficiently small ¢ >0, except for a pair
of zero eigenvalues, all the roots of P(1) =0 are distinct.
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The proof of the preceding lemma is spread throughout the rest of the
paper. First, we provide a few preliminary definitions and lemmas. For
n=z4and 0<k<n—1, let

n—1 :
Z—%h%%abqﬁ} (16)
!

j=1

Note that o, = —0,.

Lemma 6. Fornz=1T,
(a) If 1<k<(n+1))2, then 6,2=0. Equality holds only if k=
(n+ 1)/2.

(b) If l<k<n, then o,= —6,_;,,.

(¢) If1<k<(n—1)/2, then o, \—0,=372] (2/S;) cos[ (2mjk/n)].

(d) If1<k<(n—1)2,then 6, —04_,> 0, ~— Gy

(e) @y>a, fornzT.

() o <2n/m) VD2 (1)) for n 2 3.

Proof. The proofs of parts (a), (b), and (c) of the lemma are given
by Perko and Walter (1985). Also, the proof for part (d) was done for

2<k<(n—-1)/2. For k=1, using part (c) and the definition of ¢,, we have
that

"l acl2 [m
G, —0p=0,+0,= ) §—>Z ——cos[ Y
j=1%7 j=1

which completes the proof of part (d).
For part (e),

n—1 2 2
0’2—0']———2 —S—COS{ 7(_]:, =2 Z [""*—28:!
j=1%J

In order to estimate the last quantity, we apply the trapezoidal rule to
obtain the following:

3

. n—1 :
4=2I sinxa’x=%{sin0+2 Z sinﬂ+sinn}+d, where {A[g%
0 j=1 n n

Hence, (2n/n) Y2/ S,<4+(n°/6n*) so that 23"7['S, <(4n/7z)+
(n*/6n) < (4n/m) + 3 1fn>4 Since 0 < (mj/2n) <n/2 forj—l 2, Lh—1,



56 Pascual
n—1 n—1 1
2y 872 { —]cos—}
=1 2
J
n—l{ _i} 1
i=1 2
(nfl/Z){ _]} 1
j=1 2

4n(n~l/2)‘
> >y J! (17)

j=1
for n= 3. The last quantity is bigger than 8.32n/n if n > 9. Therefore,

= an 1
2y [—-2s} 832”—2<l+—>>o.101n-1>0
S S, 7 n 2

if n = 10, We can directly verify that part (e) also holds forn =7, 8, and 9.
Part (f) follows from (17). O

Definition 2. Let y= f(x) be defined on an open interval (a, b). We
say that f is concave if f(x,+n(x, —x0)) = f(x0) + n(f(x,)— flx,)) for
Xo, X, €(a, b} with xy <x, and ne(0, 1) (Fig. 1).

Corollary 1. Let 0 <k <(n+1/2). If the point (k, 6,) is connected to
the point (k + 1,6, ,,) by a line segment L,, then \J, L, is a concave graph.

Proof. Since |J, L is a polygonal curve determined by the vertices
(k, 0,), we need only to show that 6, = (0, +0,_,)/2. This is immediate
from Lemma 6(d). [

(x, /1)

Fig. 1. The graph of a concave function.
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60 L
40 .

20

-20

-40

Fig. 2. The graph of {J; Ly for 0<k <10 =(n/2) for n=20.
The graph of |, L for n=20 for 0 <k <10=(n/2) is given in Fig. 2.

Corollary 2. Let 1<k<(n—1)/2 with k#(n/2)—1. Then o,,,—

Ok 1> Tp 32— 0.

Proof. Using Lemma 6(d), we have o,—0,_;>0,,5—0,,, for
1 <k <(n—3)/2. By Lemma 6(a, b, d), this is also true if k= (»n —1)/2, The
corollary follows immediately. 0

3.2. The Class ( —1) Eigenvalues
Using Eq. (9),
P(A)=det{(F, + (0> =AY I = (Fy+ 20 )G, — A1) "' (G, — 2wAl)}
E'det(E)=0 (18)
If 22% —1, let 2= —1+&f where & -0 as £ 0. If £>0 is small
enough, then A= +i[ 1 —1&l]. We can also choose ¢ to be small enough

that A2< —1 so that (Gy,—A*)"'=(eB— A1+ O(¢*)) ™" exists and is
given by

(Gy—22) ' = — L {I+—£—B}+O(£2)
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Using this equation and Eqgs. (10) and (18),
P E=¢{[{=3w,]I-[A+4B+2i(C—D)]} + O(&?) (19)

Hence, examining the O(¢) part of Eq. (19), it must be that - 3w, tends
to an eigenvalue { —3w, of the matrix 4 +4B +2i(C— D). It is enough to
consider the eigenvalues of 4 + 4B+ 2i(C— D). In order to see this, we
need to exploit the fact that the matrices 4, B, C, and D are all circulant.

Definition 3. We say that an n x n matrix Q = (q,) is circulant if and
only if' ¢(;41,x+1)=94> Where we take g, ; )= G n+1) = -

The eigenvalues ¢, and the eigenvectors v, for k=0,1,2,.,n—1 of
such matrices are given by

n—1
ey = - I
. j;, fa.7+0P where p =e*/" (Perko and Walter, 1985)
Ve =(1, foy (Y=Y (20)
Because they have the same eigenvectors, 4, B, C, and D are simulta-
neously diagonalizable. Thus, {; — 3w, =, + 48, + 4y,, where

n—1
Oy = Z a(l,j+1)l7jka
Jj=0
n—1
Bi= Z b(l,j+l)pjk (21)
j=0
it ‘
)’k=§ z [C(l,j+1)_d(1,j+|)] P}k

j=0

are the eigenvalues of A, B, and $(C— D), respectively. Let
n—1
%, =Y g, 1

j=0

then o, =a,. Similarly, §,=f, and y,=7v,. We now have the following
lemma.

Lemma 7. For n=3 and for k=0, 1,..,n—1, we have

(a) akzan—ka
(b) Br=PBn_r.and
(¢) "= —Vn—s



On Periodic Perturbations of Uniform Motion of Maxwell’s Planetary Ring 59

Proof. Using Egs. (15) and (19),

! 3—-C,y ; )
[2C(1,j+1)+—*'—16(§;+1)] p*
J

3-C, i
_ 2C,. . (1.J+1)] [____
ayy +j:£'1 l: (1’J+1)+ 168; COS "

n—
ak=a|1+ Z
j=1

n—1

The imaginary part has dropped out from the last equation because of
symmetries. Since cos[ (2zjk/n)] = cos[ (2nj(n —k)/n)],

gt 3C..; 2nj(n —k)
Ge=dy+ ) [zc(l,nl)"‘—l(gsj—;l‘)] Cos [j_n_J =0,k
j i

Jj=1

which proves part (a) of the lemma. A similar procedure can be used to
show that parts (b) and (c) are also true. O

Corollary 3. y,=0.
Proof. From part (c) of the preceding lemma, yo = —v,. O
Remark 2. Note that with part (c¢) of the preceding lemma, we need

only to consider the eigenvalues of the matrix 4 +4B+ 2i(C— D).
From (15) and (19), the eigenvalues of A +4B+ 2i(C— D) are

n—1 9+5C,, ;
(e — 3w, =ay +4b, — Z [zc(l,j+l)+ 16(Sl§j+”
j=1 J
i S, . . ]
—Z (l,sjj§+l)+2ls(1,j+l)j|pjk
n—1
=a11+4bu_ Z |:2(C(l,j+l)+is(l,j+l)
j=1
9+4+5C, ;41— 480 41y &
* 165 g
n—1 o 184 p7+9p7 )
—ay +4b,~ 3 [2p’+————~§2s3 L } Ko (22)
j=1 J

Lemma 8. Ifn=7, (i —(, o1 Jor 1 <k<n/2.
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Proof. By (22),

= C 184+ p74+9p , ,
~Cpekr1=— 2pl et TF | (i pmik=D)
Ce=Lnoksr j;l P 32S; ](P P )
n—1
= Z (_ij(k+l)+2p—j(k—-2))
j=0
) 1257 (18p 72 4 p¥P 4 9p=IP)(p/k =11 — p=Jtk—1/2))
j=1 '

n—1 i
:27’[6(2’]()— Z 3(18(C +lS)+(C +lS)

=, T6s3
+9(C,—i8))) sin [(Zk—"nﬂﬂ}

n—1

=2n5(2,k) (27Cj+9lS

Z 16S3

+C; +3iC?S;-3C;S7 —iS}) sin

[(Zk—l)rtj} )
n

where

s (1 i j=k
GRT0 i £k

Only the real terms remain in (23), giving the following:

Ce—Cnoks1 =210 1+ Z

Jj=1

2 e e | Ck—=1) 7
1682 (9+3C; Sj.)sm[—————n

- 2Qk—1)nj
Pt 16S.

n
"t 2n . [(2k—1)mj
—27’162 nT Z 8S2 (5+COS|: nj]> I:(——n)—nj}
"t . [Qk—1)rj
—2’15(2 k)+ Z 882 <551n l:(—nljl

+%sin[—§(2k+l)nj} +%sin[—(2k_3)nj]> (24)

n n
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Thus from (16),

Ce=Cnoks1 =200 3 1y + §0% + 160441 + 1605 (25)
By Lemma 6(a), the right-hand side of (25) is positive if 1 <k <(n/2).
Using Lemma 6(b) for k=(n/2), {pay—Cinmrs1 = 80w+ 50w+ 1 +
160 (n2)—1 = 160 m2) + 160 (w2 1» Which is also positive.

For k=1, set {,={, and use Eq. (24) and Lemma 6(b) to get

Lemma 9. If 1 <k<(n—1)/2, then {, —{,_x <0 for n=27.

Proof. Applying a procedure similar to that used for (22) and (23),
om0 =S L Lin [ k1) ] +sin] Fak—1y
kT Sn—k=2N0( 1y 3 Z S? » J 1n " J

j=1 >j

n—1

1
=2n0‘“‘k)-§(o‘k+l+0'k)<0 if 2<k< (26)

Also, {, —(,_, =2n—3(0, +0,), which is negative if n > 27 by Lemma 6(e, f).
O

Remark 3. We can verify by direct computation that {,—¢,_, >0
for 7<n< 11 and that {{ —{,_; <0 when 12 <»n <26 (Fig. 3).

Lemma 10. (q.¢,,....C,_, are distinct for nz7.

Proof. For n>=12, we have that {;<{, by Lemma 8. First, suppose
that n is even. Hence, (,>(, 1, 3>, 5.0 (p>Cpny . By Lemma 9
and Remark 3, {; <{, _ 1, (o <Cp 20 Copp o1 <Cpps1- So that {5, (10 &, 2y,
Lavenn Ci Co ks Cnppy 10 o 1 strictly increasing,

If n is odd, then by Lemma 9, {4, . {10 Cavns Cis S ponn G118
strictly increasing.

For n=7, 8 9, 10, and 11, we can directly verify that either
Cor G €10 Conenn Cies Cphneons Coprts é’n/2 or Lou {1+ Cps Conens Can Cormierenns
{412 18 strictly increasing. O
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{k - {1 - Ck - g]
o
. . 800
30
'.-f' 600
20 l
400
10 :
; 200
* K k
1 2 3 4 5 6
an=7 b. n=20
Fig. 3. {—C(ovsk for n=7 and n=20.
Remark 4.

(a) Because of the last lemma and Lemma 2, the class (—1) eigen-
values for Maxwell’s ring must be all imaginary when n>7. Also,
the LCT is applicable to the » class { —1) eigenvalues, resulting
in n families of periodic perturbations analytic in &.

(b) By the implicit function theorem, one can show that each con-
jugate pair of class ( —1) eigenvalues represents an analytic func-
tion of e.

3.3. The Class (0) Eigenvalues

It is not enough simply to show that these eigenvalues are distinct
because of the variation in the lead coefficient {, at O(e), which happens
to be the lowest order. Nonetheless, it is still possible to prove the existence
of periodic perturbations for the class (0) cigenvalues. We show that the
cardinality of this subset tends to (3n/4) as # — co0. As usual, we proceed by
examining the coefficients in the expansion of A% in terms of g;

Using (9),

P(A) =det{(Gy— A2I) — (G, — 2wAl)(F, + (w? — 32) )~ (Fy+ 2wAl)}
(27)
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Using (10),

P(A)=det{eB — A2 —(eD —2wlI)
x[20+ed +(@? =22V [+ 0(e%)] ! (eC 4 2wil)) (28)

Let A} = —&f, for k=0,2,..,n—1. With o =1+ lew, + 0(?) and if ¢ is
small enough, then

[2+ed+ (0= A2 1+ 0(e*) ]~ =314 Oe)
Therefore,
3"P() =¢" det{3B — (I + O(c'?)}

Hence, { tends to an eigenvalue of 3B as ¢ —» 0. We have just proven the
following result.

Lemma 11. For nz=3, every class (0) eigenvalue 1 can be written as
A2=g({+R), where R =0 as £ = 0. The values of { are precisely the eigen-
values of 3B.

Lemma 12. For Maxwell’s ring, if n27, then

(a) Loy Civmn Clnpy is a strictly increasing sequence.
(b) The class (Q) eigenvalues are af most pairwise equal.
Proof. (a) If I <k<| 1/2, the next set of equations follows from

Lemma 11, Eq. (15b) the definition of ¢,, and some trigonometric iden-
tities,

l . =1 3C,, 2nj(k + 1) 2njk n
56— 3 S feos | S oo [ B o
j=1 J
1721 (L [mi2k+1)
1S L[ 2]
8,2 8 n
a2+ n .
+C(1_j+1)Sln[—-n—‘ +50(1.k)

3
=gt L@

j=1 "7

. [ 72k =1) n.
+Sln [%:l}‘,"‘ia(l’k)

1 "“_I_{Sin{nj(2k+3)}
n
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so that

Pascual

1 3 1 1 n

g(Ck+l_Ck):§Uk+l+—lgak+2+ﬁak+25(l.k) (29)

which is positive if 1 <k <(rn—3)/2.
Suppose that k= (n/2) — 1. Applying Lemma 6(b) to (29),

_ 5 1
Comzy = Cimzy—1 = 160 2y T 160 (my2y—1 >0

Therefore, the sequence (..., {| ,», Is strictly increasing.
We need to show only that {,<{,. Now

W=

(£ —Co)=

! Ll n 3 L. _n 3,
167° 27167 1672 27879 2

[e R RUN]
2
+
|
N
-+

since g, >0, for n>7. Applying Lemma 6(f), the last quantity above is
positive for n>11. We can directly verify that %o, + &a,—(n/2) is
positive for n=7,, 8, 9, and 10.

(b)

That the class (0) eigenvalues are at most pairwise equal follows

from part (a) and Lemma 7. O

Corollary 4. For n=17, the following hold:

(a)
(b)
(c)

For k=0,.,n—1,{,=20. Equality holds only if k=0.
If n is even, then { ,;,>Cy if k#(n/2).

If nis odd, then {,_1\p=Cini1p>C if k#(n—1)/2 and
k#(n+1)/2.

Proof. By Lemma 12, {,, {;,..., {| ,2 Is a strictly increasing sequence.
Therefore, by Lemma 7, the sequence (, |, oo majetrnCnt 18
strictly decreasing.

(a)
(b)

(c)

Using the definition of {;, Egs. (15b) and (20), we get {,=0. The
fact that {,,_, ={, > 0={, completes the proof of (a).

If n is even, then nl_n/2 {=n/2, so that {,, is indeed the unique
maximum.

If nis odd, then n—|n/2 |=(n+1)/2. Also, [ n/2 =(n—1)/2.
Therefore, by Lemmas 7 and 12, {,, _,,» and (., ,» represent

the maximum value of {, completing the proof of the corollary
(Fig. 4). |
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%k
800 itia,
600 . .
400 . .
200
. .
5 10 15 k

Fig. 4. ( vsk for n=20.

Remark 5.

{a) We can see immediately that, if # i1s even, the nonresonance con-
dition of the LCT holds for the index n/2.

(b) For 4<n <6, we can verify directly that Lemma 12 is also true
if we exclude the index 0. The fact is that only {, and {, _, are
negative.

For now, the most that we can say about the class (0) eigenvalues is
that they are at most pairwise equal. We now proceed to examine the
higher-order terms of A2. Let A*= —g({+#), where £ - 0 as ¢~ 0. using
(28),

P(A) =det {83——}.2]— (—4/12]+2a,1(C—D))+0(62)}

1
3-22
=§—:det {3B~(Ck + R I—2e"2 2 C— D)+ 0(8)} (30)

In obtaining the last matrix, we opted to use A, =ie'”* {}/*+ O(e), which is
made possible by Lemma 7.

Lemma 13. Let A; = —&({,—R,). Then as ¢ >0, ¢ 7R\ > k., which
is an eigenvalue of 2i{;”*(C — D). Furthermore,

K =40 v (31)

865/10/1-5
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Proof. We can assume that the matrices in (30) are all diagonalized
since they are all circulant. In particular, the entire matrix in (30) will also
be in diagonal form. Because (3 — A%)" P(4) =0, it must be that this matrix
has some rows that have nothing but 0’s as entrics. Likewise, 3B — {, ] must
have some rows that are also 0 since the ecigenvalues of 38 are precisely the
{:’s by Lemma 11. Since these eigenvalues are at most pairwise equal, there
must be exactly 1 or 2 of these rows that are equal to 0. By Lemma 7, if
the kth row is one such row, then so is the (n — k)th row. Upon dividing
the other terms in (30) by &'?, the matrix ¢~ 2%, 1 —2{}*i(C—D)+
O(e'?) in (30) should still have either row k or row n—k equaling 0.
Allowing ¢— 0, we sec that ¢ '?%, tends to an eigenvalue «, of
2i{}*(C— D). An application of the definition of y, completes the proof.

]

Remark 6.

(a) It should be noted that x,= —n,_, while {,={,_,. Also,
K0=0.

{b) If we can show that y, #0, then the nonzero class (0) eigenvalues
are distinct for sufficiently small values of &. We state this result
in the next lemma.

Lemma 14. If n227, for k=0, 1,..,.n/2|, we have y, <0. Equality
holds only if k=0 or n/2.

Proof. We already know that y, =0 by Corollary 3. For the rest, we
first try to obtain an expression for the successive differences among the
y,’s and to get an inequality similar to the one given in Lemma 6(d). Then
we show that y,,,,<0. We have that, for 0 <k <(n—1)/2,

L Sa ey o [ 27k + 1)
7k+1—yk—“‘"l€j=l S; {sm{ ; }

. [ 2mjk no. N
—sin [—j}}+— (O1,k+1) =90, 10)

n 4
| { [nj(2k+3)} . {nj(Zk—l)]}
=—— —5 {sin| ————| —sin | ———
16 2 S; n n
n .
+Z(5(1,k+1)“()<1,k))
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So that

1 n
Vk+1—7k=*ﬁ(akn—ffk)"'z(5(1,k+n—5(1,k)) (32)

By Corollary 2, for 1 <k <(n—1)/2 with k # (n/2) — 1, the quantity on the
right increases as k increases. Therefore,

Vit = Ve <Pk+2" Vi+1 (33)

completing the first part of the proof.

Now suppose that 7 is odd. Therefore, 0 =7 1)2= —Vm+1)2 BY
Lemma 7(c). By Eq.(32) and Lemma 6(b, c), v, 12— VYm-12=
—%(Otms32— T 1y2) = $0(n—1)2- Also, by Lemma 6(a), we find that the
right-hand quantity is positive. Since y(,_1)2 = =¥+ 1y2, it must be that
Pin—1)/2 <0.

Next, suppose that n is even. By Lemma 7(c), y,,= —7,,. Hence,
Yup2 =0-1 Using Lemma 6(a, b) and (33), 7, —74p) 1= %(U(n/zul -
O'n/z) = §Un/2 >0 that Y(n/2)—1 <0,

Next we show that y, <0.

1 n l n )
7'1—}’o=—ﬁ(02—00)+1=~E(02+01)+Z<0 if n>=27

To complete the proof, suppose that y, >0, for some k, with
l <k <(n/2)—1. We can also suppose that y,,, — v, >0, which is made
possible by the fact that y, <0 and that the successive differences form a
strictly increasing sequence. Using Eq. (33), we have the following:

0<Vrar = V<o <V ne1y20~ YLin—3)21

As a result, 0 <y, <¥r 41 <o <V (n_1)2)> Which directly contradicts what
we have found. Hence, we conclude that y, <0, for k=0, 1,.., n/2 ), and
that equality holds only if k=0 or (n/2) (Fig. 5). O

The following lemma is now immediate from Lemmas 12, 13, and 14.
Lemma 15. For Maxwell’s ring, if n=7, then the nonzero class (0)
eigenvalues are distinct.

Proof. By Lemmas 7 and 12, equality between the nonzero class (0)
eigenvalues can happen only when 4, =4, _;. Lemmas 13 and 14 make this
impossible. |
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remark states by examining the O(g°
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-10 e
Fig. 5. y. vsk for n=20.
Remark 7.

(a)

(b}

(c)

We

Because the nonzero class (0) eigenvalues are distinct for n =7,
an extension of Lemma 1 to include x, leads to the fact that the
nonzero eigenvalues are pure imaginary. Furthermore, cach con-
jugate pair corresponds to an analytic function of &> 0.

Note that, for the case that » is odd, there is also a unique maxi-
mum absolute value for all class (0) eigenvalues and this corre-
sponds to the index k=(n—1)/2.

Applying the LCT, by the preceding remark and Remark S, if n
is even, there is at least 1 family of periodic perturbations corre-
sponding to the index (n/2). If n is odd, then there are at least 2
families of periodic perturbations corresponding to the indices
(n—1)/2 and (n+ 1)/2.

derive something more substantial than what the preceding
32) a bit more closely.

Lemma 16. If | (n+ 1)/A <k <n—|(n+1)/4], then 6, ., <o,.

Proof. Because of Lemma 6(a) and (b), we need to show only that
this is true if {(n+1)/4 <k < n/2]. There are four cases to consider:
n=0,1, 2, or 3 (mod 4). Because of Lemmas 6(a) and 6(d), we need to
show only that d=6 (, 14 41— (ny1ya, <0

First, suppose that n =0 (mod 4). Using Lemma 6(c), we have that

L | 2nf n Lt | nj
Ad=0,4,1 —Opa=2 Y. S—cos[7-5}=2 Y S—cos[—z—}

=1 J=1
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Because n=0 (mod 4), we have that cos[rj/n] =cos[n{n— j)/2].
Using this and the fact that §;=S, _; and that n =0 (mod 4),

2 2 2 I
d=2[———+—~—+ = ]
Sz S4 Ss Sn/Z

This is an alternating sum whose terms are decreasing. Since the lead term
is negative, d <0.

Next, suppose that n=1 (mod 4). Let k=(n—1)/4. Using Lemma
6{c),

nl] 2nf n—1
d= Ont3yp— T 1ya =2 Z S_ OS[—n—-T}

Jj=1 J
n—1 . . .
= 2 Z ! {cos{nzﬂ cos[%] +sin[%} sm[nﬂ} (34)

Using the definition of S,

n—1 1 . Mo s 1 n—1 . —1
L5 {3 )13 L o[ 3] {05}
Since 0 < (mj/2n) <(n/2), this is a decreasing alternating sum whose lead

term is negative. Therefore, this part of (34) is negative. The second part
of the sum is

% s fo[ 3w Bl 3 =]

Now this is an increasing alternating sum. The last nonzero term is equal
to sin[(n/2)(n —2)]{cos[(n/2n)(n—2)]} ~!, which is negative since
cos[(n/2n)n—2)]>0 and since sin[(#/2)(n—2)]= —1 because n=1
(mod 4). Hence, the second part of the sum is negative. Therefore, d < 0.
The proofs for the two remaining cases, n =2 or 3 (mod 4), are similar
to the preceding cases and are omitted. O

Lemma 17. For Maxwell’s ring, if n=227 and if L (n+1)/4)<k<
n—L{n—1)/41, then yy > .

Proof. For 1<k<(n-3)/2, we need to show this only for k=
L(r+1)/4] because of Lemma 7(c) and since y,,, —y, is an increasing
sequence. Using Eq. (32), we have

. —
Pln+yag+1 ~ PLin+ 1)a)= T 16 {UL(n+ Dal+2 O s l)/4J}



70 Pascual

By the preceding lemma, the expression inside the brackets is negative. To
complete the proof, we also have that y,, _, <0=y,,<0and —y, ,n=
Yin—1y2 <0.

Corollary 5. If y,=ming_rc,1 {Vx}, then m<L(n+1)/4] for
nz=27.

Proof. According to Lemma 17, it must be that m<| (n+1)/4] or
mz=n—| (n+1)/4. Because of Lemma 14 and Lemma 7(c), we also know
that m < n/2_]. Thus, m< | (n+1)/4]. O

Remark 8. Since y;, y,, <0 for n =27, and since the (k, —y,)’s are
the vertices of a concave polygonal graph when | <k <m, it must be that
Y1s Yases Ve 18 @ strictly decreasing sequence.

Lemma 18. If 1<j<k<m, then (y,—y)/(y;—y)<(k—=1)/(j—1)
Jor n=217.

Proof. Since Pe= v/ =y =G =7/ Vet =71 =70/
Yre—2=71) - (Fje1—7)(y;—71), it is enough to show that (y;,,—7v;)
(y;—71) <J/(j—1). We have seen that y,, ; —y,>y,—7,_1> -+ >y,— ;.
Then

1 1
yj+1_Vj>7;—1[yj“7j_1+yj—1—yj—z+ vy =11 =7’:_1[Vj_71]

As a result, (j—D)[y;s1—2,+y,—71>Jjly;— 1] And so, (y;.1—71)/
(y;—71)<Jj/(j—1). And the lemma follows. O

Lemma 19. For n227, if (m+ 1)2< j<m, then 0 <(y,,/y,) <2

Proof. By the preceding lemma, (y,,—y,)/(y;—71) <(m—1)/(j—1)if
Jj<m. Since 0=y, >yj>ym for n=27, it must be that (y,,/y;) <(y,, —71)/
(y,—y)<m-=1/(j—1). And (m-1)/(j—1)<2if (m+1)2<j<m 0O

Lemma 20. For n=221, if n—m<j<n—(m+1)/2. Then 0 <(y./y))
<2.

Proof. The proof is similar to that of the preceding lemma. This time
we make use of the fact that y, = —y,_. a



On Periodic Perturbations of Uniform Motion of Maxwell’s Planetary Ring !

Lemma 21. If (im+1)2<j<n—(m+1)/2, then there exists a n.s.i ¢
such that for k=1,2,3...n, for every c€ ¢, A/A; is not an integer for
nz27.

Proof. Without loss of generality, suppose that 4,/4;=d, a positive
integer. Now, d = 2 since the class (0) eigenvalues are distinct. If this is the
case for sufficiently small values of &> 0, it must be that {,/{,= (4, /4,)* = 4.
We consider four cases:

. l 1
i 7L <j<k<g (i) ﬁ}—g]q-ksg
1 I
(i) n—%;pk% Gv) n—"7 >j>n—k>g

Examining the O(£*?) terms, using Eq. (31), it ought to be that y,/y; =4,
which is at least 2. Now y,/y;<0 for (iii) and (iv). Therefore, only (i)
or (ii) can occur. If (1) is true, then we cannot have j < m, for this would
contradict Lemma 19. On the other hand, if j>m, then y; <y, <0 since
these start to increase starting with the index m up to the index »/2. This
is contrary to what we have of 1, and 4; and, thus, cannot happen either.
The argument for case (ii) uses Lemma (7c¢) and is similar to that for
case (1). O

The application of the LCT now makes it possible for us to make the
following remarks.

Remark 9. (a) By the preceding lemma and Corollary S, we now

know that if
1/ n+1 1/l n+1
2Q 4 J“) ks 2Q 4 J”)

then at least one family of periodic perturbation exists, corresponding to
Ax. The number of indices satisfying the above inequality tends to (3n/4) as
n — oo. This, coupled with the fact that there are at least # families of class
{ — 1) periodic perturbations, implies that total number of families of peri-
odic perturbations is, at least, 2n —[ (n + 1)/4_J. This includes only those
that we have verified by the LCT. This also proves Theorem 4.

(b) We can show numerically that, if 4 <»n <6, then there are n —3
periodic solutions. It is known that, for these values of #, four of the eigen-
values have nonzero real part.
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{c) The question of the remaining approximately n/4 eigenvalues
remains open. The higher-order coefficients [at O(&?)] have turned out to
be extremely more complex than the expressions {, and x, in that these
involve not only sums but also products of the eigenvalues of 4, B, C, and
D, so that patterns, if any, are much more difficult to discern.
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